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Factors and Zeros of Polynomials: 


Given the polynomial p(x) = a,x" + a,_;x"~! ++ + - + a,x + ao. If p(b) = 0, then b is a zero of the polynomial and a 
root of the equation p(x) = 0. Furthermore, (x — b) is a factor of the polynomial. 


Fundamental Theorem of Algebra: 


An nth degree polynomial has n (not necessarily distinct) zeros. 


Quadratic Formula: 


If p(x) = ax? + bx + c,a # 0 and b*? — 4ac > 0, then 
the real zeros of p are x = (-b + /B — 4ac)/2a. 


Special Factors: 

Reena (Xe) Lt) 

Reed = (ka) x" ax = a’) 

x? + a? = (x + a)(x? — ax + a?) 

x4 — at = (x — a)(x + a)(x? + a?) 

x4 t+ at = (x2 + /2ax + a2)(x? — /2ax + a?) 

x" — a” = (x — a)(x"~! + ax?-2+- +--+ a"7!), for n odd 
x" + a” = (x + a)(x”~“! — ax"? +--- + a”~!), forn odd 
xt — ge = (x” — q")(x" + a”) 


Binomial Theorem: 
(ea) =x 2ax +a" 
(ea)? = x7 — Jax + at 

(x + a)? = x3 + 3ax? + 3a2x + a3 

(x — a)? = x3 — 3ax? + 3a2x — a3 

(x + a)* = x4 + 4ax? + 6a2x? + 4a3 + a4 
(x — a)* = x4 — 4ax3 + 6a?x? — 4a3x + a4 


= 
(e+ a =x t nat! + BD gage? 4 ; -+na"-!x+q" 


aay x —nax + MRD gay? ce are ae 


Rational Zero Test: 


If p(x) = a,x" + a,_,x""! ++ + - + a,x + ay has integer 
coefficients, then every rational root of p(x) = 0 is of the 
form x = r/s, where r is a factor of ag and s is a factor of a,. 


Factoring by Grouping: 
acx? + adx* + bex + bd = ax*(cx + d) + b(cx + d) 
= (ax? + b)(cx + a) 


Example 
If p(x) = x? + 3x — 1, then p(x) = Oif 


x= 


2 


Examples 

x2 -—9 = (x — 3)(x + 3) 

x? — 8 = (x — 2)(x? + 2x + 4) 

4+ 4=(x+ 3¥4)(x? — 34x + 3/16) 
x4—4=(x- V2)\(x+ J2)(x2 + 2) 
b tile IEg bMe PA Se UAE i 
xe ald = ee ee | 
x7+1= (e+ 1)x® — x5 + x4 -— x3. + x2? -—x + 1) 

x= Pa —Die + 1) 


Examples 

(x + 3)? =x?+6x+9 

(x? — 5)? = x4 — 10x? + 25 

(x + 2)33 = x3 + 6x? + 12x + 8 

(x — 1)? = x° — 3x2 + 3x-1 

(x + /2)* = x4 + 4/233 + 122 + 82x44 
(x — 4)* = x+ — 16x3 + 96x? — 256x + 256 


(x + 1)5 = x5 + Sx4 + 10x3 + 10x? + 5x + 1 


(x — 1)® = x©— 6x5 + 15x4 — 20x3 + 15x? — 6x + 1 


Example 


If p(x) = 2x* — 7x3 + 5x? — 7x + 3, then the only 


possible rational roots are x = +1, +3, +3, and +3. 


= 29 


By testing, we find the two rational roots to be 5 and 3. 


Example 
3x3 — 2x? — 6x + 4 = x2(3x — 2) — 2(3x — 2) 
= (x? — 2)(3x — 2) 


Arithmetic Operations: 


ab + ac = a(b + c) 


Exponents and Radicals: 


@=1,aFz0 


Ve tn? #x4 a 
a-b(x-1)#a-—bx-b 


ann & — a) x a 


a 
ee elt bx 


a ae 
x1/2 = x)/3 


(x2)3 # x5 


x x7 1/2 = x7 1/3 


Conversion Table: 


1 centimeter ~ 0.394 inch 
1 meter ~ 39.370 inches 
= 3.281 feet 
1 kilometer ~ 0.621 mile 
1 liter ~ 0.264 gallon 
1 newton ~ 0.225 pound 


bt 
ee ee 


(To see this error, leta = b = x = 1.) 


(To see this error, let x = 3 and a = 4.) 


[Remember to distribute negative signs. The equation should be 
a-—-b«-l=a-bx +b] 


[To divide fractions, invert and multiply. The equation should be 


= x 
Mal Ne) (2)() mes 
ae 2) = \a)\b)- ay. 
1 

(The negative sign cannot be factored out of the square root.) 


(This is one of many examples of incorrect cancellation. The equation should be 


faras lee (ol . 16h bx 
——— = -+ —=1+-—) 
a a a a 


(This error is a more complex version of the first error.) 


[This equation should be (x?)? = x?x?x? = x®.] 


1 mile ~ 1.609 kilometers 
1 gallon ~ 3.785 liters 
1 pound ~ 4.448 newtons 
1 foot-Ib ~ 1.356 joules 
1 ounce ~ 28.350 grams 
1 pound ~ 0.454 kilogram 


1 joule ~ 0.738 foot-pound 
1 gram ~ 0.035 ounce 
1 kilogram ~ 2.205 pounds 
1 inch ~ 2.540 centimeters 
1 foot ~ 30.480 centimeters 
= 0.305 meter 
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A Word from the Authors 


Welcome to College Algebra, Sixth Edition. In this revision we continue to focus 
on promoting student success, while providing an accessible text that offers 
flexible teaching and learning options. 

In keeping with our philosophy that students learn best when they know what 
they are expected to learn, we have retained the thematic study thread from the 
Fifth Edition. We first introduce this study thread in the Chapter Opener. Each 
chapter begins with a study guide that contains a comprehensive overview of the 
chapter concepts (What you should learn), a list of Important Vocabulary integral 
to learning the chapter concepts, a list of additional chapter-specific Study Tools, 
and additional text-specific resources. The study guide allows students to get 
organized and prepare for the chapter. Then, each section opens with a a set of 
learning objectives outlining the concepts and skills students are expected to learn 
(What you should learn), followed by an interesting real-life application used to 
illustrate why it is important to learn the concepts in that section (Why you should 
learn it). Study Tips at point-of-use provide support as students read through the 
section. And finally, to provide study support and a comprehensive review of the 
chapter, each chapter concludes with a chapter summary (What did you learn?), 
which reinforces the section objectives, and chapter Review Exercises, which are 
correlated to the chapter summary. 

In addition to providing in-text study support, we have taken care to write a 
text for the student. We paid careful attention to the presentation, using precise 
mathematical language and clear writing, to create an effective learning tool. We 
are committed to providing a text that makes the mathematics within it accessible 
to all students. In the Sixth Edition, we have revised and improved upon many text 
features designed for this purpose. The Technology, Exploration features have been 
expanded. Chapter Tests, which gave students an opportunity for self-assessment, 
are included in every chapter. We have retained the Synthesis exercises, which 
check students’ conceptual understanding, and the Review exercises, which 
reinforce skills learned in previous sections within each section exercise set. Also, 
students have access to several media resources that offer additional text-specific 
resources to enhance the learning process. 

From the time we first began writing in the early 1970s, we have always 
viewed part of our authoring role as that of providing instructors with flexible 
teaching programs. The optional features within the text allow instructors with 
different pedagogical approaches to design their course to meet both their instruc- 
tional needs and the needs of their students. Instructors who stress applications 
and problem solving, or exploration and technology, and more traditional meth- 
ods will be able to use this text successfully. We hope you enjoy the Sixth Edition. 


fea 


Ron Larson 
Robert P. Hostetler 
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How can this book help you 


Support for Student Success 


Larson provides clear, easy-to-read examples 
that include all the steps needed to understand 

a new concept. 

Numerous examples are provided throughout 
the book that correspond to the exercise sets, 
giving students support with the key concepts 
in their homework assignments. 

Additional resources are also available, such as 
SMARTHINKING’s live, one-on-one online 
tutoring service. This enables students to receive 
tutorial help from the comfort and privacy of 
their own home. 

¢ Key course material is also presented on a DVD 
by a qualified instructor, making it easy to 
review content or material missed due to an 
absence. 


Options for Students and 
Instructors 


¢ Concepts are presented through examples, 
applications, technology, or explorations to 
adapt the course to the curriculum needs or 
student learning styles. 
¢ A variety of exercises that increase in difficulty 
allows professors the flexibility to assign home- 
work to students with various learning styles. 
Exercise options include skills, technology, 
critical thinking, writing, applications, modeling 
data, true/false, proofs, and theoretical questions. 
¢ The P.S. Problem Solving section at the end of 
every chapter offers more challenging exercises 
for advanced students. 
This text provides a solid mathematical founda- 
tion by foreshadowing concepts that will be 
used in future courses. Topics that will be espe- 
cially helpful to students in Calculus are labeled 
with an “Algebra of Calculus” L] icon. 


Sesmon Edt Cachae Took Symbols Forte Colo Uewe Hels 
#4 Hello 1 am Dameon I need some help with a log question. 


A Hit I'm Leot Do you have a specific question? 


fas | 
a Yes I do: Yes many times I geuss lost and frustrated. That's alright... Let us try to solve this together... | 
Ti } 
aa log x + 4log 6 = & boar Dameon! Have you tried to solve this problern? i 
ie . " ameon first let us try to recall the properties of logarithms... | 
eT Do you foliow so far? Yes I do. pose remember these properties... | 
i 1.) nlog m = log mn 
SS » . 
= | 
es) 2.) log (mn) =logm + logn | 
A * . » | 
ae 


3.)jlog m =n is also the same as b* =m 
. 


let us try to solve this first using #1. could you do it for me Dameon? 
Very Good! Now what is 6*? 1296 
So it should be ioe ae worse to! 


Now Dameon let me rewrite the whole equation for you.....log x + log 1296 = 6 
2 , 


Now let us try to solve this using #2. Can you do it for me Darmeon? 


log ( 1296 x) =8 
2 


Great! Now in solving that you may use #3 relationship...Can you solve it for me? 


3* = 1296x 
Very Good! Now do you think you can solve that Dameon? 6S61 = 1296x 
Great! : ) Do you have any other question? Did you understand the process? 
Onty why was that so easy now? Why did you say that? x = 5,062 


I have been working on that for at least 1 hr. 


That's the secret in studying... you should never give up.... But you did great here! So do you have | 
Any more question? No I am fine now thank you so much, | 
You are always welcome! Hope to hear from you soon..., 


Bye:) } 
bg, ner enna 


Exploration 


Graph each of the functions 
with a graphing utility. 
Determine whether the function 
is even, odd, or neither. 


Technology 


You can use a graphing 
utility to determine the domain 
of a composition of functions. 
For the composition in 
Example 5, enter the function 


© Proofs in Mathematics 73 


Proofs in Mathematics 


What does the word proof mean to you? In mathematics, the word proof is used 
to mean simply a valid argument. When you are proving a statement or theorem, 
you must use facts, definitions, and accepted properties in a logical order. You can 
also use previously proved theorems in your proof. For instance, the Distance 
Formula is used in the proof of the Midpoint Formula below. There are several 
different proof methods, which you will see in later chapters. 


succeed in your math course? 


Applications That Motivate 
Students 


* Applications in the exposition, examples, and 
exercises use real life data for students to see 
the relevance of what they are learning. 
Interesting topics are included throughout the 
book to help students see the practical, as well 
as theoretical, side of mathematics. 

Sourced data sets are included throughout the 
text, allowing students the opportunity to 
generate mathematical models that represent 
real data. 


For more information, see pages xii—xxv. 


83. Height of a Ball The height y (in feet) of a ball 


8: 


Se 


thrown by a child is 
Seok +4 
oes pee 


where x is the horizontal distance (in feet) from the 

point at which the ball is thrown (see figure), 

(a) How high is the ball when it leaves the child's 
hand? (Hint; Find y when x = 0.) 


(b) What is the maximum height of the ball? 


(c) How far from the child does the ball strike the 
ground? 


Path of a Diver The path of a diver is 
4 24 
= —=x? +—=—x+ 
y 9% 9 x + 12 


where y is the height (in feet) and x is the horizontal 
distance from the end of the diving board (in feet). 
What is the maximum height of the diver? 

Graphical Analysis From 1960 to 2000, the per 
capita consumption C of cigarettes by Americans 


Section 3.1 ® Quadratic Functions 269 


States for the years 1995 through 2000 are shown 
in the table. (Source; U.S. Bureau of Labor 


Statistics) 


Number of hairdressers and 


(a) Use a graphing utility to create a scatter plot 
of the data. Let x represent the year, with 
x = 5 corresponding to 1995, 

(b) Use the regression feature of a graphing util- 
ity to find a quadratic model for the data. 

(c) Use a graphing utility to graph the model in 
the same viewing window as the scatter plot. 
How well does the model fit the data? 

(d) Use the trace feature of the graphing utility 
to approximate the year in which the number 
of hairdressers and cosmetologists was the 
least. 


86. Data Analysis The numbers y (in thousands) of 
Ag hairdressers and cosmetologists in the United 


Readable and Understandable 
Text for Students 


¢ Examples, explanations, and proofs begin and 
end on the same page to allow students to see 
concepts as a whole, without page-turning 
distractions. This unique design is one more 
example of the carefully developed texts 
created by the Larson Team. 

¢ Examples include detailed solutions that show 
all steps to make it easy for students to under- 
stand the material being presented. 

¢ Many examples include numerical, algebraic, 
and/or graphical presentations to provide 
students an opportunity to see the solution 


represented in a way that is most clear to them. 


(age 18 and older) can be modeled by 


C = 4258 + 6.51 — 1.6217, 


O<1s 40 


(e) Use the model to predict the number of 
hairdressers and cosmetologists in 2005. 


af 


where f is the year, with t = 0 corresponding to 


232 Chapter 2 ® Functions and Their Graphs 
ars y 
Example 5 Finding the Domain of a Composite Function 
| Technology | Example 5 i : 


- You can use a graphing 
utility to determine the domain 
of a composition of functions. 
For the composition in 
Example 5, enter the function 
composition as 


y=(/9-#) -9. 


You should obtain the graph 
shown below. Use the trace 
feature to determine that the 
x-coordinates of points on the 
graph extend from —3 to 3.So, 
the domain of (f » g)(x) is 

=3 Six S38) 


Find the composition (f « g)(x) for the functions 
f(x) =x? -9 and g(x) = /9—x?. 
Then find the domain of (f° g). 


Solution 
(Fe g)(x) = f(g(x)) 
=f(9 =x) 
=(/9—¥)-9 
=9-x?-9 
ay 


From this, it might appear that the domain of the composition is the set of all real 
numbers. Because the domain of f is the set of all real numbers and the domain 
of g is —3 < x < 3, the domain of (f° g) is —3 < x < 3. 


In Examples 4 and 5, you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a 
given composite function, For instance, the function h given by 


h(x) = (x — 5) 
is the composition of f with g, where f(x) = 2° and g(x) = 3x — 5. That is, 
h(x) = Gx ~ 5) = LeloP = flea). 


Basically, to “decompose” a composite function, look for an “inner” function and 
an “outer” function. In the function h above, g(x) = 3x — S is the inner function 
and f(x) = 2° is the outer function. = 

oP 


| Example 6g Finding Components of Composite Functions fo 


p 1 hs Se ue 
Express the function A(x) = @-> as a composition of two functions. 


Solution 


One way to write h as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


fo) =a Ss 


Then you can write 


h(x) = (x = 2)>? = f(x — 2) = f(g). 


1 = 
= 2? 


Saunas 


Textbook Highlights 


Student Success Tools 


How to study Chapter 2 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


How to find and use the slopes of lines to write and graph linear 
equations in two variables 


How to evaluate functions and find their domains 


. 


How to analyze graphs of functions 
How to identify and graph rigid and nonrigid transformations 
How to find arithmetic combinations and compositions of functions 


. 


How to find inverse functions graphically and algebraically 


‘Andreas Stimberg/Getty Images 


® Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 
definition to your notebook glossary. 


Linear equation in two variables Zeros of a function (p. 203) 

i (p.172) Increasing function (p.204) ° ° by 
slope (p.172) Decreasing function (p. 204) Functions an eir Graphs 
Slope-intercept form (p. 172) Constant function (p. 204) 

Point-slope form (p. 177) Relative minimum (p. 205) 
Parallel (p. 179) Relative maximum (p. 205) 
Perpendicular (p. 179) Even function (p. 206) $. i 7 2 
Function (p. 187) Odd function (p. 206) Linear Equations in Two Variables 
Domain (p. 187) Vertical and horizontal shifts (p.219) - 

1) Range (p. 187) Reflection (p. 221) 2.2 Functions 

fait Independent variable (p. 189) Nonrigid transformations (p. 223) . > 
Dependent variable (p. 189) Inverse function (p. 237) 2.3 Analyzing Graphs of Functions 
Implied domain (p. 191) Horizontal Line Test (p. 240) 24 A Library of Functions 
Graph of a function (p. 201) One-to-one functions (p.240) 


Vertical Line Test (p.202) 2.5 Shifting, Reflecting, and Stretching Graphs 
Combinations of Functions 


Inverse Functions 


Study Tools Additional Resources 


Learning objectives in each section Study and Solutions Guide 
Chapter Summary (p. 247) Interactive College Algebra 
Review Exercises (pp. 248-251) Videotapes/DVD for Chapter 2 
Chapter Test (p. 252) College Algebra Website 
Cumulative Test for Chapters P-2 Student Success Organizer 


(pp. 253-254) 
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yest Linear Equations in Two Variables 


& What you should learn 


“How to Study This Chapter” 


4 , . ¢ seer as oe Using Slope <> 
The chapter- opening study guide includes: What ine euntonn ‘wo “ The simplest mathematical model for relating two variables is the linear equation 


in two variables y = mx + b. The equation is called linear because its graph is a 
* How to find slopes of lines 


you should learn, an objective-based overview of 
the main concepts of the chapter, /mportant 
Vocabulary, key mathematical terms integral to 
learning the concepts outlined in What you should 


learn, a list of Study Tools, additional study 


line. (In mathematics, the term ine means straight line.) By letting x = 0, you can 
* How to write linear equations see that the line crosses the y-axis at y = b, as shown in Figure 2.1. In other words, 


intwo variables the y-intercept is (0, b). The steepness or slope of the line is m 
* How to use slope to identify y=mt+b 

parallel and perpendicular lines 
+ How to use linear equations in “~ pad jas “ 

two variables to model and Sa geo 

solve real-life problems The slope of a nonvertical line is the number of units the line rises (or falls) 
vertically for each unit of horizontal change from left to right, as shown in 
Figure 2.1 and Figure 2.2. 


» Why you should learn it 
Linear equations in two variables 


y y 


. . Se can be used to model and solve 

resources within the text chapter, and Additional relic ables Foran ie ym] 
in Exercise 119 on page 185,a ST ARRETOEER 
linear equation is used to model 


Resources, text-specific supplemental resources 
available for each chapter. 


the average monthly cellular 
phone bills for subscribers in the 
United States, 


Section Openers include: 
“What you should learn” 


Positive slope, line rises. 
FIGURE 2.1 


Negative slope, line falls. 
FIGURE 2.2 


A linear equation that is written in the form y = mx + b is said to be 
written in slope-intercept form. 


A list of section objectives outlining the main 
concepts to help students focus while reading 
through the section. 


“Why you should learn it” 

A real-life application or a reference to other 
branches of mathematics illustrates the relevance 
of the section’s content. The real-life application 
is showcased in Model It found in the section 
exercise set. 


The Slope-Intercept Form of the Equation of a Line 
The graph of the equation 
y=mt+b 


is a line whose slope is m and whose y-intercept is (0, b). 


Exploration 


Use a graphing utility to compare the slopes of the lines y = mx where 

m = 0,5, 1, 2, and 4. Which line rises most quickly? Now, let m = —0.5, 
~1, —2, and —4. Which line falls most quickly? Use a square setting to 
obtain a true geometric perspective. What can you conclude about the slope 
and the “rate” at which the line rises or falls? 


Dick Luria/Getty Images 


The icone} identifies examples and concepts related to features of the Leaning Tools CD-ROM 
and the /nteractive and Internet versions of this text, For more details see the chart on pages xix-xviii, 


xii 


Section 2.1 ® Linear Equations in Two Variables 


114. Rental Demand A real estate office handles an 
apartment complex with SO units. When the rent per 
unit is $580 per month, all 50 units are occupied. 
However, when the rent is $625 per month, the 
average number of occupied units drops to 47. 
Assume that the relationship between the monthly 
rent p and the demand x is linear. 


Average salary 
(in thousands of dollars) 


(a) Write the equation of the line giving the 
demand x in terms of the rent p. 
(b) Use this equation to predict the number of units 


: 5 8 9 10 11 12 
occupied when the rent is $655. 


5 Year (5 <> 1995) 
(c) Predict the number of units occupied when the 


rent is $595. 


. Geometry The length and width of a rectangular 
garden are 15 meters and 10 meters, respectively. 
A walkway of width x surrounds the garden. 


FIGURE FOR 118 


> Model It 
} 119. Data Analysis The average monthly cellular 


(a) Draw a diagram that gives a visual representa- | 
tion of the problem. | 


phone bills y (in dollars) for subscribers in the 
United States from 1990 through 1999, where x 


(b) Write the equation for the perimeter y of the is the year, are shown as data points (x, y). 


walkway in terms of x. (Source: Cellular Telecommunications Industry 


(c) Use a graphing utility to graph the equation for ssociation) 
the perimeter. (1990, 80.90) (1995, 51.00) 
(d) Determine the slope of the graph in part (c). For (1991, 72.74) (1996, 47.70) 
each additional one-meter increase in the width (1992, 68.68) (1997, 42.78) 
of the walkway, determine the increase in its (1993, 61.48) (1998, 39.43) 


imeter. 
Dena apm ais (1994, 56.21) (1999, 41.24) 
lonthly Sa A pharmaceutical salesperson ; 2 aw. 

receives a monthly salary of $2500 plus a commis- ®) Seo 4 Sp CS Ga LoS | 

sion of 7% of sales. White a linear equation for the Comespone te ‘ 

salesperson’s monthly wage W in terms of monthly (b) Sketch the best-fitting line through the points. 

sales S. (c) Find the equation of the line from part (b). 
. Business Costs A sales representative of a com- Explain the procedure you used. 

pany using a personal car receives $120 per day for 

lodging and meals plus $0.35 per mile driven. Write 

a linear equation giving the daily cost C to the 

company in terms of x, the number of miles driven. 


(d) Write a short paragraph explaining the 
meaning of the slope and y-intercept of the 
line in terms of the data. 

(e) Compare the values obtained using your 

. Sports The average annual salaries of major model with the actual values. 

league baseball players (in thousands of dollars) 

from 1995 to 2002 are shown in the scatter plot. 

Find the equation of the line that you think best fits 

this data. (Let y represent the average salary and let 

f represent the year, with t = 5 corresponding to 

1995.) (Source: The Associated Press) 


(f) Use your model to estimate the average 
monthly cellular phone bill in 2005. 


NEW! Model It 


Often involving real-life data, these multi-part 
applications, referenced in Why you should learn 
it, offer students the opportunity to generate and 
analyze mathematical models. 


“What did you learn?” Chapter Summary 


The chapter summary provides a concise, section- 
by-section review of the section objectives. These 
objectives are correlated to the chapter Review 
Exercises allowing students to identify sections 
and concepts needing further review and study. 


Review Exercises 


Following the chapter summary, the Review 
Exercises provide additional practice and review 
of chapter concepts. The Review Exercises are 
organized by section and keyed directly to the 
section objectives listed in the chapter summary. 


Additional Student Success Tools include point- 
of-use Study Tips and Chapter and Cumulative 
Tests. 


& Contents 


® Chapter Summary 247 


> What did you learn? 


Section 2.1 
C How to use slope to graph linear equations in two variables 


0 How to find slopes of lines 

OD How to write linear equations in two variables 

D How to use slope to identify parallel and perpendicular lines 

DO How to use linear equations in two variables to model and solve real-life 
problems 

Section 2.2 

0 How to determine whether relations between two variables are functions 

0 How to use function notation and evaluate functions 

D_ How to find the domains of functions 

C How to find the difference quotients 

0 How to use functions to model and solve real-life problems 

Section 2.3 

Ci How to use the Vertical Line Test for functions 

C How to find the zeros of functions 


Review Exercises 
1-14 
15-18 
19-26 
27,28 
29-32 


33-38 
39-42 
43-48 
49,50 
51-54, 


55-58 
59-62 


O How to determine intervals on which functions are increasing or decreasing 63,64 


D How to identify even and odd functions 
Section 2.4 . 


65-68 


0 How to identify and graph linear, squaring, cubic, square root, reciprocal, step, 69-82 


and other piecewise-defined functions 
How to recognize graphs of common functions 
Section 2.5 
0 How to use vertical and horizontal shifts to sketch graphs of functions 
CO How to use reflections to sketch graphs of functions 
How to use nonrigid transformations to sketch graphs of functions 
Section 2.6 
CO How to add, subtract, multiply, and divide functions 
O How to find the composition of one function with another function 


83,84 


85-88 
89-94 
95-98 


99,100 
101-104 


© How to use combinations of functions to model and solve real-life problems 105,106 


Section 2.7 
0 How to find inverse functions informally and verify that two functions are 
inverse functions of each other 


0 How to use graphs to determine whether functions have inverse functions 


107,108 


109,110 


© How to use the Horizontal Line Test to determine if functions are one-to-one 111-114 


OC How to find inverse functions algebraically 


250 Chapter2 Functions and Their Graphs 


115-120 


In Exercises 55-58, use the Vertical Line Test to 
determine whether y is a function of x. To print an enlarged 


| 2.4 In Exercises 69-72, write the linear function f such 
that it has the indicated function values. Sketch a graph of 
the function. 


copy of the graph, go to the website www.mathgraphs.com. 
55. y = (x — 3)? 56. y = —3x3 - 2x + 1 


y y 


69. f(2) = —6, f(-1) =3 
70. f(0) = —5, f(4) = -8 


; 11. f(-3) = 2, 5) =7 
; 72, (3.3) = 5.6, f(—4.7) = -1.4 
F In Exercises 73-82, graph the function. 
-1 ie aa 73. f(x) =3-—x 74, h(x) = 3 - 2 
75. f(x) = —Jx 76. f(x) = /e #1 
yd a 
DELO) x EGE) = VS 
79. f(x) = [x] — 2 80. g(x) = [x + 4] 
Na ota S, FEL ON 
EN ee Ho Se Sa 
bea gece =P 
82. f(x) = 45, -2<x<0 
ax 15, i> 10 


In Exercises 59-62, find the zeros of the function. 


In Exercises 83 and 84, identify the transformed common 


function shown in the graph. 


59. f(x) = 3x? — 16x + 21 
60. flx) = 5x2 + 4x - 1 


83. y 


oy az OR ED. 
61. f@) = 
62. f(x) = 8 — x? — 25x + 25 


In Exercises 63 and 64, determine the intervals over which 
the function is increasing, decreasing, or constant. 


63. f(x) = |x| + |x + 1] 64. f(x) = (xX? — 4)? 
85. f(x) = x2, 
» f(x) = 


In Exercises 65-68, determine whether the function is even, 
odd, or neither. 


65. f(x) = x° + 4x -—7 


67. f(x) = 2xJ/x? +3 


66. f(x) = x4 — 20x? 
68. f(x) = 3/6x? 


94, f(x) = x, 


84. y 


[BB] in Exercises 85-98, identify the transformation of the 
graph of f and sketch the graph of h. 


h(x) = x7 -— 9 

h(x) = (x — 2) + 2 
Ve=7 

partes t eo 
h(x) = —(x +3)? +1 
E=(X 15) sae) 


he) = =|=x+4| +6 
AQ) = -—(@ + 1)? -3 


Ssunivss 
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206 Chapter 2 Functions and Their Graphs 


Even and Odd Functions o> 3 
In Section 1.1, you studied different types of symmetry of a graph, In the Exploration 


terminology of functions, a function is said to be even if its graph is symmetric 


oe Tes Sess ta a ean TL Ge ect een Before introducing selected topics, Explorations 
engage students in active discovery of mathemati- 


and odd functions. 


NRE hel SE RCTS ex kanecyey cal concepts and relationships, often through the 
A function y = f(x) is even if, for each x in the domain of f, : ; 3 
Graph each of the functions N-1) = fo) power of technology, while strengthening their 
ee, function A function y = f(x) is odd if, for each x in the domain of f, “ae ] thi in skills and develo in an intuitive 
critical thinking ping 
is even, odd, or neither. 3) = Stn): 4 * 
fa) = — xt understanding of theoretical concepts. 


g(x) = 2x3 +1 } Example 6 Even and Odd Functions o> 
yas wea Examples 


jQ@)= 2 —x8 — 38 a. The function g(x) = x3 — x is odd because g(—x) = —g(x), as follows. 
Ka) = x5 — 2x8 be =2 BOUND gains pierre Each example was carefully chosen to illustrate a 
Vee Oy Ras 58 == hx Simplify : ‘ 

Se aa) Diab ened particular mathematical concept or problem solv- 
What do you notice about the 2 r 1 2 b t 

ions of functions th: = 5163) Test for odd function mI ne 
SA? What oo noice aout b. The function ma = x? + 1 is even because h(—x) = h(x), as follows. ne skill. Every neva e Coneae sep y : ee 
Se euecentey er ihann fe eee solutions, most with side-by-side explanations that 
Sie es by epenag be =t41 sini lead students through the solution process. 
equation? Can you describe a = h(x) Test for even function 


way to identify a function as 
neither odd nor even by 
inspecting the equation? 


The graphs of these two functions are shown in Figure 2.35. 


\ 
h(x) =x? +1) 


a 
1 a 


(a) Symmetric to origin: Odd Function (b) Symmetric to y-axis; Even Function 
FIGURE 2.35, 


Technology 232 Chapter 2 ® Functions and Their Graphs 


Point-of-use instructions for graphing utilities [Technology Finding the Domain of 2 Composite Function 
appear in the margin. Emphasis is placed on using ai ttre eda |" Compton fe) eke sons 

technology as a tool for visualizing mathematical — Fertheconponten Foc tsticimae oe 

concepts, for verifying solutions, and for facilitat- pater penta e 

ing mathematical computation. The use of tech- ma te NES 

nology is optional and this feature and related uceacnienas 

exercises, identified by the icon 4y,, can be SSeS 

omitted without loss of continuity in coverage See} ocr pig Mares Stee ete ee 
Of topics. otis —3 < x < 3, the domain of (fe g) is —3 < x <3. 


Algebra of Calcu | u S$ In Examples 4 and 5, you formed the composition of two given functions. In 


calculus, it is also important to be able to identify two functions that make up a 
given composite function. For instance, the function h given by 


Special emphasis is given to the algebraic Wx) = Gx = 5) 
techniques used in calculus. Algebra of Calculus ide ae ey geet ae 
examples and exercises are integrated throughout Basically, to “decompose” ance function, look for an “inner” function and 


an “outer” function. In the function h above, g(x) = 3x — 5 is the inner function 


the text and are identified by the symbol ff. pune doe Se> 
Finding Components of Composite Functions fre 


4 1 
Express the function h(x) = 2 as a composition of two functions. 


Solution 


One way to write h as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


F 1 Z 
f(x) = it ae 


Then you can write 


(Ze Problem Solving 


1. As a salesperson, you receive a monthly salary of 
$2000, plus a commission of 7% of sales. You are 
offered a new job at $2300 per month, plus a com- 
mission of 5% of sales. 


(a) Write a linear equation for your current monthly 
wage W, in terms of your monthly sales S. 


(b) Wnite a linear equation for the monthly wage W, of 


6. A miniature golf professional is trying to make a 
hole-in-one on the miniature golf green shown. A 
coordinate plane is placed over the golf green, The 
golf ball is at the point (2.5, 2) and the hole is at the 
point (9.5, 2). The professional wants to bank the ball 
off the side wall of the green at the point (x, y). Find 
the coordinates of the point (x, y). Then write an equa- 


& Contents XV 


9. You are in a boat 2 miles from the nearest point on 
the coast, You are to travel to a point Q, 3 miles down 
the coast and | mile inland (see figure), You can row 
at 2 miles per hour and walk at 4 miles per hour, 


12. Show that the Associative Property holds for compo- 
sitions of functions—that is, 


(Fe(g oA)(x) = ((feg) 2 A)(x). 


13. Consider the graph of the function f shown in the 
figure. Use this graph to sketch the graph of each 
function, To print an enlarged copy of the graph, go 


your new job offer in terms of the monthly sales S. tion for the path of the ball. 


& (c) Use a graphing utility to graph both equations in y 

the same viewing window. Find the point of inter- &») 
section. What does it signify? 

(d) You think you can sell $20,000 per month. Should 
you change jobs? Explain. 

2. For the numbers 2 through 9 on a telephone keypad ~ 

(see figure), create two relations: one mapping 

numbers onto letters, and the other mapping letters 

onto numbers. Are both relations functions? Explain. 


At 2:00 P.M. on April 11, 1912, the Titanic left Cobh, 

Ireland, on her voyage to New York City. At 11:40 p.m. 

on Apnill 14, the Titanic struck an iceberg and sank, 

having covered only about 2100 miles of the approxi- 
mately 3400-mile trip. 

(a) What was the total length of the Titantic’s voyage 
in hours? 

(b) What was the Titantic’s average speed in miles 
per hour? 

(c) Write a function relating the Tirantic’s distance 
from New York City and the number of hours trav- 
eled. Find the domain and range of the function. 

(d) Graph the function from part (c). 

. Consider the functions f(x) = 4x and g(x) = x + 6. 

(a) Find (f < g)(x). 

(b) Find (f° g)~'(x). 

(c) Find f~'(x) and g~'(x). 

(d) Find (g~' = f~')(x) and compare the result with 
that of part (b). 

(e) Repeat parts (a) through (d) for f(x) =. + 1 
and g(x) = 2x. 

(f) Write two one-to-one functions f and g, and 
repeat parts (a) through (d) for these functions. 

(g) Make a conjecture about (f°g)~'(x) and 
(g7! <f-")Qx). 


3. What can be said about the sum and difference of each 
of the following? 


(a) Two even functions 

(b) Two odd functions 

(c) An odd function and an even fonction 
4. The two functions 


F(x) = x and g(x) = —x 


are their own inverse functions. Graph each function 
and explain why this is true. Graph other linear 
functions that are their own inverse functions. Find a 
general formula for a family of linear functions that 
are their own inverse functions. 


5. Prove that a function of the following form is even. 


Wie ake fry gk et = 


++ a,x + ay, 


NEW! P.S. Problem Solving 


Each chapter concludes with a collection of 


(a) Write the total time 7 of the trip as a function 
of x. 
(b) Determine the domain of the function. 
a&% (c) Use a graphing utility to graph the function. Be 
sure to choose an appropriate viewing window. 
aS (d) Use the zoom and trace features to find the value 
of x that minimizes 7. 
ae (e) Write a brief paragraph interpreting these values. 
10. The Heaviside function H(x) is widely used in engi- 
neering applications. (See figure.) To print an 
enlarged copy of the graph, go to the website 
www,mathgraphs.com, 


A(x) = { 


1, e220) 
Oo 0) 


Sketch the graph of each function by hand. 
(a) A(x) — 2 (b) Aw — 2) (©) — Ax) 
(@) Hx) ©) 7HG) — f) —H(x - 2) +2 


(a) What are the domain and range of f? 
(b) Find f(f(x)). What is the domain of this 
function? 


(c) Find f(f(f(2)). Is the graph a line? Why or why 
not? 


Proofs in Mathe 


to the website wivw.miathgraphs.com. 
(a) fv +1) (b) fla) +1 (ce) 2f(%) @) F(—x) 
© —f@) ©) [f@)| —@) F(x) 


14. Use the graphs of f and f~! to complete each table 
of function values. 


LAG) 


I Proofs in Mathematics 73 


thought-provoking and challenging exercises that 
further explore and expand upon the chapter con- 
cepts. These exercises have unusual characteristics 
that set them apart from traditional text exercises. 


NEW! Proofs in Mathematics 


At the end of every chapter, Proofs in 
Mathematics emphasizes the importance of proofs emai 

in mathematics. Proofs of important mathematical Ulin the Sewse, sexi sahow ti = etre Tae: 
properties and theorems are presented as well as 
discussions of various proof techniques. 


What does the word proof mean to you? In mathematics, the word proof is used 
to mean simply a valid argument. When you are proving a statement or theorem, 
you must use facts, definitions, and accepted properties in a logical order. You can 
also use previously proved theorems in your proof. For instance, the Distance 
Formula is used in the proof of the Midpoint Formula below. There are several 
different proof methods, which you will see in later chapters, 


Ssunivss 


The Midpoint Formula —(p. 62) 


The midpoint of the segment joining the points (x,, y,) and (x2, y2) is given 
by the Midpoint Formula 


Xt % y+ 22) 


Midpoint = 2 2 


The Cartesian Plane 
The Cartesian Plane was named 
after the French mathematician 
René Descartes (1596-1650). 
While Descartes was lying in 


(x. ¥). 
8 


r 
{ 
bed sick, he noticed a fly 

buzzing around on the square 

ceiling tiles, He discovered that | 
the position of the fly could be 


described by which ceiling tile 
the fly landed on. This led to the 
development of the Cartesian 
Plane, Descartes felt that a 
coordinate plane could be used 
to facilitate description of the eo afk aee 2 pcan 2 
positions of objects. d= [ee a x) of eres co ») 


ay 


By the Distance Formula, you obtain 


VG = HP #2 = 4? 


x +xm\ yy + 
dix hen +(y-™ 


Ce x) Op= vi 
dy = V(x, = 4, + (2 = HP 


So, it follows that d; = d, and d, + d, = dy. 


W 


a a a 
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280 Chapter3 Polynomial Functions 


3.2 Exercises 


In Exercises 1-8, match the polynomial function with its In Exercises 9-12, sketch the graph of y = x" and each 
graph. [The graphs are labeled (a), (b), (c), (d), (e), (f), (g), and transformation. 

8 9 y=x3 

i) i e) ; (a) f@) =(w- 28 (b) fx) = x3 - 2 


(c) f(x) = —4x3 (d) f(x) = (x — 2) - 2 
10. y =x° 

(a) f(x) = (x + IS (b) fe) = x8 + 1 

() fa) =1-45 (dd) FQ) = 
1. y =x4 


(a) f(x) = (x + 3)% — (b) f(x) = x" 

(c) f(x) =4- x4 (d) f(x) 

(e) f(x) = 2x) +1 (f) FG) = 
12, y =x° 

(a) f(x) = —bx® (b) f(x) = (x + 2)6 — 4 

(©) fa)=x6-4 @d) f@)=—hxo +1 

(e) f(x) = (4x)®- 2 () fQ) = (2x) - 1 


In Exercises 13-22, determine the right-hand and left-hand 
behavior of the graph of the polynomial function. 


13. f(x) = x3 + Sx 
14. f(x) = 2x? - 3x +1 
15. g(x) = 5 — fx - 3x? 
16. h(x) = 1 — x® 
17. f(x) = —2.1x5 + 4x3 -— 2 
18: fG) = 2x = Sat TS: 
19. f(x) = 6 — 2x + 4x? — 5x3 
20. f() = Sy Seren 
4 
21. h(t) = (12 — 5t + 3) 
22. f(s) = —2(s3 + Ss? — 7s + 1) 


(h) 


a4 Graphical Analysis \n Exercises 23-26, use a graphing 
utility to graph the functions f and g in the same viewing 
window. Zoom out sufficiently far to show that the 
right-hand and left-hand behaviors of f and g appear 

F(x) = 2x3 — 3x41 identical. 

23. f(x) = 3x3 -9x+1, 9 g(x) = 

24, f(x) = 403 - 3x42), gQx) = -}3 

25. f(x) = —(x4 — 4x3 + 16x), g(x) = —x4 

26. f(x) = 3x4 — 6x2, g(x) = 3x4 


ea iat St 


. f(x) = x4 + 2x3 
. f(x) = $x5 — 2x3 + Bx 


ond 


Exercise 


A hallmark feature of the text, the exercise sets 
contain a variety of computational, conceptual, 
and applied problems. Each section exercise set 
contains Synthesis exercises, which promote fur- 
ther exploration of mathematical concepts, critical 
thinking skills, and writing about mathematics and 
Review exercises, which provide continuous 
review of previously learned skills and concepts. 


Applications 


Demonstrating the relevance of mathematics to 
the real world, a wide variety of practical, real-life 
applications, many with sourced data, are found in 
examples and exercises throughout the text. 


Additional Features 


Additional carefully crafted learning tools 
designed to create a rich learning environment 
for all students can be found throughout the text. 
These learning tools include Historical Notes, 
Writing About Mathematics, and an extensive 
art program. 


Section 3.2 ® Polynomial Functions of Higher Degree 283 
j 5 oration Explore the transformations of the 
thesis 98. Exp 
gd form g(x) = a(x — A/S +k. 
True or False? \n Exercises 93-95, determine whether oe (a) Use a graphing utility to graph the functions 
the statement Is true or false. Justify your answer, : 
es 

93. A fifth-degree polynomial can have five turning yn ze a 


points in its graph. 
94, It is possible for a sixth-degree polynomial to have 
only one solution. 


and 


3 
Yo = x + 2)° = 3. 
95. The graph of the function a5 

7 


fQi=2A eae ee ee es Determine whether the graphs are increasing or 


decreasing. Explain. 
rises to the left and falls to the right 2 eee 


(b) Will the graph of g always be increasing or 
96. Graphical Analysis Describe a polynomial func- decreasing? If so, is this behavior determined 
tion that could represent the graph. (Indicate the by a, h, or k? Explain. 
degree of the function and the sign of its leading oe (c) Use ‘a graphing utility to graph the function 


coefficient.) 
A(x) = x5 — 3x3. + 2x41. 


Use the graph and the result of part (b) to deter- 
mine whether H can be written in the form 
H(x) = a(x — h)* + k. Explain. 


101, 12x7 + Ilx-5=0 102. x7 + 24x + 144=0 
In Exercises 103-106, solve the equation by completing the 
square. 

103. x7-2x-21=0 104, x7-8&+2=0 
105. 2x7 + 5x-20=0 106. 3x°+4x-9=0 


In Exercises 107-110, factor the expression completely. 


(a) y (b) y 
x 
Review 
1 In Exercises 99-102, solve the equation by factoring. 
99, 2x?-x-28=0 100. 3x7 -— 22x-16=0 
(c) y (d) y 
107, 5x2 + 7x - 24 108. 6x° — 61x? + 10x 


97. Graphical Reasoning Sketch a graph of the func- 109. 4x* — 7x2 — 15x2 110. y? + 216 

tion f(x) = x*. Explain how the graph of g differs (if 

it does) from the graph of f- Determine whether g is In Exercises 111-116, describe the transformation from a 

odd, even, or neither. common function that occurs in the function. Then sketch 

(a) g(x) = f(x) +2 (b) g(x) = f(x + 2) its graph. 

(c) g(x) = f(=x) (d@) g(x) = -flx) 111. f(x) = (x + 4)? 112. f(x) =3-2 

(e) g(x) = f(4x) (® g(x) =4F(x) 113. f(x) = Ves 1-5 114. fx) =7- Vx—-6 

(g) 9(x) = f(3/4) (h) e(x) = (Ff (x) 115. f(x) = 2h) +9 116. f(x) = 10 — {x + 3] 
Section 3.1 ® _ Quadratic Functions 269 


83. Height of a Ball The height y (in feet) of a ball 
thrown by a child is 


1 86. Data Analysis The numbers y (in thousands) of 


y= “ae +2x+4 & hairdressers and cosmetologists in the United 

a States for the years 1995 through 2000 are shown 
where x is the horizontal distance (in feet) from the in the table. (Source: U.S. Bureau of Labor 
point at which the ball is thrown (see figure) Statistics 


(a) How high is the ball when it leaves the child’s 
> int: Fi yw = 

hand? (Hint; Find y when x = 0.) | Neinbor of hairdressers and 

(b) What is the maximum height of the ball? | 


cosmetologists, y 
(c) How far from the child does the ball strike the 
ground? 


f 
y 
t (a) Use a graphing utility to create a scatter plot 
of the data. Let x represent the year, with 
x = 5 corresponding to 1995, 
84, Path of a Diver The path of a diver is (b) Use the regression feature of a graphing util- 
re 24 ity to find a quadratic model for the data. 
y= ——y2 —- » 
y ot Fo ee (c) Use a graphing utility to graph the model in 


the same viewing window as the scatter plot. 


where y is the height (in feet) and x is the horizontal How well does the model fit the data? 


distance from the end of the diving board (in feet). 
What is the maximum height of the diver? 


85. Graphical Analysis From 1960 to 2000, the per 


capita consumption C of cigarettes by Americans 
(age 18 and older) can be modeled by 


(d) Use the trace feature of the graphing utility 
to approximate the year in which the number 
of hairdressers and cosmetologists was the 
least. 


(e) Use the model to predict the number of 
hairdressers and cosmetologists in 2005. 


C = 4258 + 6.51 — 1.6277, O<rs 40 


— 
where f is the year, with t = 0 corresponding to 
1960. (Source; Tobacco Situation and Outlook @S 87. Wind Dyes The number of horsepow cred 
Yearbook) Se Os S yer y requires 
re to overcome wind drag on an automobile is approxi- 
& (a) Use a graphing utility to graph the model. mated by PE 


ae (b) Use the graph of the model to approximate the 
maximum ayerage annual consumption, Begin- 
ning in 1966, all cigarette packages were 
required by law to carry a health warning. Do 
you think the warning had any effect? Explain. 

In 1990, the U.S, population (age 18 and over) 
was 185,105,441. Of those, about 63,423,167 
were smokers. What was the average annual 
cigarette consumption per smoker in 1990? What 


was the average daily cigarette consumption per 
smoker? 


y = 0.002s? + 0.005s — 0.029, O0<s< 100 


where s is the speed of the car (in miles per hour). 

(a) Use a graphing utility to graph the function. 

(b) Graphically estimate the maximum speed of the 
car if the power required to overcome wind drag 


is not to exceed 10 horsepower. Verify your 
estimate analytically. 


(c 


Program Components 


College Algebra, Student Edition 
College Algebra, Instructor’s Annotated Edition 


Interactive College Algebra 3.0 CD-ROM (can be used alone or with the printed textbook) 
Internet College Algebra 3.0 (can be used alone or with the printed textbook) 


Additional Resources 


Student Resources Instructor Resources 

Student Success Organizer Instructor Success Organizer 

Study and Solutions Guide Complete Solutions Guide 
by Dianna L. Zook, (Indiana University/Purdue by Dianna L. Zook, (Indiana University/Purdue 
University—Fort Wayne) University—Fort Wayne) 


| 
Instructor’s Annotated Edition | 
. Test Item File | 


Student Technology Resources Instructor Technology Resources 
Instructional Videotapes for Graphing Calculators HMClassPrep™ Instructor’s CD-ROM 
by Dana Mosley HM Testing 6.03 | 
Learning Tools Student CD-ROM PowerPoint Presentations 
Smarthinking™.com live online tutoring Instructional Videotapes by Dana Mosley | 
Instructional DVDs by Dana Mosley (ideal for libraries and resource centers) 
Instructional Videotapes for Graphing Calculators | 
by Dana Mosley 
Interactive College Algebra 3.0 CD-ROM Interactive College Algebra 3.0 CD-ROM 
Internet College Algebra 3.0 Internet College Algebra 3.0 
HM eduSpace website HM eduSpace website 
BlackBoard Course Cartridge BlackBoard Course Cartridge 
WebCT e-pack WebCT e-pack 
Textbook website (math.college.hmco.com) Textbook website (math.college.hmco.com) 


For more information on these and other resources available, 
visit our website at math.college.hmco.com. 
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College Algebra, Sixth Edition 


Learning Tools Student CD-ROM 


The Learning Tools Student CD-ROM that accompanies the text provides 
students with an unprecedented quantity of support materials and resources that 
help bring mathematics to life with motion and sound. These electronic learning 
tools are separated into three components described below. The CD-ROM also 
provides access to MathGraphs, ACE Practice Tests, and SMARTHINKING, the 
online tutoring center. 


Study the Lesson 


The Glossary of Terms provides a comprehensive list of important mathematical 
terms for each chapter with a short definition of each term. 


Review and Practice 


¢ Guided Examples provide a full range of support by 
walking students step-by-step through problems that 


i Chapter > 2 Functions and Their Graphs - : - 
Highs Ip = org eae cing/ a se senealovaone relate to a specific concept in the text. 


| concent: shiting Graphs rT ee | ¢ Synthesis Examples require the use of more than one 
Example 4: Shifts in the Graphs of a Function Guided Example 2 G | : 
concept from a section and encourage students to 
work through a solution of a problem one step at a 
time. 


| Concept: Reflecting Graphs Animation: Reflecting Graphs in the x- end y-Axes — 
| Example 2: Finding Equations from Graphs [Swthesisexampet —=—=—=~=S*~*~<“‘*‘“*~*~*“‘~s*~*~*~*~*~*~*~*~S«SYSCY 
Go| 
60} 


| Concept: Nonrigid Transformations Animation. Sketching Nonrigid Transtormations of a Graph 


Sate Glossary of Terms | 
os SRE es 


Visualize and Extend the Concepts 


e Animations use motion and sound to explain 
concepts and can be played, paused, stopped, and 


H Examples Animations. = WANN y Ei 


replayed as many times as the student desires. Chapter P: Prerequisites [PaUsrgteFOLwetnd ———SSSSS*~<CS~*~‘“~*~sS*YSCY 
% s Chapter 2: Functions and Their Graphs 2.1 Changing the Slope ofe 
¢ Simulations encourage students to explore mathe- enters terete Seceenaainin a — 
matical concepts experimentally. Chapter 5: Exponential and Logarithmic Functions $1 Finding an Account Balance: Continuous Compounding 60} 
- R Chapter 6; Systems of Equations and Inequalities 6.2 Determining Solutions of a System of Equstions Graphically GO 
¢ Editable Graph Explorations engage students in Chapter &: Sequences, Series, and Probability 87 Fring the Probobiy ofthe Ttal of Two Oe = 


active discovery of mathematical concepts and rela- 
tionships through the use of technology. 


Glossary 


College Algebra, Sixth Edition 


Learning Tools Student CD-ROM | 


Selected examples and concepts throughout the text are identified by the Learning 
Tools Student CD-ROM icon Gmo>. The chart on this and the following pages 
indicates the feature(s) of the CD—Guided Example, Synthesis Example, 
Animation, Simulation, and Editable Graph Exploration—that corresponds to the | 
example or concept. 


| 

| 

) 

Chapter | Section Example/Concept Guided | Synthesis | Animation | Simulation | Editable | 
Example | Example Graph 

pa Be ; 
| 


1 Real Numbers J (a eae Ss i 
1 Ordering Real Numbers J f aa Beas 
Pt Example 7 | 
PP [1 | Example 2 at | 
Te ad ee eal Absolute Value and Distance | 


=o al eo Examples 4, 5 
Algebraic Expressions 
—— Basic Rules of Algebra 
Examples 1, 2 
Scientific Notation 
Examples 3-6, 9-15 


Example 8 
Examples 1, 2, 4, 6-8 


BBENL EA 


| 


Example 5 
Example 8 
Examples 1-6, 8 


Example 7 

Algebraic Errors to Avoid 
Examples 3-6 

Examples 1, 3, 4, 7 
Examples 2, 8 

Example 6 

The Graph of an Equation 
| Example | 


| Example 2 
Example 3 v 
Symmetry v 
Examples 4, 7 a eee 
Example 5 v v 


Example 6 v ee | 
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College Algebra, Sixth Edition 


Learning Tools Student CD-ROM 


Chapter Section Example/Concept Guided | Synthesis | Animation | Simulation | Editable 
Example | Example Graph 


1 se Equations and Solutions of Jv Jv 
Equations 


1 2) Examples 2-4 v 


1 2 Equations That Lead to Linear | | v 
Equations 


Introduction to Problem Solving 


Examples 1, 2 


SSIS 
S 


Examples 5, 7 


he 
Common Formulas J 


Factoring 
Examples 1, 2 


Example 3 


The Quadratic Formula 


Example 4 


Examples 5-7 


The Imaginary Unit i 


Examples 1, 3, 4, 6 


Examples 2, 5 


Examples 1-3, 5-7 


Example 4 


Applications 


Examples 2-4 
Example 5 


Example 1 


Examples 2, 4-6 


SY SISSIES SIS ISIS SISSIES SIE SS 
SS 


Using Slope 


Example | v ‘i 


Examples 4, 5 | 


Examples 6, 7 


Parallel and Perpendicular Lines 


Examples 2, 6, 7, 9 


Examples 3, 5 


Examples 1, 2 


SSIS SISTA 


Examples 4, 6 


Even and Odd Functions WA 


Example 2 


<—S 


Example 3 Jv 


Shifting Graphs 


<Uiss 
SS 


Example | 


Reflecting Graphs Jv 
Examples 2, 4 a 1 


Min} a) aya? BR] B]o]wsWPM]mlelel ala} Alololajlralalalalwlualaula)] al al al} al} alo} ololo 
| a 
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Nonrigid Transformations WA 


College Algebra, Sixth Edition 


Learning Tools Student CD-ROM | 


Simulation | Editable 


Chapter Section Example/Concept Guided 
Graph | 
| 


Example 
v 


Synthesis | Animation 
Example 


p) 6 Arithmetic Combinations of 
Functions 


6 | Examples MS 

6 Composition of Functions 
6 Example 6 
aa 
w 


J 


Examples 1, 2, 7 

The Graph of an Inverse 
Function 

Examples 5, 6 


Finding Inverse Functions 
. Algebraically 


Example 2 
Example 3 


Example 5 J v 
Examples, 3, 4, 7 v 
Example 5 

J 

J 

J 

v 


i) 
~ 


i) 
mH 
BS 
3 
® 
& 
i SSIS SN 


eS) 


Example 6 

Example 1 

Example 2 

Example 4 

Example 6 

Examples 1, 5, 6, 8,9 
Examples 3, 7 


Other Tests for Zeros of 
Polynomials 


Example 10 
Examples 2, 4, 5 
Example 3 
Example 6 
Example 2 
Examples 14 
Example 5 
Example 6 
Example | 
Examples 2, 3 


: sete EEL] 


BIH IHRIPBR]OPWO!WPHJHOPNHOJ]e | nn] nya 


Example 4 
Introduction 
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~ | Parabolas 
Examples 2, 3, 5, 7 
Ellipses 

Example 4 
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College Algebra, Sixth Edition 


Learning Tools Student CD-ROM 


Chapter Section Example/Concept Guided I Synthesis | Animation | Simulation | Editable 
Example | Example Graph 
4 4 Example 6 | ies J 
4 5 Examples 1, 5 Jv ( 
4 5 Equations of Conics in Standard Jv 
Form | 
Example 2 v v if 
| Example 3 v v 
i Example 4 yi J y 
Example 2 J Vf 
Example 3 Jv —T / | 
Ws Example 4 v v v 
Examples 5, 7, 8 ie J 
Applications v 
Example | v Jv 
Examples 2, 7, 8, 10 Jo 
Example 4 Vi 
Example 6 Ve ff #7 is. ill 
Examples 1, 2, 6 eA = 
Example 4 7: 7 7 
bs Example 5 ei =a 
Examples 1, 2, 4-8, 10 J 
Example 3 7; i a = 
Example | vA of 
= Examples 2, 3, 5, 6 v 
Examples 1, 5—7 df | 
Jv 


Example 3 


Example 4 v 
Examples 1, 5, 6, 9 


= 
=e 
| Example 3 v ie 
Example 4 [ v : 


AIS 
| 


Applications 
Examples 3-5, 7-10 
Nonsquare Systems 
Applications 
The Graph of an Inequality i 


Example 1 il a 7 | 


SISSIES TSS 
a nese 
St 


Example 4 
Examples 5, 9 
Example | y 
Examples 3-6 
Examples 1, 2, 5, 7-9 
Example 6 

Examples 1, 8 
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College Algebra, Sixth Edition 


Learning Tools Student CD-ROM 


Chapter 


= 


Section 


Example/Concept 


Guided 
Example 


Synthesis 
Example 


Example 3 


Examples 7, 11 


+ ; 
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Examples 1, 4, 5 


Example 3 


v 


Animation 


Editable 
Graph 


Simulation 


SIASISSITSS 


The Determinant of a 2 x 2 
Matrix 

Example 1 

Example 3 


aaa 


Example 4 


Examples 1, 3-5, 7, 8 


Example 2 
Example 3 


Factorial Notation 


Examples 5—7 


Summation Notation 


00 | CO | CO| GO| CO| CO} CO} CO] | YN] 4 


Examples 1, 6-8 


Examples 2, 3 
Examples 1-4, 6, 8 
Geometric Series 
Example 7 


: 


Introduction 
Examples 1, 4 


Examples 2, 4, 7 


Example 5 


Examples 4—9 


== 


Examples 1, 2, 5, 8, 9, 11 
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Interactive College Algebra 3.0 CD-ROM and 


Internet College Algebra 3.0 


To accommodate a wide variety of teaching and learning styles, College Algebra 
is also available as Interactive College Algebra 3.0 on an interactive CD-ROM 
and Internet College Algebra 3.0. Students using the interactive CD-ROM or 
those with internet access will benefit from a wide range of compelling, interac- 
tive pedagogy, plus solutions to all odd exercises in the text. For instructors who 
conduct part of their course online, the internet version is an ideal solution, offer- 
ing the additional advantages of online interaction with instructors and course 
management tools. 


Hands-on Interaction 


VERSION 3.0 


ColLEC E ¢ The graphing calculator emulator provides students 
Aic EBRA with an onscreen graphing utility that can be used for 
nou a caren ae computation and exploration. . 
P Prerequisites : ¢ The animations, simulations, and editable graph explo- 
1. Equations and {nequaliti 6 ° 3 
2 Fant ent The Gaps : rations make mathmatical concepts come alive. 
oe * Guided and synthesis examples are designed to have 
2 mesmo ummeteen etoe students work through a solution one step at a time. 
5 Systems of Equations and Inequalities ! ' : % : 
7 Matrices and Determinants, * Section quizzes require students to enter free-response 
§ Sequences, Series, a ity ] 2 + 5 
Appendix A pF N : answers, click and drag answers into place, or click on 


Sella correct answers. 


SiXTH EDITION 


Classroom and Syllabus Management Systems Toc + FEATURES = INDEX + GLOSSARY = CALCULATOR = CREDMIS + WELP 


All of the content of the Sixth Edition—a wealth of faim abs OF Eauations 
4 A G Section 1.1 Quiz 
applications, exercises, worked-out examples, and 
detailed explanations—is included in Interactive 
College Algebra 3.0 on CD-ROM and Internet 
College Algebra 3.0. Instructors have the flexibility 
of customizing content and interactive features for 
students as desired. Instructors may simply add 
dates to a default syllabus or may modify the order 
of topics. Either way, a customized syllabus is easy 
to distribute electronically and update instantly. 
This tool is particularly useful for managing dis- 
tance learning courses. 


® Section Exercises sctutons te odd-numbered exercises) 


@ Tutorial Exercises: Additional Practice 


@ Student Success Organizer What you should fear — 
How to sketch graphs of equations — ee 4 
How to find x and yintercepts of graphs ofeausons emia 
How to use symmetry to sketch graphs ofequations 
How to find equations and sketch graphs of circles 
How to Use orephie of ‘equations in reattife brebletts 


ee you should tearn it = 

The graph of an equation can help you see| s relationship 
between ‘real-life quantities. For example, in Exercise 67, all 
graph can be used to estimate the life ‘expectancies of | 
children who. are bom in eyed 2005 and auto 


Table eof Contents Cha apter Section 1 


XXiVv 


® Resources XXV 


Features 


Exercises with full worked-out solutions to all of the odd exercises in the text 
provide immediate feedback for students. 


Try Its allow students to try problems similar to the examples and to check their 
work using the worked-out solutions provided. 


Guided Examples provide a full range of support by walking students step-by-step 
through problems that relate to a specific concept in the text. 


Synthesis Examples require the use of more than one concept from a section and 
encourage students to work through a solution of a problem one step at a time. 


Animations, which use motion and sound to explain concepts, can be played, 
paused, stopped, and replayed as many times as the student desires. 


Simulations are interactive activities that encourage exploration and hands-on use 
of mathematical concepts. 


Editable Graphs encourage students to explore concepts by graphing “editable” 
graphs. Students can also change the viewing window and use zoom and trace 
features. 


MathGraphs are enlarged, printable versions of graphs from exercises in the book 
in which students are asked to draw on the graphs. 


Tutorial Exercises are additional exercises that furnish students with much needed 
guided practice and refer back to a Guided Example for help if necessary. 


Graphing Calculator Emulator is a powerful tool built into the program for 
convenient computation and exploration, and is also useful for working exercises 
that require the use of a graphing calculator. 


Section Quizzes with responses and Chapter Tests with answers help students 
assess their mastery of the material. 


Chapter Pre-Tests and Post-Tests offer added practice and assessment opportunities. 


Glossary of Terms provides a comprehensive list of important mathematical terms, 
which students can quickly and easily access at any time. 


Index and Features Index facilitate cross-referencing by providing complete 
searchable text-specific content. 


Syllabus Builder enables instructors to save administrative time and to convey 
important information online. 
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How to study Chapter P 


> What you should learn 


In this chapter you will learn the following skills and concepts: 
¢ How to represent and order real numbers and use inequalities 
¢ How to evaluate algebraic expressions using the basic rules of algebra 


* How to use properties of exponents and radicals to simplify and evaluate 
expressions 


¢ How to add, subtract, multiply, and factor polynomials 


¢ How to determine the domains of algebraic expressions and simplify rational 
expressions 


¢ How to avoid common algebraic errors and use algebraic techniques 
common in calculus 


¢ How to plot points in the coordinate plane and use the Distance and 
Midpoint Formulas 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 
definition to your notebook glossary. 


Real numbers (p. 2) Index (p. 15) 

Real number line (p. 2) Radicand (p. 15) 

Inequality (p. 3) Simplest form (p. 17) 

Absolute value (p. 5) Conjugate (p. 18) 

Variables (p. 6) Polynomial (p. 24) 

Algebraic expressions (p. 6) Degree (of a polynomial) (p. 24) 
Coefficient (p. 6) Domain (p. 41) 

Evaluate (p. 6) Equivalent (expressions) (p. 41) 
Additive inverse (p. 6) Rational expression (p. 41) 
Multiplicative inverse (p. 6) Complex fractions (p. 45) 
Factors (p. 8) Rectangular coordinate system (p. 58) 
Exponential form (p. 12) Ordered pair (p. 58) 

Scientific notation (p. 14) Distance Formula (p. 60) 
Principal nth root (p. 15) Midpoint Formula (p. 62) 
Study Tools Additional Resources 
Learning objectives in each section Study and Solutions Guide 
Chapter Summary (p. 68) Interactive College Algebra 
Review Exercises (pp. 69-71) Videotapes/DVD for Chapter P 
Chapter Test (p. 72) College Algebra Website 


Student Success Organizer 


Craig Tuttle/Corbis 


Review of Real Numbers and Their Properties 


Exponents and Radicals 
Polynomials and Special Products 
Factoring 

Rational Expressions 

Errors and the Algebra of Calculus 
Graphical Representation of Data 


An expanded version of Sections P.1-P.4 is available on the text-specific website at college.hmco.com and 

on the resource CD that accompanies the text. This expanded version contains the following sections. 
Operations with Real Numbers; Properties of Real Numbers; Algebraic Expressions; Operations with 
Polynomials; Factoring Polynomials; Factoring Trinomials 


Doug Armand/Getty Images 


2 Chapter P PB Prerequisites 


P.1 


> What you should learn 


How to represent and classify 
real numbers 


How to order real numbers and 
use inequalities 

How to find the absolute 
values of real numbers and find 
the distance between two real 
numbers 

How to evaluate algebraic 
expressions 

How to use the basic rules and 
properties of algebra 


b> Why you should learn it 


Real numbers are used to 
represent many real-life quantities. 
For example, in Exercise 69 on 


Review of Real Numbers and Their Properties 


Real Numbers &4#o> 


Real numbers are used in everyday life to describe quantities such as age, miles 
per gallon, container size, and population. Real numbers are represented by 
symbols such as 


—5,9, 0, = 28.21, /2, am, and 3/—32. 
Here are some important subsets of the real numbers. 

TS Se 

LO 28 A ee tay 


Sila ke S 


60672 5 


Set of natural numbers 
Set of whole numbers 


(re 


Set of integers 


A real number is rational if it can be written as the ratio p/g of two integers, 
where g # (). For instance, the numbers 


we 12 
== 0.3333 . . 2 =035=— 0.125, and = 1.126126 .. . = 1.126 


CO; rR 


are rational. The decimal ey of a rational number either repeats (as in 


re 3: 145) or terminates (as i in > ; = 0. 5). A real number that cannot be written 


as the ratio of two integers is called irrational. Irrational numbers have infinite 
nonrepeating decimal representations. For instance, the numbers 


J/2 ~ 14142136 and a ~ 3.1415927 


are irrational. (The symbol ~ means “is approximately equal to.”) 

Real numbers are represented graphically by a real number line. The point 
O on the real number line is the origin. Numbers to the right of 0 are positive, and 
numbers to the left of 0 are negative, as shown in Figure P.1. The term nonnega- 
tive describes a number that is either positive or zero. 


Origin 
Negati iti 
re hed Sa} -¢—— aia Postage 
direction Bale Gees oy et 0 1 2 3 4 direction 
FIGURE P.1_ The Real Number Line 


As illustrated in Figure P.2, there is a one-to-one correspondence between real 
numbers and points on the real number line. 


0.75 1 —2.4 V2 
—+—_+-e—_—__+—e fe > Se he or 
=p sy Sil 0 1 2 3 = Sel 0 1 2 3 


Every real number corresponds to exactly 
one point on the real number line. 
FIGURE P.2 One-to-One Correspondence 


Every point on the real number line 
corresponds to exactly one real number. 


The icon Gio > »Y identifies examples and concepts related to features of the Learning Tools CD-ROM 
and the Interactive and Internet versions of this text. For more details see the chart on Pages XIx-xxiii. 
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Ordering Real Numbers o> 


One important property of real numbers is that they are ordered. 


Definition of Order on the Real Number Line 


If a and b are real numbers, a is less than b if b — a is positive. The order 
of a and b is denoted by the inequality 


Gh ley: 


This relationship can also be described by saying that b is greater than a 
and writing b > a. The inequality a < b means that a is less than or equal 
to b, and the inequality b = a means that b is greater than or equal to a. 
The symbols <, >, <, and = are inequality symbols. 


a b Geometrically, this definition implies that a < b if and only if a lies to the 
zi Sie aaa : left of b on the real number line, as shown in Figure P.3. 
FicuREP.3 a < bifandonlyifalies to we ; 
fHelettorb. | Example 1 Interpreting Inequalities G&%o> 
¥<2 Describe the subset of real numbers represented by each inequality. 
—]_ 4 ax Neve 6 
0 1 2 3 4 : 
Solution 
FIGURE P.4 
a. The inequality x < 2 denotes all real numbers less than or equal to 2, as shown 
—2<x<3 in Figure P.4. 
—_{—__—_—_—_—_+—__+—_}—-«_ b. The inequality —2 < x < 3 means that x => —2 and x < 3. This “double 
ee ars inequality” denotes all real numbers between — 2 and 3, including — 2 but not 
FIGURE P.5 including 3, as shown in Figure P.5. 
Inequalities can be used to describe subsets of real numbers called intervals. 
In the bounded intervals below, the real numbers a and b are the endpoints of 
each interval. 
The Interactive CD-ROM and Internet Bounded Intervals on the Real Number Line 
versions of this text offer a Try It for 
each example in the text. Notation Interval Type Inequality 


[a, b] Closed es 


(a, b) Open x<b 


[a, b) 


(a, b] 


4 


ChapterP B® Prerequisites 


The symbols 00, positive infinity, and —oo, negative infinity, do not 
represent real numbers. They are simply convenient symbols used to describe the 
unboundedness of an interval such as (1, 00) or (— 00, 3]. 


uABSUndEa Intervals on the Real Number Line 


Notation Interval Type Inequality 


[a, co) 56 22 0) 


(a, co) Open 


Open 


Entire real line 


Using Inequalities to Represent Intervals @¥o> 


Use inequality notation to describe each of the following. 


a. c is at most 2. 

b. m is at least —3. 

c. All x in the interval (—3, 5] 

Solution 

a. The statement “‘c is at most 2” can be represented by c < 2. 

b. The statement “m is at least — 3” can be represented by m > —3. 


ce. “All x in the interval (—3, 5]” can be represented by —3 < x < 5. 


Example a Interpreting Intervals 


Give a verbal description of each interval. 
a. (—1,0) b. [2, 00) c. (—co, 0) 
Solution 


a. This interval consists of all real numbers that are greater than —1 and less 
than 0. 


b. This interval consists of all real numbers that are greater than or equal to 2. 


c. This interval consists of all real numbers that are less than zero (the negative 
real numbers). 


The Law of Trichotomy states that for any two real numbers a and b, precisely 
one of three relationships is possible: 


G=6, G<b, @ Ws). Law of Trichotomy 


Exploration 


Absolute value expressions can 
be evaluated on a graphing 
utility. When an expression such 
as |3 — 8] is evaluated, paren- 
theses should surround the 
expression, as in abs(3 — 8). 
Evaluate each expression below. 
What can you conclude? 


a. |6| ig al 
Olt nn de 12 — 5| 


i 
ar 
<——B ThE Ts 
=8) Ps il 0 ] 2 3) 


FIGUREP.6 The distance between —3 
and 4 is 7. 
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Absolute Value and Distance Gio> 


The absolute value of a real number is its magnitude, or the distance between the 
origin and the point representing the real number on the real number line. 


Definition of Absolute Value 
If a is a real number, then the absolute value of a is 


Cath aes0 
FE sae al 
aa vitor 0) 


Notice in this definition that the absolute value of a real number is never 
negative. For instance, if a = —5, then |—5| = —(—5) = 5. The absolute value 
of a real number is either positive or zero. Moreover, 0 is the only real number 
whose absolute value is 0. So, |0| = 0. 


Example 4 Evaluating the Absolute Value of aNumber o> 


Xx 
Evaluate bl for (a) x > O and (b) x < 0. 
x 


Solution 


xl x 
a. If x > 0, then |x| = x and — =- = 1. 
Xia 


A =x 
bili x <0, then |a|p= —x and=j—-— = —1, 
a x 


Properties of Absolute Values 


Lay 20 2. |—al = |a| 


aig) 


3. |ab| = |a\|d| aarp b#0 


Absolute value can be used to define the distance between two points on the 
real number line. For instance, the distance between —3 and 4 is 


I-3- 4] =|-7 
=i, 


as shown in Figure P.6. 


Distance Between Two Points on the Real Line 


Let a and b be real numbers. The distance between a and b is 


d(a, b) = |b — al = |a — DI. 


6 ChapterP PB Prerequisites 


The Interactive CD-ROM and Internet 
versions of this text offer a Quiz for 
every section of the text. 


STUDY TIP 


Try to formulate a verbal 
description of each property. For 
instance, the first property states 
that the order in which two real 
numbers are added does not 
affect their sum. 


Algebraic Expressions o> 


One characteristic of algebra is the use of letters to represent numbers. The letters 
are variables, and combinations of letters and numbers are algebraic expressions. 
Here are a few examples of algebraic expressions. 


Sys Dye = 3). é 1k ¥. 


Definition of an Algebraic Expression 


An algebraic expression is a collection of letters (variables) and real 
numbers (constants) combined using the operations of addition, subtraction, 
multiplication, division, and exponentiation. 


The terms of an algebraic expression are those parts that are separated by 
addition. For example, 


x2 — 5x + 8 = x? + (—Sx) 8 


has three terms: x* and — 5x are the variable terms and 8 is the constant term. 
The numerical factor of a variable term is the coefficient of the variable term. For 
instance, the coefficient of —5x is —5, and the coefficient of x? is 1. 

To evaluate an algebraic expression, substitute numerical values for each of 
the variables in the expression. Here are two examples. 


Value of Value of 

Expression Variable Substitute Expression 
SaeP aes) x = 3 = 33 S =§9 +5 =—4 
Ox exe x=-1 3S = 2(—- 2) 32> eee 


When an algebraic expression is evaluated, the Substitution Principle is 
used. It states that “If a = b, then a can be replaced by b in any expression 
involving a.” In the first evaluation shown above, for instance, 3 is substituted for 
x inthe expression = 3%, 5. 


Basic Rules of Algebra @¥o> 


There are four arithmetic operations with real numbers: addition, multiplication, 
subtraction, and division, denoted by the symbols +, x or - , —, and +. Of these, 
addition and multiplication are the two primary operations. Subtraction and 
division are the inverse operations of addition and multiplication, respectively. 


Subtraction: Add the opposite. Division: Multiply by the reciprocal. 


If b # 0, then a/b = o(>) a 
b b 
In these definitions, —b is the additive inverse (or opposite) of b, and 1 /b is the 
multiplicative inverse (or reciprocal) of b. In the fractional form a/b, a is the 
numerator of the fraction and b is the denominator. 
Because the properties of real numbers on page 7 are true for variables and 


algebraic expressions as well as for real numbers, they are often called the Basic 
Rules of Algebra. 


a-b=a+(-b) 
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Basic Rules of Algebra 


Let a, b, and c be real numbers, variables, or algebraic expressions. 


Property Example 
Commutative Property of Addition: a+b=b+t+a Ax +x? =x? + 4x 
Commutative Property of Multiplication: ab = ba (4= x)x* =x74 — x) 
Associative Property of Addition: (a+b)+c=at+(bt+o) (4275) Exe =e (Seti) 
Associative Property of Multiplication: (ab)c = a(bc) (2x + 3y)(8) = (2x)(3y + 8) 
Distributive Properties: alb + c) = ab + ac Bx( Sat lx) 30 eee 

(a + ble = ac + be (y+ 8y=yryt8ry 

Additive Identity Property: a+0O=a Sy? + 0 = 5y? 
Multiplicative Identity Property: a-l=a (4x2)(1) = 4x? 
Additive Inverse Property: a+(-—a)=0 "5x3 + (—5x3) = 0 


eee re 1 
Multiplicative Inverse Property: ° (7 7F EA) ( =1 
pa oak 


Because subtraction is defined as ‘“‘adding the opposite,” the Distributive 
Properties are also true for subtraction. So, the first Distributive Property can be 
applied to an expression of the form a(b — c) as follows. 


a(b — c) = ab — ac 


Properties of Negation 


Let a and b be real numbers, variables, or algebraic expressions. 


STUDY TIP 


Be sure you see the difference . (-l)a = —-a i 7, 
between the opposite of a Sere ric. ie ae © 
number and a negative number. eet at a CO) ot 
If a is already negative, then its . (—a)b = —(ab) = a(—b) (—5)3 = —(5 - 3) = 5(-3) 
opposite, —a, is positive. For Mie enon: Ee nieaa 


instance, if a = —5, then 
re (5h 5. Ae +P) (— a) ad) (xi 8) ae 8) 
=X 68 


Property Example 


Properties of Equality 
Let a, b, and c be real numbers, variables, or algebraic expressions. 


1. Tf a="); then a'+°¢ = b+": Add c to each side. 
2. If a = b, then ac = be. Multiply each side by c. 


3. Ifa+c=bt+c,thena = b. Subtract c from each side. 


4. If ac = bc andc # 0, thena = b. Divide each side by c. 
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STUDY TIP 


The “or” in the Zero-Factor 
Property includes the possibility 
that either or both factors may 
be zero. This is an inclusive or, 
and it is the way the word “or” 
is generally used in 
mathematics. 


STUDY TIP 


In Property 1 of fractions, the 
phrase “if and only if” implies 
two statements. One statement 
is: If a/b = c/d, then ad = be. 
The other statement is: If 

ad = bc, where b # O and 

d # 0, then a/b = c/d. 


Properties of Zero 


Let a and b be real numbers, variables, or algebraic expressions. 


| 1.a+0=aanda—0O=a 2.a°0=0 


| oh = 4. ae undefined. 
a 0 


5. Zero-Factor Property: If ab = 0, then a = 0 or b = 0. 


| Properties and Operations of Fractions 


| Let a, b, c, and d be real numbers, variables, or algebraic expressions such 
| that b # Oandd # 0. 


| 1. Equivalent Fractions: ; = : if and only if ad = be. 


| 2. Rules of Si ie ade 
| . s = = an = 
ules of Signs b b =F on 


fi ate 
| 3. Generate Equivalent Fractions: b = be c#O0 
G 


. Add or Subtract with Like Denominators: ; + © 


a ¢ 
| 6. Multiply Fractions: — - — 
| u iply ractions ere 


. Divide Fractions: — + — = — -— = —, c #0 


Sentitie Properties and Operations of Fractions @ije> 


; : oe 3 
a. Equivalent fractions: aa eel b. Divide fractions: z + = Z : £ = 14 
5 eeeyien nets) ae SS ene Sy 
PAS eee a, lt es 


5 : ; : Xx 
c. Add fractions with unlike denominators: 3 ap 


5) SES 15 


If a, b, and c are integers such that ab = c, then a and b are factors or 
divisors of c. A prime number is an integer that has exactly two positive 
factors:— itself and 1—such as 2, 3, 5, 7, and 11. The numbers 4, 6, 8, 9, and 10 
are composite because they can be written as the product of two or more prime 
numbers. The number | is neither prime nor composite. The Fundamental 
Theorem of Arithmetic states that every positive integer greater than | can be 
written as the product of prime numbers in precisely one way (disregarding 
order). For instance, the prime factorization of 24 is 24 =2+-2-2+3. 


Section P.1 


P.1 Exercises 


In Exercises 1-6, determine which numbers are (a) natural 
numbers, (b) integers, (c) rational numbers, and (d) irra- 
tional numbers. 


ee S025, 5, 4/2, 01, —4, 2, 11 


2.. /5, —7, —4, 0,3.12, 2, —3, 12,5 

3. 2.01, 0.666 . . ., —13,0.010110111 . . ., 1, -6 
4. 2.3030030003 . . . ,0.7575, — 4.63, /10, —75, 4 
5. — 7, —3,2,5V2, -7.5, -1, 8, —22 

6. 25, —17, —"2, V9, 3.12, 37, 7, —11.1, 13 


In Exercises 7-10, use a calculator to find the decimal form 
of the rational number. If it is a nonterminating decimal, 
write the repeating pattern. 


5 1 
lees Bo 
41 6 
9. 333 10. 7 


In Exercises 11 and 12, approximate the numbers and place 
the correct symbol (< or >) between them. 


iW t —o ar ea i 
2 = 0 1 2 g 4 


In Exercises 13-18, plot the two real numbers on the real 
number line. Then place the appropriate inequality symbol 
(< or >) between them. 


13. —4,-8 14°35 
15. 3,7 16,1. 
i Be hey ah 


In Exercises 19-28, verbally describe the subset of real 
numbers represented by the inequality. Then sketch the 
subset on the real number line. State whether the interval 
is bounded or unbounded. 


19.725 20. x2 —2 
21x <0 IDE EE Ode) 
Zoe Xe 4 PANG 2 
Dba, BRC B'S RD Zoo ONS! AND 
Dies ya< () Lona Kass 


In Exercises 29-36, use inequality notation to describe the 
set. 


29, All x in the interval (—2, 4] 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


30. All y in the interval [—6, 0) 

31. y is nonnegative. 

32. y is no more than 25. 

33. tis at least 10 and at most 22. 

34. k is less than 5 but no less than —3. 

35. The dog’s weight W is more than 65 pounds. 


36. The annual rate of inflation r is expected to be at 
least 2.5% but no more than 5%. 


In Exercises 37-40, give a verbal description of the interval. 


37. [0, 8) 38. [-—5, 7] 
39. (—6, co) 40. (—0o, 4] 


In Exercises 41-50, evaluate the expression. 


41. |—10| 42. |0| 
43. [3 = 8| 44, |4 =f 
45. Veal eee 46. = See 
=5 
AG, 48. = 8) 8) 
5 
ke oe bis Pal] 
49. BS ee Se 50. SS esl | 
ie ar 2 50 = Ml 


In Exercises 51-56, place the correct symbol (<, >, or =) 
between the pair of real numbers. 


51../—3] = ell Sola! |4| 
53.-5 —|5| 54. —|-6|  |-6| 
55. —|-2||  —|2| 56. —(—2) -2 


In Exercises 57-64, find the distance between a and b. 


BY a=-l pias 
OSS f aaa a 
-1 0) 1 2 3 

5S eee one 
——@— + + —@ | a 
-4 3 —2 et 

59, a = 126,b = 75 60. a = —126,b = —75 

61. a= -3,b=0 (Dib Fi 9 Wei 

63 Daa 64. a = 9.34, b = —5.65 
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Budget Variance \n Exercises 65-68, the accounting 70. Veterans The table shows the number of surviving 
department of a sports drink bottling company is checking spouses of deceased veterans of United States wars 
to see whether the actual expenses of a department differ (as of May 2001). Construct a circle graph showing 
from the budgeted expenses by more than $500 or by the percent of surviving spouses for each war as a 
more than 5%. Fill in the missing parts of the table, and fraction of the total number of surviving spouses of 
determine whether each actual expense passes the “budg- deceased war veterans. (Source: Department of 


et variance test. Veteran Affairs) 


Budgeted Actual 
Expense, b Expense,a |a— b| 0.05b 


65. Wages $112,700). $113,356 
66. Utilities $9,400 $9,772 
67. Taxes $37,640 $395335 
68. Insurance $2,575 $2,613 


Number of 


surviving spouses 


Civil War 
Indian Wars 


Spanish-American War 


> Model It Mexican Border War 181 
World War I SSS) 
| 69. Federal Deficit The bar graph shows the federal | World War II 272,793 
| government receipts (in billions of dollars) for Korean War 63,579 

selected years from 1960 through 2000. (Source: | Vietnam War 114,514 
U.S. Office of Management and Budget) Gulf War 6,261 


In Exercises 71-78, use absolute value notation to describe 
the situation. 


71. While traveling on the Pennsylvania Turnpike, you 
pass milepost 57 near Pittsburgh, then milepost 236 
near Gettysburg. How far do you travel during that 
time period? 


Receipts 
(in billions of dollars) 


72. While traveling on the Pennsylvania Turnpike, you 
pass milepost 326 near Valley Forge, then milepost 
351 near Philadelphia. How far do you travel during 
that time period? 


(a) Complete the table. (Hint: Find |Receipts — | 73. The temperature in Bismarck, North Dakota, was 60° 


Expenditures.) at noon, then 23° at midnight. What was the change 
in temperature over the 12-hour period? 


1960 1970 1980 1990 2000 
Year 


| Year Expenditures Surplus or deficit | 74. The temperature in Chicago, Illinois was 48° last 
| Gn billions) (in billions) night at midnight, then 82° at noon today. What was 
SS the change in temperature over the 12-hour period? 


1960 SoZ 
1970 $195.6 
1980 $590.9 


1990 $1253.22 
2000 | $1788.8 | 78. y is at most two units from a. 


75. The distance between x and 5 is no more than 3. 
76. The distance between x and — 10 is at least 6. 


77. y is at least six units from 0. 


(b) Use the table in part (a) to construct a bar In Exercises 79-84, identify the terms. Then identify the 
graph showing the magnitude of the surplus coefficients of the variable terms of the expression. 


or deficit for each year. TS Tis 80> 6x? — 5x 
+. 81. /3x? — 8x — 11 82. 3./3x2 +1 
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2 


$3.45 7 ce ee 
2 4 


In Exercises 85-90, evaluate the expression for each value 
of x. (If not possible, state the reason.) 


Expression Values 
85. 4x — 6 (au —1 (b) x =0 
86. 9 — 7x (a) a= = 3 (b) x = 3 
87. x? —3x+4 (a) x= —2 (by) eH 2 
88. —x2 + 5x -—4 fax = —1 (b) x = | 
a (a) x=1 (b) x= -1 

x= 

2 

ics (a) x = 2 (b) x = —2 


In Exercises 91-100, identify the rule(s) of algebra 


illustrated by the statement. 
91.x+9=94+x O21 


93: 


h+6)=1, h#-6 
rare ) 


DAN 3) — (ee 3) = 0 
95. 2(x + 3) =2x + 6 
Veter tl yy =" + x 
98. x + (y + 10) = (&« + y) +10 

99. x(3y) = (x - 3)y = (3x)y 

HOON (12) = (of) 12) = be = 12 


9692 2) 02 


In Exercises 101-108, perform the operation(s). (Write 
fractional answers in simplest form.) 


101. 5+% 1025 toes 

Wig ey es 104,77 + 33> & 

105. 12 +4 106. —(6 - 4) 
Te BS SB 

LOT eis, 108. oe 


109. (a) Use a calculator to complete the table. 


n Tei O-5 | 0.01 | 0.0001 0.000001 | 


__ Ganley area | 


(b) Use the result from part (a) to make a conjec- 
ture about the value of 5/n as n approaches 0. 
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110. (a) Use a calculator to complete the table. 


10,000 | 100,000 


(b) Use the result from part (a) to make a conjecture 
about the value of 5/n as n increases without 
bound. 


Synthesis 


True or False? \n Exercises 111 and 112, determine 
whether the statement is true or false. Justify your answer. 


hii ae—aeb* ten = < . wherea #b #0. 


+ 
112. Because — : ls : then 


113. Exploration Consider |u + v| and |u| + |v}. 


(a) Are the values of the expressions always equal? 
If not, under what conditions are they unequal? 


(b) If the two expressions are not equal for certain 
values of u and v, is one of the expressions 
always greater than the other? Explain. 


114. Think About It Is there a difference between 
saying that a real number is positive and saying that 
a real number is nonnegative? Explain. 


115. Think About It Because every even number is 
divisible by 2, is it possible that there exist any even 
prime numbers? Explain. 


116. Writing Describe the differences among the sets 
of natural numbers, integers, rational numbers, and 
irrational numbers. 


In Exercises 117 and 118, use the real numbers A, B, and C 
shown on the number line. Determine the sign of each 
expression. 


(Je A 
o---@ e 


t 
0 


Lexa) eA 
(D3 =A 


118. (a) -—C 
(bD)eA — CG 


119. Writing You may hear it said that to take the 
absolute value of a real number you simply remove 
any negative sign and make the number positive. 
Can it ever be true that Ja] = —a for a real number 
a? Explain. 
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mde Exponents and Radicals 


> What you should learn 


How to use properties of 


Integer Exponents 


Sap onent Repeated multiplication can be written in exponential form. 
* How to use scientific notation Pete a 
to represent real numbers Repeated Multiplication Exponential Form 
* How to use properties of Cod aed FO a 
radicals 
(=4)(=4)(=4) (—4) 


How to simplify and combine 
radicals (2x)(2x)(2x)(2x) (577 
How to rationalize denomina- 
tors and numerators 


In general, if a is a real number and n is a positive integer, then 


« How to use properties of GE Ol ORO (Eire ee 18) 
: ea 
rational exponents 
n factors 


, vey yen should learn it where n is the exponent and a is the base. The expression a” is read “a to the nth 
Real numbers and algebraic power.” In Property 3 below, be sure you see how to use a negative exponent. 
expressions are often written 
with exponents and radicals. For aia s 

instance, in Exercise 113 onpage | Properties of Exponents 

3, you will use an expression 


| Let a and b be real numbers, variables, or algebraic expressions, and let m 
and n be integers. (All denominators and bases are nonzero.) 


Property Example 
pl ma Ls 32. 34 = 32+4 = 36 = 729 


a” 
— =qi-n = Ye x3 


x! 
Pa 


Cy? i) at 
~ (ab)™ = a bm 6x)) So — 5" 


15 (a2)F SG Ge) = yO — aes — ES 
y 
aa Sen B.S 


yo xe 


(=2))| "= 2/24 


It is important to recognize the difference between expressions such as (— 2)* 
and —2*. In (—2)4, the parentheses indicate that the exponent applies to the 


negative sign as well as to the 2, but in -24 = —(24), the exponent applies only 
to the 2. So, 


(=2)4 = 16 and —24 =) =76. 


STUDY TIP 


Rarely in algebra is there only 
one way to solve a problem. 
Don’t be concerned if the steps 
you use to solve a problem are 
not exactly the same as the steps 
presented in this text. The 
important thing is to use steps 
that you understand and, of 
course, steps that are justified 
by the rules of algebra. For 
instance, you might prefer the 
following steps for Example 
2(d). 


(5) alae) = 
yy] A3K2)-~ 9x4 
Note how Property 3 is used 


in the first step of this solution. 
The fractional form of this 


property is 


Technology 


A You can use a calculator 
to evaluate expressions with 
exponents. For instance, 
evaluate — 3-2 as follows. 


Scientific: 
3 2 By 
Graphing: 
3 2 


The display will be as follows. 


=o Rnd WN 
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The properties of exponents listed on the preceding page apply to all integers 
m and n, not just to positive integers. For instance, by Property 2, you can write 

34 

Aas = BUNS) Se Bb ep Bh 


Example 1 Using Properties of Exponents @¥e> 


Use the properties of exponents to simplify each expression. 


a. (—3ab*)(4ab~3) b. (2xy7)? c. 3a(—4a?)° 


Solution 
a. (—3ab*)(4ab-*) = (—3)(4)(a)(a)(b*)(b-3) = — 12a*b 
b. (2xy?)? = 23(x)3(y?)3 = 8x36 
c. 3a(—4a7)° = 3a(1) = 3a; a #0 

5x3\2_ 5x3)? _ 5x6 
- ( y y? y? 


Example 2 Rewriting the Positive Exponents o> 


Rewrite each expression with positive exponents. 


1 Debus =)" 
=i ae BAe 
Ax b. Ayn? Cc. ear: d. : 
Solution 
; 1 
CS 8) = ae Property 3 
Se 


b. = = The exponent —2 does not apply to 3. 
a) Bie 3 3 
Vaasa J : 
= roperty 3 
4a~*b 4b + bt 
ROE . 
= D5 Property 
3x2 2 3-2 x2 =) 
d. (= = Salallas Properties 5 and 7 
y Vy 
3-2,—4 
— ay Property 6 
y, 
2 
yy 
eT ert Property 3 
Bax" 
a 
= 2 Simplify. 
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Historical Note 
The French mathematician Nicolas 
Chuquet (ca. 1500) wrote Triparty 
en la science des nombres, in which 
a form of exponent notation was 
used. Our expressions 6x? and 
10x? were written as .6.7 and .10.7. 
Zero and negative exponents 
were also represented, so x° 
would be written as .1.° and 3x 2 
as 3.2”, Chuquet wrote that .72.! 
divided by .8.? is .9.2”. That is, 
TD AO X= Ome 


Scientific Notation 4e> 


Exponents provide an efficient way of writing and computing with very large (or 
very small) numbers. For instance, there are about 326 billion billion gallons of 
water on Earth—that is, 326 followed by 18 zeros. 


326,000,000,000,000,000,000 


It is convenient to write such numbers in scientific notation. This notation has 
the form +c x 10”, where 1 < c < 10 and n is an integer. So, the number of 
gallons of water on Earth can be written in scientific notation as 


3.26 x 100,000,000,000,000,000,000 = 3.26 x 107°. 


The positive exponent 20 indicates that the number is /arge (10 or more) and that 
the decimal point has been moved 20 places. A negative exponent indicates that 
the number is small (less than 1). For instance, the mass (in grams) of one elec- 
tron is approximately 


9.0 x 107 = ee tn eae 


28 decimal places 


Example 3 Scientific Notation ¥je> 


Write the number in scientific notation. 
a. 0.0000782 b. 836,100,000 


Solution 
a OOOO = WS2 ¢ 110-2 
b. 836,100,000 = 8.361 x 108 


‘Example 4 Decimal Notation §e> 


Write the number in decimal notation. 


a 2362105" b. 1.345 x 10? 


Solution 
a. 9.36 x 10~° = 0.00000936 b. 1.345 x 102 = 134.5 


Technology 
he Most calculators automatically switch to scientific notation when they are 
showing large (or small) numbers that exceed the display range. 


To enter numbers in scientific notation, your calculator should have an 
exponential entry key labeled 


or (EXP). 


Consult the user's guide for your calculator for instructions on keystrokes and 
how numbers in scientific notation are displayed. 
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Radicals and Their Properties 


A square root of a number is one of its two equal factors. For example, 5 is a 
Square root of 25 because 5 is one of the two equal factors of 25. In a similar way, 
a cube root of a number is one of its three equal factors, as in 125 = 5°. 


Definition of nth Root of a Number 


Let a and b be real numbers and let n > 2 be a positive integer. If 


a=b" 


then b is an nth root of a. If n = 2, the root is a square root. If n = 3, the 
root is a cube root. 


Some numbers have more than one nth root. For example, both 5 and —5 are 
square roots of 25. The principal square root of 25, written as ./25, is the positive 
root, 5. The principal mth root of a number is defined as follows. 


Principal nth Root of a Number 


| Let a be a real number that has at least one nth root. The principal nth root | 
| Of a is the nth root that has the same sign as a. It is denoted by a radical 
symbol 


w/a, Principal nth root 


The positive integer n is the index of the radical, and the number a is the 
radicand. If n = 2, omit the index and write \/a rather than 2/a. (The 
plural of index is indices.) 


A common misunderstanding is that the square root sign implies both 
negative and positive roots. This is not correct. The square root sign implies only 
a positive root. When a negative root is needed, you must use the negative sign 
with the square root sign. 


Incorrect: a 2) Correct?» =-/4==2 and /4=2 


| Example 5 Evaluating Expressions Involving Radicals 


a. \/36 = 6 because 67 = 36. 

b. —/36 = —6 because 6* = 36. 

ed = cl because (=) aE = ed : 

64 4 4 42 O04 

d. 3/—32 = —2 because (—2)5 = —32. 

e. 4/—81 is not a real number because there is no real number that can be raised 
to the fourth power to produce — 81. 
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Real number a Integer n Root(s) of a 


Here are some generalizations about the nth roots of real numbers. 


eneralizations About nth Roots of Real Numbers 


Example 
4/81 = 3, -¥/81 = —3 
LY =) 


n > O, is even. v/a, — w/a 


n is odd. 


an) 


a> VoOcars 0 


Ga n is even. ./ —4 is not a real number. 


n is even or odd. 


Integers such as 1, 4, 9, 16, 25, and 36 are called perfect squares because 
they have integer square roots. Similarly, integers such as 1, 8, 27, 64, and 125 
are called perfect cubes because they have integer cube roots. 


| Properties of Radicals 


| Let a and b be real numbers, variables, or algebraic expressions such that 
the indicated roots are real numbers, and let m and n be positive integers. 


Property Example 
Vt = (Yay YE = (Ya = QP =4 
Va Yb = ab 


. For n even, 2/a” = |al. (S12)? = 12|= 2 
For n odd, %/a” = a. 3/(—12)3 = -12 


Use the properties of radicals to simplify each expression. 
ey ay Geo b. (3/5)’ Cone days 
Solution 


n/8" 32 = 2 Re = 16-4 
(Ys) =5 


ao op 


STUDY TIP 


When you simplify a radical, it 
is important that both expres- 
sions are defined for the same 
values of the variable. For 
instance, in Example 7(b), 
J/75x3 and 5x./3x are both 
defined only for nonnegative 
values of x. Similarly, in 
Example 7(c), */(5x)* and 5|x| 
are both defined for all real 
values of x. 
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Simplifying Radicals 

An expression involving radicals is in simplest form when the following 
conditions are satisfied. 

1. All possible factors have been removed from the radical. 


2. All fractions have radical-free denominators (accomplished by a process 
called rationalizing the denominator). 


3. The index of the radical is reduced. 
To simplify a radical, factor the radicand into factors whose exponents are 


multiples of the index. The roots of these factors are written outside the radical, 
and the “leftover” factors make up the new radicand. 


Example 7 Simplifying Even Roots 


Perfect Leftover 
4th power factor 


a, 4/48 = 416-3 = 4/24 -3 = 243 


Perfect Leftover 
square factor 


| 
Din 15x y 25% oe 
= /(5x)? + 3x 
= 50.) 3% 
ce. 2/(5x)* = |5x| = 5|x| 


Find largest square factor. 


Find root of perfect square. 


In Example 7(b), the expression \/75x? makes sense only for nonnegative 
values of x. 


Seen Simplifying Odd Roots @¥e> 


Perfect Leftover 
cube factor 


a) eH 8 8 = 0 = 22/3 
Perfect Leftover 
cube factor 


yo} 
b. 3/24a4 = 3/8a3 - 3a 
= 3/(2a)> + 3a 
= 2a37/3a 
c. 3/—40x® = 3/(—8x*) - 5 
3/(— 2x23 + 5 
— x2 3/5 


Find largest cube factor. 


Find root of perfect cube. 


Find largest cube factor. 


Find root of perfect cube. 
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Radical expressions can be combined (added or subtracted) if they are like 
radicals—that is, if they have the same index and radicand. For instance, a), 
) RD and 52 are like radicals, but /3 and ./2 are unlike radicals. To determine 
whether two radicals can be combined, you should first simplify each radical. 


Example 9 Combining Radicals ajo> 


a. 25/48i= 3/2) = 2) LO Soy Dea Find square factors. 


ae ee) me 9/3 Find square roots. 
= (8 — 9)/3 Combine like terms. 
= -/3 Simplify. 

bi 2/165 39/5404 0 / Bi ne 2 en Find cube factors. 
= 2 3/2x = 3x3/2x Find cube roots. 
=2 — 3x) 3/2x Combine like terms. 


Rationalizing Denominators and Numerators 


To rationalize a denominator or numerator of the form a — b\/m or a + b./m, 
multiply both numerator and denominator by a conjugate: a + b\/m and 
a — b\/mare conjugates of each other. If a = 0, then the rationalizing factor for 
vm is itself, \/m. For cube roots, choose a rationalizing factor that generates a 
perfect cube. 


Example 10 Rationalizing Single-Term Denominators @ije> 


Rationalize the denominator of each expression. 


ae enpts ett 
2B 3/5 
Solution 
* : = : os J/3 is rationalizing factor. 
pie Sine ee eS : g factor. 
x2 
2(3) 
5/3 
a 
3/52 
b. 7 Z i 2 3/5? is rationalizing factor. 
DFR se 
¥ 3 53 
DIN 


STUDY TIP 


Do not confuse the expression 
/5 + \/7 with the expression 
5 + 7. In general, /x + y 

- does not equal \/x + V/y. 
Similarly, \/x? + y? does not 
equal x + y. 
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Example 11 Rationalizing a Denominator with Two Terms 


id 


9) 2 ee [7 Multiply numerator and 

- N 7 
a= — ae aaa denominator by conjugate 
a eT Be. BS x a of denominator, 


3(3) + 3(-V7) + V7(3) — (V7)\(/7) Use Distributive Property. 
wl 20(8-256/7) 


= 6 -(/7F Simplify. 
2(3 = 77) Square terms of 
= i, = denominator. 
2NS Se 
= eee a ST Simplify. 


Sometimes it is necessary to rationalize the numerator of an expression. For 
instance, in Section P.5 you will use the technique shown in the next example to 
rationalize the numerator of an expression from calculus. 


| Example 12 Rationalizing a Numerator ito > 


a5 a a. 5 oi 1) US at Wy Multiply numerator and 


denominator by conjugate 


2 2 nT of numerator. 
[55 lame las | 
= Aas Ae Simplify. 
Saw, ; 
= v5 + V7) Square terms of numerator. 
a maa 


Simplify. 


AC Seat wersinet i 


Rational Exponents 


Definition of Rational Exponents 


If a is a real number and n is a positive integer such that the principal nth 
root of a exists, then a'/” is defined as 


a'/" = ¥/a, where 1/n is the rational exponent of a. 


Moreover, if m is a positive integer that has no common factor with n, then 


amin = (qilny = (e/a)" and amr = (am)iin = w/qn, 


The symbol fi indicates an example or exercise that highlights algebraic techniques specifically 


used in calculus. 
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STUDY TIP 


Rational exponents can be 
tricky, and you must remember 
that the expression b”/” is not 
defined unless %/b is a real 
number. This restriction 
produces some unusual-looking 
results. For instance, the number 
(—8)!/3 is defined because 
)3/=8 = — 2, but the number 
(—8)?/6 is undefined because 
8/—8 is not a real number. 


Cate 
Technology 
ee There are four methods 
of evaluating radicals on most 
graphing calculators. For square 
roots, you can use the square 
root key (Y_). For cube roots, 
you can use the cube root key 
(). For other roots, you can 
first convert the radical to 
exponential form and then use 
the exponential key (“J, or you 
can use the nth root key (7 }. 


The numerator of a rational exponent denotes the power to which the base is 
raised, and the denominator denotes the index or the root to be taken. 


Power 
| ney i 
bin = (x/b)” = x/b™ 


When you are working with rational exponents, the properties of integer 
exponents still apply. For instance, 


91/291/3 = 9(1/2)+0/3) — 95/6 


Seyi (ekya Changing from Radical to Exponential Form o> 
any 
bex/ (Bx)? =</GxyP = Gao 
ce. 2x 453 = (2x)(03/4) = 2x14 G/M = 27/4 


Changing from Exponential to Radical Form @je> 


; Example 14° 


a. (x2 + y2)3/2 = ( oe y2)> a [C2 + ys 
b. 2y3/4z!/4 = 2(y3z)'/4 = 2 4/32 
1 1 


Cig = = 


q3/2 /q3 


d. x92 = xI/5 = 5/y 


Rational exponents are useful for evaluating roots of numbers on a calculator, 
for reducing the index of a radical, and for simplifying expressions in calculus. 


| Example 15” 


Simplifying with Rational Exponents @¥je> 


tS) 


San \4/s3= ( 5/=aD lh Sy aeae I = 83 
Se ee St ae ae 


b. (—5x9/9)(3x-3/4) = —15x6/9)-G/4 = — 1511/12, 
ce Va = 3/9 = g/3 = 3/g 

d. ¥//125 = $/125 = $/(5)3 = 53/6 = 51/72 = /5 
ek = 1 PEO ets Oa 3) 


x#0 


Reduce index. 


1 
65 = 
2 


P.2 Exercises 
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In Exercises 1-4, write the expression as a repeated 
multiplication problem. 


1. 89 25-2) 
3. —0.4 4. 11.34 


In Exercises 5-8, write the expression using exponential 
notation. 


5. (4.9)(4.9)(4.9)(4.9)(4.9)(4.9) 
6. (2/5 )(2V5 (2/5 )(2V5) 
7. (—10)(—10)(— 10)(— 10)(— 10) 


io) 

| 
— 
| 
x 
rl 
x 
bho |bo 
x 

2 |K2 
_— 


In Exercises 9-16, evaluate each expression. 


9. (a) 32-3 (b) 3: 33 
55 Be 

10. (a) = (b) 38 

11. (a) (33)? (b) —32 

12. (a) (23 - 32° (b) (-3)°G)° 
3-4-4 a 

13. @) Sa (b) 32(—2) 
4-37? 

LG igeremecas (b) (—2) 

15. (a) 2-1 +371 (py) 

16. (a) 3-1 +27? (by (3-7)? 


In Exercises 17-20, use a calculator to evaluate the 
expression. (If necessary, round your answer to three 
decimal places.) 
17. (—4)3(5?) 18. (8~4)(10?) 

36 43 
19. 3 3-4 


In Exercises 21-28, evaluate the expression for the given 
value of x. 


Expression Value 
Qin 3x Z 
511 Abe 4 
D3-.0%0 10 
Aa) 3 
25 ox. —3 


Expression Value 
26 =o. =) 
Br oeAne —5 
28. 5(—x)3 ; 


In Exercises 29-34, simplify each expression. 


29. (a) (—5z)3 (by ox (27) 
30. (a) (3x)? (b) (4x°)? 
p eye 
31. (a) 6y?(2y*)? (b) <i 
=)\s 4 25y* 
325 (a) (=z) 62) (b) 10y4 
the 12(-+-y)? 
33. (a) me (b) (x ce y) 


ae 4\3/3\4 
Ore w (7) (2) 

ie a, 
In Exercises 35-40, rewrite each expression with positive 


exponents and simplify. 


35. (a) @+ 5), x#—5 
36. (a) (2x°)°, x #0 


Oe 
(b) (ar 2) (Zt 


Nel 
© (i) 


ae 
of 


37. (a) (—2x?)3(4x3)7} 


38. (a) (4y~*)(8y*) 


a’ *\(b\3 

39) (a) 373 (b) ()(2) 
ae: a~>*\fa\3 

40. (a) ee (b) (5) 


In Exercises 41-44, write the number in scientific notation. 


41. Land area of Earth: 57,300,000 square miles 
42. Light year: 9,460,000,000,000 kilometers 


43. Relative density of hydrogen: 0.0000899 gram per 
cubic centimeter 


44. One micron (millionth of a meter): 0.00003937 inch 


In Exercises 45-48, write the number in decimal notation. 


45. Worldwide daily consumption of Coca-Cola: 
4.568 x 10° servings (Source: The Coca-Cola 
Company) 
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46. Interior temperature of the sun: 1.5 x 10’ degrees 
Celsius 


47. Charge of an electron: 1.602 x 10~!? coulomb 
48. Width of a human hair: 9.0 x 107° meter 


In Exercises 49 and 50, evaluate each expression without 
using a calculator. 


49. (a) \/25 x 108 
50. (a) (1.2 x 107)(5 x 1073) 


(b)e2/SOal0?> 
(6.0 x 108) 
(b) (3.0% 10-4) 


In Exercises 51-54, use a calculator to evaluate each expres- 
sion. (Round your answer to three decimal places.) 


0.11,\800 
ae 
cp) £7,000,000 + 93,000,000 
0.0052 

52. (a) (9.3 x 109)3(6.1 x 1074) 
2.414 x 104)6 

(0) aa r ae 
53. (a) \/4.5 x 10° 
54. (a) (2.65 x 1074)1/3 


S13) 750( ar 


(O)PR/63Ea107 
(bye 90 


In Exercises 55-66, fill in the missing form of the expression. 


Radical Form Rational Exponent Form 
I, /D 
56. 2/64 
SWE Coe 
58. — (1441/2) 
59: 1961/2 
60. °/614.125 
61. 3/—216 
62. (Cag 
63. 21 
64. (4/81) 
65. 2/81 
66. 1674 


In Exercises 67-74, evaluate each expression without using 
a calculator. 


67. (a) /9 (b) 3/8 
68. (a) /49 o) 2 
69. (a) (3/—125)’ (b) 2713 


70. (a) 4/5624 
TW (Cayo 
72. (a) 100~3/2 

1 \—1/3 
Te (a) (-z) 
s\n 


74. (a) (- 77 


(b) 3637/2 
(b) (sr) 
(b) (@) 


iL \=2s 
(b) om 


1 \-4/3 
(0) (53) 


In Exercises 75-78, use a calculator to approximate the 
number. (Round your answer to three decimal places.) 


Tanai oe 
76. (a) 3/452 
77. (a) (—12.4)-48 


(4.1)-32 


78. (a) = 5 


(b)-2/ —277 
(b) 9/125 
(5/3) 2 


13 =< yl) 3 13/3 
2 (5) r e 


In Exercises 79-84, simplify by removing all possible factors 


from each radical. 


719. (ay—~/8 


80. (a) 3/8 
Sia) ie 


82. (a) /54xy4 


$3. (ayer L6x2 
84. (a) 2/(3x)* 


(b) 3/24 
6) /@ 


18? 
(b) ./= 


aj 


324° 
b 
(b) pe 


(by Wise yi 
(b) 2/96x 


In Exercises 85-88, perform the operations and simplify. 


(2 x2)3 [2 
9) 1 /2y4 


85. 


x3 5 x1/2 


ae 


87. 


x4/3y2/3 

(xy)"/ 

Sa 1/2 < 5x5/2 
(5x)3/2 


86. 


88. 


In Exercises 89-92, rationalize the denominator of the 
expression. Then simplify your answer. 


§ In Exercises 93-96, rationalize the numerator of the 
expression. Then simplify your answer. 


ie 94, ¥2 

2 3 

5 a 
95. a 96. a 3 


In Exercises 97 and 98, reduce the index of each radical. 


97. (a) 4/3? (b)- 9G 14 
98. (a) $8 (b) YGx*)* 


In Exercises 99 and 100, write each expression as a single 


radical. Then simplify your answer. 
(Dye Ww 2x 


99. (a) / 32 
LOGsCi) S/ = (b) 2-3) 10a'b 


In Exercises 101-106, simplify each expression. 


101. (a) 2,/50 + 12./8 (b) 10/32 — 6/18 
102. (a) 4/27 — /75 (b) 3/16 + 33/54 
103. (a) 5x — 3Vx (b) —2/9y + 10/y 
104. (a) 8/49x — 14./100x 

(b) —3/48x2 + 7/75x2 
105. (a) 3Vx+1+10/x4+1 

(b) 7/80x — 2/125x 
106. (a) —JVx2? — 74+ 5Vx3 -7 

(b) 11\/245x3 — 9\/45x3 


In Exercises 107-110, complete the statement with 
<=, OF >. 


107. /5 + 3 ee 
itp aEE 
11 wid 
109. 5 J? + 2 J32 + 4 


111. Period of a Pendulum The period T (in seconds) 
of a pendulum is 


110. 5 


gee pee Ny Hi 
HENLEY) 


where L is the length of the pendulum (in feet). Find 
the period of a pendulum whose length is 2 feet. 


The symbol ffi indicates an example or exercise that highlights 


algebraic techniques specifically used in calculus. 


The symbol ao indicates an exercise or parts of an exercise in which 
—— 


you are instructed to use a graphing utility. 
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112. Erosion A stream of water moving at the rate of 
v feet per second can carry particles of size 0.03 /v 
inches. Find the size of the largest particle that can 
be carried by a stream flowing at the rate of Z foot 
per second. 


> Model It 


| 113. Mathematical Modeling A funnel is filled 
with water to a height of h centimeters. The time 
t (in seconds) for the funnel to empty is 


t= 0.03| 1272 (12 a) eho cal 


rica (a) Use the table feature of a graphing utility to 
find the times required for the funnel to 
empty for water heights of h = 0, h = 1, 
h=2,. ..h = 12 centimeters. 


(b) Is there a limiting value of time required for | 
the water to empty as the height of the water 
becomes closer to 12 centimeters? Explain. 


114. Speed of Light The speed of light is approxi- 
mately 11,180,000 miles per minute. The distance 
from the sun to Earth is approximately 93,000,000 
miles. Find the time for light to travel from the sun 
to Earth. 


Synthesis 


True or False? \n Exercises 115 and 116, determine 
whether the statement is true or false. Justify your answer. 


115. 


Se 116. (¢2)' = a” 


117. Verify that a® = 1, a # 0. (Hint: Use the property 
of exponents a”/a” = a™~".) 


118. Explain why each of the following pairs is not equal. 
3 
(a) Bx) "t 4 (DVR aay 


(c)n(atb3)41F a®b’ (d) (a+b? #a2+ eh 
(ce) 4x? # 2x (H2+/3 £5 

119. Exploration List all possible digits that occur in 
the units place of the square of a positive integer. 
Use that list to determine whether \/5233 is an 
integer. 

120. Think About It Square the real number 2/\/5 
and note that the radical is eliminated from the 
denominator. Is this equivalent to rationalizing the 
denominator? Why or why not? 
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meme Polynomials and Special Products 


> What you should learn 


* How to write polynomials in Polynomials 
standard form The most common type of algebraic expression is the polynomial. Some 
* How to add, subtract, and examples are 


multiply polynomials 


A pe) Low 8) 
* How to use special products to 2x +5, 3x Ix* + 2x + 4, and Sx*y sy 72 


multiply polynomials The first two are polynomials in x and the third is a polynomial in x and y. The 
* How to use polynomials to terms of a polynomial in x have the form ax*, where a is the coefficient and k is 
solve real-life problems the degree of the term. For instance, the polynomial 
> Why you should learn it Da Oke Wy i ne a Oe 
Polynomials can be used to - has coefficients 2, —5, 0, and 1. 


model and solve real-life prob- 
_ lems. For instance, in Exercise 104 
on page 32,a polynomial is used 
_ to model the stopping distance 
re mobile. ie 


| Definition of a Polynomial in x 
Let dy, a,, dj,. . ., a, be real numbers and let n be a nonnegative integer. 
| A polynomial in x is an expression of the form 


n onl 3 oO 8 
GX ial Ca oak, ar dX + ay 


where a, # 0. The polynomial is of degree n, a,, is the leading coefficient, 
| and a, is the constant term. 


Polynomials with one, two, and three terms are called monomials, binomials, 
and trinomials, respectively. In standard form, a polynomial is written with 
descending powers of x. 


Nicholas DeVore/Tony Stone Images 


| Example ay Writing Polynomials in Standard Form ae> 
Polynomial Standard Form Degree 

de eg Deo, Ox) dy? a ee 7 

be Ox? =9x2 44 2) 

c. 8 8 (8 = 8x°) 0 


A polynomial that has all zero coefficients is called the zero polynomial, 
denoted by 0. No degree is assigned to this particular polynomial. For polynomi- 
als in more than one variable, the degree of a term is the sum of the exponents 
of the variables in the term. The degree of the polynomial is the degree of the 
highest-degree term. The leading coefficient of the polynomial is the coefficient of 
the highest-degree term. Expressions such as the following are not polynomials. 


MSY Bx = (3x)1/2 The exponent “1/2” is not an integer. 


2 il : 3 6 pean 
ae ae Se The exponent “— 1” is not a nonnegative integer. 


STUDY TIP 


A common mistake is to fail to 
change the sign of each term 
inside parentheses preceded by 
a negative sign. For instance, 
note that 


= 4-13) 
tele Pe ee ee 

and ‘ 

—(x? — x + 3) 


# —x?-x+ 3. 
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Operations with Polynomials o> 


You can add and subtract polynomials in much the same way you add and 
subtract real numbers. Simply add or subtract the like terms (terms having the 
same variables to the same powers) by adding their coefficients. For instance, 
— 3xy? and 5xy? are like terms and their sum is 


—Sxy> + bxy = (=3 5) xy" 


= 2xy?. 


| Example 2. Sums and Differences of Polynomials ije> 


a. (5x? — 7x2 — 3) + (x3 + 2x2 — x + 8) 
= (5x? + x3) + (2x2 — 7x2) — x + (8 — 3) 
6x — 5x > — ox + 5 

b. (7x4 — x2 — 4x + 2) — (3x4 — 4x2 + 3x) 
= 7x* — x2 — 44 + 2 — 3x4 + 4x? — 3x 
= (7x* — 3x4)4+ (402 = x7) + (3x — 4x) + 2 
a Salis She ema boa) 


Group like terms. 


Combine like terms. 


Distributive Property 
Group like terms. 


Combine like terms. 


To find the product of two polynomials, use the left and right Distributive 
Properties. For example, if you treat 5x + 7 as a single quantity, you can 
multiply 3x — 2 by 5x + 7 as follows. 


(3x— 2)(5x. + 7) = 3x(5x +77) — 2(5x + 7) 
(3x) (Sx )ia (6x) 7) (25x) (2)7) 
= 15x? + 21x — 10x — 14 


Pa ele NOS SS 


Product of | Product of Product of 
First terms Outerterms Inner terms 


Product of 
Last terms 
= 15x? + 1lx -— 14 


Note in this FOIL Method that for binomials the outer (O) and inner (I) terms 
are like terms and can be combined. 


| Example 3 Using the FOIL Method &¥e> 


Use the FOIL Method to find the product of 2x — 4 and x + 5. 


Solution 
F O I L 


(Qe —A)(x + 5) = 2x2 10x —4x — 20 
=x +-6x— 20 
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When multiplying two polynomials, be sure to multiply each term of one 
polynomial by each term of the other. A vertical arrangement is helpful. 


A Vertical Arrangement for Multiplication o> 


| Example 4 


Multiply x? — 2x + 2 by x* + 2x + 2 using a vertical arrangement. 


Solution 
= 2 + 2 Write in standard form. 
Xe ree ee Write in standard form. 
Bil DE ai coh ie] x(x? — 2x + 2) 
DD ae 8 ire GN 2x(x? — 2x + 2) 
2x7 -4x +4 <7) 2(x2 — 2x + 2) 
x* + Ox? + Ox? + Ox +4 =21°4+4 Combine like terms. 
So, 


(x2 — 2x + 2)(x? + 2x 2) = ot 4+ 4. 


Special Products 
Some binomial products have special forms that occur frequently in algebra. 
| Special Products 
| Let u and v be real numbers, variables, or algebraic expressions. 
Special Product Example 
| Sum and Difference of Same Terms 
OSE =) ane = «+ 4)@— 4) =x2 —2 
= x7 16 
Square of a Binomial 
| (u + v)? = u2 + 2w + v2 (x + 3)? = x? + 2(x)(3) + 32 
| Sheer ions s> 
| (u — v)? = u2 — 2uv + v? (3x — 2)? = (3x)? — 2(x)(2) + 22 
= 9x? — 12x + 4 


| Cube of a Binomial 


| (ut v)? = u3+ 3u2v + 3uv2 + v3 (x + 2)? = x3 + 3x2(2) + 3x(2?) +23 
= x3+ 6x? + 12x +8 

| (u—v)> = u3 — 3u2v + 3uy2 — y3 (x — 18 = x3 —3x2(1) + 3x(12) — 8 
= x3 — 3x2 + 3x - 1 


STUDY TIP 


When squaring a binomial, note 
_ that the resulting middle term is 
_ always twice the product of the 
_ two terms. 
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| Example 5 Sum and Difference of Same Terms o> 


Find the product of 5x + 9 and 5x — 9. 


Solution 


The product of a sum and a difference of the same two terms has no middle term 
and takes the form (u + v)(u — v) = u2 — v?. 


(5x + 9)(5x — 9) = (5x)? — 92 
= 25x? — 81 


Example 6 Square of a Binomial Gijo> 


Find (6x — 5). 
Solution 
The square of a binomial has the form (u — v)? = u? — 2uv + v?. 
(6x — 5)? = (6x)? — 2(6x)(5) + 5? 
= 36x? — 60x + 25 


Example 7 Cube of a Binomial @jo> 


Pind (3x 4 2)°: 
Solution 
The cube of a binomial has the form 
(u + v)? = u? + 3u2v + 3uv2 + v3. 
Note the decrease of powers of u and the increase of powers of v. 
(3x4 2)? = (3x)? +13(3x)7(2) 133%) (27) 4712? 
= 214? +.54x-04- 36x14 8 


Example 8 The Product of Two Trinomials ajo> 


Find the product of x + y — 2andx + y + 2. 


Solution 


By grouping x + y in parentheses, you can write the product of the trinomials as 
a special product. 


(x+y —2)(x+y+2)=[@+y)- 2)1@+ y) +2] 
ye)? for 
Sx aye yo — 4 
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FIGURE P.7 
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Application 


Example 9 Volume of a Box 3 Kaho > 


An open box is made by cutting squares from the corners of a piece of metal that 
is 16 inches by 20 inches, as shown in Figure P.7. The edge of each cut-out square 
is x inches. Find the volume of the box when x = 1, x = 2, and x = 3. 


Solution 


The volume of a rectangular box is equal to the product of its length, width, and 
height. From the figure, the length is 20 — 2x, the width is 16 — 2x, and the 
height is x. So, the volume of the box is 


Volume = (20 — 2x)(16 — 2x)(x) 
=) (320 72x + 4a7)(x) 
= 3200 ve oe 
When x = 1 inch, the volume of the box is 
Volume = 320(1) — 72(1)? + 4(1)3 
= 252 cubic inches. 
When x = 2 inches, the volume of the box is 
Volume = 320(2) — 72(2)? + 4(2)% 


= 384 cubic inches. 


When x = 3 inches, the volume of the box is 
Volume = 320(3) — 72(3)? + 4(3)3 


- = 420 cubic inches. 


2 Writing ABOUT MATHEMATICS 


Mathematical Experiment In Example 9, the volume of the open metal box is 
given by 


Volume = 320x — 72x2 + 4x3, 


You want to create a box that has as much volume as possible. From Example 9, 
you know that by cutting one-, two-, and three-inch squares from the corners, 
you can create boxes whose volumes are 252, 384, and 420 cubic inches, respec- 
tively. What are the possible values of x that make sense in the problem? Write 
your answer as an interval. Try several other values of x to find the size of the 
square that should be cut from the corners to produce a box that has maximum 
volume. Write a summary of your findings. 


P.3 Exercises 
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TTT SE ED IE LT IY SED EEL SEDI E LLL AS SEE CLLR DEDEDE PSO IES ED LEE SLE LEE SEAL A STEED DOSS ITE NE AIEEE DEE EEE SRE EPI ISEP PASI LEED SLED EERE 


In Exercises 1-6, match the polynomial with its description. 
[The polynomials are labeled (a), (b), (c), (d), (e), and (f).] 
(ayt3x? (b) T= 2%8 

(c) x3 + 3x2 + 3x+ 1 (d) 12 

(e) —3x5 + 2x3 +x (f) 4x4 + x2 + 10 

- A polynomial of degree 0 

. A trinomial of degree 5 

. A binomial with leading coefficient — 2 

A monomial of positive degree 


. A trinomial with leading coefficient : 


An PWN 


. A third-degree polynomial with leading coefficient 1 


In Exercises 7-10, write a polynomial that fits the descrip- 
tion. (There are many correct answers.) 


7. A third-degree polynomial with leading coefficient 
eh 
8. A fifth-degree polynomial with leading coefficient 6 


9. A fourth-degree binomial with a negative leading 
coefficient 


10. A third-degree binomial with an even leading coeffi- 
cient 


In Exercises 11-18, find the degree and leading coefficient 
of the polynomial. 


11. 2x? —x+1 
12. —3x4 + 2x2 -—5 


511 

14, 3 

15. 1°— x + 6x — 4x9 
16. 3+ 2x 


17- Ax?y — 3xy? +.x*y? 
185 y xy? xy" 
In Exercises 19-24, is the expression a polynomial? If so, 
write the polynomial in standard form. 
19. 2x — 3x3 + 8 
20. 2x3 + x — 3x7! 
Bye ap zt 

35 : D, 
235 yy 24. 


21. 


In Exercises 25-42, perform the operation and write the 
result in standard form. 


25. (6x +5) — (8x.+ 15) 

26. (2x2 + 1) — (x? — 2x + 1) 

27. —(x? = 2) 4 (4x3°= 2x) 

28. —(5x2 — 1) — (—3x? + 5) 

29. (15x? — 6) — (—8.3x%? — 14.7x2— 17) 

30. (15.2x4 — 18x — 19.1) — (13.9x4 — 9.6x + 15) 
31. 5z — [3z — (10z + 8)] 

S22. (y°eh Wie lye De (Byes) 


33. 3x(x? — 2x + 1) 34, y*(4y2 + 2y — 3) 
35. = iG) 36. (—3x)(5x + 2) 
37. (1 — x7)(4x) 38. —4x(3 — x?) 

39. (25x? + 3)(3x) 40. (2 — 3.5y)(2y?) 
41. —4x(ix + 3) 42. 2y(4 - Zy) 


In Exercises 43-52, perform the operation. 


43. Add 7x? — 2x? + 8 and —3x° — 4. 

44% Addon? 73x? +\2x Gh sand 43 iain 20. 
45. Subtract x 3 fromiox. "3% 8: 

AG; -Subtract—¢ 7 0:51". from Or = Zr 
47. Multiply —6x? + 15x — 4 and 5x + 3. 

48. Multiply 4x+ +x? — 6x2. + 9 andix?.+ 2x 473. 
49. (x? + 9)(x2 — x — 4) 

50. (x — 2)(x? + 2x + 4) 

51. x? —x + 1)(x2? +x 4+ 1) 

52. (x2 + 3x — 2)(x?2 — 3x — 2) 


In Exercises 53-88, multiply or find the special product. 


53. (x + 3)(x + 4) 54. (x — 5)(x + 10) 
55, (3x — 5)(2% + 1) 56. (7x — 2)(4x — 3) 
57, (2x +53)? 58. (4x + 5)? 
Sms) 60. (5 — 8x)? 

61. (x + 10)(% — 10) 62. (2x + 3)(2x — 3) 
63. (x + 2y)(x — 2y) 64. (2x + 3y)(2x — 3y) 


65. [(m — 3) + n][(m — 3) — n] 

662 [> ye LG ay) 1] 

67. [(x — 3) + yP 68. [(x + 1) — y?? 
69. (2r? — 5)(2r? + 5) 
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70. 
gt: 


Tos 
TSS 
Wk 
79: 
81. 
83. 
84. 
85. 
86. 
87. 
88. 
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(3a3 — 4b?)(3a? + 4b) 

(x + 1) 72. (x — 2)3 
(Oxe—ey)2 74. (3x + 2y)? 

(4x3 — 3)? 76. (8x + 3)? 

(x — 3)? 78. (2¢ +5) 

(4x — 2)(4x + 2) 80. (2x + 4)(2x — 4) 
(1.2x + 3)? 82. (1.5y — 3) 
(1.5x — 4)(1.5x + 4) 


(2.5y + 3)(2.5y — 3) 

5x(x + 1) — 3x + 1) 

(2x — 1) + 3) + 3(x + 3) 
(u + 2)(u — 2)(u2 + 4) 
(ele) aay) Aaa) 


In Exercises 89-92, find the product. The expressions are 
not polynomials, but the formulas can still be used. 


89. 
91. 


93. 


94. 


95. 


(Va + A\(e— Vy) 90. (5 + Va)(5 — Vx) 
(x — C5); 92. le 3) 
Cost, Revenue, and Profit An electronics manufac- 


turer can produce and sell x radios per week. The total 
cost C (in dollars) for producing x radios is 


C = 73x + 25,000 

and the total revenue R (in dollars) is 

R = 95x. 

Find the profit P obtained by selling 5000 radios per 


week. 


Cost, Revenue, and Profit An artist can produce 
and sell x craft items per month. The total cost C (in 
dollars) for producing x craft items is 


C = 460 + 12x 

and the total revenue R (in dollars) is 

R = 36x. 

Find the profit P obtained by selling 42 craft items 
per month. 


Compound Interest After 2 years, an investment 
of $500 compounded annually at an interest rate r 
will yield an amount of 


500(1 + r)2. 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r shown in the table. 


96. 


97. 


98. 


3% | 3% 4% | 44% 5% 


E 
|soat+r?] | | | 


(c) What conclusion can you make from the table? 


Compound Interest After 3 years, an investment 
of $1200 compounded annually at an interest rate r 
will yield an amount of 1200(1 + r)°. 


(a) Write this polynomial in standard form. 


(b) Use a calculator to evaluate the polynomial for 
the values of r shown in the table. 


2% | 39% | 33% | 4% 
1200(1 + r)3 


(c) What conclusion can you make from the table? 


Volume of a Box A take-out fast-food restaurant is 
constructing an open box by cutting squares from the 
corners of a piece of cardboard that is 
18 centimeters by 26 centimeters (see figure). The 
edge of each cut-out square is x centimeters. Find the 
volume when x = 1, x = 2, and x = 3. 


20 —2x 


Volume of a Box An overnight shipping company 
is designing a closed box by cutting along the solid 
lines and folding along the broken lines on the rec- 
tangular piece of corrugated cardboard shown in the 
figure. The length and width of the rectangle are 45 
centimeters and 15 centimeters, respectively. Find 
the volume of the shipping box in terms of x. Find 
the volume when x = 3, x = 5, and x = 7. 


=< 15 cm—" 


99. Geometry Find the area of the shaded region in 
each figure. Write your result as a polynomial in 
standard form. 


(a) | ieee 


(c) 


(d) i 
| 
—— 35.4 J0-=—> 


100. Geometry Find the area of the shaded region in 
each figure. Write your result as a polynomial in 
standard form. 
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Geometry \n Exercises 101 and 102, find a polynomial 
that represents the total number of square feet for the floor 
plan shown in the figure. 


101 eS 14 ft——— 


<— X¥ —> «—— |8 ft ———>+-<—__ 1 


103. Engineering A uniformly distributed load is 
placed on a one-inch-wide steel beam. When the 
span of the beam is x feet and its depth is 6 inches, 
the safe load S is approximated by 


Sa (0.0Gy2 ==) 4st 13847 123 


When the depth is 8 inches, the safe load is approx- 
imated by 


Sera (008% =i 3ts 0x 951003) 2 


(a) Use the bar graph to estimate the difference in 
the safe loads for these two beams when the 
span is 12 feet. 


(b) How does the difference in safe load change as 
the span increases? 


_ | See 6-inch beam 
| Sm ~8-inch beam |... 


Safe load (in pounds) 
Co 
S 


4 8 12 16 
Span (in feet) 
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| > Model It 


104. Stopping Distance The stopping distance of 
an automobile is the distance traveled during the 
driver’s reaction time plus the distance traveled 
after the brakes are applied. In an experiment, 
these distances were measured (in feet) when 
the automobile was traveling at a speed of x 
miles per hour on dry, level pavement, as shown 
in the bar graph. The distance traveled during 
the reaction time R was 


R= 1.1x 
and the braking distance B was 


B = 0.0475x? — 0.001x + 0.23. 


(a) Determine the polynomial that represents 


the total stopping distance T. 
(b) Use the result of part (a) to estimate the 


total stopping distance when x = 30, | 
x = 40, and x = 55 miles per hour. 


(c) Use the bar graph to make a statement about 
the total stopping distance required for | 
increasing speeds. 


| =m Reaction time distance | gem 
_ | gam Braking distance : 


Distance (in feet) 


30 40 50 
Speed (in miles per hour) 


Geometry \n Exercises 105 and 106, use the area model 
to write two different expressions for the area. Then equate 
the two expressions and name the algebraic property that 
is illustrated. 


105. —X>=x<—___—_———-. 4 Sy 


1 ne 


<— x+4 | 


Synthesis 


True or False? \n Exercises 107 and 108, determine 
whether the statement is true or false. Justify your answer. 


107. The product of two binomials is always a 
second-degree polynomial. 


108. The sum of two binomials is always a binomial. 


109. Find the degree of the product of two polynomials 
of degrees m and n. 

110. Find the degree of the sum of two polynomials of 
degrees m and nif m <n. 


111. Writing A student’s homework paper included 
the following. 


(e338) = 272,9 


Write a paragraph fully explaining the error and 
give the correct method for squaring a binomial. 

112. A third-degree polynomial and a fourth-degree 
polynomial are added. 

(a) Can the sum be a fourth-degree polynomial? 
Explain or give an example. 

(b) Can the sum be a second-degree polynomial? 
Explain or give an example. 

(c) Can the sum be a seventh-degree polynomial? 
Explain or give an example. 

113. Think About It Must the sum of two second- 
degree polynomials be a second-degree polynomial? 
If not, give an example. 

114. Think About It When the polynomial —x? + 
3x* + 2x — 1 is subtracted from an unknown 
polynomial, the difference is 5x2 + 8. If it is 
possible, find the unknown polynomial. 

115. Logical Reasoning Verify that (x + y)? is not 
equal to x* + y? by letting x = 3 and y = 4 and 
evaluating both expressions. Are there any values of 
x or y for which (x + y)? = x? + y?? Explain. 


Arnulf Husmo/Tony Stone Images 


P.4 


> What you should learn 


* How to remove common 
factors from polynomials 


* How to factor special 
polynomial forms 

* How to factor trinomials as the 
product of two binomials 

* How to factor polynomials by 
grouping 


Factori ng 


> Why you should learn it 


Polynomial factoring can be used 
to solve real-life problems. For 
instance, in Exercise 136 on page 
40, factoring is used to develop 
an alternative formula for the 
volume of concrete used to make 
~_acylindrical storage tank. 
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Polynomials with Common Factors 


The process of writing a polynomial as a product is called factoring. It is an 
important tool for solving equations and for simplifying rational expressions. 

Unless noted otherwise, when you are asked to factor a polynomial, you can 
assume that you are looking for factors with integer coefficients. If a polynomial 
cannot be factored using integer coefficients, then it is prime or irreducible over 
the integers. For instance, the polynomial x? — 3 is irreducible over the integers. 
Over the real numbers, this polynomial can be factored as 


x2-3=(x+ V3 \(x — V3). 


A polynomial is completely factored when each of its factors is prime. For 
instance 


Kd 4 = GHG) Completely factored 


is completely factored, but 


xo — x ay + 4 = (x ms ViGe = 4) Not completely factored 
is not completely factored. Its complete factorization is 
x? — x? — 44 +4 = (x — Le + 2) — 2). 


The simplest type of factoring involves a polynomial that can be written as 
the product of a monomial and another polynomial. The technique used here is 
the Distributive Property, a(b + c) = ab + ac, in the reverse direction. 


ab + ac =a(b+c) a is a common factor. 


Removing (factoring out) a common factor is the first step in completely 
factoring a polynomial. 


| Example 1 Removing Common Factors 


Factor each expression. 
anOy 41, 

Db. —45" 125 16 

ce. (x = 2)(2x) + & = 2)(3) 


Solution 
a. 6x3 — 4x = 2x(3x?) — 2x(2) 2x is a common factor. 
= 2x(3%7 — 2) 
b. —4x2 + 12x — 16 = —4(x?) + (—4)(—3x) + (—4)4 9 —4 is a common factor. 
= A(x” — 3x, +.4} 
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Factoring Special Polynomial Forms 


Some polynomials have special forms that arise from the special product forms 
on page 26. You should learn to recognize these forms so that you can factor such 
polynomials easily. 


Factoring Special Polynomial Forms 


Factored Form 


Difference of Two Squares 

(u + v)(u — v) 
Perfect Square Trinomial 
u2 + Quv + v2 = (ut v)? 
u2 — Quy + v2 = (u — v)? 
Sum or Difference of Two Cubes 
ue+v3 = (ut+v)(u2 — uv + v?) 


Pv =a Wie + a) 


STUDY TIP 


In Example 2, note that the first 
step in factoring a polynomial is 
to check for a common factor. 
Once the common factor is 
removed, it is often possible to 
_ recognize patterns that were not 
_ immediately obvious. 


Example 


Ox? — 4 = (3x)? — 22 = (x + 2)(3x — 2) 


x? + 6x +9 =x? + 2G)(3) + 3° = @4 3) 
x? — 6x + 9 = x2 — 2(x)(3) + 3? = & — 3)? 


eS =a 2S = & + Oe 
27° = 1 = Bx)? — 1° = Cr =) Or? + 3x 4 1) 


One of the easiest special polynomial forms to factor is the difference of two 
squares. Think of this form as follows. 


u2 — vy? = (ut v)(u — v) 


Difference Opposite signs 


To recognize perfect square terms, look for coefficients that are squares of 
integers and variables raised to even powers. 


| Example 2 Removing a Common Factor First @¥e> 


3 = 12x%7= 30) — 47°) 3 is a common factor. 
= 3[12 — (2x)?] 
= 3(1 + 2x)(1 — 2x) Difference of two squares 


| Example 3 Factoring the Difference of Two Squares ¥o> 


a. (x + 2)? — y? = [@ +2) plies 2) = y] 
=(x+2+y(x+2—-Yy) 
b. 16x4 — 81 = (4x2)? — 92 
= (4x? + 9)(4x2 — 9) Difference of two squares 
= (4x? + 9)[(2x)? — 37] 
= (4x? + 9)(2x + 3)(2x — 3) Difference of two squares 


Exploration 


Rewrite u° — v° as the differ- 
ence of two squares. Then find a 
formula for completely factoring 
u® — v®. Use your formula to 
factor x° — 1 and x° — 64 
completely. 
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A perfect square trinomial is the square of a binomial, and it has the follow- 
ing form. 


u2 + 2uv + v? = (u + vy)? or u2 — Quy + v? = (uw — v)2 
Like signs Like signs 


Note that the first and last terms are squares and the middle term is twice the 
product of u and v. 


| Example 4 Factoring Perfect Square Trinomials Getto > 


Factor each trinomial. 


a. x2 — 10x + 25 
b. 16x? + 8x + 1 


Solution 
a. x7 — 10x 4 25 = x* — 2(z)(5) +52 = @ — 5)? 
b. 16x? + 8x + 1 = (4x)? + 2(4x)(1) + 12 = 4x + 1) 


The next two formulas show the sums and differences of cubes. Pay 
special attention to the signs of the terms. 


Like signs Like signs 


ue + v3 =(utv\u2 —w+v?) w—v? = (u— v)(u2 + w + v2) 


(peel eae] 


Unlike signs Unlike signs 


| Example 5 Factoring the Difference of Cubes o> 


Factor x? — 27. 


Solution 
2 3s Rewrite 27 as 3°. 
= (x — 3)(x? + 3x + 9) Factor. 
Sehilitmcee Factoring the Sum of Cubes 
a. y> + 8 = y? + 2? Rewrite 8 as 2°. 
=(y + 2)(y? — 2y + 4) Factor. 
b. 3(x3 + 64) = 3(x3 + 4°) Rewrite 64 as 4°. 


= 3(x =f 4) (x? = Aye Se 16) Factor. 
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STUDY TIP 


If the original trinomial has no 
common monomial factor, its 
binomial factors cannot have 
common monomial factors. For 
instance, when factoring 

4x* — 3x — 10, you do not have 
to test factors, such as (2x + 2), 
that have a common factor of 2. 


Trinomials with Binomial Factors 


To factor a trinomial of the form ax? + bx + c, use the following pattern. 


Factors of a 


7 


ae +bxtc=( Be )( sae ) 


LsioM 2s 3) 


Factors of c 


The goal is to find a combination of factors of a and c such that the outer and 
inner products add up to the middle term bx. For instance, in the trinomial 
6x? + 17x + 5, you can write 


B O I L 


ede res tle, 


(Qx + 5) Gan - d= 6x" + 2e4 De 5 
OF! 


= 6x2 + 17x + 5. 


Note that the outer (O) and inner (I) products add up to 17x. 


Example . Factoring a Trinomial: Leading Coefficient Is 1 
Bactor (or) jars los ‘ 
Solution 


The possible factorizations are 


(x — 2) — 6), (x-—1)@%-— 12), and (@ — 3)(x — 4). 


Testing the middle term, you will find the correct factorization to be 


ci tl = (x as ees 


Example 8 Factoring a Trinomial: Leading Coefficient Is Not 1 


Ger 


Factor 2x2 + x — 15. 


Solution 


The eight possible factorizations are as follows. 
(25 ai) (4215) (2x + 1)(« — 15) 
(2x7 3) (eS) (2x + 3)(@ — 5) 
(2x — 5)(x + 3) (2x + 5)(x — 3) 
(2515) Gaertn) (2x + 15)(x — 1) 
Testing the middle term, you will find the correct factorization to be 


2x7 + x= 15 = (Ox —35)(y 433); OMS Ih Cres Sie = ze 


STUDY TIP 


Another way to factor the 
polynomial in Example 9 is 
to group the terms as follows. 


Ree OA OX tO 
ex 3x) (2 — 6) 
eae 5) — Jie 5) 
= (x — 3)(@i= 2) 


As you can see, you obtain the 
same result as in Example 9. 
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Factoring by Grouping 


Sometimes polynomials with more than three terms can be factored by a method 
called factoring by grouping. It is not always obvious which terms to group, and 
sometimes several different groupings will work. 


Example 9 Factoring by Grouping @¥e> 


Use factoring by grouping to factor x7 — 2x? — 3x + 6. 


Solution 
He DN k 6 =" (n> — ye (ire 6) Group terms. 
= x7(x — 2) — 3(% = 2) Factor groups. 
=(x = 2)(¢7—3) Distributive Property 


Factoring a trinomial can involve quite a bit of trial and error. Some of this 
trial and error can be lessened by using factoring by grouping. The key to this 
method of factoring is knowing how to rewrite the middle term. In general, to fac- 
tor a trinomial ax? + bx + c by grouping, choose factors of the product ac that 
add up to b and use these factors to rewrite the middle term. This technique is 
illustrated in Example 10. 


Example 10 Factoring a Trinomial by Grouping o> 


Use factoring by grouping to factor 2x? + 5x — 3. 


Solution 

In the trinomial 2x? + 5x — 3, a= 2 and c = —3, which implies that the 
product ac is —6. Now, —6 factors as (6)(— 1) and 6 — 1 = 5 = b. So, you can 
rewrite the middle term as 5x = 6x — x. This produces the following. 


OX) ox as = 2k Oy — 1 — OS Rewrite middle term. 
= (2x? Piéxy— & F 3) Group terms. 
= (yates) eee) Factor groups. 
ctl boa = C1) 2-0 aon 8) Distributive Property 


So, the trinomial factors as 2x2 + 5x — 3 = (x + 3)(2x — 1). 


Guidelines for Factoring Polynomials 


1. Factor out any common factors using the Distributive Property. 
2. Factor according to one of the special polynomial forms. 


3. Factor as ax? + bx + c = (mx + r)(nx + 5). 


4. Factor by grouping. 
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In Exercises 1-4, find the greatest common factor of the 
expressions. 


1. 90, 300 

2. 36, 84, 294 

Sa 12e7y 87s 240° y7 
AS Ge Be 42 (ee 2)7 


In Exercises 5-12, factor out the common factor. 


Bye ap © 
Sie 0 
2x? — 6x 


Agen 
ex |) Ole 1) 
10. 3x(x + 2) — 4% + 2) 
118 (erie) ia 3) 
12. 3x — 1)? + Gx - 1) 


a 


In Exercises 13-18, find the greatest common factor such 
that the remaining factors have only integer coefficients. 


13. 5x +4 

14. 4y +5 

15. 3x3 + 2x? — 5x 

16. 3y4 — Sy? + 2y 

1g: Ex(x 3) = 4(x — 3) 
18. yy 1) 2074-1) 


In Exercises 19-28, factor the difference of two squares. 


19, x? — 36 20. x? — 49 

21. 16y? — 9 22. 49 — 9y? 

23 alox 24. as? — 64 

25. (x - 1)? -4 26. 25 — (¢ + 5)? 
Die One Aye 28.25% Oy 


In Exercises 29-38, factor the perfect square trinomial. 


ID) Se ig ae 30. x? + 10x + 25 
31. 422 + 4¢4+ 1 32. 9x7 N12 a4 
cB) DO aes 34. 36y? — 108y + 81 
35. 9u? + 24uv + lov? 36: 4x7 = diay ry? 
37. x2 —ix+§ 38. 22 +244 


In Exercises 39-46, factor the sum or difference of cubes. 


39. x° — 8 AO, x? = 27 

Aievciies 42, 23 + 125 
AS Sr —"4 44, 27x° + 8 
45. uw? + 27Vv? Ab bia — 


In Exercises 47-50, factor a negative real number from the 
polynomial and then write the polynomial factor in stand- 
ard form. 


AT. 25 — 5x7 
49. —27°+ 4r+6 
50. —3x° — 3x7 + 6x+9 


48751 3y2 ye 


In Exercises 51-64, factor the trinomial. 


ihe cee 52. 4° + On a 
53s ee 4. == 6 

Ska ssa? 56 OAS Se 
S7.-4- — 307 + 200 58. x7 — 13% 4a 
Sh Sees aie 2 002377 at 
61547-6045 62. 12%° 4 Ix 
63. —97- + 3z + 2 64. >Su? — 13776 


In Exercises 65-72, factor by grouping. 


6S 0 ee ee 
G62. OX = St 
OF. 267 — a 6S 
685.555 SilOx eo eo 
69564225 — 3x — x 
TO 
TA. 6073 Dx 
T250%20 = OMe 1x? = 9 


In Exercises 73-78, factor the trinomial by grouping. 
134.3% ee 10x 8 
75. 6x7 +x = 2 
TT. 15x72 1x 2 


74. 2x7 + 9x +9 
76. 6x2 —x — 15 
78. 12x? — 13x + 1 


In Exercises 79-112, completely factor the expression. 


79. 6x2 — 54 80. 12x? — 48 
Sie $2. 4° — 9x 


83. 
85. 
87. 
89. 
oT: 
93. 
JRE 
o7. 
32: 


101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 


112 


Geometric Modeling 


xe 

1 — 45 + 4x2 

2x Ax ay 
9x? + 10x + 1 

ux + 3x — 8 

3x° tx2 + 15x +5 
x4 — 4x3 + x2 — 4x 
tx + 3x2 + 3x49 
(t — 1)? — 49 

ey 8) 2 — 36x? 
at il 

~ 5x? + 40 

» Axnl2x — 1) + (2x —.1)? 


$4. 
86. 
88. 
90. 
92. 
94. 
96. 
98. 
100. 


16 Ge 
—9x2 + 6x — 1 
Dy yy 
13x + 6 + 5x? 
sooth 
See 
3u-—-2wW+6- uv 
ie +x2—x-—5 


(x2 + 1)? — 4x? 


. 5(3 — 4x)? — 8(3 — 4x)(5x — 1) 

» 2 1)G—"3)? — 3x + 1)2@ —.3) 

. 7(3x +.2)2(1 — x)? + Bx + 2)(01 — xP 
wea 22+ 1)(2x) — (a? + 1)7(7) 

. 3(x — 2)2(x + 1)4 + & — 2)3(4)(e + 133 
. 2x(x — 5)* — x2(4\ae-= 5)° 
» 5(x® +-1)4(6x°)(3x +2)? + 3(3x + 2)*(3) > + 1)? 


x2 
rete Wye? 1) 


In Exercises 113-116, match the 


factoring formula with the correct “geometric factoring 


model.” [The models are labeled (a), (b), (c), and (d).] For 


instance, a factoring model for 


2x2 + 3x +1 = (2x + 1)(x + 1) 


is shown in the figure. 


SectionP.4 ® Factoring 


.a*— b* = (a+ b\(a — dD) 

. a2 + 2ab + b? = (a + bd)? 
.a2+2a+1=(a+1)? 
-abt+at+bt+1=(aet Ib + 1). 
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Geometric Modeling \n Exercises 117-120, draw a 
“geometric factoring model” to represent the factorization. 
117. 3x2 + 7x + 2 = (3x + 1)(% + 2) 

118. x2+444+3=(4+3)@+4+ 1) 

119. 2x2 + 7x + 3 = (2x + 1)(x + 3) 

120. x2 + 3x+2=(x4+ 2)(x + 1) 


Geometry \n Exercises 121-124, write an expression in fac- 
tored form for the area of the shaded portion of the figure. 


123. } 124. 
8 
le 5 


<< | § —— > | 


In Exercises 125-128, find all values of b for which the 
trinomial can be factored. 


125. x? + bx — 15 
127. x2 + bx — 12 


126. x2 + bx + 50 
128. x2 + bx + 24 


In Exercises 129-132, find two integer values of c such that 
the trinomial can be factored. (There are many correct 
answers.) 


129. 2x7 + 5x +c 
131. 3x2 —x+c 


130. 3x2 — 10x +c 
132. 2x7 + 9x + ¢ 


133. Error Analysis Describe the error. 
9x = 04 — 6x —9 
= 3(x + = 
134. Think About It Is (3x — 6)(x + 1) completely 


factored? Explain. 


135. Chemistry The rate of change of an autocatalytic 
chemical reaction is kQx — kx”, where Q is the 
amount of the original substance, x is the amount of 
substance formed, and k is a constant of propor- 
tionality. Factor the expression. 


> Model It 


136. Geometry The volume V of concrete used to 
make the cylindrical concrete storage tank 
shown in the figure is 


V= aR = ork 

where R is the outside radius, r is the inside 
radius, and h is the height of the storage tank. 
(a) Factor the expression for the volume. 


(b) From the result of part (a), show that the 
volume of concrete is 


2a(average radius)(thickness of the tank)h. 


An 80-pound bag of concrete mix yields : 
cubic foot of concrete. Find the number of 
bags required to construct a concrete storage 
tank having the following dimensions. 


Outside radius, R = 4 feet 


Inside radius, r = 35 feet 
Height, h feet 


Use the table feature of a graphing utility to 
create a table showing the number of bags 
of concrete required to construct the storage 
tank in part (c) with heights of h = Se h = 1, 


h=3,h = 2,.=2, =6 test 


Synthesis 


True or False? \n Exercises 137 and 138, determine 
whether the statement is true or false. Justify your answer. 


137. The difference of two perfect squares can be 
factored as the product of conjugate pairs. 

138. The sum of two perfect squares can be factored as 
the binomial sum squared. 

139. Factor x°” — y?" completely. 

140. Factor x*" + y*" completely. 

141. Factor x°” — y?" completely. 


Patrick Cocklin/Tony Stone Images 


> 
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4% Rational Expressions 


What you should learn 

How to find domains of 
algebraic expressions 

How to simplify rational 
expressions 

How to add, subtract, multiply, 
and divide rational expressions 
How to simplify complex 
fractions 


> Why you should learn it 


1 


Rational expressions can be used 
to solve real-life problems. For 
instance, in Exercise 78 on page 
50, a rational expression is used 
to model the cost per ounce of 
precious metals from 1994 
through 1999. 


Domain of an Algebraic Expression 


The set of real numbers for which an algebraic expression is defined is the 
domain of the expression. Two algebraic expressions are equivalent if they have 
the same domain and yield the same values for all numbers in their domain. For 
instance, (x + 1) + (x + 2) and 2x + 3 are equivalent because 


@Z@+1I)+@+2)=x+1+x4+2 
Se Oka re ter a ia aes 


= 2-3. 


Exam ple 


Finding the Domain of an Algebraic Expression 


a. The domain of the polynomial 
2x Ge Byrd 
is the set of all real numbers. In fact, the domain of any polynomial is the set 
of all real numbers, unless the domain is specifically restricted. 
b. The domain of the radical expression 
Sy ets 
is the set of real numbers greater than or equal to 2, because the square root of 
a negative number is not a real number. 


c. The domain of the expression 


Sat 

, ate, 
is the set of all real numbers except x = 3, which would produce an undefined 
division by zero. 


The quotient of two algebraic expressions is a fractional expression. 
Moreover, the quotient of two polynomials such as 
1 Dh eo | haan 


5 : or 
x xt+1 x?4+ 1 


is a rational expression. Recall that a fraction is in simplest form if its numera- 
tor and denominator have no factors in common aside from +1. To write a 
fraction in simplest form, divide out common factors. 

(Di hi?) 


apt ei) 
Pagaiy 1 


The key to success in simplifying rational expressions lies in your ability to 
factor polynomials. 
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STUDY TIP 


In Example 2, do not make the 

mistake of trying to simplify 

further by dividing out terms. 
EtnO 2 IAG 


= 1%) 
3 3 sear 2 


Remember that to simplify 
fractions, divide out common 
factors, notterms. 


Simplifying Rational Expressions 


When simplifying rational expressions, be sure to factor each polynomial 
completely before concluding that the numerator and denominator have no 
factors in common. 


Site Simplifying a Rational Expression Goto > 
De ee al Phcenel 
Write ——————_—— in simplest form. 
3K 6 
Solution 
ede 12. OS 6)G- 2) . Me 
ac completely. 
3x — 6 32) or completely 


£EO 
= < x2 Divide out common factors. 
Note that the original expression is undefined when x = 2 (because division by 
zero is undefined). To make sure that the simplified expression is equivalent to 
the original expression, you must restrict the domain of the simplified expression 
by excluding the value x = 2. 


Sometimes it may be necessary to change the sign of a factor to simplify a 
rational expression, as shown in Example 3(b). 


Simplifying Rational Expressions @&e> 


Write each expression in simplest form. 


¢ 22, eee 
2 i On ee 
Solution 
" Ce) 
“x 4+x-2 (x + 2)(x - 1) 
ee) Ger 2) 
ese ee i F 
(e-+2)(x — 1) actor completely. 
_ atree) 
= Ca, ae aaa Divide out common factors. 


12.4 x = x2 (4 — x)Gi+ x) 


De Oy ae Ae (2x = Dix ay 4) Factor completely. 
lee me) 
= (2x — Die —4) ee ee) ee 


Mis. tae 
= oe ance G4 Divide out common factors. 


Section P.5 & Rational Expressions 43 


Operations with Rational Expressions 


To multiply or divide rational expressions, use the properties of fractions discussed 
in Section P.1. Recall that to divide fractions, you invert the divisor and multiply. 


Example 4 Multiplying Rational Expressions ¢jo> 


Pie tel Op Wererae | tae eee) ort) 1 A ea) eel) 

x + 4x —-—5 4x — 6x (x + 5)(—T) 2x(2x— 3) 
Eo Cite) (x at 2) 3 
rsMEA ey eyo ‘ x#OxF# 1x #5 


In this text, when performing operations with rational expressions, the 
convention of listing by the simplified expression all values of x that must be 
specifically excluded from the domain in order to make the domains of the 
simplified and original expressions agree is followed. In Example 4, for instance, 
the restrictions x # 0, x # 1, and x + 3 are listed with the simplified expression 
in order to make the two domains agree. Note that the value x = —5 is excluded 
from both domains, so it is not necessary to list this value. 


Example 5 Dividing Rational Expressions ep 


Kee SNE tee A ek EO tes 


Invert and multiply. 


x2 = 4 x3+8 Boag xy xt A 
_ Le ~ DOE + 2x FA) | e+ 2x? = 2x + 4) 
Divide out 
=x? — 2x + 4, bee common factors. 


To add or subtract rational expressions, you can use the LCD (least common 
denominator) method or the basic definition 
ad + be 


an . b#O0,d #0. Basic definition 
d bd 


as 
b 
This definition provides an efficient way of adding or subtracting two fractions 
that have no common factors in their denominators. 


Example 6 Subtracting Rational Expressions &ajo> 


x ee 4) or 3) 


4-3. 3444" (= 3)Gx + 4) 
3x2 + 4x — 2x + 6 
(x — 3)(3x + 4) 
3x2 + 2x + 6 


= Combine like terms. 


(x — 3)(3x + 4) 


Basic definition 


Distributive Property 
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For three or more fractions, or for fractions with a repeated factor in the 
denominators, the LCD method works well. Recall that the least common denom- 
inator of several fractions consists of the product of all prime factors in the 
denominators, with each factor given the highest power of its occurrence in any 
denominator. Here is a numerical example. 


{ §3.9 9 [> D Soe eQmeeeres . 
+ = - The LCD is 12. 
Gultdmees, i624 de eee 7 
2h BRS 
; 12° oie 
ae 
1D 
= 
4 


Sometimes the numerator of the answer has a factor in common with the 
denominator. In such cases the answer should be simplified. For instance, in the 
example above, = was simplified to 2 


FSeeCe Fe combining Rational Expressions: The LCD Method 


Gie> 


Perform the operations and simplify. 


3 2 x+3 


x= 1 eS 1 


Solution 
Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can see that 
the LCD is x(x + 1)(x — 1). 
3 2 ts Gata 
x-1 x («+1@-1) 
eo nee a) PAS cle cA \G net |) (a3) 
xe Iai 1) el DG ly Ge) 
wy 3(x)(x + 1) — 2 + I — 1) + &@ +. 3)(x) 
dx Ie 1) 
6 SUA Bee iat eee BE Se 
axle + Ao 1) 


Distributive Property 


IO = Demet eevee OX te 


x(x ag D(x faa 1) Group like terms. 
ees Oat e 
= oa ES) Combine like terms. 


a 2(x? + 3x + 1) 
x(x a I(x = 1) Factor. 
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Complex Fractions 


Fractional expressions with separate fractions in the numerator, denominator, or 
both are called complex fractions. Here are two examples. 


) 


a eee ae 
x? +1 ( 1 
x7 +] 


A complex fraction can be simplified by combining the fractions in its numerator 
into a single fraction and then combining the fractions in its denominator into a 
single fraction. Then invert the denominator and multiply. 


Example 8 Simplifying a Complex Fraction o> 


Cie 
cease 
ey 


Combine fractions. 


Simplify. 


My Bye 3p == Ih 
= . Invert and multiply. 
eG wey 
y= 8 =I 
Be tories tall) 
x(x — 2) 


Another way to simplify a complex fraction is to multiply its numerator and 
denominator by the LCD of all fractions in its numerator and denominator. This 
method is applied to the fraction in Example 8 as follows. 


“ESA (F-3) el) 
(Ata 


IMEID tS kee — I) 


KG 
m y= 2 
i) x(x—-T) 
(2 — 3x)(x — 1) 
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The next three examples illustrate some methods for simplifying rational 
expressions involving negative exponents and radicals. These types of expres- 
sions occur frequently in calculus. 

To simplify an expression with negative exponents, one method is to begin 
by factoring out the common factor with the smaller exponent. Remember that 
when factoring, you subtract exponents. For instance, in 3x—5/2 + 2x-3/2 the 
smaller exponent 1s -3 and the common factor is x°/?. 


3x-5/2 + 2x-3/2 = x~5/2[3(1) + 2x73/2- 9/9] 
= 5/3 + 2x!) 


pee ane 
7 5/2 


Simplifying an Expression f= 


Simplify the following expression containing negative exponents. 


x(1 = 2x)-?/2 + (1 = 2x) 


Example 9 


Solution 


Begin by factoring out the common factor with the smaller exponent. 
x1 — 2x) 33? 4+ (1 = 9x12 = (1 = 2x) 3x + 1 = 2x) a 
= (1 = 2x) 4/4x + (1 — 20)4] 


ae | = 3 
(1 — 2x)3/2 


A second method for simplifying an expression with negative exponents is 
shown in the next example. 


Example 10 Simplifying a Complex Fraction f= 


(4 wae x?)1/2 aE x?(4 pas x?) 1/2 


4 — x? 
2 (4 ian x2) 1/2 a x(4 a Berke (4 _ x2) 1/2 
= “(4 =x)? 
= (Awe eee (42)? 
G2 
ee ee 
= Ge x2)3/2 


ate eee 
(4 — x2)3/2 
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Example 11 


Rewriting a Difference Quotient 


The expression from calculus 


N/a ee 
h 


is an example of a difference quotient. Rewrite this expression by rationalizing its 
numerator. 


Solution 


Jx +h —- /x Jxth—- Sx Jxtht+ Vx 
h 2 h Oy 
Ulver (a): 
h( x ae IA Ae Jz) 
x h 
- h( /x qe 0 ae J/x) 
1 
~ eae 


Notice that the original expression is undefined when h = 0. So, you must 
exclude h = 0 from the domain of the simplified expression so that the expres- 
sions are equivalent. 


h#0 


Difference quotients, such as that in Example 11, occur frequently in calculus. 
Often, they need to be rewritten in an equivalent form that can be evaluated when 
h = 0. Note that the equivalent form is not simpler than the original form, but it 
has the advantage that it is defined when h = 0. 


Writing avout matuemarics 


Comparing Domains of Two Expressions Complete the table by evaluating the 
expressions 


x2 — 3x + 2 
op 


and x-—1 


for the given values of x. If you have a graphing utility with a table feature, use it 
to help create the table. Write a short paragraph describing the equivalence or 
nonequivalence of the two expressions. 


3k amine) (esl OF Wiel 

Sie em he oe Be | 
Fie | 

Eze aoe a) 
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P.5 Exercises 


In Exercises 1-8, find the domain of the expression. 
2. Oye Sy = 72 
As: Ofer t) 


1. 3x2 —4x +7 
Be se x= 0 


5 1 x+1 
“x¥-—2 Oe I 
The ae eal By wi © = JK 


In Exercises 9 and 10, find the missing factor in the numer- 
ator such that the two fractions are equivalent. 
5 5( i) 3° 3( Se) 


oe 10. = = 
2K 6x? 4 A(x + 1) 


In Exercises 11-28, write the rational expression in simplest 
form. 


1552 2 
ji 2, 1 
10x 60y> 
3 2 
13. gees 
xy +x xy —y 
Ay — Sy" Oye a 9% 
1S, === kh 
10y — 5 ee) 
ba) 2 = Aye 
17. i. = 
I1@ = Dy 8 w= 3 
ye SK x? — 25 
i), ——————= 20. 
yt 4 3 = 3 
ode 2 le oD, Pas 
1. Xs ons 6x 5D) Feo ap ee = ANY 
eae x? + 11x + 10 
Poe areal 2 pits 
5 y 24. 5 Tse ae © 
y + 3ye— 18 i calla call 3B Sule od 8) 
De a es ee 
25, A * ry gee 
a 4 Kt Ox 20 
3 Meier eee 
pee ee 33 
le PUG ayn ye +] 


In Exercises 29 and 30, complete the table. What can you 
conclude? 


29. 


30. [ 


31. Error Analysis Describe the error. 


——5¥"__— 
a+ 4 2x +4 


32. Error Analysis Describe the error. 


a 425) 


oe 5)(x + 3) 


Geometry \n Exercises 33 and 34, find the ratio of the 
area of the shaded portion of the figure to the total area of 
the figure. 


“a 


s : 


m——— 2x + 3 ——____»> 


In Exercises 35-42, perform the multiplication or 
division and simplify. 


355 ee 16 
Ca OS (rn) ¥2(65— x) s 

a7, cee Say ale 27 n6 
pian A | (eo Sy LO aay 


Pt 6 eS 
> 72 4 6f +9) 72 


40 ey Dy x 
: Ly. 2 sales eh a A 
oye cy ar 
41. elicit 6x 
BG RPS Se 36 
42. Rae N4axet AQ) Sal 
x? — 49 x+7 


In Exercises 43-52, perform the addition or subtraction and 
simplify. 


5 x —— os 
43. " x 4a fi a 
se 1h se II x+3 x+3 
5 3 
45. 6 — : - 
ae 46 aed 5 
3 5 2x 5 
47. 48. 
i ee OX Sols = % 
a sues 
Fe SS ee > Spe ae 
2 
50. — ip 
Sh = Fe, She eS SE eos 
1 2 
Sy == 4 L 
x x7+1 x34+x 
D, 2 1 
SY, 


— 
x+1 x-1 x?-1 


In Exercises 53-58, factor the expression by removing the 
common factor with the smaller exponent. 


SOS Te eA ss aC Hoy 
S54 Ate ya Diet 

565 2x(x — 5)? —94x2 — 5) 

57. 2x2(x — 1)!/2 — 5(« — 1)7! 

58. 4x3(2x — 1)3/2 — 2x(2x — 1)~'!/2 


Error Analysis \n Exercises 59 and 60, describe the error. 
S050 
ees 


+4 Riera il os 


Bos 
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glebah sant ee 
od fea 

me Pease bs SS a 
: h : h 

(ee) Gr 
‘ ie : 2 


31/3 = x7 2/3 
3-2/3 


—x3(1 _— x?)-1/2 ae 2x(1 pals Be 
4 


69. 


70. 


X 


fi In Exercises 71 and 72, rationalize the numerator of the 


expression. 


J/x+2— Vx Fe NE 
y) i 3 


Tle 


Probability \n Exercises 73 and 74, consider an experi- 
ment in which a marble is tossed into a box whose base is 
shown in the figure. The probability that the marble will 
come to rest in the shaded portion of the box is equal to the 
ratio of the shaded area to the total area of the figure. Find 
the probability. 


ade 
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75. Rate A photocopier copies at a rate of 16 pages per 
minute. 


(a) Find the time required to copy one page. 
(b) Find the time required to copy x pages. 
(c) Find the time required to copy 60 pages. 


76. Finance The formula that approximates the annual 
interest rate r of a monthly installment loan is given 
by 


ee - 2) 


where JN is the total number of payments, M is the 
monthly payment, and P is the amount financed. 


(a) Approximate the annual interest rate for a 
four-year car loan of $16,000 that has monthly 
payments of $400. 


(b) Simplify the expression for the annual interest 
rate r, and then rework part (a). 


77. Refrigeration When food (at room temperature) is 
placed in a refrigerator, the time required for the 
food to cool depends on the amount of food, the air 
circulation in the refrigerator, the original tempera- 
ture of the food, and the temperature of the 
refrigerator. The model that gives the temperature of 
food that has an original temperature of 75°F and is 
placed in a 40°F refrigerator is 


(4 + 16t + 2) 
E= 1 
t? + 4¢ + 10 


where 7 is the temperature (in degrees Fahrenheit) 
and f¢ is the time (in hours). 


(a) Complete the table. 


t OFZ AO ae Sanat) 


' a | 


(b) What value of T does the mathematical model 
appear to be approaching? 


> Model It 


78. Precious Metals The costs per fine ounce of 
gold and per troy ounce of platinum for the years | 
1994 through 1999 are shown in the table. 
(Source: U.S. Bureau of Mines, U.S. Geological 
Survey) 


Year, ¢ Gold Platinum 


Mathematical models for this data are 
6.7917 — 95.6t + 356 
0.0205r2 — 0.278t + 1 


Cost of gold = 


and 
=e Oe 
(lye se || 


Cost of platinum = 


where t = 4 corresponds to the year 1994. 


(a) Create a table using the models to estimate the | 
costs of the two metals for the given years. 


(b) Compare the estimates given by the models | 
with the actual costs. 


(c) Determine a model for the ratio of the cost of 
gold to the cost of platinum. 

(d) Use the model from part (c) to find the ratio 
over the given years. Over this period of time, | 
did the cost of gold increase or decrease rela- | 
tive to the cost of platinum? 


Synthesis 


True or False? In Exercises 79 and 80, determine 
whether the statement is true or false. Justify your answer. 


Qn en 
79, ae ales = xr + |" 
x” = |” 
Ye Bey 
80, ———* = x — 2 for all values of x. 


81. Think About It How do you determine whether a 
rational expression is in simplest form? 
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iAeme Errors and the Algebra of Calculus 


> What you should learn 


* How to avoid common alge- 


Algebraic Errors to Avoid o> 


Draic errors This section contains five lists of common algebraic errors: errors involving 

‘ sae a and use parentheses, errors involving fractions, errors involving exponents, errors involv- 

ee = aes that are ing radicals, and errors involving dividing out. Many of these errors are made 
alculus 

because they seem to be the easiest things to do. For instance, the operations of 

> Why you should learn it subtraction and division are often believed to be commutative and associative. 


The following examples illustrate the fact that subtraction and division are neither 


An efficient comman : ot». 
d of algebra commutative nor associative. 


_ is critical in the study of calculus. 


Earn Not commutative Not associative 
dl 3 se 3) — al 8 — (6 — 2) # (8 — 6) -—2 
1S 5 eos 45 20 + (4+ 2) # (200+ 4) +2 


Errors Involving Parentheses 
Potential Error Correct Form Comment 


a—-(x-—b)=a-x+b ; Change all signs when distributing minus sign. 


(a ate b)? =a" + 2ab + b? Remember the middle term when squaring binomials. 


1 1 b 
5)(52) = qa) = i 3 occurs twice as a factor. 


(3x ote 6)? = [3(x St 2)\2 When factoring, apply exponents to all factors. 


= 37x 4 2)? 


Errors Involving Fractions 
Potential Error Correct Form Comment 


a 
Leave as , Do not add denominators when adding fractions. 


Multiply by the reciprocal when dividing fractions. 


Use the property for adding fractions. 


Use the property for multiplying fractions. 


Be careful when using a slash to denote division. 


Be careful when using a slash to denote division. 
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Errors Involving Exponents 
Potential Error Correct Form Comment 
(2) Po ATES Multiply exponents when raising a power to a power. 


Ree ae Add exponents when multiplying powers with like bases. 


Deis i) (7) Exponents have priority over coefficients. 


1 
Leave as Saaen Do not move term-by-term from denominator to numerator. 
oe 


x3 


Errors Involving Radicals 
Potential Error Correct Form Comment 
V5x = 5 JK Radicals apply to every factor inside the radical. 


Leave as \/x” + a’. Do not apply radicals term-by-term. 


Leaveas-/ =xXished: Do not factor minus signs out of square roots. 


Errors Involving Dividing Out , 


Potential Error Correct Form Comment 


re Oa DX es : 
am (oie = Divide out common factors, not common terms. 
a 


Oh ae GbE 


Factor before dividing out. 


Divide out common factors. 


A good way to avoid errors is to work slowly, write neatly, and talk to 
yourself. Each time you write a step, ask yourself why the step is algebraically 
legitimate. You can justify the step below because dividing the numerator and 
denominator by the same nonzero number produces an equivalent fraction. 


PE SE 185 


Ge a3 3 
Example 1 Using the Property for Adding Fractions 
Describe and correct the error, — + ~ = — 
x 
Solution 
When adding fractions, use the property for adding fractions: 1 aft ; a b > a 
a a 


1,1 3+ Sue 5 


26> 23x 6x2 6x2 6x 


Unusual Factoring 
Expression 


5x! 


2x2? —x-—3 


5 aati ct. (xt 1) 
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Some Algebra of Calculus 


In calculus it is often necessary to take a simplified algebraic expression and 
“unsimplify” it. See the following lists, taken from a standard calculus text. 


Useful Calculus Form Comment 


Write with fractional coefficient. 
Write with fractional coefficient. 


Factor out the leading coefficient. 


(x + 1)71/2 


5 [x + 2(x + 1)] Factor out factor with lowest power. 


Writing with Negative Exponents 


Expression 
9 


5x? 


533 Dee 


Useful Calculus Form Comment 


9 e Move the factor to the numerator and change the 
Bo sign of the exponent. 


Move the factor to the numerator and change the 
sign of the exponent. 


7(2x — 3)-1/2 


Writing a Fraction as a Sum 


Expression 
oh dee eal 


x? +2x+ 1 


Useful Calculus Form Comment 


x2 4+ 43/2 4 x 1/2 Divide each term by x!/2. 


1 ie iG 
x7+1 = x*74+1 


De ae =D) 
x27 +2x+1 


Rewrite the fraction as the sum of fractions. 


Add and subtract the same term. 


= Dy, ae A 2 
~ x2 4+2%+1 (x +1)? 


ie ale Use long division. (See Section 3.3.) 


Rewrite the fraction as the difference of fractions. 


Use the method of partial fractions. (See Section 4.3.) 
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| Inserting Factors and Terms 
| Expression Useful Calculus Form Comment 


(Qe— 1)? 5 (2x — 1)3(2) Multiply and divide by 2. 


HE =) liye — 5)'/2(12x?) Multiply and divide by 12. 


12 


?) p) 
x y ; ig Ph As 
a Loar 1 Write with fractional denominators. 


9/4 1/4 
Ageless 
Gasol 


Add and subtract the same term. 


The next five examples demonstrate many of the steps in the preceding lists. 


Factors Involving Negative Exponents 4 


Factor x(x + 1)7!/2 + (& + 1)!/2, 


Solution 


When multiplying factors with like bases, you add exponents. When factoring, 
you are undoing multiplication, and so you subtract exponents. 


age Ly 2 =e 1) Aa ee 1)!] 
=(e4+ 1)'7[x+@+ 1)] 
= (x41) 170% +1) 


Here is another way to simplify the expression in Example 2. 


(Conn eelt ee: 


ae 1) 1/2 + @ 1)? Hag + 1-72 + (x + 1). 
(x + 1)1/2 


Oo Se a 


@+)2 ett 


Inserting Factors in an Expression 


se ap 2 1 


Insert the required factor; ————————— = pt ce 
: ea Gea ( Ge t 4% — 53)? 


(xe eae 


Solution 


The expression on the right side of the equation is twice the expression on the left 
side. To make both sides equal, insert a factor of >: 


Rar a 1 1 (2x + 4) Right side is multiplied 
2 and divided by 2. 


(x? hed: = 3)? 9 \ 0h? Se Aen) 
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Sethe a Rewriting Fractions 


Explain the following. 


4x? 2 x? y? 
as 4y- = ee ae 
9 9/4 1/4 
Solution 


To write the expression on the left side of the equation in the form given on the 
right side, multiply the numerators and denominators of both terms by a 


x2 y? 


9/4 «1/4 


| Example 5 Rewriting with Negative Exponents f= 


Rewrite each expression using negative exponents. Gio> 


—4x b etl ii 3 
* 1 — 2x? 5x3 Je 7 5(4x)? 
Solution 
—4x 
eee ee ae ne 
Pore ate Pace? 
b. Begin by writing the second term in exponential form. 


1 3 2 1 3 


ae ctr = f 
5x3 /x = 5(4x)2—— 5x3 x2 5(4x)? 


y) 3 
= a — x V2 4 coe 


Example 6 Writing a Fraction as a Sum of Terms 


Rewrite each fraction as the sum of three terms. 


x= dy 8 ee eete aad 
a. oe eet ai 
Solution 
VE TAR OE Be KO AX 8: 
2x FOS: 

5 

= >) aE 

2 x 
x+2x7+1 52 2x2 1 
b. Jx = xi/2 a x1/2 + x/2 


SG NOR aim Ds Mein a 8 eal 


56 
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P.6 Exercises” 


In Exercises 1-18, describe and correct the error. a a ve 1257 3y 
i} = red 1/12 2/3 (MM) (i) 
2 2) 
5h Ge 5) a5 oe Vee ee % 8y 
4/9 7/8 (fi) (i) 
3. 1 eae 1) = 33, x1/3 — 5743 = x1/3( ) 
aes 34, 3(2x + 1)x!/2 + 4x3/2 = x1/2( ) 
Gee 35. (1 — 3x)43 — 4x(1 — 3x)/3 = (1 — 3x)( ) 
1 ] 
5. (Sz)62}—=30z 6. xvz—+eaz) ; $507 ite = 
: 36 aa x i a ) 
: t< 8. (Pax? 1 1 2x + 1)3/ 
3 Sie 10 2 aia 1)? — — (2x ae Teen ) 
9 TES E3 10. PSS P=essG : 3(r + 1)4/3 
3 it 
1 = i a 2 espe ees 
“EL Se es y 38. (1 + 1) {0 3) = ( 
G sales 


13. = = 14. oo fi In Exercises 39-44, write the fraction as a sum of two or 
a more terms. 
15. G2 4 See ees YT? th-= 5x — x2 xo = 5x2 aod 
16. xe =x =a 2. a, eee ra 
4 Ay ot 2K Bie OK 
Wo = 18. — = 2)y 41. ri Ry - ee 42. yr 
By aos bees oe 5 flees 
) In Exercises 19-38, insert the required factor in the 43. Lé 44. 342 
parentheses. ; : 
19. =< 2 a -( ) a ie oe ai ) fi In Exercises 45-56, simplify the expression. 
ote at oe gg, 2 = 3) 1 = Be ae 
Ph, aoe oie ce Sy | ) 22 rl ) : [& + 13P 
Roe A ( Jas SI ese) x5(—3)(x2 + 1)-4(2x) — (x2 + 1)-3(5) x4 
DAge i) ( Ja = 27 (4x) 46. (x5)? 
4x + 6 ! (6x-+ 1)3(27x? + 2) — (0x3 +2 z 
25. os peas x e x)(3)(6x + 1)2(6) 
(x? + 3x + 7)3 ( eg + 3x + 7p! ae 47. [(6x + 13]? 
se ap il 1 (4 2 + 9)1/2(2) — (2 + 3)5)(422 =D 
26. = ED x x + 3)\a)(4x + 9)-1/2(8x) 
Gee 2p 13 )2 ( ie + 2x - 32! ‘ ) 48. [(4x2 + 9)1/2]2 
27. + 2 Fea (r+ 5 — 3x9 go, ELD + 3) = (e+ 3G + 2-4 
Se pies 9) s [x + 2)3/4]2 
242 eS 
aa ao Aoeesie (ieee) + +5) 50. x= 1)? =@ Dae het 
165( ia) 2x — 1)8 — Qx + )(4)Gx — 1)-24¢) 
Op lGy 2 ee y ok 2/3 
2 ae n= i (3x — 1)?/ 
9 (iil) (i) 5p, + DUG) 2x = 3x2)-102 ~ 62) = (2x — 3492 
oe See ee We : (x + 1)2 
Oe 16 (a ce 
1 1 
53: alc 4s 20») 


(2+ 4)172° 2 


$4. (2x) + +02) 
55. (x2 + 5)1/2(3 \(x — 2)1/2(3) + 

(3x — 2)3/2(4)(22 + 5)-1/2(2x) 
56. (3x + 2)~1/2(3)(x — 6)!/2(1) + 


(x — 6)3(—4)(3x + 2)-3/2(3) 


> Model It 


57. Athletics A triathlete has set up a course for 

fi training as part of her regimen in preparation for 
an upcoming triathlon. She is dropped off by a 
boat 2 miles from the nearest point on shore. The 
finish line is 4 miles down the coast and 2 miles 
inland (see figure). She can swim 2 miles per hour 
and run 6 miles per hour. The time ¢ (in hours) 
required for her to reach the finish line can be 
approximated by the model 


ieee Was x). 4 
2 6 


where x is the distance down the coast (in miles) 


to which she swims and then leaves the water to | 


start her run. 


(a) Find the time required for the triathlete to 

finish when she swims to the points x = 0.5, 

= 1.0;0:=°1:5,. 22,% = 3.5, andx = 4.0 
miles down the coast. 


(b) Use your results from part (a) to determine the 
distance down the coast that will yield the 
minimum amount of time required for the 
triathlete to reach the finish line. 


(c) The expression below was obtained using 
calculus. It can be used to find the minimum 
amount of time required for the triathlete to 
reach the finish line. Simplify the expression. 


Sue? su he ila f(x A) (Kee 20) 12 


Section P.6 & Errors and the Algebra of Calculus 57 


58. (a) Verify that y, = y, analytically. 


1 
y= (toe + 1)-2/3(2x) + (a? + 1)1/3(2x) 
19 brace 3) 
2 362 + 1)28 


(b) Complete the table and demonstrate the equality 
in part (a) numerically. 


Synthesis 


True or False? \n Exercises 59-62, determine whether 
the statement is true or false. Justify your answer. 


2 Vote 
eh iin ae 5 
60 ! ay? 4 

ay “ y 
61 ee ais 

J/x+4 x-—16 
62 Saar) EN 

EE 


In Exercises 63-66, find and correct any errors. 


633'x7° 
64. (x7)2” + (42) = 2x20? 
65. xn au yu = (xn it y")? 
3n 


xan = x3" 


“x Sn 


x3" + x? 


Xx 


66. — 
yon + x 


fi 67. Think About It You are taking a course in calculus, 
and for one of the homework problems you obtain 
the following answer. 


Eee + 


La Nee 
10 6 (2 1) 


The answer in the back of the book is 


| 
—(2x — 1)3/2(3x + 1). 
sO aay ache: 
Are these two answers equivalent? If so, show how 


the second answer can be obtained from the first. 


David Young-Wolff/PhotoEdit 
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wae Graphical Representation of Data 


> What you should learn 


* How to plot points in the 
Cartesian plane 

* How to use the Distance 
Formula to find the distance 
between two points 

* How to use the Midpoint 
Formula to find the midpoint 
of a line segment 


* How to use a coordinate plane 
to model and solve real-life 
problems 


b> Why you should learn it 


The Cartesian plane can be used 
to represent relationships 
between two variables. For 
instance, in Exercise 27 on 

page 65, a graph represents the 
minimum wage in the United 
States from 1950 to 2000. 


FIGURE P.10 


The Cartesian Plane 


Just as you can represent real numbers by points on a real number line, you can 
represent ordered pairs of real numbers by points in a plane called the 
rectangular coordinate system, or the Cartesian plane, named after the French 
mathematician René Descartes (1596-1650). 

The Cartesian plane is formed by using two real number lines intersecting at 
right angles, as shown in Figure P.8. The horizontal real number line is usually 
called the x-axis, and the vertical real number line is usually called the y-axis. 
The point of intersection of these two axes is the origin, and the two axes divide 
the plane into four parts called quadrants. 


y-axis 


af 


3 
Quadrant II Quadrant I y-axis 
2 Ah 
_ (Vertical Directed distance 
Origin 1 > ‘number line) ss 
at po eee ; 
3: 20 1) + 2hee (x, y) 
-1-+ (Horizontal lialiee aaa 
5 |, number line) 1 fay Direc’ 
oy : ‘ t ‘ 
Quadrant Ml, Quadrant IV pea > x-axis 
FIGURE P.8 FIGURE P.9 


Each point in the plane corresponds to an ordered pair (x, y) of real numbers 
x and y, called coordinates of the point. The x-coordinate represents the directed 
distance from the y-axis to the point, and the y-coordinate represents the directed 
distance from the x-axis to the point, as shown in Figure P.9. 


Directed distance (x, y) Directed distance 
from y-axis Wek from x-axis 


Se 


The notation (x, y) denotes both a point in the plane and an open interval on 
the real number line. The context will tell you which meaning is intended. 


Plotting Points in the Cartesian Plane @ie> 


Plot the points (— 1, 2), (3, 4), (0, 0), (3, 0), and (Ga 8) 
Solution 


To plot the point (— 1, 2), imagine a vertical line through — 1 on the x-axis and a 
horizontal line through 2 on the y-axis. The intersection of these two lines is the 


point (— 1, 2). The other four points can be plotted in a similar way, as shown in 
Figure P.10. 


SectionP.7 & Graphical Representation of Data 59 


The beauty of a rectangular coordinate system is that it allows you to see 
relationships between two variables. It would be difficult to overestimate the 
importance of Descartes’s introduction of coordinates in the plane. Today, his 
ideas are in common use in virtually every scientific and business-related field. 


| Example 2 Sketching a Scatter Plot €3 iio D 


From 1990 through 1999, the amount A (in millions of dollars) spent on skiing 
Amount, A equipment in the United States is shown in the table, where f represents the year. 
Sketch a scatter plot of the data. (Source: National Sporting Goods Association) 


Solution 


To sketch a scatter plot of the data shown in the table, you simply represent each 
pair of values by an ordered pair (t, A) and plot the resulting points, as shown in 
Figure P.11. For instance, the first pair of values is represented by the ordered pair 
(1990, 475). Note that the break in the f-axis indicates that the numbers between 
0 and 1990 have been omitted. 


Amount Spent on Skiing Equipment 
A 


800 


@ 700 
j=) 
= 600 
STUDY TIP a, 00 
a £ 400 
In Example 2, you could have let { 300 
t = | represent the year 1990. In z 200 


that case, the horizontal axis 100 
would not have been broken, 


and the tick marks would have 


LOOT OOS OO Seo Tao 99 


been labeled 1 through 10 eat 
(instead of 1990 through 1999). FIGURE P.11 
o™"% 
| Technology 
i Lee The scatter plot in Example Amount Spent on Skiing Equipment Amount Spent on Skiing Equipment 
2 is only one way to represent the A A 
data graphically. Two other tech- »00 Regeeaeeeemmecore ms a 
niques are shown at the right. The  — 700 
first is a bar graph and the second & 600 & eon 
is a line graph. All three graphical = 500 a 500-4 
representations were created with g 400 = 400-4 
a computer. If you have access to z 300 e 300 + 
a graphing utility, try using it to = 200 = 200 
represent graphically the data 2 100 QD 400 
given in Example 2. : 1 as , 
1991 1993 1995 1997 1999 1991 1993 1995 1997 1999 
Year Year 


Bar Graph Line Graph 
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a*+b2=c? 


= 


FIGURE P.12 


FIGURE P.13 


‘ G.4) 
suet 
3 Len 
tee i 
oe: LO nes ES 
2,1) 5 
>_> —_ + —_+—_} > x 
—2 —| 1 D 3 


FIGURE P.14 


The Distance Formula 


Recall from the Pythagorean Theorem that, for a right triangle with hypotenuse 
of length c and sides of lengths a and b, you have 

G2 a bes ee? Pythagorean Theorem 
as shown in Figure P.12. (The converse is also true. That is, if a? + b* = c?, then 
the triangle is a right triangle.) 

Suppose you want to determine the distance d between two points (x,, y,) 
and (x5, y>) in the plane. With these two points, a right triangle can be formed, as 
shown in Figure P.13. The length of the vertical side of the triangle is |y, — y,|, 
and the length of the horizontal side is |x, — x,|. By the Pythagorean Theorem, 
you can write 


dia Leper etek [iva 
i Nes Na eee Y= al7 
= Ve aya (yy, )F 


This result is the Distance Formula. 


| The Distance Formula 


The distance d between the points (x,, y,) and (x5, y,) in the plane is 


d= V0, Spt (5 =) 


Stile Finding a Distance Gm > 


Find the distance between the points (—2, 1) and (3, 4). 
Solution — 
Let (x), y;) = (2, 1) and (x, y,) = (3, 4). Then apply the Distance Formula. 


d=) (=) ee Distance Formula 
= / — (—2)P + 4 — 1) Substitute for x1, y,, x5, and yy. 
= /(5)? + (3)2 Simplify. 
= 32 Simplify. 
FILO Use a calculator. 


Note in Figure P.14 that a distance of 5.83 looks about right. You can use the 
Pythagorean Theorem to check that the distance is correct. 


i) 
ay 
d? = 37 + §2 Pythagorean Theorem 
faz \2 ? 
ly 34 ) = 132-452 Substitute for d. 
Syl SS Bal Distance checks, 


FIGURE P.15 


Football Pass 


Distance (in yards) 


LOVE e2OnN S30) 9F40 
Distance (in yards) 


FIGURE P.16 


50 
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Example 4 Verifying a Right Triangle @¥e> 


Show that the points (2, 1), (4, 0), and (5, 7) are vertices of a right triangle. 
Solution 


The three points are plotted in Figure P.15. Using the Distance Formula, you can 
find the lengths of the three sides as follows. 


d, = JG —2)7 + 7 = 1? = 9 +36 = JS 
d,= J4—2)? + @- 17 = V4 +1 = V5 


d= J6— 9 +70 = VIF = V50 
Because 
(d,)? + (d,? = 45 +5 
= 50 
= (d;)? 


you can conclude that the triangle must be a right triangle. 


The figures provided with Examples 3 and 4 were not really essential to the 
solution. Nevertheless, it is strongly recommended that you develop the habit of 
including sketches with your solutions—even if they are not required. 


| Example 5 Finding the Length of a Pass “a 


During the first quarter of the 2002 Orange Bowl, Brock Berlin, the quarterback 
for the University of Florida, threw a pass from the 37-yard line, 40 yards from 
the sideline. The pass was caught by the wide receiver Taylor Jacobs on the 
3-yard line, 20 yards from the same sideline, as shown in Figure P.16. How long 
was the pass? 


Solution 


You can find the length of the pass by finding the distance between the points 
(40, 37) and (20, 3). 


d = ./(40 — 20)? + (7 — 3)? Distance Formula 


= ,/400 + 1156 Simplify. 
= /1556 Simplify. 
= 39 Use a calculator. 


So, the pass was about 39 yards long. 


In Example 5, the scale along the goal line does not normally appear on a foot- 
ball field. However, when you use coordinate geometry to solve real-life problems, 
you are free to place the coordinate system in any way that is convenient for the 
solution of the problem. 
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FIGURE P.17 


Revenue 
(in billions of dollars) 
NO 
~ 


FIGURE P.18 
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United Parcel Service 
Annual Revenue 


1998 


1999 
Year 


2000 


The Midpoint Formula 


To find the midpoint of the line segment that joins two points in a coordinate 
plane, you can simply find the average values of the respective coordinates of the 
two endpoints using the Midpoint Formula. 


The Midpoint Formula 


The midpoint of the line segment joining the points (x,, y,) and (x, y) is 
given by the Midpoint Formula 


xy + X_ Vy + 22) 


i ener 
Midpoin ( 5 


For a proof of the Midpoint Formula, see Proofs in Mathematics on page 73. 


Finding a Line Segment’s Midpoint @aje> 


| Example 6 — 
Find the midpoint of the line segment joining the points (—5, —3) and (9, 3), as 
shown in Figure P.17. 


Solution 
Let (ap a= (eq)-can oa a1 0) 3). 


Ko SIG Samy 
Midpoint = 12 M1 22) Midpoint Formula 
D; 2; 
—S5+9 -3 +3 
= : Substitute for x,, y,, x, and y,. 
2 2 
= (2, 0) Simplify. 


Estimating Annual Revenue 3 Gio» 


The United Parcel Service had annual revenues of $24.8 billion in 1998 and $29.8 
billion in 2000. Without knowing any additional information, what would you 
estimate the 1999 revenue to have been? (Source: United Parcel Service of 
America Corp.) 


| Example 7 


Solution 


One solution to the problem is to assume that revenue followed a linear pattern. 
With this assumption, you can estimate the 1999 revenue by finding the midpoint 
of the line segment connecting the points (1998, 24.8) and (2000, 29.8) 


1998 + 2000 24.8 + 29> 
Midpoint = ; 2 *) 
D 2 
= (1999, 2723) 


So, you would estimate the 1999 revenue to have been about $27.3 billion, as 
shown in Figure P.18. (The actual 1999 revenue was $27.1 billion.) 


EE 


Paul Morrell 


Much of computer graphics, 
including this computer-generated 
goldfish tessellation, consists of 
transformations of points in a 
coordinate plane. One type of 
transformation, a translation, is 
illustrated in Example 8. Other 


types include reflections, rotations, 


and stretches. 
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Application 


Example 8 > Translating Points in the Plane 


The triangle in Figure P.19 has vertices at the points (— 1, 2), (1, —4), and (2, 3). 
Shift the triangle three units to the right and two units upward and find the 
vertices of the shifted triangle, as shown in Figure P.20. 


FIGURE P.19 FIGURE P.20 


Solution 


To shift the vertices three units to the right, add 3 to each of the x-coordinates. To 
shift the vertices two units upward, add 2 to each of the y-coordinates. 


Original Point Translated Point 
le) (=A By 2 a) = (224) 
(ip—4) (143, =4.+ 2) = (4 —2) 
oan cee ice 


SH sR I SR aS 


Writing § ABOUT T MATHEMATI cs 


et eee 


tannin iniinicniarnounietimnicriatasni smears, 


Extending the Example Example 8 shows how to translate points in a coordinate 
plane. Write a short paragraph describing how each of the following transformed 
points is related to the original point. 


Original Point Transformed Point 
(x,y) (—x,y) 
(x,y) (x, -y) 


(x, y) (—x, -y) 
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P.7 Exercises 


In Exercises 1 and 2, approximate the coordinates of the 
points. 


I. y 
67, @A 
4+ 
D 
e 2 
26 
eG Say =D) al DFA 
e@ pag eS 
B aha 
=4-1 e 


In Exercises 3-6, find the coordinates of the point. 
3. The point is located three units to the left of the 
y-axis and four units above the x-axis. 


4. The point is located eight units below the x-axis and 
four units to the right of the y-axis. 


5. The point is located five units below the x-axis and 
the coordinates of the point are equal. 


6. The point is on the x-axis and 12 units to the left of 
the y-axis. 


In Exercises 7-16, determine the quadrant(s) in which (x, y) 
is located so that the condition(s) is (are) satisfied. 


1.4 > Vand y< 0 8. x < Oandy < 0 
9. x = —4andy > 0 10. x > 2 and y = 3 
ll. y< -5 12.x>4 

13. (x, —y) is in the second quadrant. 

14. (—x, y) is in the fourth quadrant. 


15. xy > 0 16. xy < 0 


In Exercises 17-20, the polygon is shifted to a new position 
in the plane. Find the coordinates of the vertices of the 
polygon in its new position. 


—4 2 fs . 2 
jie se 2 units 
oa a) Cs 


19. Original coordinates of vertices: 
(72) (2,2). ( =o 4) (eee) 


Shift: eight units upward, four units to the right 


20. Original coordinates of vertices: 
Esp 8), (3; 6), ae 6), eh 2) 


Shift: 6 units downward, 10 units to the left 


In Exercises 21 and 22, sketch a scatter plot of the data 
given in the table. 


21. Meteorology ‘The table shows the lowest tempera- 
ture on record y (in degrees Fahrenheit) in Duluth, 
Minnesota, for each month x, where x = | repre- 
sents January. (Source: NOAA) 


Month, x Temperature, y 


1 

2 

&, = 29 
4 a) 
5 i7 
6 i | 
t 35 
8 32 
2 22 
10 8 
11 =< 
12 — 34 

L =3 


22. Number of Stores The table shows the number y of 
Wal-Mart stores for each year x from 1993 through 
2000. (Source: Wal-Mart Stores, Inc.) 


Number of stores, y 


Retail Price _\n Exercises 23 and 24, use the graph below, 


which shows the average retail price of 1 pound of butter 
from 1993 to 1999. (Source: U.S. Bureau of Labor 


Statistics) 


Average price 
(in dollars per pound) 


1993 1994 1995 1996 1997 1998 1999 
Year 


23. Approximate the highest price of a pound of butter 
shown in the graph. When did this occur? 


24. Approximate the percent change in the price of butter 
from the price in 1994 to the highest price shown in 
the graph. 


Advertising \n Exercises 25 and 26, use the graph below, 
which shows the cost of a 30-second television spot (in 
thousands of dollars) during the Super Bowl from 1989 to 
2001. (Source: USA Today Research) 


2400 
2200 
2000 
1800 
1600 
1400 
1200 
1000 

800 

600 


Cost of 30-second TV spot 
(in thousands of dollars) 


1989 1991 1993 1995 1997 1999 2001 
Year 


25. Approximate the percent increase in the cost of a 
30-second spot from Super Bowl XXIII in 1989 to 
Super Bowl XXXV in 2001. 


26. Estimate the percent increase in the cost of a 
30-second spot (a) from Super Bowl XXIII in 1989 
to Super Bowl XXVII in 1993 and (b) from Super 
Bowl XXVII in 1993 to Super Bowl XXXV in 2001. 
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> Model It 


27. Labor Force Use the graph below, which 
shows the minimum wage in the United States (in 
dollars) from 1950 to 2000. (Source: U.S. 
Employment Standards Administration) 


nn 


N 


Minimum wage (in dollars) 


1950 1960 1970 1980 1990 2000 
Year 


(a) Which decade shows the greatest increase in 
minimum wage? 
(b) Approximate the percent increases in the 


minimum wage from 1990 to 1995 and from 
1995 to 2000. 


(c) Use the percent increase from 1995 to 2000 
to predict the minimum wage in 2005. 


(d) Do you believe that your prediction in part 
(c) is reasonable? Explain. 


28. Data Analysis Use the table below, which shows 
the mathematics entrance test scores x and the final 
examination scores y in an algebra course for a 
sample of 10 students. 


3 [9076 [9388 [9 


(a) Sketch a scatter plot of the data shown in the 
table. 


(b) Find the entrance exam score of any student with 
a final exam score in the 80s. 


(c) Does a higher entrance exam score imply a 
higher final exam score? Explain. 
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In Exercises 29-32, find the distance between the points. 
(Note: In each case, the two points lie on the same horizon- 
tal or vertical line.) 


29N(6P=3 (GN 5) 
Si Belt Seal we a) 


30. (1, 4), (8, 4) 
32 ( S30) 
In Exercises 33-36, (a) find the length of each side of the 


right triangle, and (b) show that these lengths satisfy the 
Pythagorean Theorem. 


33. 


re vy wo kN 


(4, 2) 


(0, 2) 


In Exercises 37-46, (a) plot the points, (b) find the distance 
between the points, and (c) find the midpoint of the line 
segment joining the points. 
ile (Mg IM (9; 7) 
39. (—4, 10), (4, —5) 
AV (= 152)9 (5) 4) 

i 
43. (3, 1), (3,3) 
45. (6.2, 5.4), (—3.7, 1.8) 
46. (—16.8, 12.3), (5.6, 4.9) 


38. (1, 12), (6, 0) 

40. (—7, —4), (2, 8) 
42. (2, 10), (10, 2) 

Ase 35), (a3) 


Sales \n Exercises 47 and 48, use the Midpoint Formula to 
estimate the sales of Target Corporation and Kmart 
Corporation in 1998, given the sales in 1996 and 2000. 
Assume that the sales followed a linear pattern. 


47. Target 


S25 71 
$36,903 


(Source: Target Corporation) 


48. Kmart 


Year Sales (in millions) 


$31,437 
$37,028 


1996 
2000 


(Source: Kmart Corporation) 


In Exercises 49 and 50, show that the points form the 
vertices of the indicated polygon. 


49. Right triangle: (4, 0), (2, 1), (—1, —5) 
50. Isosceles triangle: (1, —3), (3, 2), (—2, 4) 


51. Aline segment has (x,,y,) as one endpoint and 
(X,,: Ym) aS its midpoint. Find the other endpoint 
(x), y>) of the line segment in terms of x,, y), Xp)» 
and y,,. 


52. Use the result of Exercise 51 to find the coordinates 
of the endpoint of a line segment if the coordinates 
of the other endpoint and midpoint are, respectively, 
@~(£ — 2) (4,—1) and (b) (=S) 1 

53. Use the Midpoint Formula three times to find the 
three points that divide the line segment joining 
(x), y,) and (x5, y,) into four parts. 

54. Use the result of Exercise 53 to find the points that 
divide the line segment joining the given points into 
four equal parts. 

(a) CU, =2),4, —1) (G2) A010) 

55. Sports In a football game, a quarterback throws a 
pass from the 15-yard line, 10 yards from the 
sideline, as shown in the figure. The pass is caught 


on the 40-yard line, 45 yards from the same sideline. 
How long is the pass? 


oye YS 
RK HK 


Distance (in yards) 


LO 20530 e400 
Distance (in yards) 


56. Flying Distance A jet plane flies from Naples, 
Italy in a straight line to Rome, Italy, which is 120 
kilometers west and 150 kilometers north of Naples. 
How far does the plane fly? 


= 


58. 


59. 


60. 


Make a Conjecture Plot the points (2, 1), (—3, 5), 
and (7, —3) on a rectangular coordinate system. 
Then change the sign of the x-coordinate of each 
point and plot the three new points on the same 
rectangular coordinate system. Make a conjecture 
about the location of a point when each of the 
following occurs. 


(a) The sign of the x-coordinate is changed. 
(b) The sign of the y-coordinate is changed. 


(c) The signs of both the x- and y-coordinates are 
changed. 


Music The graph shows the numbers of recording 
artists who were elected to the Rock and Roll Hall of 
Fame from 1986 to 2001. 


Number elected 
KO Ut IGN 460 S 1) 


1987 1989 1991 


1993 1995 1997 1999 2001 
Year 


(a) Describe any trends in the data. From these 
trends, predict the number of artists elected in 
2004. 

(b) Why do you think the numbers elected in 1986 
and 1987 were greater than in other years? 


Revenue Polo Ralph Lauren Corp. had annual 
revenues of $1713.1 million in 1998 and $2225.8 
million in 2000. Use the Midpoint Formula to esti- 
mate the revenue in 1999. (Source: Polo Ralph 
Lauren Corp.) 

Revenue Zale Corp. had annual revenues of 
$1428.9 million in 1999 and $2068.2 million in 
2001. Use the Midpoint Formula to estimate the 
revenue in 2000. (Source: Zale Corp.) 


Synthesis 


True or False? 


In Exercises 61 and 62, determine 


whether the statement is true or false. Justify your answer. 


61. 


In order to divide a line segment into 16 equal parts, 
you would have to use the Midpoint Formula 16 
times. 


Section P.7 & Graphical Representation of Data 


62. 


63. 


64. 


67 


The points (—8, 4), (2, 11), and (—5, 1) represent 
the vertices of an isosceles triangle. 


Think About It What is the y-coordinate of any 
point on the x-axis? What is the x-coordinate of any 
point on the y-axis? 

Think About It When plotting points on the 
rectangular coordinate system, is it true that the scales 
on the x- and y-axes must be the same? Explain. 


In Exercises 65-68, use the plot of the point (x,,y,) in the 
figure. Match the transformation of the point with the 
correct plot. [The plots are labeled (a), (b), (c), and (d).] 


(a) 


(c) 


65. 
67. 


69. 


@ 
(X9> My) 
y (b) y 
A 
| $= 5¢ a xX 
@ @ 
v (d) y 
4h 
e 
tC 
Teer x > X 
(ie =) 66. (Ce 2X» Yo) 
i 2Yo) 68. (—X, — Yo) 
Proof Prove that the diagonals of the parallelo- 


gram in the figure intersect at their midpoints. 


BY, 


(b,c) (at+b,c) 


(0, 0) (a, 0) 
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> What did you learn? 


Section P.1 Review Exercises 
1 How to represent, classify, and order real numbers and use inequalities 1-6 
OC How to find the absolute values of real numbers and find the distance between 7-12 
two real numbers 
C1) How to evaluate algebraic expressions 13-16 
C1 How to use the basic rules and properties of algebra 17-26 


Section P.2 


LC] How to use properties of exponents 27-30 
1) How to use scientific notation to represent real numbers 31-34 
[] How to use properties of radicals to simplify and combine radicals 35-42 
L] How to rationalize denominators and numerators 43-46 
CL] How to use properties of rational exponents 47-50 
Section P.3 

[1 How to write polynomials in standard form 51-54 
CL] How to add, subtract, and multiply polynomials 55-64 
L] How to use polynomials to solve real-life problems 65,66 


Section P.4 


CL] How to remove common factors from polynomials 67,68 
CL) How to factor special polynomial forms 69-72 
L] How to factor trinomials as the product of two binomials 73,74 
[] How to factor polynomials by grouping 75,76 
Section P.5 

L] How to find domains of algebraic expressions T7718 
L] How to simplify rational expressions 79,80 
L) How to add, subtract, multiply, and divide rational expressions 81-84 
L] How to simplify complex fractions 85,86 
Section P.6 

L] How to avoid common algebraic errors 87-92 
L] How to recognize and use algebraic techniques that are common in calculus 93-100 


Section P.7 


L] How to plot points in the Cartesian plane 101-104 
L] How to use the Distance Formula to find the distance between two points 105, 106 
L] How to use the Midpoint Formula to find the midpoint of a line segment 107, 108 


LI How to use a coordinate plane to model and solve real-life problems 109,110 


Review Exercises 


m Review Exercises 69 


| P.1 | In Exercises 1 and 2, determine which numbers in the 
set are (a) natural numbers, (b) integers, (c) rational num- 
bers, and (d) irrational numbers. 


1. {11,-14, -83, ¥6,0.4} 
2. {/15, -22, —¥2, 0, 5.2, 4 


In Exercises 3 and 4, use a calculator to find the decimal 
form of each rational number. If it is a nonterminating 
decimal, write the repeating pattern. Then plot the 
numbers on the real number line and place the appropriate 
inequality sign (< or >) between them. 


3. (a) 3 (b) 2 4. (a) % (b) 5 


In Exercises 5 and 6, give a verbal description of the subset 
of real numbers represented by the inequality, and sketch 
the subset on the real number line. 


Bh ce Se Ges 


In Exercises 7 and 8, find the distance between a and b. 


7. -a = —92,b= 63 8. a = —112,b = —6 


In Exercises 9-12, use absolute value notation to describe 
the expression. 


9. The distance between x and 7 is at least 4. 
10. The distance between x and 25 is no more than 10. 
11. The distance between y and — 30 is less than 5. 


12. The distance between z and — 16 is greater than 8. 


In Exercises 13-16, evaluate the expression for each value 
of x. (If not possible, state the reason.) 


Expression Values 
alee — 7 (a) x =0 ©) c= = 1 
AS — 6x25 @x=—2 0) x =2 
ios —x x — 1 (a) x=1 (Dike! 
16. — (a)x=-3 (b) x=3 

cae 


In Exercises 17-20, identify the rule of algebra illustrated by 
the equation. 


17. 2x + (3x — 10) = (2x + 3x) — 10 
18. (¢ + 4)(2t) = (20)(t + 4) 
19, 0+ (a-—5)=a-5 


20. et ay ate 


In Exercises 21-26, perform the operation without using a 
calculator. 


—10 
21. |-3| + 4(-2) - 6 22. ma 
OG ere 24. (16 — 8) +4 
25. 6[4 — 216 + 8)] 26. —4[16 — 3(7 — 10)] 


| P.2 | In Exercises 27 and 28, simplify each expression. 


27. (a) 3x°(4x°)3 (b) & 
36x° 
28. (a) (—2z)?(8z°) (b) a0 


In Exercises 29 and 30, rewrite each expression with positive 
exponents and simplify. 


62u3>V 3 3-4m—n-3 
12u-2y 9-2mn-3 


29. (a) 
30. (a) (x t+ y!)7! 


In Exercises 31 and 32, write the number in scientific 
notation. 


31. Sales of Tommy Hilfiger Corporation in 2000: 


$1,880,900,000 (Source: Tommy Hilfiger 
Corporation) 
32. Number of meters in I foot: 0.3048 


In Exercises 33 and 34, write the number in decimal notation. 


33. Distance between the sun and Jupiter: 4.836 x 108 
miles 


34. Ratio of day to year: 2.74 x 10°? 


In Exercises 35-38, simplify each expression. 
35. (a) 9/277 (b) 495 
36. (a) 3/& ey 
37. (a) (2/216 )’ (byae28 


Dae 
38. (a) Je (by </640° 
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In Exercises 39 and 40, simplify each expression. 


39. (a) \/50 — \/18 (b) 2/32 + 3/72 
40. (a) V/8x3 + 2x (b) /18x5 — /8x3 


41. Writing Explain why /5u + J3u # 2/2u. 

42. Engineering The rectangular cross section of a 
wooden beam cut from a log of diameter 24 inches 
(see figure) will have a maximum strength if its 
width w and height h are w= 8/3 and 
h = ,/242 — (8/3). Find the area of the rectan- 
gular cross section and express the answer in simplest 
form. 


=<—__§£— > — 


In Exercises 43 and 44, rewrite the expression by rationaliz- 
ing the denominator. Simplify your answer. 


1 1 


40 =e A a 
DS 8 Seal 


| In Exercises 45 and 46, rewrite the expression by rationaliz- 
ing the numerator. Simplify your answer. 


45. ee 46. ail. wat 


In Exercises 47-50, simplify the expression. 


47. (16)°/? 48. (64)-2/3 
49, (3x?/5)(2x1/2) 505 (xq) oe ae 
In Exercises 51-54, write the polynomial in standard 
form. Identify the degree and leading coefficient. 


Sie seul. 
Bie exe 


52. 3x7 —5 +x-4 
54. 12x — 7x2 + 6 


In Exercises 55-58, perform the operation and write the 
result in standard form. 


55) (3x + 2x) =e Ci — 5x) 
56. 8y — [2y? — Gy — 8)] 
Bil, dee = She a 6) 

BS) (3x7 — 1:5x7 5 4) 3x) 


In Exercises 59-64, find the product. 


60. (> = ae + 2) 


62. (6x + 5)(6x — 5) 
64. (x — 4)? 


59. (3x — 6)(5x + 1) 


61. (2x — 3) 
63. (3/5 + 2)(3./5 — 2) 


65. Surface Area The surface area S of a right circular 
cylinder is S = 2ar? + 2arrh. 

(a) Draw a right circular cylinder of radius r and 
height h. Use the figure to explain how the 
surface area formula was obtained. 

(b) Find the surface area when the radius is 6 inches 
and the height is 8 inches. 

66. Geometry Find a polynomial that represents the 
total number of square feet for the floor plan shown 
in the figure. 


<1 16. ft 


PA | In Exercises 67-76, factor completely. 


6a 

68. x(x — 3) + 4 — 3) 

69. 25x? — 49 

10, x° — 12x 36 

71..x° — 64 72. 8x? + 27 


73. 2x2 + 21x + 10 
75. 2 —x2+2x-2 
76. x? — 4x2 + 2x — 8 


74. 3x7 + 14x + 8 


PS | In Exercises 77 and 78, find the domain of the 
expression. 


1 
if ar © 


dale Th xf 3¢-ae A 


In Exercises 79 and 80, write the rational expression in 
simplest form. 
bee (SE 

* 5(3x + 24) 


x + 27 


80 eae sans 
Me? =P ES 6 


In Exercises 81-84, perform the operation and simplify. 
x2-— 4 x2+2 
ear eee: 
198 SS ae PR eile Rs 
G@—1)2 242% =—3 
1 IL 5% 
ee | ‘ x7+x+1 
ax Ax* — § 
+2. 2x2 +3x—2 


81. 


82. 


83. 


84. 


In Exercises 85 and 86, simplify the complex fraction. 


Mleres Ploer = al 


eo) Geass) 
x aX okie 
| P.6 | In Exercises 87-92, describe and correct the error. 


87. =A=—t0=70 ~~ 88. (Ee ey} =< Ty 


89. GI4—38 90. 32 P= 3S 4 
+. 
. 5 £83=s2 2? : = 
91 92 3 12 


§ In Exercises 93-96, insert the missing factor. 


2,4 _ 3 eee 
93. 3x igh or Gk = £72( ) 


t 1 
94, SHEA = ra ) 

95. 2x(x2 — 3)¥/3 — 502 — 3)#3 = (2 - 3)'3( ) 
96. (y= 194 — Py — 1)* = vy — 14) 
In Exercises 97 and 98, write the fraction as a sum of two or 

more terms. 
ata Oe ta) Oe 4 


97. ret. « 98. a2 


f In Exercises 99 and 100, simplify the expression. 
Keon aves et 2) 


99. aa 
100 Ex(4 + x)71/2 — 2(4 + x)1/2 
: (4 + x)5/? 


In Exercises 101 and 102, determine the quadrant(s) 
in which (x,y) is located so that the condition(s) is (are) 
satisfied. 


101. x > Oandy = —2 102. y>0 
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In Exercises 103 and 104, the polygon is shifted to a new 
position in the plane. Find the coordinates of the vertices of 
the polygon in its new position. 


103. Original coordinates of vertices: 
(4, 8), (6, 8), (4, 3), (6, 3) 


Shift: three units downward, two units to the left 


104. Original coordinates of vertices: 
AO} (3 523))-(0; 9) (353) 


Shift: five units upward, four units to the left 


In Exercises 105 and 106, (a) plot the points and (b) find the 
distance between the points. 


105. (3) Sy (1, 5) 106. (5.6, 0), (0, 8.2) 
In Exercises 107 and 108, (a) plot the points and (b) find the 
midpoint of the line segment joining the points. 


107. (= 2, 6); (4, —3) 108.(0 = 2) = 3-640) 


109. Revenue The Cheesecake Factory had annual rev- 
enues of $347.5 million in 1999 and $539.1 million 
in 2001. Use the Midpoint Formula to estimate the 
revenue in 2000. (Source: The Cheesecake 
Factory, Inc.) 


110. Meteorology The apparent temperature is a 
measure of relative discomfort to a person from 
heat and high humidity. The table shows the actual 
temperatures x (in degrees Fahrenheit) versus the 
apparent temperatures y (in degrees Fahrenheit) for 
a relative humidity of 75%. 


x | 70| 75] 80| 85 | 90 | 95 | 100 
y | 70 | 77 | 85 | 95 109 | 130 | 150 


(a) Sketch a scatter plot of the data shown in the 
table. 


(b) Find the change in the apparent temperature 
when the actual temperature changes from 70°F 
to 100°F. 


Synthesis 
True or False? \n Exercises 111 and 112, determine 
whether the statement is true or false. Justify your answer. 


111. A binomial sum squared is equal to the sum of the 
terms squared. 


112. x” — y" factors as conjugates for all values of n. 
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| Chapter Test 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


The Interactive CD-ROM and /nternet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 1. Place < or > between the real numbers —; and —|—4]. 
of which have randomly generated 
exercises with diagnostic capabilities. 


2. Find the distance between the real numbers — 5.4 and 33. 
3. Identify the rule of algebra illustrated by (5 — x) +0 =5 — x. 


In Exercises 4 and 5, evaluate each expression without using a calculator. 


2 ctjaiil: _3\ ae 
4. (a) 2(-2) (b) ies (c) ( =) (d) (= 
J i2 St 108 re 
BUC ac) OR(:) iG OB igre ae 
In Exercises 6 and 7, simplify each expression. 
x 2y? = | 
6: a3z227)* (6) (a2) we 2) (c) ( 5 
7. (a) 92V/8z — 3/223 ~~ (b)_ (4x3/5)(x1/3) (c) 3 < 


8. Write the polynomial x + 4x4 — 5 — 3x in standard form. Identify the 
degree and leading coefficient. 


In Exercises 9-12, perform the operation and simplify. 


9 AGoee 3) Noo 2) 10. (x + V5)(x — /5) 


8 24 7+ 
th (ee 
x-3 3-x 4 
x2 -— 1 
13. Factor (a) 2x* — 3x3 — 2x? and (b) x9 + 2x? — 4x — 8 completely. 
3 : 16 6 
14. Rationalize each denominator. (a) —== i.) === 
(a) VG (b) 1-3 
{S¥arindihe dowmaiore 
Al ox $e 


Ve Sy eee ye AG 
Ds — 2\ (y.4)> 

17. A T-shirt company can produce and sell x T-shirts per day. The total cost C (in 
dollars) for producing x T-shirts is C = 1480 + 6x, and the total revenue R 
(in dollars) is R = 15x. Find the profit obtained by selling 225 T-shirts per day. 

18. Plot the points (— 2, 5) and (6, 0). Find the coordinates of the midpoint of the 
line segment joining the points and the distance between the points. 


. Write an expression for the area of the shaded region in the figure at the left, 
FIGURE FOR 19 and simplify the result. 


16. Multiply: 


——= Dye XO 1 19 
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Proofs in Mathematics 


The Cartesian Plane 


The Cartesian Plane was named 
after the French mathematician 
René Descartes (1596-1650). 
While Descartes was lying in 
bed sick, he noticed a fly 
buzzing around on the square 
ceiling tiles. He discovered that 
the position of the fly could be 
described by which ceiling tile 
the fly landed on. This led to the 
development of the Cartesian 
Plane. Descartes felt that a 

_ coordinate plane could be used 
to facilitate description of the 
positions of objects. 


What does the word proof mean to you? In mathematics, the word proof is used 
to mean simply a valid argument. When you are proving a statement or theorem, 
you must use facts, definitions, and accepted properties in a logical order. You can 
also use previously proved theorems in your proof. For instance, the Distance 
Formula is used in the proof of the Midpoint Formula below. There are several 
different proof methods, which you will see in later chapters. 


The Midpoint Formula  (p. 62) 
The midpoint of the segment joining the points (x,, y,) and (x, y,) is given 
| by the Midpoint Formula 


+ ~ 
Midpoint = (se Sm) 


Proof 
Using the figure, you must show that d, = d, and d, + d, = d,. 


y 
{ (x, yy) 
eo. 


(152 252) 
Dene 


By the Distance Formula, you obtain 


Pees 2 + z 
pee a 


NY, (x5 = ae a (y, = y,) 


Gy) 2 Oy) 


= iy) (9. — y,)? 


So, it follows that d; = d, and d, + d, = d3. 


1. 


2. 


2 


4. 


ap 


74 


The NCAA states that the men’s and women’s shot for 
track and field competition must comply with the fol- 
lowing specifications. (Source: NCAA) 


(a) Find the maximum and minimum volumes of both 
the men’s and women’s shots. 


(b) The density of an object is an indication of how 
heavy the object is. To find the density of an 
object, divide its mass (weight) by its volume. 
Find the maximum and minimum densities of 
both the men’s and women’s shots. 

(c) A shot is usually made out of iron. If a ball of cork 
has the same volume as an iron shot, do you think 
they would have the same density? Explain your 


reasoning. 
Find an example for which |a — b| > |a| — |b], and 
an example for which |a — b| = |a| — |b|- Then 


prove that |a — b| = |a| — |D| for all a, b. 

A major feature of Epcot Center in Disney World is 
called Spaceship Earth. The building is shaped as a 
sphere and weighs 1.6 x 10’ pounds, which is equal 
in weight to 1.58 x 10° golf balls. Use these values to 
find the approximate weight (in pounds) of one golf 
ball. Then convert the weight to ounces. (Source: 
Disney.com) 


The average life expectancy at birth in 1999 for men 
and women were 73.9 years and 79.4 years, respec- 
tively. Assuming an average healthy heart rate of 70 
beats per minute, find the number of beats in a 
lifetime for a man and a woman. (Source: National 
Center for Health Statistics) 


The accuracy of an approximation to a number is 
related to how many significant digits there are in the 
approximation. Write a definition of significant digits 
and illustrate the concept with examples. 


6. The table shows the census population (in millions) of 


the United States from 1950 to 2000. (Source: U.S. 


Census Bureau) 


Population 
1950 15133 
1960 179.32 
1970 203.30 
1980 226.54 
1990 248.72 
2000 281.42 


(a) Find the increase in population from each census 
year to the next. 

(b) Over which decade did the population increase 
the most? the least? 

(c) Find the percent increase in population from each 
census year to the next. 


(d) Over which decade was the percent increase the 
greatest? the least? 


7. Find the annual depreciation rate r from the bar graph 


below. To find r by the declining balances method, use 
the formula 


S§\1/n 
af 
© 


where nis the useful life of the item (in years), S is the 
salvage value (in dollars), and C is the original cost (in 
dollars). 


Value 
(in thousands of dollars) 


8. 


Johannes Kepler (1571-1630), a well-known German 
astronomer, discovered a relationship between the 
average distance of a planet from the sun and the time 
(or period) it takes the planet to orbit the sun. People 
then knew that planets that are closer to the sun take 
less time to complete an orbit than planets that are 
farther from the sun. Kepler discovered that the dis- 
tance and period are related by an exact mathematical 
formula. 

The table shows the average distance x (in astro- 
nomical units) and period y (in years) for the five 
planets that are closest to the sun. By completing the 
table, can you rediscover Kepler’s relationship? Write 
a paragraph that summarizes your conclusions. 


Jupiter 


9. A stained glass window is designed in the shape of a 


10. 


rectangle with a semicircular arch (see figure). The 
width of the window is 2 feet and the perimeter is 
approximately 13.14 feet. Find the smallest amount 
of glass required to construct the window. 


2x +1 


FIGURE FOR 10 


FIGURE FOR 9 


The volume V of the box (in cubic inches) shown in 
the figure is modeled by 
Vee + x — 8-4 


where x is measured in inches. Find an expression 
for the surface area of the box. Then find the surface 
area when x = 6 inches. 


11. 


12. 


13. 


14. 


Company profits 


Verify that y, # y, by letting x = 0 and evaluating 
y, and yp. 


yy = IVT =? — Fas 
= 
2 bt 


Change y, so that y, = y,. 


Prove that 
(2 + x, 2y, + 22) 
3 : co 


is one of the points of trisection of the line segment 
joining (x,, y,) and (x5, y,). Find the midpoint of the 
line segment joining 


(2 + Xo 2y, + 2) 
3 ‘ 3 


and (x,, y,) to find the second point of trisection. 


Use the results of Exercise 12 to find the points of 
trisection of the line segment joining the following 
points. 

a) 2), 41) ) (29 0 0) 
Although graphs can help visualize relationships 
between two variables, they can also be used to 


mislead people. The graphs shown below represent 
the same data points. 


(a) Which of the two graphs is misleading, and 
why? Discuss other ways in which graphs can be 
misleading. 


(b) Why would it be beneficial for someone to use a 
misleading graph? 


Company profits 
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How to study Chapter 1 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


¢ How to sketch the graph of an equation 


* How to solve linear equations, quadratic equations, polynomial equations, 
radical equations, and absolute value equations 


¢ How to perform operations with complex numbers 


¢ How to solve linear inequalities, polynomial inequalities, rational inequali- 
ties, and inequalities involving absolute value 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Equation in two variables (p. 78) 

Solution of equation in two 
variables (p. 78) 

Graph of an equation (p. 78) 

Intercepts (p. 80) 

Symmetry (p. 80) 

Circle (p. 83) 

Equation in one variable (p. 88) 

Solution of equation in one variable 
(p. 88) 

Identity equation (p. 88) 

Conditional equation (p. 88) 

Linear equation in one variable 
(p. 88) 

Equivalent equations (p. 89) 

Extraneous solution (p. 91) 

Quadratic equation (p. 109) 


Study Tools 


Learning Objectives in each section 
Chapter Summary (p. 161) 

Review Exercises (pp. 162-165) 
Chapter Test (p. 166) 


Quadratic Formula (p. 112) 

Discriminant (p. 113) 

Position equation (p. 115) 

Complex number (p. 123) 

Imaginary number (p. 123) 

Pure imaginary number (p. 123) 

Complex conjugates (p. 126) 

Principal square root of a negative 
number (p. 127) 

Polynomial equation (p. 130) 

Solution of an inequality (p. 141) 

Graph of an inequality (p. 141) 

Linear inequality in one variable 
(p. 143) 

Double inequality (p. 144) 

Critical numbers (p. 151) 
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College Algebra Website 
Student Success Organizer 
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Quadratic Equations 

Complex Numbers 

Other Types of Equations 

Linear Inequalities in One Variable 


Other Types of Inequalities 
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‘Ge Graphs of Equations 


> What you should learn 

How to sketch graphs of 
equations 

How to find x- and y-intercepts 
of graphs of equations 

How to use symmetry to sketch 
graphs of equations 

How to find equations and 
sketch graphs of circles 

How to use graphs of equations 
in solving real-life problems 


» Why you should learn it 


The graph of an equation can 
help you see relationships 
between real-life quantities. For 
example, in Exercise 67 on page 

87, a A raph can be eee to” 


FIGURE 1.1 


& Equations and Inequalities 


The Graph of an Equation Go» 


In Section P.7, you used a coordinate system to represent graphically the 
relationship between two quantities. There, the graphical picture consisted of a 
collection of points in a coordinate plane. 

Frequently, a relationship between two quantities is expressed as an equa- 
tion in two variables. For instance, y = 7 — 3x is an equation in x and y. An 
ordered pair (a, b) is a solution or solution point of an equation in x and y if the 
equation is true when a is substituted for x and b is substituted for y. For instance, 
(1, 4) is a solution of y = 7 — 3x because 4 = 7 — 3(1) is a true statement. 

In this section you will review some basic procedures for sketching the graph 
of an equation in two variables. The graph of an equation is the set of all points 
that are solutions of the equation. 


Sketching the Graph of an Equation ije> 


| Example 12, 


Sketch the graph of y = 7 — 3x. 


Solution 


The simplest way to sketch the graph of an equation is the point-plotting method. 
With this method, you construct a table of values that consists of several solution 
points of the equation. For instance, when x = 0, 


y= 7 — 300) 
= 7 


which implies that (0, 7) is a solution point of the graph. 


x y=] = 3y (x, y) 

0 7 (0, 7) 

1 4 (1, 4) 

2 1 (2:1) 

3 =o oS 

4 -5 || @=5) 7 


From the table, it follows that 
(O70 4) aes —2), and (4, —5) 


are solution points of the equation. After plotting these points, you can see that 
they appear to lie on a line, as shown in Figure 1.1. The graph of the equation is 
the line that passes through the five plotted points. 


WwiG yy identifies examples and concepts related to features of the Learning Tools CD-ROM 
and the Interactive and Internet versions of this text. For more details see the chart on pages xix-xxiii. 
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The Interactive CD-ROM and Internet TG Bee : ate i 
PF Gone oF this text offera Tiy't for Example 2 Sketching the Graph of an Equation @¥o> 


each example in the text. 


Sketch the graph of 
yy ete 
Solution 


Begin by constructing a table of values. 


STUDY TIP 


One of your goals in this course 
is to learn to classify the basic 
shape of a graph from its equa- 
tion. For instance, you will 
learn that the linear equation in 
Example | has the form 


Next, plot the points given in the table, as shown in Figure 1.2. Finally, connect 
the points with a smooth curve, as shown in Figure 1.3. 


YS me FD 


and its graph is a line. Similarly, 
the quadratic equation in 
Example 2 has the form 


y=ax?+bx+c 


and its graph is a parabola. 


FIGURE 1.2 FIGURE 1.3 


The point-plotting technique demonstrated in Examples | and 2 is easy to 
use, but it has some shortcomings. With too few solution points, you can misrep- 
resent the graph of an equation. For instance, if only the four points 


(02) G1), (G1), andi 22) 


in Figure 1.2 were plotted, any one of the three graphs in Figure 1.4 would be 
reasonable. 


FIGURE 1.4 
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P< 


Key. 


No x-intercept 
One y-intercept 
FIGURE 1.5 


The Interactive CD-ROM and Internet 
versions of this text offer a Quiz for 
every section of the text. 


Intercepts of a Graph 


It is often easy to determine the solution points that have zero as either the 
x-coordinate or the y-coordinate. These points are called intercepts because they 
are the points at which the graph intersects the x- or y-axis. It is possible for a 
graph to have no intercepts, one intercept, or several intercepts, as shown in 


Figure 1.5. 
y y y 
a X ca x a x 
Three x-intercepts One x-intercept No intercepts 
One y-intercept Two y-intercepts 


Note that an x-intercept is written as the ordered pair (x, 0) and a y-intercept is 
written as the ordered pair (0, y). 


Example 3 Identifying x- and y-Intercepts @aje> 


Identify the x- and y-intercepts of the graph of y = x° + 1 shown in Figure 1.6. 


FIGURE 1.6 


Solution 


From the graph, you can see that the graph of the equation y = x* + 1 has an 
x-intercept (where y is zero) at (— 1, 0) and a y-intercept (where x is zero) at (0, 1). 


Symmetry o> 


Graphs of equations can have symmetry with respect to one of the coordinate 
axes or with respect to the origin. Symmetry with respect to the x-axis means that 
if the Cartesian plane were folded along the x-axis, the portion of the graph above 


x y (x, y) 
—3 q 1 (—3, 7) 
-2 2 (—2, 2) 
—] —] (—1, -1) 
1 —] ~ (1, -1) 
2 2 (2, 2) 
3 7 (3, 7) 
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the x-axis would coincide with the portion below the x-axis. Symmetry with 
respect to the y-axis or the origin can be described in a similar manner, as shown 
in Figure 1.7. 


x-Axis symmetry y-Axis symmetry Origin symmetry 
FIGURE 1.7 


Knowing the symmetry of a graph before attempting to sketch it is helpful, 
because then you need only half as many solution points to sketch the graph. There 
are three basic types of symmetry, described as follows. 


Graphical Tests for Symmetry 
1. A graph is symmetric with respect to the x-axis if, whenever (x, y) is on 
the graph, (x, —y) is also on the graph. 


2. A graph is symmetric with respect to the y-axis if, whenever (x, y) is on 
the graph, (—.x, y) is also on the graph. 


3. A graph is symmetric with respect to the origin if, whenever (x, y) is on 
the graph, (—x, —y) is also on the graph. 


| Example 4 Testing for Symmetry G¥o> 


The graph of y = x? — 2 is symmetric with respect to the y-axis because the 
point (—x, y) is also on the graph of y = x? — 2. (See Figure 1.8.) The table at 
the left confirms that the graph is symmetric with respect to the y-axis. 


FIGURE 1.8 y-Axis symmetry 
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FIGURE 1.9 


STUDY TIP 


Notice that when creating the 
_ table in Example 5, it is easier 
_ to choose y-values and then find 
_ the corresponding x-values of 
_ the ordered pairs. 


FIGURE 1.10 


Algebraic Tests for Symmetry 


1. The graph of an equation is symmetric with respect to the x-axis if 
replacing y with —y yields an equivalent equation. 


. The graph of an equation is symmetric with respect to the y-axis if 
replacing x with —x yields an equivalent equation. 


. The graph of an equation is symmetric with respect to the origin if 
replacing x with —x and y with —y yields an equivalent equation. 


CCE — Using Symmetry as a Sketching Aid Guth > 


Use symmetry to sketch the graph of 

DO eee 
Solution 
Of the three tests for symmetry, the only one that is satisfied is the test for x-axis 
symmetry because x — (—y)* = 1 is equivalent to x — y* = 1. So, the graph is 
symmetric with respect to the x-axis. Using symmetry, you need only to find the 


solution points above the x-axis and then reflect them to obtain the graph, as shown 
in Figure 1.9. 


y | x=y¥ +] | @y) 
0 1 (1, 0) 
1 hee js | (2,1) 
ice eo) 


Sketching the Graph of an Equation @aje> 


| Example 6 

Sketch the graph of 
y= io Ii). 

Solution 


This equation fails all three tests for symmetry and consequently its graph is not 


“symmetric with respect to either axis or to the origin. The absolute value sign 


indicates that y is always nonnegative. Create a table of values and plot the points 
as shown in Figure 1.10. From the table, you can see that x = 0 when y = 1. So, 
the y-intercept is (0, 1). Similarly, y = 0 when x = 1. So, the x- -intercept is (1, 0). 


x Eee TS 4 


ye bil 


mm 
(x, ») re mil i fas 1) DEP 


SS 


Center: (h, k) 


Point on 
circle: (x, y) 


Bits oe ia eee SX 


FIGURE 1.11 


STUDY TIP 


To find the correct hf and k, it 
may be helpful to rewrite the 
quantities (x + 1)? and (y — 2)?, 
using subtraction. 


Ma Vid an UE, 


h=-1 
we 2 = ly —-2)F, 
ads 


FIGURE 1.12 


> X 
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Throughout this course, you will learn to recognize several types of graphs 
from their equations. For instance, you will learn to recognize that the graph of a 
second-degree equation of the form 


V = ax- bx tc 


is a parabola (see Example 2). Another easily recognized graph is that of a circle. 


Circles 


Consider the circle shown in Figure 1.11. A point (x, y) is on the circle if and only 
if its distance from the center (h, k) is r. By the Distance Formula, 


V(x — hy? + (y — kk? =. 


By squaring each side of this equation, you obtain the standard form of the 
equation of a circle. 


| Standard Form of the Equation of a Circle 


The point (x, y) lies on the circle of radius r and center (h, k) if and only if 


(ew) oy kK — 


From this result, you can see that the standard form of the equation of a 
circle with its center at the origin, (h, k) = (0, 0), is simply 


oy etre Circle with center at origin 


| Example 7 Finding the Equation of a Circle ijo> 


The point (3, 4) lies on a circle whose center is at (—1, 2), as shown in Figure 
1.12. Write the standard form of the equation of this circle. 


Solution 
The radius of the circle is the distance between (—1, 2) and (3, 4). 


r= J@—hP + — 
p= /B.— (= Pe a=2P 


Distance Formula 


Substitute for x, y, h, and k. 


= Aen 22 Simplify. 
= /16+4 Simplify. 
= /20 Radius 


Using (A, k) = (-1, 2) andr = ./20, the equation of the circle is 
(e— Wy? + (y- W2= 7? 

[x — (1)? + (y — 2? = (20) 
(x + 1)? + (y — 2)? = 20. 


Equation of circle 
Substitute for h, k, and r. 


Standard form 
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STUDY TIP 


You should develop the habit 
of using at least two approaches 
to solve every problem. This 
helps build your intuition and 
helps you check that your 
answer is reasonable. 


Weight, y 


64 
66 
68 
70 
TP 
74 
76 


136.2 
140.6 
145.6 
1Si2 
157.4 
164.2 
171.5 
179.4 


Application 
In this course, you will learn that there are many ways to approach a problem. 


Three common approaches are illustrated in Example 8. 


A Numerical Approach: Construct and use a table. 
A Graphical Approach: Draw and use a graph. 
An Analytical Approach: Use the rules of algebra. 


Example 8 | Recommended Weight a) 


The median recommended weight y (in pounds) for men of medium frame who 
are 25 to 59 years old can be approximated by the mathematical model 


y = 0.073x? — 6.99x + 289.0, 62<x<76 


where x is the man’s height in inches. (Source: Metropolitan Life Insurance 


Company) 
a. Construct a table of values that shows the median recommended weights for 
men with heights of 62, 64, 66, 68, 70, 72, 74, and 76 inches. 


b. Use the table of values to sketch a graph of the model. Then use the graph to 
estimate graphically the median recommended weight for a man whose height 
is 71 inches. 


c. Use the model to confirm analytically the estimate you found in part (b). 


Solution 
a. You can use a calculator to complete the table, as shown at the left. 


b. The table of values can be used to sketch the graph of the function, as shown 
in Figure 1.13. From the graph, you can estimate that a height of 71 inches 
corresponds to a weight of about 161 pounds. 


Recommended Weight 


y 


Weight (in pounds) 


62 64 66 68 70 72 74 76 
Height (in inches) 
FIGURE 1.13 


c. To confirm algebraically the estimate found in part (b), you can substitute 71 
for x in the model. 


y = 0.073(71)? — 6.99(71) + 289.0 = 160.70 


So, the graphical estimate of 161 pounds is fairly good. 


1.1 Exercises 


In Exercises 1-4, determine whether each point lies on the 
graph of the equation. 


Equation Points 
i ee (a) 0,2)  —@) (5,3) 
2. y=x?-3x+2 (a) (2, 0) (b) (—2, 8) 
3.y=4-|x-2] (a) (1,5) (b) (6, 0) 
4. y = 9x8 — 2y D2, =F) PAH 3,9) 


In Exercises 5-8, complete the table. Use the resulting 
solution points to sketch the graph of the equation. 


5.y=-2x+5 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


In Exercises 9-12, find the x- and y-intercepts of the graph 
of the equation. 


9, y= 16 — 4x? 10. y = (x + 3)? 


y y 
rN 
20 rie 10 


In Exercises 13-20, use the algebraic tests to check for 
symmetry with respect to both axes and the origin. 


13. x2 = y=-0 14.x—y?= 

15. y= x3 16. y= 3 
LO ia 18 iS eae | 

19. xy? + 10=0 20. xy = 4 


In Exercises 21-24, assume that the graph has the indicated 
type of symmetry. Sketch the complete graph of the 
equation. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 


21. y 22. 


y-Axis symmetry x-Axis symmetry 
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Origin symmetry y-Axis symmetry 


In Exercises 25-36, use symmetry to sketch the graph of the 
equation. 


25." == 3%) 1 26. y = 2x — 3 
21 = 28.0) = 
29. y=x°+3 30. y= x? -1 
Slay = s/x 8 32.7 = / Da 
33. y = |x — 6| 34. y=1— |x| 
35.5 ye — 36. x = y?—5 


a In Exercises 37-48, use a graphing utility to graph the equa- 


tion. Use a standard setting. Approximate any intercepts. 


37. y= 3-44 38. y=ix-1 
39 y= x7 4 + 3 40. y=x*7+x-2 
Dx 4 
41. y= 42. = 
tad y= il meray 
43, y = 3/x 44, y= 37x41 


45. y=x/x+6 
46. y = (6 —x)/x 
47. y = |x + 3} 
48. y=2 — |x| 


In Exercises 49-56, write the standard form of the equation 
of the specified circle. 


49, Center: (0, 0); radius: 4 

50. Center: (0, 0); radius: 5 

51. Center: (2, —1); radius: 4 

52. Center: (—7, —4); radius: 7 

53. Center: (— 1, 2); solution point: (0, 0) 
54, Center: (3, —2); solution point: (—1, 1) 
55. Endpoints of a diameter: (0, 0), (6, 8) 

56. Endpoints of a diameter: (— 4, — 1), (4, 1) 


In Exercises 57-62, find the center and radius of the circle, 
and sketch its graph. 

5], x7 a y= 25 

58, x7 + y* = 16 

59. (4 — IP a (ys 3) a9 

60. x7 + (y — 1)? = 

Gh. la a ee 

62... — 2° Foy tres 

63. Depreciation A manufacturing plant purchases a 


new molding machine for $225,000. The depreciated 
value y after ¢ years is 


y = 225,000 — 20,0007, O° Paso. 


Sketch the graph of the equation. 


64. Consumerism You purchase a jet ski for $8100. 
The depreciated value y after rt years is 


Y="S 100 19294 O<t<s6. 


Sketch the graph of the equation. 

65. Geometry A rectangle of length x and width w has 
a perimeter of 12 meters. 
(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Use the specified variables 
to label the sides of the rectangle. 
(b) Show that the width of the rectangle is 
w = 6 — xand its areais A = x(6 — x). 
os (c) Use a graphing utility to graph the area equation. 
aid (d) From the graph in part (c), estimate the dimen- 

sions of the rectangle that yield a maximum area. 
66. Geometry A rectangle of length x and width w has 

a perimeter of 22 yards. 

(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Use the specified variables 
to label the sides of the rectangle. 

(b) Show that the width of the rectangle is 
w = 11 — x and its areais A = x(11 — x). 

eid (c) Use a graphing utility to graph the area equation. 
Be sure to adjust your window settings. 

ay (d) From the graph in part (c), estimate the dimen- 
sions of the rectangle that yield a maximum area. 


The symbol a indicates an exercise or parts of an exercise in which you are instructed to use a graphing utility. 


> Model It 


67. Population Statistics The table shows the life 
expectancy of a child (at birth) in the United 
States for selected years from 1920 to 2000. 
(Source: U.S. National Center for Health 
Statistics, U.S. Census Bureau) 


t Life expectancy, y 


A model for the life expectancy during this period | 
is 


y = —0.00257 + 0.572t + 44.31 


where y represents the life expectancy and tf is the 
time in years, with t = 20 corresponding to 1920. 


(a) Sketch a scatter plot of the data. 


(b) Graph the model for the data and compare 


the scatter plot and the graph. 


AS 69. 


ITE: HUEYWE 
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Electronics The resistance y (in ohms) of 1000 
feet of solid copper wire at 77 degrees Fahrenheit 


can be approximated by the model 


10,770 


SSeS lO 


where x is the diameter of the wire in mils (0.001 
in.). Use a graphing utility to graph the model and 
estimate the resistance when x = 50. (Source: 
American Wire Gage) 


Synthesis 


True or False? 


In Exercises 70 and 71, determine 


whether the statement is true or false. Justify your answer. 


70. 


Ae 


Ge 72. 


13. 


In order to find the y-intercepts of the graph of an 
equation, let y = 0 and solve the equation for x. 


The graph of a linear equation of the form 
y = mx + b has one y-intercept. 


Think About It Suppose you correctly enter an 
expression for the variable y on a graphing utility. 
However, no graph appears on the display when you 
graph the equation. Give a possible explanation and 
the steps you could take to remedy the problem. 
Illustrate your explanation with an example. 


Think About It Find a and b if the graph of 
y = ax’ + bx? is symmetric with respect to (a) the 
y-axis and (b) the origin. (There are many correct 
answers.) 


\ ; he lif ae 74. In your own words, explain how the display of a 
ioe bee eraphot the serge te Set graphing utility changes if the maximum setting for 
expectancy of a child for the years 2005 and & is chanlved from lonaen 
2010. 
(d) Do you think this model can be used to pre- | Review 
dict the life expectancy of a child 50 years 
from now? Explain. 75. Identify the terms: 9x° + 4x3 — 7. 


id 68. Federal Debt The per capita federal debt y (in dol- 
lars) of the United States from 1950 through 2000 


can be approximated by the model 


y= 0.0476 + 9:23 — 206.31 + 1984 


76. 


Rewrite the expression using exponential notation. 


Stan ex a/b 1) 


In Exercises 77-82, simplify the expression. 


Tae 


J/18x — /2x 78. 4/95 
70 55 


where t is the time in years, with t = 0 corresponding 
to 1950. Use a graphing utility to graph the model and 
estimate the per capita federal debt for the year 2005. 
(Source: U. S. Census Bureau and U.S. Department 
of the Treasury) 


BU ian 25 
82. 3//y 


Works 


M. Greenlar/The Ima 
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1.2 Mite Equations in One Variable 


> What you should learn 
How to identify different types 
of equations 


How to solve linear equations 
in one variable 


How to solve equations that 
lead to linear equations 

How to find x- and y-intercepts 
of graphs of equations alge- 
braically. 

How to use linear equations 

to model and solve real-life 
problems 


b> Why you should learn it 


Linear equations are used in 
many real-life applications. For 
example, in Exercise 95 on page 
95, linear equations can be used 
to model the relationship 

ween the length of a thigh 
and the height of a person, 


b 


helping researchers learn about _ 


ultu 


Equations and Solutions of Equations €%> 


An equation in x is a statement that two algebraic expressions are equal. For 
example 


3y = 5 = 7, x* =e — CHa Oand a 2 


are equations. To solve an equation in x means to find all values of x for which 
the equation is true. Such values are solutions. For instance, x = 4 is a solution 
of the equation 


Bye = Sp = 7 


because 3(4) — 5 = 7 is a true statement. 

The solutions of an equation depend on the kinds of numbers being consid- 
ered. For instance, in the set of rational numbers, x2 = 10 has no solution because 
there is no rational number whose square is 10. However, in the set of real 
numbers, the equation has the two solutions \/10 and — \/10. 

An equation that is true for every real number in the domain of the variable 
is called an identity. For example 


a 9 = (x +3) = 3) Identity 
is an identity because it is a true statement for any real value of x, and 


J 1 


eae Identity 
epee og : 


where x # 0, is an identity because it is true for any nonzero real value of x. 

An equation that is true for just some (or even none) of the real numbers in 
the domain of the variable is called a conditional equation. For example, the 
equation 


or () Conditional equation 


is conditional because x = 3 and x = —3 are the only values in the domain that 
satisfy the equation. The equation 2x — 4 = 2x + 1 is conditional because there 
are no real values of x for which the equation is true. Learning to solve condi- 
tional equations is the primary focus of this chapter. 


Linear Equations in One Variable 


Definition of a Linear Equation 
| A linear equation in one variable x is an equation that can be written in 
| the standard form 


ax+b=0 


| where a and b are real numbers with a + 0. 


British Museum 


Historical Note 

This ancient Egyptian papyrus, 
discovered in 1858, contains one 
of the earliest examples of mathe- 
matical writing in existence. The 
papyrus itself dates back to 
around 1650 B.c., but it is actually 
a copy of writings from two 
centuries earlier. The algebraic 
equations on the papyrus were 
written in words. Diophantus, a 
Greek who lived around A.D. 250, is 
often called the Father of Algebra. 
He was the first to use abbreviated 
word forms in equations. 


Exploration 


Use a graphing utility to graph 
the equation y = 3x — 6. Use 
the result to estimate the x-inter- 
cept of the graph. Explain how 
the x-intercept is related to the 
solution of the equation 

3x — 6 = 0, as shown in 
Example 1(a). 


89 
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A linear equation has exactly one solution. To see this, consider the follow- 
ing steps. (Remember that a # 0.) 


ax +b=0 Write original equation. 
ax = —b Subtract b from each side. 
b 
Ss = ae Divide each side by a. 
a 


To solve a conditional equation in x, isolate x on one side of the equation 
by a sequence of equivalent (and usually simpler) equations, each having the 
same solution(s) as the original equation. The operations that yield equivalent 
equations come from the Substitution Principle and the Properties of Equality 
studied in Chapter P. 


Generating Equivalent Equations 
An equation can be transformed into an equivalent equation by one or more 
of the following steps. 
Equivalent 
Equation 
x=4 


Given Equation 
1. Remove symbols of grouping, 2x-x=4 
combine like terms, or simplify 
fractions on one or both sides 


of the equation. 


. Add (or subtract) the same 
quantity to (from) each side 
of the equation. 


3. Multiply (or divide) each 2x = 6 x=3 
side of the equation by the 
same nonzero quantity. 

4. Interchange the two sides of 2=x x=2 


the equation. 


Example 1 Solving a Linear Equation 


a. 3x —6=0 Original equation 
3x = 6 Add 6 to each side. 
=2 Divide each side by 3. 
b. 564-4 — 35— 8 Original equation 
2 48 Subtract 3x from each side. 
2X — ie) Subtract 4 from each side. 
x= -6 Divide each side by 2. 
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e™=s 

Technology 
ee You can use a graphing 

utility to check that a solution is 

reasonable. One way to do this 
is to graph the left side of the 
equation, then graph the right 
side of the equation, and deter- 
mine the point of intersection. 
For instance, in Example 2, if you 
graph the equations 


y, = 6(x — 1) + 4 The left side 
y> = 3(7x + 1) The right side 


in the same viewing window, 
they should intersect when 


x= = as shown in the graph 
below. 
0 
-2 1 
-6 
[Samet 
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After solving an equation, you should check each solution in the original 
equation. For instance, you can check the solution to Example 1(a) as follows. 


3% 6 = "0 Write original equation. 
), 
322) -6 =0 Substitute 2 for x. 
0=0 Solution checks. Y 


Try checking the solution to Example 1(b). 

Some linear equations have no solutions because all the x-terms sum to zero 
and a contradictory (false) statement such as 0 = 5 or 12 = 7 is obtained. For 
instance, the linear equation 


Se = 30 ar Il 


has no solution. Watch for this type of linear equation in the exercises. 


Solving a Linear Equation @je> 


Example 2 


Solve 
6 =a ea Saxe Is 


Solution 
6(x — 1) + 4 = 30x #1) 


Ge = © ap 4h Silge st 2 


Write original equation. 


Distributive Property 


6x D2 ies Simplify. 
Ox =a Add 2 to each side. 
—15x =5 Subtract 21x from each side. 
1 
iia 3 Divide each side by — 15. 
Check 
Check this solution by substituting —} for x in the original equation. 
6(v— 1) + 4 = 3G@x +4) Write original equation. 
6(-4 = 1) + 4 i 3{7(—1) te 1] Substitute —} for x. 
6(—4) jp Al 2 3|-2 se 1] Simplify. 
6(—4) +4 z 3(—-4) Simplify. 
244 ie — Multiply. 
= Sick 4 Z —4 Simplify. 
=a + Solution checks, 4 


So, the solution is x = —}. 


STUDY TIP 


An equation with a single 
fraction on each side can be 
cleared of denominators by 
cross multiplying, which is 
equivalent to multiplying by 
the LCD and then dividing out. 


= LCD is bd 
Cho ee 1S 5 
Dp ea 
a &; 
_—+* bd =—-+ bd Multiply by LCD. 
b d 
EA chy Divide out 


common factors. 


By comparing the last equation 
with the original equation, you 
can see that the left numerator 
was multiplied by the right 
denominator and the right 

- numerator was multiplied by 
the left denominator. Try cross 

_ multiplying the following equa- 
_ tion to clear the equation of 

_ denominators. 
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Equations That Lead to Linear Equations @4e> 


To solve an equation involving fractional expressions, find the least common 
denominator (LCD) of all terms and multiply every term by the LCD. 


| Example 3 An Equation Involving Fractional Expressions Gey 


Solves: + “ = 2. 


3 
Solution 
x nt Ox , 
lene Write original equation. 
Se eg oe 
3x ; 
2) aP (| 12) = (12) Multiply each term by the LCD of 12. 
4x + 9x = 24 Divide out and multiply. 
13x = 24 Combine like terms. 
24 
Mb, B Divide each side by 13. 


The solution is x = ee Check this in the original equation. 


When multiplying or dividing an equation by a variable quantity, it is 
possible to introduce an extraneous solution. An extraneous solution is one that 
does not satisfy the original equation. 


Example 4 An Equation with an Extraneous Solution @&e> 


Sore es, 
SQ QD 4 
Solution 
The LCD is x? — 4, or (x + 2)(x — 2). Multiply each term by this LCD. 
Z 5 + W(x —2)= re 5 + 2)(x — 2) - = ri + 2)(x — 2) 
x+2=3(@ — 2) — 6, x#+2 
XA 3 O-— OX 
XP 2 = 3% 6 
4x = -8 
co) Extraneous solution 
In the original equation, x = —2 yields a denominator of zero. So, x = —2 is an 


extraneous solution, and the original equation has no solution. 
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Female Participants in High School 
Athletics 


Sua y = 0.0887 + 1.82 


Number of female participants 
(in millions) 


=i @ 2 34 5 6.7 8S 


FIGURE 1.14 


Finding Intercepts Algebraically 


In Section 1.1 you learned to find x- and y-intercepts using a graphical approach. 
You can also use an algebraic approach to find x- and y-intercepts, as follows. 


Finding Intercepts Algebraically 


1. To find x-intercepts, set y equal to zero and solve the equation for x. 


2. To find y-intercepts, set x equal to zero and solve the equation for y. 


Here is an example. 


y= ae DS Oe ss al = a ese 
y=4+1>y=40)+1>y=1 


So, the x-intercept of y = 4x + 1 is er 0) and the y-intercept is (0, 1). 
Application 


Female Participants in Athletic Programs a) 


Example 5 


The number y of female participants in high school athletic programs (in mil- 
lions) in the United States from 1989 to 1999 can be approximated by the linear 
model 


y = 0.088t + 1.82, (ene <9 


where t = 0 represents 1990. (a) Find the y-intercept of the graph of the linear 
model shown in Figure 1.14 algebraically. (b) Assuming that this linear pattern 
continues, find the year in which there will be 3.14 million female participants. 
(Source: National Federation of State High School Associations) 


Solution 


a. To find the y-intercept, let t = 0 and solve for y as follows. 


y = 0.088¢ + 1.82 Write original equation. 
= 0.088(0) + 1.82 Substitute 0 for ¢. 
= 1.82 Simplify, 


So, the y-intercept is (0, 1.82). 


b. Let y = 3.14 and solve the equation 3.14 = 0.088¢ + 1.82 for t. 


3.14 = 0.0887 + 1.82 Write original equation. 
1.32 = 0.088¢ Subtract 1.82 from each side. 
IS=t Divide each side by 0.088. 


Because t = 0 represents 1990, t = 15 must represent 2005. So, from this model, 
there will be 3.14 million female participants in 2005. 


1.2 Exercises 
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SSS SSS SS SS SSS SSS SS SSSI 


In Exercises 1-10, determine whether each value of 
x is a solution of the equation. 
Equation Values 
fox = 3° = 3x'+ 5 (a) x =0 (b= 5 
(c) x =4 (d) x = 10 
Qe BX = 5X — 17 (a) x=-3 (b) x=0 


(c) x =8 (ajax = 3 

3. 3x2 +2x-—5 (jex ——3)- (b) x =A 
=> — 2 (Om —-4 (d) x =—-5 

4. 5x°+ 2x -3 (ex) (bx) 
SA eek ioex=0 G) 10 
52-223 Qa Dies 
(c) x=0 (d) x =% 

6.3+——=4 fa) x= —1 4b) x= —2 
(c) x =0 (d) x=5 

foey Bx 24 (2) a= Ab eS 
(c) x =9 (d) x = —-6 

8. Yx= 8 =3 Qe 2 9 (b)je= 5 


(c) x = 35-— dd) x=8 


9. 6x2 - 1lx -35=0 (a)x=-2 (b)x=-3 
Ore: (dee 2 

fp 12x —-10=0 Ge=s. > (bx = 
(c)x=-% (d)x=-2 


In Exercises 11-20, determine whether the equation is an 
identity or a conditional equation. 


iia — 1) 2 — 2 

ie +22).= 5x. +4 

13. —6(x — 3) +5 = —2x+ 10 

147 3(x + 2) —5 = 3x +1 

15. 4(« + 1) — 2x = 2x + 2) 

16. —7(x — 3) + 4x = 3(7 — x) 

7.x -— 8x +5 =(%—4) —11 

18. x? + 2(3x — 2) =x? + 6x -4 
1 4x 

Pere cont 


| Ae 


20. 


In Exercises 21 and 22, justify each step of the solution. 


ik 4x + 32 = 83 
Ai SD h— ee Se Oe. 

4x = 51 

aye -ayil 

open 

51 

are, 


22. 3(x — 4) + 10 =7 
3x = 12 10 7 


BX BDI 97 

3 a eee 
3x =9 
ape ee 
a3 
x=3 


In Exercises 23-38, solve the equation and check your 


solution. 

2a. Xt tii I5 24.7 —-—x=19 
25.7 = 20225 26. 7x + 2 = 23 

21s OXe= DS —= 3% te 20) 2838) X tS = Oe 


29. 26 + 5) — 7 = 3-= 2) 
a sibs = 23) = Sl a) = 
31. x — 3x + 3) = 8 — 5x 
32. 9x = 10 = 5x +. 20x —5) 


Sue | 1 Xe We 
,S4+== Bo OS ee Bi te 
ieee eh be 5 
35. 3(z + 5) — H(z + 24) =0 

el 
56) 10 

ee 


S7.0.25% 5 O10 x)= 3 
38. 0.60x + 0.40(100 — x) = 50 


In Exercises 39-42, solve the equation in two ways. Then 


explain which way is easier. 


39. 3(x -— 1) =4 40. 4(x + 3) = 15 


41. H(x+2)=5 42. (2 - 4) =6 
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Rad Graphical Analysis \n Exercises 43-48, use a graphing 


utility to graph the equation and approximate any 
x-intercepts. Set y = 0 and solve the resulting equation. 
Compare the results with the graph’s x-intercepts. 

43, y=2(x- 1) -4 44. y= 3x42 

45. = 20 — (Gx — 10) 46. y= 10 + 2(% ="2) 
47, y = —38 + 5(9 — x) 48. y = 6x — 6(18 + x) 


In Exercises 49-58, find the x- and y-intercepts of the graph 
of the equation algebraically. 


49. y= 12 — 5x 50. y = 16 — 3x 
Sey = — 320-1) 524 ype Ce) 
53. 2x%.+ By = 10 54, 4x — 5y = 12 
55. = +8 - 3y=0 56. = +5 - 2y=0 


57. 4y — 0.75% 120 38. 3y 2x34 0 


In Exercises 59-80, solve the equation and check your 
solution. (If not possible, explain why.) 


59. x +8 =2(x — 2) -—x 
60. 8(% + 2) — 3Qx + 1) = 2% + 5) 
LOUK ger Star O 


61. + 6 
3 4 
War 3245 
62. ate Z=— 100 
y 
63. _2 64. l0x+3 _1 
Swear 2b 3 Sue se ) 
13 
Sie a a Py IT 
x x x x 
D) 1 D 
OH, 3 = 2st 68. — = (0) 
Rar D eS 5 
x 
69. =e = 
tA x4 : 
TOK nee) 
2x + 1 De = || 
Wiles g = J 4 2 
(~—Aig—2) a4 =o 
Fh ot a ELE TS 
= Il see ae Il ape ae il 
73. : + ! = u 
x-3 x+3 72-9 
1 
74. + 2 


a es at 


een) 
-—3x x x-3 
6 a 3(x + 5) 
ee 
17. (et Dyas = (x 3)? 
78. (x + 1)? + 2 — 2) = (« + I@ — 2) 
79. (x + 2)? — x2? = 404+ 1) 
$0.. 2x Ly = 4a aa 


75. 


76. 


In Exercises 81-88, solve for x. 


$1. 4x + 1) — av =x4+5 

82. 4 — 2(x — 2b) = ax + 3 

83, 6x ax = 244-5 

84. 5 + ax = 12 — bx 

85. 19x + 5ax=x+9 

86; —5(3x — 6b) + 12 = 8 + 3ax 

87. —2ax + 6(x + 3) = —4x + 1 

88. i —ax= 2(2x > 1) + 10 

In Exercises 89-92, solve the equation for x. (Round your 
solution to three decimal places.) 


89. 0.275x + 0.725(500 — x) = 300 
90% 2.763 = 4.5@Q lx = 5:1432) = 6322 435 


jini babatey AAO5 bw 
eee Rane ee 
elie Fels 
92, —_ --= 
oe. = 


93. Geometry The surface area S of the circular 
cylinder shown in the figure is 


S = 2m(25) + 2(5h) 


Find the height h of the cylinder if the surface area is 
471 square feet. Use 3.14 for 7. 
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94. Geometry The surface area S of the rectangular : 
solid in the figure is S$ = 2(24) + 2(4x) + 2(6x). > Model It (continued) 
Find the length x of the box if the surface area is 248 
square centimeters. 


Height, Female Male 
x femur femur 
length, y length, y 


> Model It 


95. Anthropology The relationship between the 
length of an adult’s femur (thigh bone) and the | 
height of the adult can be approximated by the 
linear equations 


(d) Solve part (c) algebraically by setting the 
two equations equal to each other and solv- 
ing for x. Compare your solutions. Do you 
believe an anthropologist would ever have 
the problem of not being able to determine 
whether a femur belonged to a male or 
female? Why or why not? 


y = 0.432x — 10.44 Female 
y = 0.449x — 12.15 Male 


where y is the length of the femur in inches and x 
is the height of the adult in inches (see figure). 


96. Tax Credits Use the following information about a 
possible tax credit for a family consisting of two 
adults and two children (see figure). 


Earned income: E 
Subsidy: $= 10,000-4E,  0< Es 20,000 


Total income: T=E+S 


‘| aM Total income (T)| ~ 
_| Gi Subsidy (S) 


(a) An anthropologist discovers a femur belong- 
ing to an adult human female. The bone is 16 
inches long. Estimate the height of the female. 


(b) From the foot bones of an adult human male, 
an anthropologist estimates that the person’s 
height was 69 inches. A few feet away from 
the site where the foot bones were discovered, | 
the anthropologist discovers a male adult 
femur that is 19 inches long. Is it likely that 
both bones came from the same person? 


Thousands of dollars 
S 


O24 or e102 4 low esas 20 
Earned income (in thousands of dollars) 


(a) Express the total income 7 in terms of E. 

(c) Complete the table to determine if there is a (DEEMe ihe Teneduiicome se miremerenbeidyeis 
height of an adult for which an anthropologist $6600. 
would not be able to determine whether the 


femur belonged to a male or a female (c) Find the earned income E if the total income is 


$13,800. 
(d) Find the subsidy S$ if the total income is 
$12,500. 
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Chapter1 %® Equations and Inequalities 
Consumerism The number of light trucks sold y 
(in millions) in the United States from 1992 to 1999 
can be approximated by the model 


y = 0.451t + 3.81 


where t = 2 represents 1992. (Source: U.S. 
Bureau of Economic Analysis) 
(a) Use the model to create a line graph of the 


number of light trucks sold from 1992 to 1999. 


(b) Use the graph to determine the year during 
which the number of light trucks sold reached 
6 million. 


Labor Statistics The number of married women 
y (in millions) in the civilian work force in the 
United States from 1990 to 1999 (see figure) can be 
approximated by the model 


y = 0.411 + 30.9 


where t = 0 represents 1990. According to this 
model, during which year did the number reach 
33 million? Explain how to answer this question 
graphically and algebraically. (Source: U.S. 
Bureau of Labor Statistics) 


Number of women 
(in millions) 


Oe & 


@ i 7 3 ui 5 
Year (0 © 1990) 


Operating Cost A delivery company has a fleet of 
vans. The annual operating cost C per van is 


C0 322500 


where m is the number of miles traveled by a van in 
a year. What number of miles will yield an annual 
operating cost of $10,000? 


Flood Control A river has risen 8 feet above its 
flood stage. The water begins to recede at a rate of 
3 inches per hour. Write a mathematical model that 
shows the number of feet above flood stage after t 
hours. If the water continually recedes at this rate, 
when will the river be | foot above its flood stage? 


Synthesis 


True or False? 


In Exercises 101 and 102, determine 


whether the statement is true or false. Justify your answer. 


101. 
102. 


103. 


104. 


105. 


106. 


The equation x(3 — x) = 10 is a linear equation. 


The equation x? + 9x — 5 = 4 — x? has no real 
solution. 


Think About It What is meant by “equivalent 
equations”? Give an example of two equivalent 
equations. 

Writing Describe the steps used to transform an 
equation into an equivalent equation. 


mee 


(b) Use the table in part (a) to determine the 
interval in which the solution to the equation 
3.2x —5.8=0 is located. Explain your 
reasoning. 


(c) Complete the table. 


Exploration 
(a) Complete the table. 


x |=1 


— 


3.2x — 5.8 | 


| x is 1 ke haa 


(d) Use the table in part (c) to determine the 
interval in which the solution to the equation 
3.2x — 5.8 = 0 is located. Explain how this 
process can be used to approximate the solution 
to any desired degree of accuracy. 


Exploration Use the procedure in Exercise 105 
to approximate the solution to the equation 
0.3(x — 1.5) — 2 =0 accurate to two decimal 
places. 


Review 


In Exercises 107 and 108, simplify the expression. 


107 


x? + 5x — 36 
2x2 + 17x -— 9 


x? — 49 
xe+ x2 + 3x -— 21 


108. 


In Exercises 109-112, sketch the graph of the equation. 


109. 
111. 


wer S 10. y = —3x -3 
YS ee 11205 =e 


Bob Rowan; Progressive lmage/Corbis 


mee Modeling with Linear Equations 


> What you should learn 


* How to use a verbal model in a 
problem-solving plan 


* How to write and use 
mathematical models to solve 
real-life problems 


* How to solve mixture problems 


* How to use common formulas 
to solve real-life problems 


> Why you should learn it 


You can use linear equations to 
determine the percents of 
incomes and of expenses of the 
federal government that come 

_ from various sources. See 
Exercise 44 on page 105. 
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Introduction to Problem Solving 4c» 


In this section you will learn how algebra can be used to solve problems that 
occur in real-life situations. The process of translating phrases or sentences into 
algebraic expressions or equations is called mathematical modeling. A good 
approach to mathematical modeling is to use two stages. Begin by using the 
verbal description of the problem to form a verbal model. Then, after assigning 
labels to the quantities in the verbal model, form a mathematical model or 
algebraic equation. 


Verbal [=> Verbal Algebraic 


Description Model Equation 


When you are trying to construct a verbal model, it is helpful to look for a hidden 
equality—a statement that two algebraic expressions are equal. 


| Example 1 Using a Verbal Model C3 Gio > 


You have accepted a job for which your annual salary will be $27,236. This salary 
includes a year-end bonus of $500. You will be paid twice a month. What will 
your gross pay be for each paycheck? 


Solution 


Because there are 12 months in a year and you will be paid twice a month, it 
follows that you will receive 24 paychecks during the year. You can construct an 
algebraic equation for this problem as follows. Begin with a verbal model, then 
assign labels, and finally form an algebraic equation. 


Verbal 


Income for year = 24 paychecks + Bonus 

Model: 

Labels: Income for year = 27,236 (dollars) 
Amount of each paycheck = x (dollars) 
Bonus = 500 (dollars) 


Equation: 27,236 = 24x + 500 


The algebraic equation for this problem is a linear equation in the variable x, 
which you can solve as follows. 


27,236 = 24x + 500 Write original equation. 
27,236 — 500 = 24x + 500 — 500 Subtract 500 from each side. 
26,736 = 24x Simplify. 
a = = Divide each side by 24. 
1114=x Simplify. 


So, your gross pay for each paycheck will be $1114. 
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Equations and Inequalities 


A fundamental step in writing a mathematical model to represent a real-life 
problem is translating key words and phrases into algebraic expressions and equa- 
tions. The following list gives several examples. 


Translating Key Words and Phrases 
Key Words and Phrases 


Equality: 
Equals, equal to, is, are, 
was, will be, represents 


Addition: 
Sum, plus, greater than, increased by, 
more than, exceeds, total of 


Subtraction: 
Difference, minus, less than, decreased by, 
subtracted from, reduced by, the remainder 


| Multiplication: 
Product, multiplied by, 
twice, times, percent of 
Division: 
Quotient, divided by, ratio, per 


Verbal Description 


The sale price S is $10 less 
than the list price L. 


The sum of 5 and x 
Seven more than y 


The difference of 4 and b 
Three less than z 


Two times x 
Three percent of rf 


The ratio of x to 8 


Using Mathematical Models 


| Example 2 Finding the Percent of a Raise @ Gio> 


You have accepted a job that pays $8 an hour. You are told that after a two-month 
probationary period, your hourly wage will be increased to $9 an hour. What 
percent raise will you receive after the two-month period? 


Solution 


Verbal 
Model: 


Labels: 


Equation: 


Raise = Percent - Old wage 
Old wage = 8 
New wage = 9 
Raise =9-8=1 
Percent = r 
l=r:8 
, = 7 Divide each side by 8. 
0.125 =r 


You will receive a raise of 0.125 or 12.5%. 


(percent in decimal form 


Algebraic Expression 
or Equation 


S == 19 


Say Ol ee 
7 + y ory 7 


4—pb 
=> 3) 


2G 


(dollars per hour 
(dollars per hour 
(dollars per hour 


) 
) 
) 
) 


Rewrite fraction as a decimal. 


STUDY TIP 


Writing the unit for each label 
in a real-life problem helps you 
determine the unit for the 
answer. This is called unit 
analysis. When the same unit of 
measure occurs in the numerator 
and denominator of an expres- 
sion, you can divide out the unit. 
For instance, unit analysis 
verifies that the unit for time in 
the formula below is hours. 


_ distance 
rate 


Time 


miles 


hours 
milés 


— 4 S . 


l 


FIGURE 1.15 
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| Example 3. Finding the Percent of Monthly Expenses 3 


Your family has an annual income of $57,000 and the following expenses: mort- 
gage ($1100), car payment ($375), food ($295), utilities ($240), and credit cards 
($220). The total value of the monthly expenses represents what percent of your 
family’s annual income? 


Solution 


The total amount of your family’s monthly expenses is $2230. The total monthly 
expenses for | year are $26,760. 


Verbal 


Re. Monthly expenses = Percent + Income 
Labels: Income = 57,000 (dollars) 

Monthly expenses = 26,760 . (dollars) 

Percent = r (in decimal form) 
Equation: 26,760 = r+ 57,000 

26,760 

=r Divide each side by 57,000. 
57,000 
0.469 = r Use a calculator, 


Your family’s monthly expenses are approximately 0.469 or 46.9% of your fami- 
ly’s annual income. 


Example 4 Finding the Dimensions of a Room 3 


A rectangular kitchen is twice as long as it is wide, and its perimeter is 84 feet. 
Find the dimensions of the kitchen. 


Solution 


For this problem, it helps to sketch a diagram, as shown in Figure 1.15. 


ae 2+ Length + 2+ Width = Perimeter 
Model: 
Labels: Perimeter = 84 (feet) 
Width = w (feet) 
Length = / = 2w (feet) 
Equation: 2(2w) + 2w = 84 
6w = 84 Group like terms. 
w= 14 Divide each side by 6. 


Because the length is twice the width, you have 


1=2w Length is twice width. 
= (14) Substitute. 
= 28. Simplify. 


So, the dimensions of the room are 14 feet by 28 feet. 
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Portland 


Kansas City 


FIGURE 1.16 


Not drawn to scale 


FIGURE 1.17 


Example 5 A Distance Problem 3 Gio > 


A plane is flying nonstop from Atlanta to Portland, a distance of about 2700 
miles, as shown in Figure 1.16. After 1.5 hours in the air, the plane flies over 
Kansas City (a distance of 820 miles from Atlanta). Estimate the time it will take 
the plane to fly from Atlanta to Portland. 


Solution 
Verbal Distance = Rate - Time 
Model: 
Labels: Distance = 2700 (miles) 
Time = ¢ (hours) | 
distance to Kansas City 820 f 
Rate = — : = (miles per hour) 
time to Kansas City es 
820 
Equation: 2700 = —xt 
5 
4050 = 820t 
4050 _ 
820 
4.94 ~t 


The trip will take about 4.94 hours, or about 4 hours and 57 minutes. 


Example 6 An Application Involving Similar Triangles 3 


To determine the height of the Aon Center Building (in Chicago), you measure 
the shadow cast by the building and find it to be 142 feet long, as shown in Figure 
1.17. Then you measure the shadow cast by a four-foot post and find it to be 
6 inches long. Estimate the building’s height. 


Solution 


To solve this problem, you use a result from geometry that states that the ratios 
of corresponding sides of similar triangles are equal. 


Verbal 


Height of building 
Model: 


Height of post 


Length of building’s shadow Length of post’s shadow 


Labels: Height of building = x (feet) 
Length of building’s shadow = 142 (feet) 
Height of post = 4 feet = 48 inches (inches) 

) 


Length of post’s shadow = 6 


4. 48 
142 6 


(inches 


Equation: 


ye = IE 


So, the Aon Center Building is about 1136 feet high. 


STUDY TIP. 


Example 7 uses the simple 
interest formula J = Prt, where 
/ is the interest, P is the princi- 
pal, r is the annual interest rate 
(in decimal form), and f is the 
time in years. 
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Mixture Problems 


Problems that involve two or more rates are called mixture problems. They are 
not limited to mixtures of chemical solutions, as shown in Examples 7 and 8. 


Example 7 A Simple Interest Problem a) Gio> 


You invested a total of $10,000 at 43% and 55% simple interest. During 1 year, 
the two accounts earned $508.75. How much did you invest in each? 


Solution 

Verbal 1 1 : 

Ac: Interest from 45% + Interest from 5;% = Total interest 

Labels: Amount invested at 45% =x (dollars) 
Amount invested at 55% = 10,000 = i (dollars) 
Interest from 43% = Prt = (x)(0.045)(1) (dollars) 
Interest from 53% = Prt = (10,000 — x)(0.055)(1) (dollars) 
Total interest = 508.75 (dollars) 


Equation: 0.045x + 0.055(10,000 — x) = 508.75 
— (01 = —4125 
x = 4125 


So, $4125 was invested at 45% and 10,000 — x or $5875 was invested at 55%. 


Example 8 An Inventory Problem a) 


A store has $30,000 of inventory in 13-inch and 19-inch color televisions. The 
profit on a 13-inch set is 22% and the profit on a 19-inch set is 40%. The profit 
for the entire stock is 35%. How much was invested in each type of television? 


Solution 
Verbal Profit from Profit from _ Total 
Model: 13-inch sets 19-inch sets profit 
Labels: Inventory of 13-inch sets = x (dollars) 
Inventory of 19-inch sets = 30,000 — x (dollars) 
Profit from 13-inch sets = 0.22x (dollars) 
Profit from 19-inch sets = 0.40(30,000 — x) (dollars) 
Total profit = 0.35(30,000) = 10,500 (dollars) 
Equation: 0.22x + 0.40(30,000 — x) = 10,500 
—(0.18x = — 1500 
x = 8333.33 


So, $8333.33 was invested in 13-inch sets and 30,000 — x or $21,666.67 was 
invested in 19-inch sets. 
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Common Formulas &¥o> 


Many common types of geometric, scientific, and investment problems use 
ready-made equations called formulas. Knowing these formulas will help you 
translate and solve a wide variety of real-life applications. 


| Common Formulas for Area A, Perimeter P, Circumference C, and Volume V 


Square Rectangle Circle Triangle 
1 
A= 3s? = lw A= mr? A= xbh 
P= 4s = 21+ 2w C=2ar P=4a.+ b+ c 


YN 


Circular Cylinder 


V = arth 


| Miscellaneous Common Formulas 
| Temperature: 


) 
F= 5f 32 F = degrees Fahrenheit, C = degrees Celsius 


| Simple Interest: 
l= Prt I = interest, P = principal, 
r = annual interest rate, f = time in years 


Compound Interest: 


r nt 
A= (1 + *) A = balance, P = principal, r = annual interest rate, 
n = compoundings per year, t = time in years 


Distance: 
d=rt d = distance traveled, r = rate, t = time 
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When working with applied problems, you often need to rewrite one of the 
common formulas. For instance, the formula for the perimeter of a rectangle, 
P = 21 + 2w, can be rewritten or solved for w as w = S(P — 21). 


| Example 9 Using a Formula a) 


A cylindrical can has a volume of 200 cubic centimeters (cm?) and a radius of 4 
centimeters (cm), as shown in Figure 1.18. Find the height of the can. 


Solution 


The formula for the volume of a cylinder is V = ar’h. To find the height of the 
can, solve for h. 


FIGURE 1.18 = 2 


Then, using V = 200 and r = 4, find the height. 


200 
= Substitute 200 for V and 4 for r. 
a(4)? 
200 
= Simplify denominator. 
167 
= 3.98 Use a calculator. 


You can use unit analysis to check that your answer is reasonable. 


200 cm? 


Gone = 3.98 cm 


Translating Algebraic Formulas Most people use algebraic formulas every day— 
sometimes without realizing it because they use a verbal form or think of an often- 
repeated calculation in steps. Translate each of the following verbal descriptions 
into an algebraic formula, and demonstrate the use of each formula. 


a. Designing Billboards “The letters on a sign or billboard are designed to be 
readable at a certain distance. Take half the letter height in inches and multiply 
by 100 to find the readable distance in feet.”—Thos. Hodgson, Hodgson Signs 
(Source: Rules of Thumb by Tom Parker) 

. Percent of Calories from Fat “To calculate percent of calories from fat, 
multiply grams of total fat per serving by 9, then divide by the number of 
calories per serving.” (Source: Good Housekeeping) 


. Building Stairs “A set of steps will be comfortable to use if two times the 
height of one riser plus the width of one tread is equal to 26 inches.” —Alice 
Lukens Bachelder, gardener (Source: Rules of Thumb by Tom Parker) 
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In Exercises 1-10, write a verbal description of the algebraic 
expression without using the variable. 


esas pe eos 
Uu » 
we ths 
obs ae 
= eG 
Gant Gao 
5 7 
—5(x — 1 
eS Ne 8 . ) 
aoe 
9) 1x5) 19, @ _ q) 


In Exercises 11-22, write an algebraic expression for the 
verbal description. 

11. The sum of two consecutive natural numbers 

12. The product of two consecutive natural numbers 


13. The product of two consecutive odd integers, the first 
of which is 2n — 1 


14. The sum of the squares of two consecutive even 
integers, the first of which is 2n 


15. The distance traveled in ¢ hours by a car traveling at 
50 miles per hour 


16. The travel time for a plane traveling at a rate of r 
kilometers per hour for 200 kilometers 


17. The amount of acid in x liters of a 20% acid solution 

18. The sale price of an item that is discounted 20% of 
its list price L 

19. The perimeter of a rectangle with a width x and a 
length that is twice the width 


20. The area of a triangle with base 20 inches and height 
h inches 


21. The total cost of producing x units for which the 
fixed costs are $1200 and the cost per unit is $25 


22. The total revenue obtained by selling x units at $3.59 
per unit 


In Exercises 23-26, translate the statement into an algebraic 
expression or equation. 


23. Thirty percent of the list price L 


24, The amount of water in q quarts of a liquid that is 
35% water 


25. The percent of 500 that is represented by the number 
N 

26. The percent change in sales from one month to the 
next if the monthly sales are S, and S,, respectively 


In Exercises 27 and 28, write an expression for the area of 
the region in the figure. 


iM ee | 
1 | 2b+1 
Xx & 
t PES 


=<— 6 —1 


<— > 


Number Problems \n Exercises 29-34, write a mathe- 
matical model for the number problem and solve. 


29. The sum of two consecutive natural numbers is 525. 
Find the numbers. 


30. The sum of three consecutive natural numbers is 
804. Find the numbers. 


31. One positive number is 5 times another number. The 
difference between the two numbers is 148. Find the 
numbers. 


32. One positive number is z of another number. The dif- 
ference between the two numbers is 76. Find the 
numbers. 


33. Find two consecutive integers whose product is 5 
less than the square of the smaller number. 


34. Find two consecutive natural numbers such that the 
difference of their reciprocals is 7 the reciprocal of 
the smaller number. 


In Exercises 35-40, solve the percent equation. 


35. What is 30% of 45? 36. What is 175% of 360? 
37. 432 is what percent of 1600? 

38. 459 is what percent of 340? 

9 Os 5% of what number? 

40. 70 is 40% of what number? 


41. Finance A family has annual loan payments 
equaling 58.6% of their annual income. During the 
year, their loan payments total $13,077.75. What is 
their annual income? 


42. Finance A salesperson’s weekly paycheck is 15% 
less than her coworker’s paycheck. The two 
paychecks total $645. Find the amount of each 
paycheck. 


43. Discount The price of a swimming pool has been 
discounted 16.5%. The sale price is $1210.75. Find 
the original list price of the pool. 


-. Government The tables show the sources of 
income (in billions of dollars) and expenses (in 
billions of dollars) for the federal government in 
1999. (Source: United States Office of 
Management and Budget) 


ph 
=, Source of income 


- 


Income 


Corporation taxes 
Income tax 
Social Security 
Other 


Source of expenses Expense 


229.74 
1058.89 
Defense department 274.87 
Other 139.54 


Interest on debt 
Health and human services 


(a) Find the percent of the total income for each 
category. Then use these percents to label the 
circle graph. To print an enlarged copy of the 
graph, refer to www.mathgraphs.com. 


(b) Find the percent of the total expenses for each 
category. Then use these percents to label 
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> Model It (continued) 


the circle graph. To print an enlarged copy of 
the graph, refer to www.mathgraphs.com. 


(c) Compare the total income and total expenses. 
How much of a surplus or deficit is there? 


In Exercises 45-48, the values or prices of various items are 
given for 1980 and 2000. Find the percent change for each 
item. (Source: 2001 Statistical Abstract of the U.S.) 


Item 1980 2000 
45. Gallon of diesel fuel $0.82 $0.94 
46. Cable TV monthly basic rate $7.69 $30.08 
47. An ounce of gold $613.00 $280.00 
48. New one-family home $64,600 $169,000 


49. Dimensions of a Room A room is 1.5 times as 
long as it is wide, and its perimeter is 25 meters. 


(a) Draw a diagram that represents the problem. 
Identify the length as / and the width as w. 


(b) Write / in terms of w and write an equation for 
the perimeter in terms of w. 


(c) Find the dimensions of the room. 

50. Dimensions of a Picture Frame A picture frame 
has a total perimeter of 2 meters. The height of the 
frame is 0.62 times its width. 

(a) Draw a diagram that represents the problem. 
Identify the width as w and the height as h. 


(b) Write 4 in terms of w and write an equation for 
the perimeter in terms of w. 


(c) Find the dimensions of the picture frame. 


51. Course Grade To get an A in a course, you must 
have an average of at least 90 on four tests of 100 
points each. The scores on your first three tests were 
87, 92, and 84. What must you score on the fourth 
test to get an A for the course? 
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52. 


53. 


54. 


SBb 


56. 


Shs 
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Course Grade You are taking a course that has 
four tests. The first three tests are 100 points each 
and the fourth test is 200 points. To get an A in the 
course, you must have an average of at least 90% on 
the four tests. Your scores on the first three tests were 
87, 92, and 84. What must you score on the fourth 
test to get an A for the course? 


Travel Time You are driving on a Canadian 
freeway to a town that is 300 kilometers from your 
home. After 30 minutes you pass a freeway exit that 
you know is 50 kilometers from your home. 
Assuming that you continue at the same constant 
speed, how long will it take for the entire trip? 


Travel Time Two cars start at an interstate 
interchange and travel in the same direction at 
average speeds of 40 miles per hour and 55 miles per 
hour. How much time must elapse before the two 
cars are 5 miles apart? 


Travel Time On the first part of a 317-mile trip, a 
salesperson averaged 58 miles per hour. He averaged 
only 52 miles per hour on the last part of the trip 
because of an increased volume of traffic. The total 
time of the trip was 5 hours and 45 minutes. Find the 
amount of time at each of the two speeds. 


Travel Time Students are traveling in two cars to a 
football game 135 miles away. The first car leaves on 
time and travels at an average speed of 45 miles per 
hour. The second car starts t hour later and travels at 
an average speed of 55 miles per hour. How long will 
it take the second car to catch up to the first car? Will 
the second car catch up to the first car before the first 
car arrives at the game? 


Travel Time Two families meet at a park for a 
picnic. At the end of the day one family travels east 
at an average speed of 42 miles per hour and the 
other travels west at an average speed of 50 miles per 
hour. Both families have approximately 160 miles to 
travel. 


(a) Find the time it takes each family to get home. 


(b) Find the time that will have elapsed when they 
are 100 miles apart. 


(c) Find the distance the eastbound family has to 


travel after the westbound family has arrived 
home. 


58. Average Speed A truck driver traveled at an average 


speed of 55 miles per hour on a 200-mile trip to pick 
up a load of freight. On the return trip (with the truck 
fully loaded), the average speed was 40 miles per 
hour. What was the average speed for the round trip? 


59. 


60. 


61. 


62. 


63. 


Wind Speed An executive flew in the corporate jet 
to a meeting in a city 1500 kilometers away. After 
traveling the same amount of time on the return 
flight, the pilot mentioned that they still had 300 
kilometers to go. The air speed of the plane was 600 
kilometers per hour. How fast was the wind blowing? 
(Assume that the wind direction was parallel to the 
flight path and constant all day.) 


Physics Light travels at the speed of 3.0 x 108 
meters per second. Find the time in minutes required 
for light to travel from the sun to Earth (a distance of 
1.5 x 10!! meters). 


Radio Waves _ Radio waves travel at the same speed 
as light, 3.0 x 10° meters per second. Find the time 
required for a radio wave to travel from Mission 
Control in Houston to NASA astronauts on the 
surface of the moon 3.86 x 10% meters away. 


Height of a Tree To obtain the height of a tree (see 
figure), you measure the tree’s shadow and find that 
it is 8 meters long. You also measure the shadow of 
a two-meter lamppost and find that it is 75 centime- 
ters long. How tall is the tree? 


Height of a Building To obtain the height of the 
Chrysler Building in New York (see figure), you 
measure the building’s shadow and find that it is 87 
feet long. You also measure the shadow of a four-foot 
stake and find that it is 4 inches long. How tall is the 
Chrysler building? 


Laas 


nase 
4 in. 


Not drawn to scale 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


Flagpole Height A person who is 6 feet tall walks 
away from a flagpole toward the tip of the shadow of 
the flagpole. When the person is 30 feet from the 
flagpole, the tips of the person’s shadow and the 
shadow cast by the flagpole coincide at a point 5 feet 
in front of the person. Find the height of the flagpole. 


Shadow Length A person who is 6 feet tall walks 
away from a 50-foot silo toward the tip of the silo’s 
shadow. At a distance of 32 feet from the silo, the 
person’s shadow begins to emerge beyond the silo’s 
shadow. How much farther must the person walk to 
be completely out of the silo’s shadow? 


Investment You plan to invest $12,000 in two 
funds paying 45% and 5% simple interest. (There is 
more risk in the 5% fund.) Your goal is to obtain a 
total annual interest income of $580 from the invest- 
ments. What is the smallest amount you can invest in 
the 5% fund and still meet your objective? 


Investment You plan to invest $25,000 in two funds 
paying 3% and 43% simple interest. (There is more 
risk in the 45% fund.) Your goal is to obtain a total 
annual interest income of $1000 from the invest- 
ments. What is the smallest amount you can invest in 
the 43% fund and still to meet your objective? 


Business A nursery has $20,000 of inventory in 
dogwood trees and red maple trees. The profit on a 
dogwood tree is 25% and the profit on a red maple is 
17%. The profit for the entire stock is 20%. How 
much was invested in each type of tree? 


Business An automobile dealer has $600,000 of 
inventory in compact cars and midsize cars. The 
profit on a compact car is 24% and the profit on a 
midsize car is 28%. The profit for the entire stock is 
25%. How much was invested in each type of car? 


Mixture Problem Using the values in the table, 
determine the amounts of solutions | and 2, respec- 
tively, needed to obtain the desired amount and 
concentration of the final mixture. 


Cencentration Awana 


of final 
solution 


Final 
solution 


Solution Solution 


1 2 
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72. 
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74. 
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76. 
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Mixture Problem A 100% concentrate is to be 
mixed with a mixture having a concentration of 40% 
to obtain 55 gallons of a mixture with a concentration 
of 75%. How much of the 100% concentrate will be 
needed? 


Mixture Problem A forester mixes gasoline and 
oil to make 2 gallons of mixture for his two-cycle 
chain-saw engine. This mixture is 32 parts gasoline 
and | part two-cycle oil. How much gasoline must be 
added to bring the mixture to 40 parts gasoline and 1 
part oil? 

Mixture Problem A grocer mixes peanuts that cost 
$2.49 per pound and walnuts that cost $3.89 per 
pound to make 100 pounds of a mixture that costs 
$3.19 per pound. How much of each kind of nut is 
put into the mixture? 


Company Costs An outdoor furniture manufacturer 
has fixed costs of $10,000 per month and average 
variable costs of $8.50 per unit manufactured. The 
company has $85,000 available to cover the monthly 
costs. How many units can the company manufac- 
ture? (Fixed costs are those that occur regardless of 
the level of production. Variable costs depend on the 
level of production.) 


Company Costs A plumbing supply company has 
fixed costs of $10,000 per month and average 
variable costs of $9.30 per unit manufactured. The 
company has $85,000 available to cover the monthly 
costs. How many units can the company manufac- 
ture? (Fixed costs are those that occur regardless of 
the level of production. Variable costs depend on the 
level of production.) 


Water Depth A trough is 12 feet long, 3 feet deep, 
and 3 feet wide (see figure). Find the depth of the 
water when the trough contains 70 gallons 
(1 gallon ~ 0.13368 cubic foot). 
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Physics \n Exercises 77 and 78, you have a uniform beam 
of length L with a fulcrum x feet from one end (see figure). 
Objects with weights W, and W, are placed at opposite 
ends of the beam. The beam will balance when 
W,x = W,(L — x). Find x such that the beam will balance. 


=< x >|~< 


L-x———— 


77. Two children weighing 50 pounds and 75 pounds are 
playing on a seesaw that is 10 feet long. 


78. A person weighing 200 pounds is attempting to 
move a 550-pound rock with a bar that is 5 feet long. 


In Exercises 79-90, solve for the indicated variable. 


79. Area of a Triangle 
Solve for h: A = 4 bh 
80. Volume of a Right Circular Cylinder 
Solve for h: V = ar’h 
81. Markup Solve for C: S = C + RC 
82. Investment at Simple Interest 
Solve for r: A = P + Prt 
83. Volume of an Oblate Spheroid 
Solve for b: V = }7rab 
84. Volume of a Spherical Segment 
Solve for r: V = 37rh2(3r — h) 
85. Free-Falling Body Solve for a: h = vot + Sat? 


86. Lensmaker’s Equation 


1 
Solve for R,: j = (7 D( ! 


Ke ek, 
87. Capacitance in Series Circuits 
Solve for C;: C = — 
—— + a 


88. Arithmetic Progression 
Solve for a: S = 5 (2a aif 10 


89. Arithmetic Progression 
Solve forn: L = a+ (n—- 1)d 


ab, = @ 
el 


90. Geometric Progression Solve for r: S = 


91. Volume of a Billiard Ball A billiard ball has a 
volume of 5.96 cubic inches. Find the radius of a 
billiard ball. 


92. Length of a Tank The diameter of a cylindrical 
propane gas tank is 4 feet. The total volume of the 
tank is 603.2 cubic feet. Find the length of the tank. 


Synthesis 


True or False? In Exercises 93 and 94, determine 
whether the statement is true or false. Justify your answer. 


93. “8 less than z cubed divided by the difference of z 
squared and 9” can be written as 


C= 5 


eae) 

94, The volume of a cube with a side of length 9.5 
inches is greater than the volume of a sphere with a 
radius of 5.9 inches. 

95. Consider the linear equation ax + b = 0. 

(a) What is the sign of the solution if ab > 0? 
(b) What is the sign of the solution if ab < 0? 
In each case, explain your reasoning. 


96. Write a linear equation that has the solution 
x = —3. (There are many correct answers.) 


Review 


In Exercises 97-100, simplify the expression. 

O7(Sx* 25x oO 

9825/1508 

3 2 
+ 

XO cay 

5) 3X 10 

Xo Om ae 


99. 


In Exercises 101-104, rationalize the denominator. 


10 6 
10la— iC. 
Il) Or 
5 14 
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Se Quadratic Equations 


> What you should learn 


How to solve quadratic 
equations by factoring 


How to solve quadratic 
equations by extracting 
square roots 


How to solve quadratic 
equations by completing the 
square 

How to use the Quadratic 
Formula to solve quadratic 
equations 

How to use quadratic 
equations to model and 
solve real-life problems 


> Why you should learn it 


Quadratic equations can be used 
to model and solve real-life 
problems. For instance, in 
Exercise 118 on page 120, you 
will use a quadratic equation to 
model the time it takes an object 
to fall from the top of the CN 

_ Tower. 
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Factoring Go» 


A quadratic equation in x is an equation that can be written in the general form 


ax? + bx +c=0 


where a, b, and c are real numbers with a # 0. A quadratic equation in x is also 
known as a second-degree polynomial equation in x. 

In this section, you will study four methods for solving quadratic equations: 
factoring, extracting square roots, completing the square, and the Quadratic 
Formula. The first method is based on the Zero-Factor Property from Section P.1. 


If ab = 0, then a = Oorb = 0. 


“Zero-Factor Property 


To use this property, write the left side of the general form of a quadratic equation 
as the product of two linear factors. Then find the solutions of the quadratic 
equation by setting each linear factor equal to zero. 


Example 1 . Solving a Quadratic Equation by Factoring o> 


a 2x7+9x+7=3 


Original equation 


2x7 + 9x+4=0 


Write in general form. 


(2x 3F DYE: =r 4) = 0 Factor. 
1 
2x1 =0 x= ies Set Ist factor equal to 0. 
x+4=0 x=-4 Set 2nd factor equal to 0. 
The solutions are x = -} and x = —4. Check these in the original equation. 
b, 657-337 —0 Original equation 
3x(2x = 1) =0 Factor. 
3x = 0 Set Ist factor equal to 0. 


Dt =) Set 2nd factor equal to 0. 


The solutions are x = 0 and x = 5. Check these in the original equation. 


Be sure you see that the Zero-Factor Property works only for equations 
written in general form (in which the right side of the equation is zero). So, all 
terms must be collected on one side before factoring. For instance, in the equation 


(x — 5)(x + 2) =8 


it is incorrect to set each factor equal to 8. Try to solve this equation correctly. 
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cf 
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Technology 


é 4 You can use a graphing 
utility to check graphically the 
real solutions of a quadratic 
equation. Begin by writing the 
equation in general form. Then 
set y equal to the left side and 
graph the resulting equation. 
The x-intercepts of the equation 
represent the real solutions of 
the original equation. For exam- 
ple, to check the solutions of 
6x? — 3x = 0, graph 

y = 6x? — 3x, as shown below. 
Notice that the x-intercepts 
occur at x = Oand x = 5, as 
found in Example 1(b). 


3 


Extracting Square Roots 


There is a nice shortcut for solving quadratic equations of the form u* = d, where 
d > (and wis an algebraic expression. By factoring, you can see that this equation 
has two solutions. 


u? = Write original equation. 
u-—d=0 Write in general form. 
(u aia Jd)(u = Ja) =0 Factor. 
ut+ /d=0 a> u=—/d Set Ist factor equal to 0. 
are Jd = 0 > L— Jd Set 2nd factor equal to 0. 


Because the two solutions differ only in sign, you can write the solutions together, 
using a “plus or minus sign,” as 


u=+JSd. 


This form of the solution is read as “uw is equal to plus or minus the square root of 
d.” Solving an equation of the form u* = d without going through the steps of 
factoring is called extracting square roots. 


| Extracting Square Roots 


| The equation u? = d, where d > 0, has exactly two solutions: 


u= ad and “= Jd. 
These solutions can also be written as 


u=+JSd. 


| Example 2 


Extracting Square Roots @aje> 


Solve each equation by extracting square roots. 


amie -— 10 bb. @ 3)? =9 


Solution 
a. 4x? = 12 Write original equation. 
x7 =3 Divide each side by 4. 
f= Be 2/6 Extract square roots. 


The solutions are x = \/3 and x = — /3. Check these in the original equation. 
Dee) ce— a 


Write original equation, 
So = +/7 Extract square roots. 
X= 3s a) Add 3 to each side. 


The solutions are x = 3 +./7. Check these in the original equation. 
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Completing the Square 


The equation in Example 2(b) was given in the form (x — 3)? = 7 so that you 
could find the solution by extracting square roots. Suppose, however, that the 
equation had been given in the general form x* — 6x + 2 = 0. Because this 
equation is equivalent to the original, it has the same two solutions, x = 3 +/7. 
However, the left side of the equation is not factorable, and you cannot find its 
solutions unless you rewrite the equation by completing the square. 


| To complete the square for the expression x* + bx, add (b/2)?, which is 
_ the square of half the coefficient of x. Consequently, 


ot} 


When solving quadratic equations by completing the square, you must add (b/2)? 
to each side in order to maintain equality. If the leading coefficient is not 1, you 
must divide each side of the equation by the leading coefficient before complet- 
ing the square, as shown in Example 3. 


' Example 3) Completing the Square G&ije> 


Solve 3x? — 4x — 5 = 0 by completing the square. 


Solution 
Bx — 44 — 5. = 0 Write original equation. 
BY oe CN mie Add 5 to each side. 
aba i | 
Me 3° = Divide each side by 3. 


ee 
to 
ll 
~_ 
ee 
U2 | bo 
— 
=) 


Add (—3)’ to each side. 


(half of —$)” 
sod uk 4 10 AD Gaal 
DN ae ee Se implity. 
3 eee) 
215 Ah ; Pl be 
6 ae Sl |g UR eS Perfect square trinomial. 
3 ») 
4 ab ae Extract t 
OX, een occas = Am ad xtract square roots. 
3 3 


a Add § to each side. 
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STUDY TIP 


You can solve every quadratic 
equation by completing the 
square or using the Quadratic 
_ Formula. 


The Quadratic Formula &4o> 


Often in mathematics you are taught the long way of solving a problem first. 
Then, the longer method is used to develop shorter techniques. The long way 
stresses understanding and the short way stresses efficiency. 

For instance, you can think of completing the square as a “long way” of 
solving a quadratic equation. When you use completing the square to solve a 
quadratic equation, you must complete the square for each equation separately. In 
the following derivation, you complete the square once in a general setting to 
obtain the Quadratic Formula—a shortcut for solving a quadratic equation. 


ax? + bx+c=0 


Write in general form, a # 0. 


ax? + bx = -—c Subtract c from each side. 
: b é 
Ne oe Me Divide each side by a. 
a a 
§ ba Cc b \? 
Bie vae) Oo. an = Complete the square. 
a 2a, a 2a 
(att of °) 
( by b y b? — 4ac 
X =a a Simplify. 
2a 4a? le 
7 ra b* — 4ac 
Des eee — Extract square roots. 
2a 4a? = on 
b /b* — 4ac 
26 aE Solutions 
2a 2\a| 


Note that because +2|a| represents the same numbers as +2a, you can omit the 
absolute value sign. So, the formula simplifies to 


ot —b+ \/b? — 4ac 
2a ; 


| The Quadratic Formula 


| The solutions of a quadratic equation in the general form 


ax? + bx +c =0, i 0) 


| are given by the Quadratic Formula 


ee —b+ /b* — 4ac 
2a ; 


The Quadratic Formula is one of the most important formulas in algebra. You 
should learn the verbal statement of the Quadratic Formula: 


“Negative b, plus or minus the square root of b squared minus 4ac, all divided 
bya 


Exploration 


From each graph, can you tell 
whether the discriminant is 
positive, zero, or negative? 
Explain your reasoning. Find 
each discriminant to verify your 
answers. 


a. x7 — 2x =0 


25 ee, 


How many solutions would part 
(c) have if the linear terrn was 
2x? If the constant was — 2? 
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In the Quadratic Formula, the quantity under the radical sign, b? — 4ac, is 
called the discriminant of the quadratic expression ax* + bx + c. It can be used 
to determine the nature of the solutions of a quadratic equation. 


Solutions of a Quadratic Equation 


The solutions of a quadratic equation ax? + bx + c = 0,a # 0, can be 
classified as follows. If the discriminant b* — 4ac is 


1. positive, then the quadratic equation has two distinct real solutions and its 
graph has two x-intercepts. 


2. zero, then the quadratic equation has one repeated real solution and its 
graph has one x-intercept. 


3. negative, then the quadratic equation has no real solutions and its graph 
has no x-intercepts. 


If the discriminant of a quadratic equation is negative, as in case 3 above, 
then its square root is imaginary (not a real number) and the Quadratic Formula 
yields two complex solutions. You will study complex solutions in Section 1.5. 

When using the Quadratic Formula, remember that before the formula can be 
applied, you must first write the quadratic equation in general form. 


Example 4 The Quadratic Formula: Two Distinct Solutions _ 
Use the Quadratic Formula to solve x* + 3x = 9. Vv 
Solution 


The general form of the equation is x7 + 3x — 9 =0. The discriminant is 
b* — 4ac = 9 + 36 = 45, which is positive. So, the equation has two real solu- 
tions. You can solve the equation as follows. 


x* 3x 9 =0 General form 
Wiel 0 Ade 
k= Quadratic Formula 
2a 
kee J/(3)? — 4(1)(— 9) Substitute a = 1, b = 3, 
1 2(1) andc = —9, 
=Bhac /ilb) a 
JS Simplify. 
D, 
—3 + 3/5 ae 
Vale Simplify. 
y) 
The two solutions are: 
—3 + 3/5 —3 — 3/5 
oa va Leto and i Sep Das 


Check these in the original equation. 
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Applications 


Quadratic equations often occur in problems dealing with area. Here is a simple 
example. “A square room has an area of 144 square feet. Find the dimensions of 
the room.” To solve this problem, let x represent the length of each side of the 
room. Then, by solving the equation 


x? = 144 


you can conclude that each side of the room is 12 feet long. Note that although 
the equation x* = 144 has two solutions, x = —12 and x = 12, the negative 
solution does not make sense in the context of the problem, so you choose the 
positive solution. 


Finding the Dimensions of a Room 3 Qiho > 


A bedroom is 3 feet longer than it is wide (see Figure 1.19) and has an area of 
154 square feet. Find the dimensions of the room. 


: Example 5 


« w +3————> 
FIGURE 1.19 
Solution 
Verbal Width — Length _ Area 
Model: of room ofroom of room 
Labels: Width of room = w (feet) 
Length of room = w + 3 (feet) 
Area of room = 154 (square feet) 
Equation: w(w + 3) = 154 


w? + 3w — 154 = 0 

(w — 11)(w + 14) =0 
w-11=0 > weH=ll 
wt14=0 > w=-14 


Choosing the positive value, you find that the width is 11 feet and the length 
is w + 3, or 14 feet. You can check this solution by observing that the length is 


3 feet longer than the width and that the product of the length and width is 
154 square feet. 


5 
Ba tim 
ccm g omnes ee 


— 


FIGURE 1.20 


STUDY TIP 


The position equation used in 
Example 6 ignores air resistance. 
This implies that it is appropri- 
ate to use the position equation 
_ only to model falling objects that 
_ have little air resistance and that 
_ fall over short distances. 
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Another common application of quadratic equations involves an object that is 
falling (or projected into the air). The general equation that gives the height of such 
an object is called a position equation, and on the Earth’s surface it has the form 


Si SGEA vet Het Sp. 


In this equation, s represents the height of the object (in feet), vy represents the 
initial velocity of the object (in feet per second), sy represents the initial height of 
the object (in feet), and ¢ represents the time (in seconds). 


Example 6 Falling Time a) Kho > 


A construction worker on the 24th floor of a building (see Figure 1.20) acciden- 
tally drops a wrench and yells “Look out below!” Could a person at ground level 
hear this warning in time to get out of the way? 


Solution 


Assume that each floor of the building is 10 feet high, so that the wrench is 
dropped from a height of 235 feet (the construction worker’s hand is 5 feet below 
the ceiling of the 24th floor). Because sound travels at about 1100 feet per 
second, it follows that a person at ground level hears the warning within 
1 second of the time the wrench is dropped. To set up a mathematical model for 
the height of the wrench, use the position equation 


162 
Ss = —16t* + vot + 5p. 


Because the object is dropped rather than thrown, the initial velocity is vo = 0 
feet per second. Moreover, because the initial height is s) = 235 feet, you have 
the following model. 


S166 (Oi 235 = —16P + 235 


After falling for 1 second, the height of the wrench is — 16(1)? + 235 = 219 feet. 
After falling for 2 seconds, the height of the wrench is — 16(2)? + 235 = 171 
feet. To find the number of seconds it takes the wrench to hit the ground, let the 
height s be zero and solve the equation for t. 


§ = —1677 + 235 Write position equation. 
O= 168? + 235 Substitute 0 for height. 
161? = 235 Add 161? to each side. 
235 a 
— Divide each side by 16. 
16 
295 be 
ip qu Extract positive square root. 
t ~ 3.83 Use a calculator. 


The wrench will take about 3.83 seconds to hit the ground. If the person hears the 
warning 1 second after the wrench is dropped, the person still has almost 
3 seconds to get out of the way. 
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Example 7 Quadratic Modeling: Number of Lawyers a) Gio > 


From 1983 to 1999, the number of lawyers L (in thousands) in the United States 
can be modeled by the quadratic equation 


L,= 0.0087? + 19.59t-4 S52.8n030s ¢ = 19 


where ¢ is the time in years, with t = 3 corresponding to 1983. The number of 
lawyers is shown graphically in Figure 1.21. According to this model, in which 
year will the number of lawyers reach or surpass 1 million? (Source: U.S. 
Bureau of Labor Statistics) 


U.S. Lawyers 


Number of lawyers 
(in thousands) 


“3 Sa 9 1S aS, 
Year (3 © 1983) 


FIGURE 1.21 


Solution 


To find the year in which the number of lawyers will reach 1 million, you need to 
solve the equation 


0.0087? + 19.59t + 552.8 = 1000. 

To begin, write the equation in general form. 
0,008 A195 97 34472 () 

Then apply the Quadratic Formula. 


Os: V(19.59)2 = 4(0.008)(— 447.2) 
2(0.008) 


Choosing the positive solution, you find that 


= — 19.59 + V(19.59)? = 4(0.008)(— 447.2) 
2(0.008) 


_ = 19.5967 398008 
0.016 


a Ia Be 


Because t = 3 corresponds to 1983, it follows that t ~ 22.62 must correspond to 


2002. So, the number of lawyers should have reached | million during the year 
2002. 


FIGURE 1.22 
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A fourth type of application that often involves a quadratic equation is one 
dealing with the hypotenuse of a right triangle. These types of applications often 
use the Pythagorean Theorem, which states that 


a* + b* = c? Pythagorean Theorem 


where a and b are the legs of a right triangle and c is the hypotenuse. 


Example 8 An Application Involving the C3 
Pythagorean Theorem 


An L-shaped sidewalk from the athletic center to the library on a college campus 
is shown in Figure 1.22. The sidewalk was constructed so that the length of one 
sidewalk forming the L is twice as long as the other. The length of the diagonal 
sidewalk that cuts across the grounds between the two buildings is 32 feet. How 
many feet does a person save by walking on the diagonal sidewalk? 


Solution 
Using the Pythagorean Theorem, you have 


Rote Oo = 32" Pythagorean Theorem 
5x? = 1024 Combine like terms. 
x? = 204.8 Divide each side by 5. 
me 204.8 Extract positive square root, 
The total distance covered by walking on the diagonal sidewalk is 
py tO es a 
= 3/204.8 
=~ 42.9 feet. 


Walking on the diagonal sidewalk saves a person about 42.9 — 32 = 10.9 feet. 


Comparing Solution Methods In this section, you studied four algebraic methods for 
solving quadratic equations. Solve each of the quadratic equations below in sever- 
al different ways. Write a short paragraph explaining which method(s) you prefer. 
Does your preferred method depend on the equation? 


a. x?— 4x —5=0 
b. x? — 4x = 0 
c. x2 — 4x — 3 = 0 


d. x2 — 4x -6=0 
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In Exercises 1-6, write the quadratic equation in general 
form. 


12 ey 
3. (x — 3)? = 3 
5. 3(3x2 — 10) = 18x 


2. x” = 16x 
4, 13°36 7) =0 
6. x(x + 2) = 5x2 +1 


In Exercises 7-20, solve the quadratic equation by 
factoring. 

UNS oe Che =) 
OF Dy = B= "0 
tex a0 2 =O 
LDA Se eg ae 8) 310) 
1355357 5x — 2577= 0 
14, 2x? = 19x + 33 
1550-4 — 12 

(KS, Se ae tce — 1 
17, 3x? + 8x + 20 =0 
18. 5x2 —x — 16 =0 
199 oe a =) 
20. (x + a)? — b?=0 


8. 9x7 —-1=0 
10. x? — 10x +9 =0 


In Exercises 21-34, solve the equation by extracting 
square roots. List both the exact solution and the 
decimal solution rounded to two decimal places. 


21. x2 = 49 22. x2 = 169 
23 1 24. x? = 32 

Oy, She = il 26. 9x? = 36 

27. (x — 12)? = 16 28. (x + 13)? = 25 
29. (x + 2)? = 14 30. (x — 5)? = 30 
31. (2x — 1)? = 18 32. (4x + 7)? = 44 


33. Nias ee ees) 2 345. 45). +4)? 


In Exercises 35-44, solve the quadratic equation by 
completing the square. 


Shh oe = ke = 0) 36.124 4 — 0 

SW som Gre b pees BY) a) 3852) 
ahs Eo dee SP) (8) 40. x7 + 8x+ 14=0 
41. 9x? — 18x = -3 42. Ox? 14 


43.8 +4x-—x2=0 44. 4x? — 4x —- 99 = 


In Exercises 45-50, rewrite the quadratic portion of the 
algebraic expression as the sum or difference of two 
squares by completing the square. 


1 1 
Be x? + 2x45 ae x2 — 12x + 19 
4 5 
Ate x2 + 4x -—3 ie x? + 25x + 11 
49 : 50 er 
* JS6x — x2 * S16 — 6x — x2 


fg Graphical Analysis \n Exercises 51-58, use a graphing 


utility to graph the equation. Use the graph to approximate 
any x-intercepts of the graph. Set y = 0 and solve the 
resulting equation. Compare the result with the 
x-intercepts of the graph. 
51. y = (x + 3)? -—4 
53. y= 1—@— 2) 
55. y = —4x?4+ 4x +3 
57. Y= x + oe 4 


52. y= (x — 4)? - 1 
54. y= 9 — (x — 8)? 
56. y = 4x2 -— 1 

58. y = x? — 5x — 24 


In Exercises 59-66, use the discriminant to determine the 
number of real solutions of the quadratic equation. 


59, 2x2 - 5x +5=0 60. —5x2- 4x + 1=0 
61. 2x? —-x-1=0 62. x7 — 4x +4=0 

63.522 -—Sx+25=0 64. 4x?—8x +28 =0 
65. 0.257 + 123 8 = 0 66. 9 204, =e 


In Exercises 67-90, use the Quadratic Formula to solve the 
equation. 


67. 2a) 68.22 
69. 16x? + 8x -3 =0 70. 25%7 = 20) 
(lo 125% Oy ea) 
DServe A) 74. 6x = 4 — x? 
T5221 ox) 76. 4x2 — 4x —4=0 
AS ONG ON 78. 16x? + 22 = 40, 
79. 9x7 + 24x +16=0 80. 36x> +24 = J 0) 
$1. 4x2 4+ 4y 7 82. 16x* — 40x + 5 =0 
83. 28x — 49x2 = 4 S45 3X le 
85. 8t = 5 + 27? 86. 25h? + 80h + 61 = 0 


87. 
89. 


(plisey5)2 =h2y 
5x2 + 3x = 2 


88. (z + 6)? = -2z 
90. (2x — 14)? = 8x 


In Exercises 91-98, use the Quadratic Formula to solve the 
equation. (Round your answer to three decimal places.) 


oT. 
92. 
93. 
94. 
95. 
96. 
oT. 
98. 


Pelee Lely 3.0 =) 

2x7 — 2.50x — 0.42 = 0 
—0067x2 = 0.852x + 4:277.=.0 
—0.005x? + 0.101x — 0.193 = 0 
422x*= — 506x — 347 = 0 
100% + 5326x — 715.=.0 
12.67x? + 31.55x + 8.09 = 0 
32277 —'0:08x + 28651 = 0 


In Exercises 99-108, solve the equation using any 
convenient method. 


vod 
101. 
103. 
105. 
107. 
108. 


109. 


110. 


xe Dee 1 0 100. 11x? + 33x = 0 
(x + 3)? =—81 1025" — 14x + 49 = 0 
we—x-}=0 104. x2 + 3x -2=0 
G+ 1} = x? 106, ax—— b2 =.0 

3 =D — 7 

Ay 2x +4=2x4+8 


Floor Space _ The floor of a one-story building is 
14 feet longer than it is wide. The building has 1632 
square feet of floor space. 


(a) Draw a diagram that gives a visual representa- 
tion of the floor space. Represent the width as 
w and show the length in terms of w. 

(b) Write a quadratic equation in terms of w. 

(c) Find the length and width of the floor of the 
building. 

Dimensions of a Corral A rancher has 100 meters 

of fencing to enclose two adjacent rectangular cor- 

rals (see figure). The rancher wants the enclosed 

area to be 350 square meters. What dimensions 

should the rancher use to obtain this area? 


111. 


112. 


113. 


114. 
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Packaging An open box with a square base (see 
figure) is to be constructed from 84 square inches of 
material. The height of the box is 2 inches. What 
are the dimensions of the box? (Hint: The surface 
area is S = x2 + 4xh.) 


Packaging An open box is to be made from a 
square piece of material by cutting two-centimeter 
squares from the corners and turning up the sides 
(see figure). The volume of the finished box is to be 
200 cubic centimeters. Find the size of the original 
piece of material. 


Mowing the Lawn Two landscapers must mow a 
rectangular lawn that measures 100 feet by 200 
feet. Each wants to mow no more than half of the 
lawn. The first starts by mowing around the outside 
of the lawn. How wide a strip must the first land- 
scaper mow on each of the four sides in order to 
mow no more than half of the lawn? The mower has 
a 24-inch cut. Approximate the required number of 
trips around the lawn. 


Seating A _ rectangular classroom seats 72 
students. If the seats were rearranged with three 
more seats in each row, the classroom would have 
two fewer rows. Find the original number of seats 
in each row. 


In Exercises 115-118, use the position equation given in 
Example 6 as the model for the problem. 


115. 


Military A B-52 stratofortress flying at 32,000 

feet over level terrain drops a 500-pound bomb. 

(a) How long will it take until the bomb strikes the 
ground? 

(b) The plane is flying at 600 miles per hour. How 
far will the bomb travel horizontally during its 
descent? 


120 


Chapter 1 ® Equations and Inequalities 


116. Eiffel Tower You drop a coin from the top of the 


117. 


> 


Eiffel Tower in Paris. The building has a height of 

984 feet. 

(a) Use the position equation to write a mathemat- 
ical model for the height of the coin. 

(b) Find the height of the coin after 4 seconds. 

(c) How long will it take before the coin strikes the 
ground? 


Sports You throw a baseball straight up into the 
air at a velocity of 45 feet per second. You release 
the baseball at a height of 5.5 feet and catch it when 
it falls back to a height of 6 feet. 


(a) Use the position equation to write a mathemat- 
ical model for the height of the baseball. 


(b) What is the height of the baseball after 0.5 
second? 


(c) How many seconds is the baseball in the air? 


Model It 


| 118. CN Tower At 1815 feet tall, the CN Tower in | 


Toronto, Ontario is the world’s tallest self-sup- | 

porting structure. An object is dropped from the | 

top of the tower. 

(a) Use the position equation to write a model 
for the height of the object. 


(b) Complete the table. 


| Time, ¢ 0 | 2 TOS 10] 12 


ae 


(c) From the table in part (b), determine the time 
interval during which the object reaches the 
ground. Numerically approximate the time it 
takes the object to reach the ground. 


| Hei ght, s I | 


(d) Find the time it takes the object to reach the | 
ground algebraically. How close was your | 
numerical approximation? | 


oe (e) Use a graphing utility with the appropriate 


viewing window to verify your answer to 
parts (c) and (d). 


119. 


120. 


121. 


122. 


Geometry The hypotenuse of an isosceles right 
triangle is 5 centimeters long. How long are its 
sides? 

Geometry An equilateral triangle has a height of 
10 inches. How long is one of its sides? (Hint: Use 
the height of the triangle to partition the triangle 
into two congruent right triangles.) 


Flying Speed Two planes leave simultaneously 
from Chicago’s O’Hare Airport, one flying due 
north and the other due east (see figure). The north- 
bound plane is flying 50 miles per hour faster than 
the eastbound plane. After 3 hours, the planes are 
2440 miles apart. Find the speed of each plane. 


Boating A winch is used to tow a boat to a dock. 
The rope is attached to the boat at a point 15 feet 
below the level of the winch (see figure). 


(a) Use the Pythagorean Theorem to write an 
equation giving the relationship between / and x. 


(b) Find the distance from the boat to the dock 
when there is 75 feet of rope out. 


123. 


124. 


Cost 


Demand The demand equation for a product is 
p = 20 — 0.0002x, where p is the price per unit 
and x is the number of units sold. The total revenue 
for selling x units is 


Revenue = xp = x(20 — 0.0002x). 


How many units must be sold to produce a revenue 
of $500,000? 


Demand The demand equation for a product is 
p = 60 — 0.0004x, where p is the price per unit 
and x is the number of units sold. The total revenue 
for selling x units is 


Revenue = xp = x(60 — 0.0004x). 
How many units must be sold to produce a revenue 


of $220,000? 


In Exercises 125-128, use the cost equation to find 


the number of units x that a manufacturer can produce for 
the given cost C. Round your answer to the nearest positive 


integer. 
125.@-— 0425x727 4 20x + 500 C = $14,000 
126. C = 0.5x? + 15x + 5000 C = $11,500 
127. C = 800 + 0.04x + 0.002x? C = $1680 

2 
128. C = 800 — 10x + os C = $896 
129. Population Statistics The population of the 


United States from 1800 to 1890 can be approxi- 
mated by the model 


Population = 0.68522x? + 0.0871x + 6.047 


where the population is given in millions of people 
and ¢ represents time, with t = 0 corresponding 
to 1800, t = 1 corresponding to 1810, and so on. 
If this model had continued to be valid up through 
the present time, when would the population of 
the United States have reached 250 million? 
Judging from the graph, would you say this model 
was a good representation of the population 
through 1890? (Source: U.S. Bureau of the 
Census) 


130. 
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Model § 
50 Reo Actual a Wiadaannessvanssascs aodhiecs cantor aecasminces aha se Arete Maat pees 


U.S. population (in millions) 


0 1 2 3 4 5) 6 Ul 8 9 
Year (0 © 1800, 1 < 1810, etc.) 


FIGURE FOR 129 


Biology The metabolic rate of an ectothermic 
organism increases with increasing temperature 
within a certain range. The graph shows experi- 
mental data for the oxygen consumption C (in 
microliters per gram per hour) of a beetle at certain 
temperatures. This data can be approximated by the 
model 


C= 045% = 63a 0; LOS S25 


where x is the air temperature in degrees Celsius. 

(a) The oxygen consumption is 150 microliters per 
gram per hour. What is the air temperature? 

(b) The temperature is increased from 10°C to 


20°C. The oxygen consumption is increased by 
approximately what factor? 


G 

a 300 
Oise 
B aa 250 
ES 8 x00 
SS. os 
ay 
8 € B 150 

Ss ob 
ee 
© 


10 15 20 25 
Air temperature (in degrees Celsius) 
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131. Boating The total amount S (in billions of dollars) 
spent on pleasure boats in the United States from 
1992 through 1999 can be approximated by the 
model 


S =) — 00959 4 1770 2.29 


where f is the time, with f= 2 corresponding to 

1992. (Source: National Sporting Goods 

Association) 

Bcd (a) Use a graphing utility to graph the model over 

the interval 2 < ¢ < 9. 

(b) If the model is used to forecast future sales, 
will sales ever exceed 12 billion dollars? If so, 
estimate the year. 


132. Flying Distance A commercial jet flies to three 
cities whose locations form the vertices of a right 
triangle (see figure). The total flight distance (from 
Oklahoma City to Austin to New Orleans and back 
to Oklahoma City) is approximately 1348 miles. It 
is 560 miles between Oklahoma City and New 
Orleans. Approximate the other two distances. 


Oklahoma City 
e = 
ee 
he 
eee i ete IN ° 
Austin New Orleans 


Synthesis 


True or False? \n Exercises 133 and 134, determine 
whether the statement is true or false. Justify your answer. 


133. The quadratic equation —3x? — x = 10 has two 
real solutions. 

134. If (2x — 3)(@ + 5) = 8, then either 2x — 3 = 8 
Ole as 

135. To solve the equation 
On x= [5x 


a student divides each side by x and solves the 
equation 2x + 3 = 15. The resulting solution 


(x = 6) satisfies the original equation. Is there an 
error? Explain. 


136. The graphs show the solutions of equations plotted 
on the real number line. In each case, determine 
whether the solution(s) is (are) for a linear equa- 
tion, a quadratic equation, both, or neither. Explain. 


—eo——__@——_e> x 
(a) a b Cc 
(b) pee: 
a 


———@——___——_®—> x 
(c) 


d) —e——e—_e—__e+ x 
d) b G d 
137. Solve 3(x + 4)? + (x + 4) — 2 = 0 in two ways. 


(a) Letu = x + 4, and solve the resulting equation 
for u. Then solve the u-solution for x. 


(b) Expand and collect like terms in the equation, 
and solve the resulting equation for x. 


(c) Which method is easier? Explain. 

138. Solve the equations, given that a and b are not zero. 
(a) ax* + bx =0 
(Db). dx" ay — 0) 

Think About It \n Exercises 139-142, write a quadratic 


equation that has the given solutions. (There are many 
correct answers.) 


139. —3 and 6 140. —4 and —-11 
141. 8 and 14 142. ¢ and —2 
Review 


In Exercises 143-146, identify the rule of algebra being 
demonstrated. 


143. (10x)y = 10(xy) 

144. —4(x — 3) = —4x + 12 

145 ea 

146. (x + 4) + x3 =x+4+ (44 x3) 


In Exercises 147-150, find the product. 
147. (x + 3)(x — 6) 

148. (x — 8)(x« — 1) 

149, (x + 4)(x? — x + 2) 

150. (x + 9)(x? — 6x + 4) 


Chris Hamilton/Corbis 
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1.5 Beat 


> What you should learn 


* How to use the imaginary unit i 
to write complex numbers 

* How to add, subtract, and 
multiply complex numbers 

* How to use complex conju-" 
gates to write the quotient of 
two complex numbers in 
standard form 


* How to find complex solutions 
of quadratic equations 


> Why you should learn it 


You can use complex numbers 
to model and solve real-life 

~ problems in electronics. For 

_ instance, in Exercise 84 on page 
129, you will learn how to use 

~ complex numbers to find the 
impedance of an electrical ~ 


The Imaginary Unit i G@4o» 


In Section 1.4, you learned that some quadratic equations have no real solutions. 
For instance, the quadratic equation 


een lea () Equation with no real solution 


has no real solution because there is no real number x that can be squared to 
produce — 1. To overcome this deficiency, mathematicians created an expanded 
system of numbers using the imaginary unit i, defined as 


i= /-l Imaginary unit 


where i? = —1. By adding real numbers to real multiples of this imaginary unit, 
the set of complex numbers is obtained. Each complex number can be written in 
the standard form a + bi. The real number a is called the real part of the 
complex number a + bi, and the number bi (where b is a real number) is called 
the imaginary part of the complex number. 


| Definition of a Complex Number 


If a and b are real numbers, the number a + bi is a complex number, and it | 


| is said to be written in standard form. If b = 0, the number a + bi = ais 
| areal number. If b # 0, the number a + bi is called an imaginary number. | 
A number of the form bi, where b # 0, is called a pure imaginary number. | 


The set of real numbers is a subset of the set of complex numbers, as shown in 
Figure 1.23. This is true because every real number a can be written as a complex 
number using b = 0. That is, for every real number a, you can write a = a + Oi. 


Equality of Co 
Two complex numbers a + bi and c + di, written in standard form, are 
equal to each other 


O32 [yk = 6 ar OH 


Equality of two complex numbers 


| if and only if a = c and b = d. 
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Operations with Complex Numbers 


To add (or subtract) two complex numbers, you add (or subtract) the real and 
imaginary parts of the numbers separately. 


Addition and Subtraction of Complex Numbers 


If a + bi and c + di are two complex numbers written in standard form, 
| their sum and difference are defined as follows. 


Sum: (a + bi) + (c + di) =(a + 6) Hib ban 
Difference: (a+ bi) — (c + di) = (a —- oc) G@—d)i 


The additive identity in the complex number system is zero (the same as in 
the real number system). Furthermore, the additive inverse of the complex 
number a + bi is 


=(@ => (I) = =@ = (a. Additive inverse 
So, you have 


(a + bi) + (-a — bi) = 04+ 01 = 0. 


Example 1 Adding and Subtracting Complex Numbers Gio > 
a. (4+ 7i) + (1 — 61) =44+ 71+ 1- 6i Remove parentheses, 
=(4+ 1)+ (i- 6) Group like terms. 
=S+i Write in standard form. 
b. (1 + 2) — 4+ 21) =1+21-4-2i Remove parentheses. 
= (1 — 4) + (2i — 21) Group like terms. 
== 3. () Simplify. 
= >3 Write in standard form. 


c. 3i = (=2-¥ 31) = O48) = 37-2 sa 
= (2 — 2) + Gi — 31 - 5i) 
= 0 - Si 
= —5i 

d. (3 2) + (4 =) S49) 342) eee 
=(3+4-7) + (2i-i-j) 
= 0+ 0i 
=0 


Note in Examples 1(b) and 1(d) that the sum of two complex numbers can be 
a real number. 


Exploration 


Complete the following. 


bel i? = 
[=] eo = 
p= i i? = 
it=1 je = 
a pis 
oa pe. = 


What pattern do you see? Write 
a brief description of how you 
would find 7 raised to any 
positive integer power. 
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Many of the properties of real numbers are valid for complex numbers as 


well. Here are some examples. 


Associative Properties of Addition and Multiplication 


Commutative Properties of Addition and Multiplication 


Distributive Property of Multiplication Over Addition 


Notice below how these properties are used when two complex numbers are 


multiplied. 
(a + bi)(c + di) = a(c + di) + bi(c + di) 
= ac + (ad)i + (bc)i + (bd)i? 


= ac — bd + (ad)i + (bc)i 
(ac — bd) + (ad + bc)i 


II 


Distributive Property 


Distributive Property 


= ac + (ad)i + (bc)i + (bd)(—1) 2=-] 


Commutative Property 


Associative Property 


Rather than trying to memorize this multiplication rule, you should simply remem- 


ber how the Distributive Property is used to multiply two complex numbers. 


| Example 2. Multiplying Complex Numbers o> 


a. 4(—2 + 31) = 4(—2) + 4(3)) 
SA page OA) 

b. (2 — id(4 + 3i) = 2(4 + 31) — i(4 + 31) 
=. Of 4) 31> 
Sut Ob =A) 2 Sh 1) 
= (8 + 3) + (6: — 4i) 
=H hs ei? 

c. 3 + 2G — 21 = 33 — 21) + 2i3 — 2%) 
=9=— 6 + 61 — 4/7 
= 9 — 6i + 6i — 4(-1) 
=9+4 
= 13 

d. (3 + 21)? = 6 + 2H(3 + 2i) 

= 3(3 + 2%) + 2i(3 + 2i) 
=9 + 61 + 6i + 4i? 
=9+6i+ 61+ 4(-1) 
=9+ 12i-4 
=p 


Distributive Property 
Simplify. 
Distributive Property 
Distributive Property 
| 


Group like terms. 


Write in standard form. 


Distributive Property 
Distributive Property 
ell 


Simplify. 


Write in standard form. 


Square of a binomial 
Distributive Property 
Distributive Property 
?=-1 


Simplify. 


Write in standard form. 
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Complex Conjugates 


Notice in Example 2(c) that the product of two complex numbers can be a real 
number. This occurs with pairs of complex numbers of the form a + bi and 
a — bi, called complex conjugates. 


(a + bi)(a — bi) = a* — abi + abi — bi? 
= q* — b*(—1) 
a* + b 


| Example 3 Multiplying Conjugates G@aje> 


Multiply each complex number by its complex conjugate. 


ay Jl sr uv b. 4 — 31 


Solution 


a. The complex conjugate of 1 + iis 1 — i. 
+ 0 =a) = 12 2 = 1 (a 
b. The complex conjugate of 4 — 37 is 4 + 33. 
(4 — 3i)(4 + 3i) = 42 — (31)? = 16 — 9i2 = 16 — 9(-1) = 25 


To write the quotient of a + bi and c + di in standard form, where c and d 
are not both zero, multiply the numerator and denominator by the complex 
conjugate of the denominator to obtain 


ao = SO) 


Cedi sce Git 


7 (ac + bd) + (be — ad)i 


Standard form 
c2 + d? 


Example 4 Writing a Quotient of Complex Numbers @je> 


in Standard Form 


DEresy be DSS EN SE) Multiply numerator and denominator by 
nea oy ATE \ eos complex conjugate of denominator. 


_ 8+ 4i + 121 + 67? 


ana oep Expand. 
_ 8-6 + 16i 
16+ 4 oan 
Oe IG 
a Soe Simplify. 


aa 10 at 5 Write in standard form. 


STUDY TIP 


The definition of principal 
square root uses the rule 


Jab = Jav/b 


fora > Oandb < 0. This rule 
is not valid if both a and b are 
negative. For example, 


J-5./-5 =J/5(-) 5-1) 


= S5i/5i 
= /25i2 
s Ry ace —§ 

_ whereas 

| SEIKS = VB = 5. 


To avoid problems with square 
_ roots of negative numbers, be 


- sure to convert to standard form 


_ before multiplying. 
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Complex Solutions of Quadratic Equations 


When using the Quadratic Formula to solve a quadratic equation, you often 
obtain a result such as ./ —3, which you know is not a real number. By factoring 
out 1 = ./—1, you can write this number in standard form. 


J=3 = JIN) = V3V=1 = V3 


The number \/3i is called the principal square root of —3. 


Principal Square Root of a Negative Number 


If a is a positive number, the principal square root of the negative number 
—a is defined as 


Ja = Vai. 


| Example 5 ¢ Writing Complex Numbers in Standard Form G¥op> 
a. /—3./=12 = J/3i/12i = 736i? = 6(—1) = —6 


b. /—48 — /=27 =../48i — 271 = 473i — 3V3i = V3i 
ce. (-1+ /-3) = (-14+ V3i? 

(- 1)? — 2V3i + (V3)?(i?) 

1 — 2,/3i + 3(-1) 

-2-2/3i 


II 


Example 6 Complex Solutions of a Quadratic Equation 


Solve (a) x? + 4 = 0 and (b) 3x* — 2x + 5=0. 


Solution 
ax? +4=0 Write original equation. 
x7 = -4 Subtract 4 from each side. 
x= +2i Extract square roots. 


Disox 2x = 0 
ord) t VERA) 


Write original equation. 


Quadratic Formula 


2(3) 
Mae ~f = SO ne 
= ——_______ Simplify. 
6 
de 2/141 
= 2 = 14i Write ./ —56 in standard form. 
/14 
ae ; + ; i Write in standard form. 
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1.5 Exercises 


In Exercises 1-4, find real numbers a and b such that the 
equation is true. 


led by 3104 6r 

eae bt =o As 

3. @-1)+(+ 3) =5+ 8 
4. (a+ 6) + 2bi = 6 — Si 


In Exercises 5-16, write the complex number in standard 
form. 


5.4+ /-9 6. 3 + /—16 
a OT Sie 8 
O/B 10. /—4 
ries 12. 45 

13. —6i + i? 14. —4i2 + 2i 
15. /—0.09 16. /—0.0004 


In Exercises 17-26, perform the addition or subtraction and 
write the result in standard form. 


17. (5 +7) + (6— 23) 

18. (13 — 21) + (—5 + 6i) 

19S 0) a4) 

205r ce (Oa 131) 

21. (-2 + /-8) + (5 —- V—50) 
22. (8 + V—18) — (4 + 3/2i) 
23. 13i — (14 — 7i) 

24, 22 + (—5 + 8i) + 10i 

25 (5 aie Gta) 

26. (1.6 + 3.27) + (—5.8 + 4.37) 


In Exercises 27-40, perform the operation and write the 
result in standard form. 


27 Oe) =O 28. /—5- \/-10 
29. (/—10) 30. (/—75)” 


31. (1 + 1G — 21) 

3256 = 21) — 31) 

33. 6i(5 — 23) 

34. —8i(9 + 4i) 

35. (V14 + /10i)( /14 — ./10i) 
36. (3 + /—5)(7 — V=10 


37. (4 + 5i)? 
38. (2 = 3i)? 
39. (2 + 31)? + (2 — 31)? 
40. (1 — 21)? — (1 + 2i) 


In Exercises 41-48, write the complex conjugate of the 
complex number. Then multiply the number by its complex 
conjugate. 


Al. Get St 42; 7 2 
43. -1— /5i 44. -3+ /2i 
45. ~/—20 46; ./—15 
Amys 48.1+ /8 
In Exercises 49-58, write the quotient in standard form. 
14 
49. i 50) oS 
i 2i 
2 5 
=I) be 52; 
4 — Si = 7 
3a = 
——— pga 
Sew e223 
6'= Si =e 
——— 56a 
i 2i 
3 =) 
OY Wire errae Ss) i 
(Ara57)2 (Qe an) 


In Exercises 59-62, perform the operation and write the 
result in standard form. 


5 : 
59. oat = 2 
bet) lee DS Dea 
6L i = ze Oe 3 
Sy ee yi I 4) i 


In Exercises 63-72, use the Quadratic Formula to solve the 
quadratic equation. 


63. x2 2x +2 =0 64. x2 + 6x + 10 =0 
65, 4x2 + 16x HAT = 0) 966800 — ox ree 
67. 4x7 + lox +15=0 68. 1672—44+3=0 
69. 5x2 — 6x +9 =0 70. 9x2 — 3x +3 =0 
711 4x< = 2x = 10 = 0 
72. 4.5x2 — 3x + 12 =0 


In Exercises 73-80, simplify the complex number and write 
it in standard form. 


73. —6i3 + i? 74. 4i2 — 233 
PSs 31> 76. (—i)3 
77. (/—75) he op 
1 I 
79, — Tiel 
i3 Qi) 


81. Cube each complex number. 
(a2 (b) -1+ V3i («© -1- V3i 
82. Raise each complex number to the fourth power. 
(a) 2 (b)-=2 (ey 2i (d)s=2i 
83. Express each of the powers of i as i, —i, 1, or — 1. 


(a) j 40 (b) j25 (c) j>9 (d) jo 


> Model It 


. Impedance The opposition to current in an 
electrical circuit is called its impedance. The | 
impedance z in a parallel circuit with two | 
pathways satisfies the equation 


where z, is the impedance (in ohms) of pathway 
1 and z, is the impedance of pathway 2. 


(a) The impedance of each pathway in a parallel 
circuit is found by adding the impedances of 
all components in the pathway. Use the table | 
to find z, and z,. | 


(b) Find the impedance z. 


Capacitor 


Resistor | Inductor 


=! 


—050— tga 
Symbol Boe bQ. cQ 


| 


Impedance bi =o 
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Synthesis 
True or False? \n Exercises 85-87, determine whether 


the statement is true or false. Justify your answer. 


85. There is no complex number that is equal to its 
complex conjugate. 
86. —i,/6 is a solution of x4 — x? + 14 = 56. 


87. j44 a j 150 = j/4 ae j 109 ak jo! = =] 


88. Error Analysis Describe the error. 


89. Proof Prove: that the complex conjugate of the 
product of two complex numbers a, + b,i and 
a, + b,i is the product of their complex conjugates. 


90. Proof Prove that the complex conjugate of the 
sum of two complex numbers a, + b,i and 
a, + b,i is the sum of their complex conjugates. 


Review 
In Exercises 91-94, perform the operation and write the 
result in standard form. 
91. (4 + 3x) + (8 — 6x — x?) 
925 Ge — 3x7) — (6 =e) 
93. (3x — $)(x + 4) 


94, (2x — 5)? 


In Exercises 95-98, solve the equation and check your 
solution. 


95. he 9 
97. 4(5x — 6) — 3(6xi 1) =0 
98. 5[x — (3x + 11)] = 20x — 15 


96.58 — 3x = 34 


99. Volume of an Oblate Spheroid 
Solve for a: V = i mab 
100. Newton’s Law of Universal Gravitation 


mM, 


Solve for r: F = a 5 
- 


101. Mixture Problem A five-liter container contains 
a mixture with a concentration of 50%. How much 
of this mixture must be withdrawn and replaced by 
100% concentrate to bring the mixture up to 60% 
concentration? 


Vince Streano/Corbis 
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‘Mas Other Types of Equations 


> What you should learn . : 
Polynomial Equations 


* How to solve polynomial 


equations of degree three In this section you will extend the techniques for solving equations to nonlinear 
Or greater and nonquadratic equations. At this point in the text, you have only four basic 
* How to solve equations methods for solving nonlinear equations—factoring, extracting square roots, 
involving radicals completing the square, and the Quadratic Formula. So the main goal of this 
* How to solve equations section is to learn to rewrite nonlinear equations in a form to which you can apply 
involving fractions or absolute one ttheseancinods: 


values Example 1 shows how to use factoring to solve a polynomial equation, 


which is an equation that can be written in the general form 


How to use polynomial 
equations and equations 
involving radicals to model GC id, 4X”) tt Ee ae 
and solve real-life problems 


> Why you should learn it Solving a Polynomial Equation by Factoring o> 


Polynomial equations, radical i 5 
equations, and absolute value Solve 3x* = 48x°. 
equations can be used to model Solution 

and solve real-life problems. For 
instance, in Exercise 102 on page 


First write the polynomial equation in general form with zero on one side, factor 


140, a radical equation can be the other side, and then set each factor equal to zero and solve. 
used to model the total cost of a 3x* = 48x? Write original equation. 
power line project. — 
ETE, 3xt — 48x? = 0 Write in general form. 
By Ga 16) 0 Factor out common factor. 
3x7(4 4) — 4) 0) Write in factored form. 
3x? = > x=0 Set Ist factor equal to 0. 
x+4=0 ap x=—4 Set 2nd factor equal to 0. 
x-4=0 > x=4 Set 3rd factor equal to 0. 
You can check these solutions by substituting in the original equation, as follows. 
Check 
3(0)* = 48(0)? 0 checks. X 
54) =a 48(—4)? —4 checks. Y 
3(4)4 = 48(4)? 4 checks. / 
So, you can conclude that the solutions are x = 0, x = —4, and x = 4. 


A common mistake that is made in solving an equation such as that in 
Example | is to divide each side of the equation by the variable factor x2. This 
loses the solution x = 0. When solving an equation, always write the equation in 
general form, then factor the equation and set each factor equal to zero. Do not 


divide each side of an equation by a variable factor in an attempt to simplify the 
equation. 


ems 
Technology 
eer You can use a graphing 
utility to check graphically the 
solutions of the equation in 
Example 2.To do this, graph the 
equation 


y = x? — 3x? + 3x — 9. 


As shown below, the x-intercept 
of the graph occurs at the real 
zero of the function, x = 3, 
confirming the result found in 
Example 2. 


—14 


Try using a graphing utility to 
check the solutions found in 
Example 3. 
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For a review of factoring special polynomial forms, see Section P.4. 


| Example 2. Solving a Polynomial Equation by Factoring ¥ep> 


Solve x* — 3x2 + 3x -9 =0. 


Solution 
Nee Oi a = ra) Write original equation. 
X(N 93) te Sax 3) = 0 Factor by grouping. 
(x — 3)? + 3)-=0 Distributive Property 


w= P= 3 Set Ist factor equal to 0. 


Me Sal) x=+V3i Set 2nd factor equal to 0. 


The solutions are x = 3, x = wey, and x = —~/37. 


s 
II 


Occasionally, mathematical models involve equations that are of quadratic 
type. In general, an equation is of quadratic type if it can be written in the form 


au2+bu+c=0 


where a # 0 and u is an algebraic expression. 


Example z. Solving an Equation of Quadratic Type 


Solvex* — 3x7 -+2= 0. 

Solution 

This equation is of quadratic type with u = x?. 
G2 13x i> 2.0 


To solve this equation, you can factor the left side of the equation as the product 
of two second-degree polynomials. 


x — 3x7 +2=0 Write original equation. 
wu? 3u 
So aa’ 
(x7)? — 37) + 2 =0 Quadratic form 
(x? = 1) (x? oar 2) = 0 Partially factor. 
(x + 1) — 1)@? ~2) =0 Factor completely. 
x+1=0 E> x=-1 Set Ist factor equal to 0. 
x-1=0 E> x=1 Set 2nd factor equal to 0. 
Kn =.) => x=+,/2 Set 3rd factor equal to 0. 


The solutions are x = -—l1l,x=1,x= ef and x = — \/2. Check these in the 
original equation. 
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STUDY TIP 


The essential operations in 
Example 4 are isolating the 
square root and squaring each 
side. In Example 5, this is 

_ equivalent to isolating the factor 
with the rational exponent and 
raising each side to the recipro- 
cal power. 


Equations Involving Radicals 


The steps involved in solving the remaining equations in this section will often 
introduce extraneous solutions, as discussed in Section 1.2. Operations such as 
squaring each side of an equation, raising each side of an equation to a rational 
power, and multiplying each side of an equation by a variable quantity all can 
introduce extraneous solutions. So, when you use any of these operations, check- 
ing is crucial. 


Solving Equations Involving Radicals &jo> 


Os a Dee ap T= oe 
af oe tb TS 3 ae 2 Isolate radical. 


ys Original equation 


Ox ea 4a ES Square each side. 
O=x* + 2x —3 Write in general form. 
0=6+3)e—) Factor. 

x3 = 0 > x=-3 Set Ist factor equal to 0. 


x-1=0 x=1 Set 2nd factor equal to 0. 


By checking these values, you can determine that the only solution is x = 1. 
b. /2x -—5- /x -3=1 Original equation 
5 ee Isolate /2x — 5. 
2x -—-5=x-—3+2/x—3 +1 © Square each side. 


2k = 3 =x eee 3 Combine like terms. 
x-3=2/x%-3 Isolate 2\/x — 3. 
x — 64+ 9 = 4 33) Square each side. 
ae [Ox S210) Write in general form. 
(x — 3)«% — 7) =0 Factor. 
x= 3 =0 p> x=3 Set lst factor equal to 0. 
yo 1 0) > x=7 Set 2nd factor equal to 0. 


The solutions are x = 3 and x = 7. Check these in the original equation. 


| Example 5 L - Solving an Equation Involving a Rational Exponent 


(x — 4)2/3 = 25 Original equation 
Nid 252 Raise each side to the } power. 
x — 4 = 125 Simplify. 
x = 129 Add 4 to each side. 


The solution is x = 129. Check this in the original equation. 
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Equations with Fractions or Absolute Values 


To solve an equation involving fractions, multiply each side of the equation by the 
least common denominator (LCD) of all terms in the equation. This procedure 
will “clear the equation of fractions.” For instance, in the equation 


2 eee 


x2+1 x 


Xx 


you can multiply each side of the equation by x(x? + 1). Try doing this and solve 
the resulting equation. You should obtain one solution: x = 1. 


Example 6 Solving an Equation Involving Fractions @§e> 


» 
Solve — 
BG 


Solution 


For this equation, the least common denominator of the three terms is x(x — 2), ) 
so you begin by multiplying each term of the equation by this expression. 


D 3 
== = {l Write original equation. 
YS 2 
3 
NG) el x(x — 2)(1) Multiply each term by the LCD. 
13 x2 
2x — 2) = 3x — x(x — 2) Simplify. 
Dy = 4x? Simplify. 
a = 3x 4-10 Write in general form. 
(x — 4)(x + 1) =0 Factor. 
x-—4=0 > .«.=4 Set Ist factor equal to 0. 
act aille—e() >» x=-!1 Set 2nd factor equal to 0. 
Check x = 4 Check x = —1 
2 = — 1 oe 1 
Kee cine Se 
DL 3} mY 8) 
ee ay = = het 
173 =) = | = || 
72 =e ei 
1 1 
eae 


So, the solutions are x = 4 and x = —1. 
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To solve an equation involving an absolute value, remember that the expres- 
sion inside the absolute value signs can be positive or negative. This results in two 
separate equations, each of which must be solved. For instance, the equation 


[oer hes 


results in the two equations x — 2 = 3 and —(x — 2) = 3, which implies that the 
equation has two solutions: x = 5 and x = —1. 


Example ys Solving an Equation Involving Absolute Value 


Solve |x? — 3x| = —4x + 6. 


Gey 


Solution 


Because the variable expression inside the absolute value signs can be positive or 
negative, you must solve the following two equations. 


First Equation 


Nah SO Use positive expression. 
x7 +x—6=0 Write in general form. 
(x + 3)(x =2):=0 Factor. 
x+3=0 i> Y==35 Set Ist factor equal to 0. 
x-2=0 O® x=2 Set 2nd factor equal to 0. 
Second Equation 
=x? 13x) ="—44 4 6 Use negative expression. 
x7 > 7x+6=0 Write in general form. 
= 1)@ = 6)=10 Factor. 
x1 =r0 <=> x=1 Set Ist factor equal to 0. 
i O20 p> x=6 Set 2nd factor equal to 0. 
Check 
(23) = (23) arenes Subscene 
13 =18 —3 checks. Y 
(2)2 32) ch —4(2) + 6 Substitute 2 for x. 
a) 2 does not check. 
(= 3040) = 6 Subsidies 
9) 1 checks. / 
|(6)? — 3(6)| z —4(6) + 6 Substitute 6 for x. 
18 # —18 6 does not check. 


The solutions are x = —3 and x = 1. 
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Applications @%o> 


It would be impossible to categorize the many different types of applications that 
involve nonlinear and nonquadratic models. However, from the few examples and 
exercises that are given, you will gain some appreciation for the variety of appli- 
cations that can occur. 


| Example 8 Reduced Rates 


A ski club chartered a bus for a ski trip at a cost of $480. In an attempt to lower 
the bus fare per skier, the club invited nonmembers to go along. After five 
nonmembers joined the trip, the fare per skier decreased by $4.80. How many 
club members are going on the trip? 


Solution 


Begin the solution by creating a verbal model and assigning labels. 


Hees Cost per skier - Number of skiers = Cost of trip 
Model: 
Labels: Cost of trip = 480 (dollars) 
Number of ski club members = x (people) 
Number of skiers = x + 5 (people) 
4 
Original cost per member = = (dollars per person) 
; 480 
Cost per skier = ee 4.80 (dollars per person) 
480 
Equation: (= _ 4.80) + 5) = 480 
x 
(eo lo + 5) = 480 Write (= - 4.80) as a fraction. 
e : 


(480 — 4.8x)(x + 5) = 480x Multiply each side by x. 
480x + 2400 — 4.8x? — 24x = 480x — Multiply. 


—4,8x* — 24x + 2400 = 0 Subtract 480x from each side. 
x* + 5x — 500 = 0 Divide each side by —4.8. 
(x + 25)(x — 20) = 0 Factor. 
x+25=0 Hi x=-25 
x-20=0 > x=20 


Choosing the positive value of x, you can conclude that 20 ski club members are 
going on the trip. Check this in the original statement of the problem, as follows. 


(= = 4.80)(20 +25) 


480 Substitute 20 for x. 
20 


(24 — 4.80)25 
480 = 480 20 checks. J 


480 Simplify. 
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Interest in a savings account is calculated by one of three basic methods: 
simple interest, interest compounded n times per year, and interest compounded 
continuously. The next example uses the formula for interest that is compounded 
n times per year. 


r \tt 
a=P(i+*) 
n 


In this formula, A is the balance in the account, P is the principal (or original 
deposit), r is the annual interest rate (in decimal form), n is the number of 
compoundings per year, and f is the time in years. In Chapter 5, you will study a 
derivation of the formula above for interest compounded continuously. 


Example 9 Compound Interest ac) 


When your cousin was born, your grandparents deposited $5000 in a long-term 
investment in which the interest was compounded quarterly. Today, on your 
cousin’s 25th birthday, the value of the investment is $25,062.59. What is the 
annual interest rate for this investment? 


Solution 


nt 
Formula: A= (1 + 4 
n 


Labels: Balance = A = 25,062.59 (dollars) 
Principal = P = 5000 (dollars) 
Time = t = 25 (years) 
Compoundings per year = n = 4 (compoundings per year) 
Annual interest rate = r (percent in decimal form) 


r\425) 
Equation: 25,062.59 = 5000 (1 a. ‘) 


Divide each side by 5000. 


ea = 
5000 


r 100 
5.0125 = (1 af 4 Use a calculator. 
(5:0125)1 2 4 — Raise each side to reciprocal 
power. 
IWAONGYS = Il ae = Use a calculator. 
r 
0.01625 = A Subtract 1 from each side. 
0.065 = r Multiply each side by 4. 


The annual interest rate is about 0.065, or 6.5%. Check this in the original 
statement of the problem. 


1.6 Exercises 


In Exercises 1-24, find all solutions of the equation. Check 
your solutions in the original equation. 


mayo 1 8x> —() 

5 is prey ea) 
ee 0 
a (64 = () 
Note 6, = 0) 
x — 512 = 0 

Sa) +30x? 4:45x =10 
OF — 246 + 16x? = 0 
eek a 5 =A) 
~ x + 2x2 + 3x 4+6=0 
We el 0 
Perel? ahr 16 
ea Ay 3 = 0 

ee tt = 0 =O 


eet an wn 


el ell eel eel oe 
zw NY & © 


1SaAxt — 65x2'+16= 0 
NG 301 2977 — "7 =0 
ex Ie — 8 = 0 
fomvet or + 2 — 0 
19 [to +15= 


; | 
20. 6 z J +5/ i )-6=0 
w+ 1 x+1 


21. 2x + 9V/x =5 

22. 6x — 7/x -3 =0 

23. 3x1/3 + 2x2/3 = 5 

24. 9142/3 + 2411/3 + 16 =0 


Graphical Analysis _\n Exercises 25-28, (a) use a graphing 
utility to graph the equation; (b) use the graph to approxi- 
mate any x-intercepts of the graph; (c) set y = 0 and solve 
the resulting equation; and (d) compare the result of part 
(c) with the x-intercepts of the graph. 

DEN ON OX 

Doe — 7 lox Rx 

DE ig aA NOES oa) 

28. y= x* — 29x? + 100 
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In Exercises 29-52, find all solutions of the equation. Check 
your solutions in the original equation. 


29. ./2x — 10 =0 

30. 4/x -3 =0 

31. /x -10-4=0 
320 4/5 at 3 = 0 

33. 3/2x+54+3=0 
34. 33x+1-5=0 
35. —/26—- llx+4=x 
36. x + /31 — 9x =5 
37. / PP = 73x 


Bb aise de SS ase = 5 
39. /x -— /x-5=1 


40. /x + x —20 = 10 

41. /x +5 4+ Sx —5=10 

42. 2/2 Ps ea 

43. /x +2- J/2x-3=-1 
44. 4./x —3 — 6x — 17 =3 
45. (x — 5/3/27 =8 

46. (x + 3)3/2 =8 

47. (x + 3)?/3 = 8 

48. (x + 2)7/3 =9 

49. (x? — 5)3/2 = 27 

50. (7 —x% — 22)? = 27 

51. 3x(x — 1)'/2 + 2@ -— 13/7 =0 
52. 4x2(x — 1)!/3 + 6x(x — 14 =0 


= Graphical Analysis _\n Exercises 53-56, (a) use a graphing 


utility to graph the equation; (b) use the graph to approxi- 
mate any x-intercepts of the graph; (c) set y = 0 and solve 
the resulting equation; and (d) compare the result of part 
(c) with the x-intercepts of the graph. 


Soy Oe 
54. y = 2x — V15 — 4x 
BS yin 1s oO a W/ axel Oise 2 


4 
56. y= 3Vx—- = — 4 
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In Exercises 57-70, find all solutions of the equation. Check 
your solutions in the original equation. 


eee 
HE ae 5 
Al SO 
Yh = SSeS 
EOL ae O 
1 1 
59 = 3 
Be 3 ae I 
4 3 
4 = = 1 
Oras] ar D 
XQ) = 
61. 7 =x 
x 
3 
OW, Abe se j| == 
X 
1 
(eer = 


Doar) we eae 
Ae ae 
65. [2x — 1| =5 
66. |3x + 2| =7 
(SIE pal a= oe seg oe) 
68. |x? + 6x| = 3x + 18 
69M et 5 
70 Ol =x — 10% 


64. 0 


ay Graphical Analysis _\n Exercises 71-74, (a) use a graph- 
ing utility to graph the equation; (b) use the graph to 
approximate any x-intercepts of the graph; (c) set y = 0 
and solve the resulting equation; and (d) compare the 
result of part (c) with the x-intercepts of the graph. 


1 4 
TL = jl 
a || 
9 
2 \5—he = 5 
Cheam sear il 


(RES) et pe se | 
TA yy 14 — 233 


In Exercises 75-78, find the real solutions of the equation 
analytically. (Round your answers to three decimal places.) 


75. 3.2x4 — 1.5x2 -2.1=0 
76. 7.08x® + 4.15x3 — 9.6 = 0 
77. 1.8x — 6./x — 5.6 =0 
78. 4x2/3 + 8x! + 3.6=0 


Think About It \n Exercises 79-86, find an equation that 
has the given solutions. (There are many correct answers.) 


he 
81. 
83. 
85. 


87. 


88. 


89. 


90. 


91; 


92. 


= 80. 0, 3,5 
14 
3 82. — 3-5 
J3, - V3, 4 84. 2/7, -J/7 
~1,1,i,-i 86. 4i, —4i, 6, —6 


Chartering a Bus A college charters a bus for 
$1700 to take a group to a museum. When six more 
students join the trip, the cost per student drops by 
$7.50. How many students were in the original 
group? 

Renting an Apartment Three students are planning 
to rent an apartment for a year and share equally in 
the cost. By adding a fourth person, each person 
could save $75 a month. How much is the monthly 
rent? 


Airspeed An airline runs a commuter flight 
between Portland, Oregon and Seattle, Washington, 
which are 145 miles apart. If the average speed of the 
plane could be increased by 40 miles per hour, the 
travel time would be decreased by 12 minutes. What 
airspeed is required to obtain this decrease in travel 
time? 

Average Speed _ A family drove 1080 miles to their 
vacation lodge. Because of increased traffic density, 
their average speed on the return trip was decreased 
by 6 miles per hour and the trip took 25 hours longer. 
Determine their average speed on the way to the 
lodge. 


Mutual Funds’ A deposit of $2500 in a mutual 
fund reaches a balance of $3052.49 after 5 years. 
What annual interest rate on a certificate of deposit 
compounded monthly would yield an equivalent 
return? 


Mutual Funds A sales representative for a mutual 
funds company describes a “guaranteed investment 
fund” that the company is offering to new investors. 
You are told that if you deposit $10,000 in the fund 
you will be guaranteed a return of at least $25,000 
after 20 years. (Assume the interest is compounded 
quarterly.) 


(a) What is the annual interest rate if the investment 
only meets the minimum guaranteed amount? 


(b) After 20 years, you receive $32,000. What is the 
annual interest rate? 


93. Saturated Steam The temperature T (in degrees 
Fahrenheit) of saturated steam increases as pressure 
increases. This relationship is approximated by the 
model 


F = 75.82 —2411x + 43.51./x, 5<x</40 


where x is the absolute pressure (in pounds per 
square inch). 


(a) Use the model to complete the table. 


Absolute pressure, x | Temperature, T 


(b) The temperature of steam at sea level is 212°F. 
Use the table in part (a) to approximate the 
absolute pressure at this temperature. 


(c) Solve part (b) algebraically. 


“© (d) Use a graphing utility to verify your solutions 
for part (b) and part (c). 

94, Airline Passengers An airline offers daily flights 
between Chicago and Denver. The total monthly cost 
C (in millions of dollars) of these flights is 
C = \/0.2x + 1, where x is the number of passengers 
(in thousands). The total cost of the flights for June is 
2.5 million dollars. How many passengers flew in 
June? 


95. Demand The demand equation for a video game is 
modeled by p = 40 — /0.01x + 1, where x is the 
number of units demanded per day and p is the price 
per unit. Approximate the demand when the price is 
S375. 


96. Demand The demand equation for a coffee maker 
is modeled by p = 40 — /0.0001x + 1, where x is 
the number of units demanded per day and p is the 
price per unit. Approximate the demand when the 
price is $34.70. 
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97. Baseball A baseball diamond has the shape of a 
square in which the distance from home plate to sec- 
ond base is approximately 1275 feet. Approximate 
the distance between the bases. 

98. Meteorology A meteorologist is positioned 100 
feet from the point where a weather balloon is 
launched. When the balloon is at height h, the 
distance d (in feet) between the meteorologist and 
the balloon is d = 100? + h?. 

oy (a) Use a graphing utility to graph the equation. Use 

the trace feature to approximate the value of h 
when d = 200. 

(b) Complete the table. Use the table to approximate 
the value of h when d = 200. 


[160 68 [70 [5 
eae le 


(c) Find h algebraically when d = 200. 


ed (d) Compare the results of each method. In each 
case, what information did you gain that wasn’t 
apparent in another solution method? 


99. Geometry You construct a cone with a base radius 
of 8 inches. The surface area S of the cone can be 
represented by the equation 


S = 87/64 + h? 


where h is the height of the cone. 
& (a) Use a graphing utility to graph the equation. Use 
the trace feature to approximate the value of h 

when S$ = 350 square inches. 


(b) Complete the table. Use the table to approximate 
the value of h when S = 350. 


(c) Find h algebraically when S = 350. 


AY (d) Compare the results of each method. In each 
case, what information did you gain that wasn’t 
apparent in another solution method? 
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100. Labor Working together, two people can complete 
a task in 8 hours. Working alone, one person takes 2 
hours longer than the other to complete the task. 
How long would it take for each person to complete 
the task? 


101. Labor Working together, two people can complete 
a task in 12 hours. Working alone, one person takes 
3 hours longer than the other to complete the task. 
How long would it take for each person to complete 
the task? 


> Model It 


102. Power Line A power station is on one side of | 
a river that is 7 mile wide, and a factory is 8 | 
miles downstream on the other side of the river, | 

as shown in the figure. It costs $24 per foot to | 

run power lines overland and $30 per foot to run | 

them underwater. | 


(a) Write the total cost C of the project as a | 
function of x (see figure). 


(b) Find the total cost when x = 3. | 
(c) Find the length x when C = $1,098,662.40. | 


a (d) Use a graphing utility to graph the function | 
from part (a). 


a (e) Use your graph from part (d) to find the | 
value of x that minimizes the cost. 


In Exercises 103 and 104, solve for the indicated variable. 
103. A Person’s Tangential Speed in a Rotor 


Solve for g: v = gk 


7s 


104. Inductance 


Solve for Q: i 


OAs 


Synthesis 


True or False? \n Exercises 105 and 106, determine 
whether the statement is true or false. Justify your answer. 


105. An equation can never have more than one extrane- 
ous solution. 


106. When solving an absolute value equation, you will 
always have to check more than one solution. 


In Exercises 107 and 108, find x such that the distance 
between the given points is 13. Explain your results. 


1074 2) 10) 108. (—8, 0), (x, 5) 


In Exercises 109 and 110, find y such that the distance 
between the given points is 17. Explain your results. 


109. (0, 0), (8, y) 110. (—8, 4), (7, y) 


In Exercises 111 and 112, consider an equation of the form 
x + |x — a| = b, where a and b are constants. 


111. Find a and b when the solution to the equation is 
x = 9. (There are many correct answers.) 


112. Writing Write a short paragraph listing the steps 
required to solve this equation involving absolute 
values. 


In Exercises 113 and 114, consider an equation of the form 
x + \/x — a = b, where a and b are constants. 


113. Find a and b when the solution to the equation is 
x = 20. (There are many correct answers.) 


114. Writing Write a short paragraph listing the steps 
required to solve this equation involving radicals. 


Review 


In Exercises 115-118, perform the operation and simplify. 


8 3 
115. — + — 
aye Dee 
116. g : 
x27-4 x%-—3x7x42 
2 D 
117. g ep ey 
PAD ( : 118. 25y 5 


In Exercises 119 and 120, find all real solutions of the 
equation. 


119. x? — 22x + 121 =0 
120. x(x — 20) + 3(@ — 20) =0 


Ditalt SITU SLOCK DOSLOT) 
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Wie Linear Inequalities in One Variable 


> What you should learn 


* How to represent solutions 
of linear inequalities in one 
variable. 


+ How to solve linear inequalities 
in one variable. 


* How to solve inequalities 
involving absolute values 


_* How to use inequalities to 
model and solve real-life 
problems 


> Why you should learn it 


Inequalities can be used to model 
and solve real-life problems. For 
instance, in Exercise 98 on page 
149, you will use a linear inequali- 

ae eee a yeas the max- 


Introduction 


Simple inequalities were reviewed in Section P.1. There, you used the inequality 
symbols <, <, >, and = to compare two numbers and to denote subsets of real 
numbers. For instance, the simple inequality 


je 228) 


denotes all real numbers x that are greater than or equal to 3. 
In this section you will expand your work with inequalities to include more 
involved statements such as 


Se = 7 = She ar © 
and 
=3< Oe=— i < 3. 


As with an equation, you solve an inequality in the variable x by finding all 
values of x for which the inequality is true. Such values are solutions and are said 
to satisfy the inequality. The set of all real numbers that are solutions of an 
inequality is the solution set of the inequality. For instance, the solution set of 


Rar il <al 


is all real numbers that are less than 3. 

The set of all points on the real number line that represent the solution set is 
the graph of the inequality. Graphs of many types of inequalities consist of 
intervals on the real number line. See Section P.1 to review the nine basic types 
of intervals on the real number line. Note that each type of interval can be classi- 
fied as bounded or unbounded. 


| Example 1 Intervals and Inequalities 


Write an inequality to represent each interval, and state whether the interval is 
bounded or unbounded. 
= 3,51] 
b. (—3, co) 
c. [0, 2] 
d. (—©c, co) 


Solution 

a. (—3, 5] corresponds to —3 < x < 5. Bounded 
(—3, co) corresponds to —3 < x. Unbounded 
[0, 2] corresponds to 0 < x < 2. Bounded 


(— 00, co) corresponds to —00 < x < 0. Unbounded 


aes 
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Properties of Inequalities 


The procedures for solving linear inequalities in one variable are much like those 
for solving linear equations. To isolate the variable, you can make use of the 
Properties of Inequalities. These properties are similar to the properties of 
equality, but there are two important exceptions. When each side of an inequality 
is multiplied or divided by a negative number, the direction of the inequality 
symbol must be reversed. Here is an example. 


re) Original inequality 
(= a) ») Syile-3 )(5) Multiply each side by —3 and reverse inequality. 
(6): Saphiedd be) Simplify. 


Two inequalities that have the same solution set are equivalent. For instance, 
the inequalities 


Bap es) 
and 
gee 3 


are equivalent. To obtain the second inequality from the first, you can subtract 2 
from each side of the inequality. The following list describes the operations that 
can be used to create equivalent inequalities. 


| Properties of Inequalities 


| Let a, b, c, and d be real numbers. 


1. Transitive Property 


av<= biandb =< c¢ 
| 2. Addition of Inequalities 
a< bandc< d Tm atc<bcd 


3. Addition of a Constant 


| 4. Multiplication by a Constant 
Forc > O,a < b 


rore < Oa < ip 


Each of the properties above is true if the symbol < is replaced by < and 
the symbol > is replaced by >. For instance, another form of the multiplication 
property would be as follows. 


/\ 


Forc > OQ,a <b ac < be 


hore < Oas ae be 


STUDY TIP 


_ Checking the solution set of an 

_ inequality is not as simple as 

| checking the solutions of an 

_ equation. You can, however, get 
_an indication of the validity of a 
_ solution set by substituting a 

| few convenient values of x. 
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Solving a Linear Inequality in One Variable 


The simplest type of inequality is a linear inequality in one variable. For instance, 
2x + 3 > 4 isa linear inequality in x. 

In the following examples, pay special attention to the steps in which the 
inequality symbol is reversed. Remember that when you multiply or divide by a 
negative number, you must reverse the inequality symbol. 


| Example 2. Solving Linear Inequalities @je> 


Solve each inequality. 


Ns ape = 7/ Seba se © 


bit 2 Pe Sat 
Solution 
hy ost ==) Ss Sue ae W) Write original inequality. 
2a STO Subtract 3x from each side. 
2x4 >e16 Add 7 to each side. 
ee O Divide each side by 2. 


The solution set is all real numbers that are greater than 8, which is denoted 
by (8, co). The graph of this solution set is shown in Figure 1.24. 


: : -—_-—__—— - 


6 i 8 9 10 
Solution interval: (8, 00) 
FIGURE 1.24 
3K eed ne 
Los I > 2 4 Write original inequality. 


bo 
= 
IV 
oe 
| 
(oe) 


Multiply each side by 2. 


DW = Dye et Subtract 2x from each side. 
7h eae |) Subtract 2 from each side. 
18 SD Divide each side by —5 and reverse the inequality. 


The solution set is all real numbers that are less than or equal to 2, which is 
denoted by (—0o, 2]. The graph of this solution set is shown in Figure 1.25. 


Solution interval: (—oo, 2] 
FIGURE 1.25 
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Sometimes it is possible to write two inequalities as a double inequality. For 
instance, you can write the two inequalities —4 < 5x — 2 and5x — 2 < 7 more 
simply as 

ee Re IRE tee 


This form allows you to solve the two inequalities together, as demonstrated in 
Example 3. 


| Example 3 Solving a Double Inequality @¥o> 


To solve a double inequality, you can isolate x as the middle term. 


= 3) SOx. lee Original inequality 
= 3 sels 6 | a) <a Add 1 to each part. 

2S 6r <4 Simplify. 
sal S a < d Divid h by 6 
ae ae a ivide each part : 
Owe 6 #6 silage 

f 2 aie 
ae Fie implify. 

é) 3 


The solution set is all real numbers that are greater than or equal to —4 and less 
than = which is denoted by [-4 2) The graph of this solution set is shown in 
Figure 1.26. 


a -——+———__}_+_____- x 


=I 0 1 


Solution interval: [-3, 2) 
FIGURE 1.26 


a ee re 


The double inequality in Example 3 could have been solved in two parts as 
follows. 


=3 << Ge || and eS ile 3 


=S (Oye he < 4! 
$kz 
3. mor ee 


The solution set consists of all real numbers that satisfy both inequalities. In other 
words, the solution set is the set of all values of x for which 
1 z Z 

a Sth ee 
3 3 
When combining two inequalities to form a double inequality, be sure that the 
inequalities satisfy the Transitive Property. For instance, it is incorrect to combine 
the inequalities 3 < x and x < —-1 as 3 < x < —1. This “inequality” 
is wrong because 3 is not less than — 1. 


es 

Technology 

_¢* Agraphing utility can be 
used to identify the solution set 
of the graph of an inequality. 
For instance, to find the solution 
set of |x — 5| < 2 (see Example 
4), rewrite the inequality as 

|x — 5|—2 < Oand enter 


Y1 = abs (X — 5) — 2 


and press the graph key. The 
graph should look like the one 
shown below. 


Notice that the graph is below 
the x-axis on the interval (3, 7). 


STUDY TIP 


Note that the graph of the 
inequality |x — 5| < 2 can be 
_ described as all real numbers 

_ within two units of 5, as shown 
_ in Figure 1.27. 


145 


Section 1.7. ® Linear Inequalities in One Variable 


Inequalities Involving Absolute Values 


Solving an Absolute Value Inequality 
Let x be a variable or an algebraic expression and let a be a real number 
such that a = 0. 


1. The solutions of |x| < a are all values of x that lie between —a and a. 


thik aeedfandvonly il. sd < x < ¢. 


2. The solutions of |x| > a are all values of x that are less than —a or 
greater than a. 


ele=eas at and only ih ax — a) OF meena: 


These rules are also valid if < is replaced by < and > is replaced by =. 


Example 4 Solving an Absolute Value Inequality @#o> 


Solve each inequality. 


Dove aes ae Dea Weta | 

Solution 

a. |x = 5| <a) Write original inequality. 
ae Ke Pe, Write equivalent inequalities. 


=e) Spe Bea eS eS Add 5 to each part. 


eae 7 Simplify. 
The solution set is all real numbers that are greater than 3 and less than 7, 
which is denoted by (3, 7). The graph of this solution set is shown in Figure 


ibez ie 
Demos |b it) 


Write original inequality. 


Vet oes =] or Lede 2-7. Write equivalent inequalities. 
totes BA) 313 Re Abe ee Subtract 3 from each side. 
A a 10 x24 Simplify. 


The solution set is all real numbers that are less than or equal to —10 or 
greater than or equal to 4. The interval notation for this solution set is 
(—oco, — 10] U[4, cc). The symbol U is called a union symbol and is used to 
denote the combining of two sets. The graph of this solution set is shown in 
Figure 1.28. 


7 units 
—— i 


7 units 


om NG 


2units 2 units 


=17-10—8 6-4 = 2 4 ON 
|x + 3| = 7: Solutions lie outside (—10, 4) 
FIGURE 1.28 


|x — 5| < 2:Solutions lie inside (3, 7) 
FIGURE 1.27 
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Applications 


The problem-solving plan described in Section 1.3 can be used to model and 
solve real-life problems that involve inequalities, as illustrated in Example 5. 


See Comparative Shopping a) gme> 


A subcompact car can be rented from Company A for $180 per week with no 
extra charge for mileage. A similar car can be rented from Company B for $100 
per week plus 20 cents for each mile driven. How many miles must you drive in 
a week in order for the rental fee for Company B to be more than that for 
Company A? 


Solution 

Verbal Weekly cost forCompany B > Weekly cost for Company A 

Model: 

Labels: — Miles driven in one week = m (miles) 
Weekly cost for Company A = 180 (dollars) 
Weekly cost for Company B = 100 + 0.20m (dollars) 


Inequality: 100 + 0.2m > 180 
0.2m > 80 
m > 400 miles 


If you drive more than 400 miles in a week, Company B costs more. 


Example 6 Accuracy of a Measurement @ 


You go to a candy store to buy chocolates that cost $9.89 per pound. The scale 
that is used in the store has a state seal of approval that indicates the scale is 
accurate to within half an ounce. According to the scale, your purchase weighs 
one-half pound and costs $4.95. How much might you have been undercharged 
or overcharged as a result of inaccuracy in the scale? 


Solution 


Let x represent the true weight of the candy. Because the scale is accurate 


to within half an ounce (or = of a pound), the difference between the exact weight 


(x) and the scale weight (3) is less than or equal to + of a pound. That is, 


1 1 ots 
x = 4 S 39. You can solve this inequality as follows. 


it Lene 
Wo) See So 


3 SUS a5 
0.46875 < x < 0.53125 


In other words, your “one-half pound” of candy could have weighed as little as 
0.46875 pound (which would have cost $4.64) or as much as 0.53125 pound 
(which would have cost $5.25). So, you could have been overcharged by as much 
as $0.31 or undercharged by as much as $0.30. 


1.7 Exercises 
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In Exercises 1-6, write an inequality that represents the 
interval, and state whether the interval is bounded or 
unbounded. 


1. [-1, 5] LC 4101 
3. (11, 60) 4. [—5, 00) 
5. (—co, —2) Gla oorg | 


In Exercises 7-12, match the inequality with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) 


S222 
105.0 <.x< 5 
12. |x| >4 


Us Bowe} 
95 —3 <x <4 
11. in 3 


In Exercises 13-18, determine whether each value of x is a 
solution of the inequality. 


Inequality Values 
13. 5x — 12 > 0 (a) x =3 (b) x = -3 
(c) x =3 (d) x = 35 
14.2x+1<-3 (a) x =0 (b) x = —4 
(n= 40" ax = =s 
ag ea bia — 10 
(c) x =0 (d)x=4 
6p eye vn aia (b) x = —5 
: (Ont) said 5 


(a) x = 13 (bila ——1 
(c) x = 14 (d) x 


17. |x — 10| > 3 


II 
Ne} 


Inequality Values 
18227 Ole< alo (a) x = —6. -) x= 0 
@) = 1 (d) x =7 


In Exercises 19-44, solve the inequality and sketch the 
solution on the real number line. (Some equalities have no 
solutions.) 


19. 4x < 12 20. 10x < — 40 
21 ZL OXI 

IID ae net | 24 ee es 12 

DS oe fa ET AY. 260. 3X1 ee 
PH be PRS NEE MNE Se Xs 20s OX — 49S) Gx 
29. 4 — 2% < 33 —2) 30. 4a + 1) < 2x +3 
31. 3x -65x-7 32.3 +5x>x-2 


33, 8x +1) 23xth 34. 9x -1 < (16x — 2) 
aby Sore =P Il 2 = 34! 
Ay, WS. — iain < =SP 
ay, Il & Besar 3 <«K YG 
38. —8 < —(3x+ 5) < 13 
Dyes i ar B 


39. —4 < 3 <4 40. 0 < <55 
41.3>x+1>} 2. -1<2-2<1 
43) 30-<.04Ay= eta 

, SF 
44. 4.5 » eee > 10.5 


In Exercises 45-60, solve the inequality and sketch the 
solution on the real number line. (Some inequalities have 
no solution.) 


45. |x| < 6 46. |x| > 4 
47. |5) > 1 48. |-| > 3 
AD 05 |e a1 re Poa ep es eile ed as) 
Simi 20(-= 6 52. |x — 8| = 0 
53, |3 — 4x| = 9 54. |1 — 2x| <5 
y= 8 Dye 
é > Sy il = 1 
55 5 4 | 3 < 


57. |9 — 2x] -2< -1 58 |x+ 14, +3> 17 
59, 2|x + 10| > 9 60. 3|4 — 5x| < 9 
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ics Graphical Analysis \n Exercises 61-68, use a graphing 
utility to graph the inequality and identify the solution set. 


61. 6x > 12 6223%,— Inae 
63.5 —2x>1 64. 3(x + I) < x +7 
65. |x — 8| =< 14 66. |2x + 9| > 13 
67. 2|x + 7| = 13 68. 5|x + 1| < 3 


Kid Graphical Analysis _\n Exercises 69-74, use a graphing 


utility to graph the equation. Use the graph to approximate 
the values of x that satisfy each inequality. 


Equation Inequalities 
69. y = 2x — 3 (@) yy 2 il (>) vs 0 
70. y=3x+1 Gy =5 (b) y>0 
Tl y=-3x+2 (a 0s ys3 (b) y >0 
72. y = —3x4+ 8 (ajr— ls yise3 (b) ys 0 
73. y = |x — 3| (ay ys 2 (b) y24 
m4. y=|kx+1]  @ys<4 (b) y>1 


In Exercises 75-80, find the interval(s) on the real number 
line for which the radicand is nonnegative (greater than or 
equal to zero). 


TOC Non 16. B/s = V0. 
Uh Nees 2 18. ae 
TOA Tx 80. </6x + 15 


81. Think About It The graph of |x — 5| < 3 can be 
described as all real numbers within 3 units of 5. 
Give a similar description of |x — 10| < 8. 

82. Think About It The graph of |x — 2| > 5 can be 
described as all real numbers more than 5 units 
from 2. Give a similar description of |x — 8| > 4. 


In Exercises 83-90, use absolute value notation to define 
the interval (or pair of intervals) on the real number line. 


23.0) 26 ee 0 anaes 

84. ST i. 4 } — a ( >xX 
a ee | eee me 

85. ~—}—+—_+_+_+_+_| ++}. 
Ae A506 82 9 910 sip iis od 


87. 
88. 
89. 
90. 


aL 


92. 


93: 


94. 


95. 


96. 


All real numbers within 10 units of 12 
All real numbers at least 5 units from 8 
All real numbers more than 5 units from —3 


All real numbers no more than 7 units from —6 


Car Rental You can rent a midsize car from 
Company A for $250 per week with unlimited 
mileage. A similar car can be rented from Company 
B for $150 per week plus 25 cents for each mile 
driven. How many miles must you drive in a week in 
order for the rental fee for Company B to be greater 
than that for Company A? 


Copying Costs Your department sends its copying 
to the photocopy center of your company. The center 
bills your department $0.10 per page. You have 
investigated the possibility of buying a departmental 
copier for $3000. With your own copier, the cost per 
page would be $0.03. The expected life of the copier 
is 4 years. How many copies must you make in the 
four-year period to justify buying the copier? 
Investment In order for an investment of $1000 to 
grow to more than $1062.50 in 2 years, what must 
the annual interest rate be? [A = P(1 + rt)] 


Investment In order for an investment of $750 to 
grow to more than $825 in 2 years, what must the 
annual interest rate be? [A = P(1 + rt)] 


Cost, Revenue, and Profit The revenue for selling 
x units of a product is R = 115.95x. The cost of pro- 
ducing x units is 


C= 95x45 750: 


To obtain a profit, the revenue must be greater than 
the cost. For what values of x will this product 
return a profit? 


Cost, Revenue, and Profit The revenue for selling 
x units of a product is R = 24.55x. The cost of pro- 
ducing x units is 


C= 15.4% + 150,000. 


To obtain a profit, the revenue must be greater than 
the cost. For what values of x will this product 
return a profit? 


j 97. Data Analysis The admissions office of a college 
wants to determine whether there is a relationship 
between IQ scores x and grade-point averages y 
after the first year of school. An equation that models 
the data the admissions office obtained is 


y = 0.067x — 5.638. 


(a) Use a graphing utility to graph the model. 


(b) Use the graph to estimate the values of x that 
predict a grade-point average of at least 3.0. 


98. Data Analysis You want to determine whether 
a there is a relationship between an athlete’s weight 
x (in pounds) and the athlete’s maximum bench- 
press weight y (in pounds). The table shows a 
sample of data from 12 athletes. 


Athlete’s Bench-press 
weight, x weight, y 


(a) Use a graphing utility to plot the data. 

(b) A model for this data is y = 1.3x — 36. Use 
a graphing utility to graph the model in the 
same viewing window used in part (a). 

(c) Use the graph to estimate the values of x that 
predict a maximum bench-press weight of at 
least 200 pounds. 


(d) Verify the estimate from part (c) algebraically. 
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> Model It (continued) 


(e) Use the graph to write a statement about the 
accuracy of the model. If you think the graph 
indicates that an athlete’s weight is not a 
particularly good indicator of the athlete’s 
maximum bench-press weight, list other 
factors that might influence an individual’s 
maximum bench-press weight. 


99. 


100. 


101. 


102. 


103. 


104. 


Teachers’ Salaries The average salary S (in thou- 
sands of dollars) for elementary and secondary 
teachers in the United States from 1980 to 2000 is 
approximated by the model 


S = 1.33¢ + 16.8, 0 S459 


where tf = 0 represents 1980. According to this 
model, when will the average teacher’s salary exceed 
$45,000? (Source: National Education Association) 


Egg Production The number of eggs EF (in 
billions) produced in the United States from 1990 
to 1999 can be modeled by EF = 1.55t + 67.5, 
where t = 0 represents 1990. According to the 
model, when will the number of eggs produced 
exceed 88 billion? (Source: U.S. Department of 
Agriculture) 

Geometry The side of a square is measured as 
10.4 inches with a possible error of a inch. Using 
these measurements, determine the interval 
containing the possible areas of the square. 


Geometry The side of a square is measured as 
24.2 centimeters with a possible error of 0.25 cen- 
timeter. Using these measurements, determine the 
interval containing the possible areas of the square. 


Accuracy of Measurement You buy a bag of 
oranges for $0.95 per pound. The weight that is 
listed on the bag is 4.65 pounds. The scale that 
weighed the bag is accurate to within 1 ounce. How 
much might you have been undercharged or 
overcharged? 


Accuracy of Measurement You buy six T-bone 
steaks that cost $3.98 per pound. The weight that is 
listed on the package is 5.72 pounds. The scale that 
weighed the package is accurate to within ; ounce. 
How much might you have been undercharged or 
overcharged? 
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105. Time Study A time study was conducted to deter- 
mine the length of time required to perform a par- 
ticular task in a manufacturing process. The times 
required by approximately two-thirds of the work- 
ers in the study satisfied the inequality 


i= 150 
1.9 


jet 


where f¢ is time in minutes. Determine the interval 
on the real number line in which these times lie. 


106. Height The heights h of two-thirds of the mem- 
bers of a population satisfy the inequality 


* = =| 
SS || BS 
Path 


where / is measured in inches. Determine the inter- 
val on the real number line in which these heights lie. 


107. Meteorology An electronic device is to be operat- 
ed in an environment with relative humidity h in the 
interval defined by |h — 50| < 30. What are the 
minimum and maximum relative humidities for the 
operation of this device? 


108. Music Michael Kasha of Florida State University 
used physics and mathematics to design a new 
classical guitar. He used the model for the frequency 
of the vibrations on a circular plate 


_26 fe 
d? p 


where v is the frequency (in vibrations per second), 
t is the plate thickness (in millimeters), d is the 
diameter of the plate, E is the elasticity of the plate 
material, and p is the density of the plate material. 
For fixed values of d, E, and p, the graph of the 
equation is a line (see figure). 


Frequency 
(vibrations per second) 


it yp —|—_> 
| 2 3 4 


Plate thickness (in millimeters) 


(a) Estimate the frequency when the plate thick- 
ness is 2 millimeters. 


(b) Estimate the plate thickness when the frequency 
is 600 vibrations per second. 


(c) Approximate the interval for the plate thickness 
when the frequency is between 200 and 400 
vibrations per second. 


(d) Approximate the interval for the frequency when 
the plate thickness is less than 3 millimeters. 


Synthesis 
True or False? \n Exercises 109 and 110, determine 


whether the statement is true or false. Justify your answer. 


109. If a, b, and c are real numbers, and a < b, then 
ac < be. 


110. If —10 < x < 8, then —10 => —x and —x = —8. 


111. Identify the graph of the inequality |x — a| > 2. 


a a (b) —}_+—_} + x 
a-2 a a+2 a-2 a a+2 


(c) ~j $+: (d) ~_R.e— >. 
i) a a a 2-a 2 2+a 
112. Find sets of values of a, b, and c such that 


O<x<10 is a solution of the inequality 
ice eres 


Review 


In Exercises 113-116, find the distance between each pair 
of points. Then find the midpoint of the line segment 
joining the points. 

113 — 452) a) 
ATS. (3,6), (= Seee8) 


114. (1, —2), (10, 3) 
116: (0, —3);{—6, 9) 


In Exercises 117-124, solve the equation. 
117.. 36:24) = 30 

LISS 36(2 =) 1D 36 
120. 4(x + 7) — 9 = —6(-x — 1) 

1210 2x? = 19% 10 = 07 1225 35° a Or 
123. 14x* + 5x =1 =0 

124. x° + 5x? — 4x -— 20 = 0 


118. 8x — 5@ + 4) = -19 


125. Find the coordinates of the point located 3 units to 
the left of the y-axis and 10 units above the x-axis. 


126. Determine the quadrant(s) in which the point (x, y) 
could be located if y > 0. 


Stephen Ferry/Getty Images 


‘3 Other Types of Inequalities 


> What you should learn 


* How to solve polynomial 
inequalities 

* How to solve rational 
inequalities 

* How to use inequalities to 
model and solve real-life 
problems 


> Why you should learn it 


Inequalities can be used to 
model and solve real-life 
problems. For instance, in 
Exercise 71 on page 159,a 

- polynomial inequality is used to 
model the percent of households 
owning a television and having 
cable in the United States. 


Section 1.8 2% Other Types of Inequalities 151 


Polynomial Inequalities 


To solve a polynomial inequality such as x7 — 2x — 3 < 0, you can use the fact 
that a polynomial can change signs only at its zeros (the x-values that make the 
polynomial equal to zero). Between two consecutive zeros, a polynomial must be 
entirely positive or entirely negative. This means that when the real zeros of a 
polynomial are put in order, they divide the real number line into intervals in 
which the polynomial has no sign changes. These zeros are the critical numbers 
of the inequality, and the resulting intervals are the test intervals for the inequal- 
ity. For instance, the polynomial above factors as 


x? — 2x —3=(+ I(x —-3) 


and has two zeros, x = —1 and x = 3. These zeros divide the real number line 
into three test intervals: 


(—oco,-1), (-1,3), and (3, cx). (See Figure 1.29.) 


So, to solve the inequality x? — 2x — 3 < 0, you need only test one value from 
each of these test intervals to determine whether the value satisfies the original 
inequality. If so, you can conclude that the interval is a solution of the inequality. 


Zero Zero 
x=-l a) 
Test Interval Test Interval Test Interval 
(—0, —1) (-1, 3) (3, 2) 
—Keo eo _'_—70Vv01vWOCD SI_LT 
Sn 
-4 -3 —2 -l 0 1 2 3 4 5) 


FIGURE 1.29 Three test intervals for x? — 2x — 3 


You can use the same basic approach to determine the test intervals for any 
polynomial. 


Finding Test Intervals for a Polynomial 
To determine the intervals on which the values of a polynomial are entirely 
negative or entirely positive, use the following steps. 


1. Find all real zeros of the polynomial, and arrange the zeros in increasing 
order (from smallest to largest). These zeros are the critical numbers of 
the polynomial. 


2. Use the critical numbers of the polynomial to determine its test intervals. 


3. Choose one representative x-value in each test interval and evaluate the 
| polynomial at that value. If the value of the polynomial is negative, the 
polynomial will have negative values for every x-value in the interval. If 
the value of the polynomial is positive, the polynomial will have positive 
values for every x-value in the interval. 
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FIGURE 1.31 


y=x*-x-6 


& Equations and Inequalities 


| Example 1 Solving a Polynomial Inequality G¥o> 


Solve 
x*7-x-6<0. 


Solution 
By factoring the polynomial as 


x= x — 6 = (& + DE 3) 


you can see that the critical numbers are x = —2 and x = 3. So, the polynomial’s 

test intervals are 
(—co, —2); (—2,3), and (©, co). Test intervals 

In each test interval, choose a representative x-value and evaluate the polynomial. 

Interval x-Value Polynomial Value Conclusion 

(—00, —2) x=-3 (—3)? —- (-3) -6 =6 Positive 
(=2,3) a0) (0)? — (0) 6 = —6 Negative 
(3, co) x= 4 (42> 4) 6 = 6 Positive 


From this you can conclude that the inequality is satisfied for all x-values in 
(— 2, 3). This implies that the solution of the inequality x2 — x — 6 < 0 is the 
interval (— 2, 3), as shown in Figure 1.30. 


~ Choose x a4. 
| &+2)@-3)>0 | 


t +--+ +++ +> « 
~6 0 1 2 3 4 5 6 7 
Choose x = 0. 
| (w+ 2)(x-3) <0 
FIGURE 1.30 


As with linear inequalities, you can check the reasonableness of a solution by 
substituting x-values into the original inequality. For instance, to check the 
solution found in Example 1, try substituting several x-values from the interval 
(—2, 3) into the inequality 


x7 -—-x-6<0. 


Regardless of which x-values you choose, the inequality should be satisfied. 
You can also use a graph to check the result of Example 1. Sketch the graph 


of y = x? — x — 6, as shown in Figure 1.31. Notice that the graph is below the 
x-axis on the interval (—2, 3). 


STUDY TIP 


You may find it easier to deter- 
mine the sign of a polynomial 
from its factored form. For 
instance, in Example 2, if the 
test value x = 2 is substituted 
into the factored form 


(x — 4) + 4)(2x — 3) 


you can see that the sign pattern 
of the factors is 


feel e+) 


which yields a negative result. 
_ Try using the factored form of 
the polynomial to determine 
_ the sign of the polynomial in 
the test intervals of the other 
- examples in this section. 
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In Example 1, the polynomial inequality was given in general form (with the 
polynomial on one side and zero on the other). Whenever this is not the case, you 
should begin the solution process by writing the inequality in general form. 


| Example 2. Solving a Polynomial Inequality G§o> 


Solve 2x? = Gxt 325 > —- 45 
Solution 
Begin by writing the inequality in general form. 
Dk Bx 82h > 48 
ONE BSS 6 SG) 
(x — 4)(x + 4)(2x — 3) > 0 


Write original inequality. 
Write in general form. 
Factor. 


The critical numbers are x = —4, x = 5 and x = 4, and the test intervals are 
(—c0, —4), (—4, 3), (3, 4), and (4, 00). 


Interval x-Value Polynomial Value Conclusion 
(—00,-4) x=-5 2(—5)3 — 3(—5)? — 32(-5) +48 Negative 
(-4,3)  x%=0  2(0)3 — 3(0)2 — 32(0) + 48 Positive 
(3, 4) x=2  2(2)3 — 3(2)? — 32(2) + 48 Negative 
(4, 00) x=5  2(5)3 — 3(5)? — 32(5) + 48 Positive 


From this you can conclude that the inequality is satisfied on the open intervals 
(—4, 3) and (4, oo). Therefore, the solution set consists of all real numbers in the 
intervals (—4, 3) and (4, 00), as shown in Figure 1.32. 


FIGURE 1.32 


When solving a polynomial inequality, be sure you have accounted for the 
particular type of inequality symbol given in the inequality. For instance, in 
Example 2, note that the original inequality contained a “greater than” symbol 
and the solution consisted of two open intervals. If the original inequality had 
been 


2x? — 3x2 — 32x > 48 


the solution would have consisted of the closed interval [—4, 3] and the interval 
[4, 00). 
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Each of the polynomial inequalities in Examples | and 2 has a solution set 
that consists of a single interval or the union of two intervals. When solving the 
exercises for this section, watch for unusual solution sets, as illustrated in 


Example 3. 


Unusual Solution Sets 


Example 3 
a. The solution set of the following inequality consists of the entire set of real 
numbers, (— 00, 00). 
Site Ys, ico a i a Y) 
b. The solution set of the following inequality consists of the single real number 
Hee le 
No Lee et) 
c. The solution set of the following inequality is empty. 
Peas oh as) <0) 


d. The solution set of the following inequality consists of all real numbers except 
x=2. 


x?-4x+4>0 


S| Exploration 


You can use a graphing utility to verify the results in Example 3. For 
instance, the graph of 


=x +2x +4 


is shown below. Notice that the y-values are greater than 0 for all values of x 
as stated in Example 3(a). Use the graphing utility to graph the following: 


> 


=x7+2x+1 y= x tox +5 y=x*—-4x+4 


Explain how you can use the graphs to verify the results of parts (b), (c), and 
(d) of Example 3. 


10 


=2 
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Rational Inequalities 


The concepts of critical numbers and test intervals can be extended to rational 
inequalities. To do this, use the fact that the value of a rational expression can 
change sign only at its zeros (the x-values for which its numerator is zero) and its 
undefined values (the x-values for which its denominator is zero). These two 
types of numbers make up the critical numbers of a rational inequality. 


Example 4 Solving a Rational Inequality Gey 


SS Sh 


Solve 
= 


Solution 


Begin by writing the rational inequality in general form. 


20 7 
= eB Write original inequality. 
S aieeget) 
24 J 
=¥3) = 0) Write in general form. 
x= 'S 
2h ON eS 
SS EU Add fractions. 
x5 
= thts gs 
pa. () Simplify. 
i Saar) 
Critical numbers: x = 5,x = 8 Zeros and undefined values of rational expression 
Test intervals: (—co, 5), (5, 8), (8, oo) 
=i 40 
Test: 1S 
"em 


After testing these intervals, as shown in Figure 1.33, you can see that the 
inequality is satisfied on the open intervals (—oo, 5) and (8, co). Moreover, 
because (—x + 8)/(x — 5) = 0 when x = 8, you can conclude that the solution 
set consists of all real numbers in the intervals (— 00, 5) U[8, co). (Be sure to use 
a closed interval to indicate that x can equal 8.) 


Choose x = 6. 
—x +8 
x-5 =f 


Choose x = 9. 


=x +8 
ee 


FIGURE 1.33 
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Calculators 


100 


Revenue (in millions of dollars) 
3S 


0) 2 4 6 8 10 
Number of units sold 
(in millions) 


FIGURE 1.34 


Calculators 


Profit (in millions of dollars) 


Q® 2 4 6 re 0) 


Number of units sold 
(in millions) 


FIGURE 1.35 


Applications 
One common application of inequalities comes from business and involves profit, 
revenue, and cost. The formula that relates these three quantities is 

Profit = Revenue — Cost 


Ph =-C. 


| Example 5 ¢ Increasing the Profit for a Product @ Gio > 


The marketing department of a calculator manufacturer has determined that the 
demand for a new model of calculator is 


p = 100 — 0.00001, 0 < x < 10,000,000 Demand equation 


where p is the price per calculator (in dollars) and x represents the number of 
calculators sold. (If this model is accurate, no one would be willing to pay $100 
for the calculator. At the other extreme, the company couldn’t sell more than 10 
million calculators.) The revenue for selling x calculators is 


R = xp = x(100 — 0.00001x) Revenue equation 


as shown in Figure 1.34. The total cost of producing x calculators is $10 per 
calculator plus a development cost of $2,500,000. So, the total cost is 


C = 10x + 2,500,000. Cost equation 


What price should the company charge per calculator to obtain a profit of at least 
$190,000,000? 


Solution 


Verbal 
Model: 


Profit = Revenue — Cost 
Equation: P=R—-C 
P = 100x — 0.00001x? — (10x + 2,500,000) 
P = —0.00001x? + 90x — 2,500,000 
To answer the question, solve the inequality 
P = 190,000,000 
—0.00001x? + 90x — 2,500,000 = 190,000,000. 


When you write the inequality in general form, find the critical numbers and the 
test intervals, and then test a value in each test interval, you can find the solution 
to be 


3,500,000 < x < 5,500,000 


as shown in Figure 1.35. Substituting the x-values in the original price equation 
shows that prices of 


$45.00 < p < $65.00 
will yield a profit of at least $190,000,000. 
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Another common application of inequalities is finding the domain of an 
expression that involves a square root, as shown in Example 6. 


Example 6 Finding a Domain of an Expression ¥o> 
Find the domain of ./64 — 4x?. 


Solution 


Remember that the domain of an expression is the set of all x-values for which 
the expression is defined. Because ./64 — 4x? is defined (has real values) only if 
64 — 4x? is nonnegative, the domain is given by 64 — 4x? 20. 


644 = 0 Write in general form. 
163-0 Divide each side by 4. 
(4-—x(4+x) 20 Write in factored form. 

So, the inequality has two critical numbers: x = —4 and x = 4. You can use these 


two numbers to test the inequality as follows. 


Critical numbers: x= —-4,x%=4 
Test intervals: (= e0, 4) (44) (4eco) 
Test: Is (4 — x)(4 + x) = 0? 


A test shows that the inequality is satisfied in the closed interval | — 4, 4]. So, the 
domain of the expression ./64 — 4x? is the interval [—4, 4], as shown in Figure 
1.36. 


Choose x = -5. 
(4—x)(4 +x) <0 


FIGURE 1.36 


Profit Analysis Consider the relationship P = R — C described on page 156. Write 
a paragraph discussing why it might be beneficial to solve P < 0 if you owned a 
business. Use the situation described in Example 5 to illustrate your reasoning. 
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In Exercises 1-4, determine whether each value of x is a 
solution of the inequality. 
Inequality Values 
1 3 0) (a) x =3 (b) x =0 
(c)x=3 (d) x= —-5 
21x77 =x = 12.20 (a) x= 5 (b) x =0 
(c) x = —4 (d) x = —3 
+ 
yee es (a) x =5 (b) x =4 
= a 9 8 
(Cc) x= -3 (d) x =35 
XP 
4! (a)x=-2 ()x=-1 
(an) (d) x = 3 
In Exercises 5-8, find the critical numbers. 
5. 2x7 -x-6 
6. 9x3 — 25x? 
3 
Uo 2 or 
w= Ss 
x 2 
eae = I 


In Exercises 9-24, solve the inequality and graph the 
solution on the real number line. 


9. x7 <9 10. x? < 36 

11, G+ 2)? < 25 12533)? eal 

13. x7 4x + 429 14.2 6% 9 16 
iby, Be an ee ta 160 
Wee 3 <0 18. x — 45 — 10 


19. 
20. 
21. 
22. 
23. 
24. 


i ae he = Se) 
—2x* + 6x + 15 < 0 
pe Bee 5) aes) SoG) 

op aim Pac? = hee 3} (0 
ho 2 Oe) 
2x> + 13x? — 8x — 46 = 6 


In Exercises 25-30, solve the inequality and write the 
solution set in interval notation. 


25. 4x3 — 6x2 < 0 
27. x 45 = 0 
29: (x = 1 + 2)? = 0 


26. 4x3 — 12x2 > 0 
28. 2x7 — x4 < 0 
sll eeatee 16) 0 


*e 


ae 


Graphical Analysis \n Exercises 31-34, use a graphing 
utility to graph the equation. Use the graph to approximate 
the values of x that satisfy each inequality. 


Equation Inequalities 
31 yest @y<0 (b 23 
32. y = 5x2 - 2x + 1 @) ys0 6) ye7 
33. y = axe — 5x (a) y>0 () y<6 


30 y= 2 xe? 16x + 16 @) ys 0 Deze 


In Exercises 35-48, solve the inequality and graph the 
solution on the real number line. 


1 
BB, = = HS WY 365 ae 
xX x 
+6 + 12 
IO 35. = 42) 
x+1 5 es and 
3x -—5 Sse of 
30, 4 40. eee 
x—-—5 1 + 2x 
4 
41. > i 42. S z 
x+5 Use se 8 yO war 2 
1 
43. < : eee : 
RS eB alive Se 3) je 7 Seer 3 
24 : 24 = 
re eae 46. 
ie = @) 38 
Ye eee 
33 "1 sesp || 
Cee le aes 
ei {I se Sb a! 
Graphical Analysis \n Exercises 49-52, use a graphing 


utility to graph the equation. Use the graph to approximate 
the values of x that satisfy each inequality. 


Equation Inequalities 

3x 

do ame eae (a) ys 0 (b) y= 6 
2D) 

Sy geen (a) ys 0 (b) y= 8 
2x2 

tS) ee (a) y21 (oD) 3 
5% 

525.) eae (a) y2>1 (b) y< 0 


In Exercises 53-58, find the domain of x in the expression. 


53. 
55. 


Sino 
x? — 2x — 35 


ae 54. /x? = 4 
J/x2 — 7x + 12 56. /144 — 9x2 


tie 


In Exercises 59-64, solve the inequality. (Round your 
answers to two decimal places.) 


Le 
61. 
62. 


63. 


65. 


66. 


67. 


68. 


69. 


70. 


O42 526 < 10:2 760: 

eet 12 5x 11.6 10 

Wey ee Ok 3.1 53 
1 2 


pies co Shr er ane 


=x 3 1S tel 


Physics A projectile is fired straight upward from 
ground level with an initial velocity of 160 feet per 
second. 

(a) At what instant will it be back at ground level? 
(b) When will the height exceed 384 feet? 

Physics A projectile is fired straight upward from 
ground level with an initial velocity of 128 feet per 
second. 

(a) At what instant will it be back at ground level? 
(b) When will the height be less than 128 feet? 
Geometry A rectangular playing field with a 
perimeter of 100 meters is to have an area of at least 
500 square meters. Within what bounds must the 
length of the rectangle lie? 

Geometry A rectangular parking lot with a perime- 
ter of 440 feet is to have an area of at least 8000 
square feet. Within what bounds must the length of 
the rectangle lie? 

Investment P dollars, invested at interest rate r 
compounded annually, increases to an amount 


A= Pl 47) 


in 2 years. An investment of $1000 is to increase to an 
amount greater than $1100 in 2 years. The interest 
rate must be greater than what percent? 

Cost, Revenue, and Profit The revenue and cost 
equations for a product are 


Ra (50) 0.00025) and C= 1205 


where R and C are measured in dollars and x repre- 
sents the number of units sold. How many units must 
be sold to obtain a profit of at least $1,650,000? 


150,000 
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> Model It 


| 71. Cable Television The Poon C of Roweenoide 


in the United States that owned a television and | 
had cable from 1970 to 2000 can be modeled by | 


C = 0.0002r* — 0.0187 + 0.487 — 1.5¢+ 8 


where f is the year, with tf = 0 corresponding to | 
1970. (Source: Nielsen Media Research) 


acd (a) Use a graphing utility to graph the equation. 


(b) Complete the table to determine the year in | 
which the percent of households that own a 
television and have cable will exceed 72%. | 


ps0] | | [8 [0] 
Re Bll 


kad (c) Use the trace feature of a graphing utility to | 
verify your answer to part (b). 


(d) Complete the table to determine the years | 
during which the percent of households that | 
own a television and have cable will be | 
between 72% and 100%. 


(i 42 | 43 | 44 | 45 


Bad (e) Use the trace feature of a graphing utility to 
verify your answer to part (d). 

(f) Explain why the model may have values | 

greater than 100% even though such values | 

are not reasonable. 


72. Safe Load The maximum safe load uniformly 
distributed over a one-foot section of a two-inch- 
wide wooden beam is approximated by the model 


Load = 168.5d? — 472.1 


where d is the depth of the beam. 

(a) Evaluate the model for d = 4, d= 6, d = 8, 
d = 10, and d = 12. Use the results to create a 
bar graph. 

(b) Determine the minimum depth of the beam that 
will safely support a load of 2000 pounds. 
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73. Resistors When two resistors of resistance R, and 
R, are connected in parallel (see figure), the total 
resistance R satisfies the equation 


Find R, for a parallel circuit in which R, = 2 ohms 
and R must be at least | ohm. 


74. Education The percent P of the U.S. population 
that had completed 4 years of college or more from 
1960 to 1999 is approximated by the model 


P = 0.00067? + 0.441¢ + 7.21 


where f is the year, with t = 0 corresponding to 1960. 
According to this model, during what year will more 
than 27% of the population be college graduates? 
(Source: U.S. Census Bureau) 


P 


Percent of population who 
are college graduates 


o) JI) ey PAN) DY) SK). Is 
Year (0 © 1960) 


Synthesis 


True or False? \n Exercises 75 and 76, determine 
whether the statement is true or false. Justify your answer. 


75. The zeros of the polynomial x* —2x* -—1lx+12>0 
divide the real number line into four test intervals. 


76. The solution set of the inequality 3x2 + 3x + 6 > 0 
is the entire set of real numbers. 


Exploration \n Exercises 77-80, find the interval for 6 
such that the equation has at least one real solution. 


17. x2 + bye 410 

78.50% UX a4 a) 

79..3x? Jobe ADS 0 

80. 2x7 + bx +5 =0 

81. (a) Write a conjecture about the interval for b in 
Exercises 77-80. Explain your reasoning. 


(b) What is the center of the interval for b in 
Exercises 77—80? 


82. Consider the polynomial (x — a)(x — b) and the real 
number line shown below. 


© —e- 2 
a b 


(a) Identify the points on the line at which the 
polynomial is zero. 


(b) In each of the three subintervals of the line, write 
the sign of each factor and the sign of the 
product. 


(c) For what x-values does the polynomial change 
signs? 


Review 


In Exercises 83-86, factor the expression completely. 


835° 4x- 4 20K 20 

84. (x + 3)? — 16 
$5.37) -.3) — 4G a3) 
86.:2x4 — 54x 


In Exercises 87 and 88, write an expression for the area of 
the region. 


>| 


STs y ets ee ¢ 88s 


3b4+2 


& Chapter Summary 


Chapter Summary 


> What did you learn? 


Section 1.1 Review Exercises 


L) How to sketch graphs of equations and find x- and y- intercepts of graphs 
of equations 


LJ) How to use symmetry to sketch graphs of equations 
L] How to find equations and sketch graphs of circles 
LJ) How to use graphs of equations in solving real-life problems 


Section 1.2 
CL] How to identify equations and solve linear equations in one variable 


L} How to solve equations that lead to linear equations 
C) How to find x- and y-intercepts of graphs of equations algebraically 
CL) How to use linear equations to model and solve real-life problems 


Section 1.3 
L) How to use a verbal model in a problem-solving plan 


L) How to write and use mathematical models to solve real-life problems 
L] How to solve mixture problems and use common formulas to solve real-life problems 


Section 1.4 
1 How to solve quadratic equations by factoring, by extracting square roots, 
by completing the square, and by using the Quadratic Formula 


1) How to use quadratic equations to model and solve real-life problems 


Section 1.5 
1) How to use the imaginary unit i to write complex numbers 


(1) How to add, subtract, and multiply complex numbers 


1 How to use complex conjugates to write the quotient of two complex numbers 
in standard form 


O How to find complex solutions of quadratic equations 


Section 1.6 
1 How to solve polynomial equations of degree three or greater and 
solve equations involving radicals, fractions, or absolute values 


0 How to use different types of equations to model and solve real-life problems 


Section 1.7 
1 How to represent solutions of linear inequalities in one variable, solve 
linear inequalities in one variable, and solve inequalities involving absolute values 


C1 How to use inequalities to model and solve real-life problems 


Section 1.8 
C1 How to solve polynomial and rational inequalities 


C How to use inequalities to model and solve real-life problems 


1-12 
13-20 
21-28 
29, 30 


31=36 
39-42 
43-50 
51,52 


53,54 
55-58 
59-64 


65-74 
i210 


77-80 
81-86 


87-90 
91-94 


95-112 
113,114 


115-128 
129, 130 


131-138 
139, 140 


161 
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Review Exercises 


1.1 | In Exercises 1-4, complete a table of values. Use the 
solution points to sketch the graph of the equation. 


2y=-yxt+2 
4. y = 207 =x = 9 


LSy = 3x7— 5 
3. y= x? — 3x 


In Exercises 5-10, sketch the graph by hand. 
Sy 2x — 3 = 0 6. 3x + 2y+6=0 


Voy =) SX 8 y= Vx4+2 
9. y + 2x7 =0 10. y = x* — 4x 


In Exercises 11 and 12, find the x- and y-intercepts of the 
graph of the equation. 


yt 33 )2 = 4 


12 = ee Oe 


In Exercises 13-20, use the algebraic tests to check for sym- 
metry with respect to both axes and the origin. Then sketch 
the graph. 


13. yy = —4x + 1 14. y = 5x — 6 
15.0 =)5 — 16. y= x? — 10 
U5 Veer a So 18-s\2—9-- 6) 
19. y= J/x+5 20. y = |x| +9 


In Exercises 21-26, find the center and radius of the circle 
and sketch its graph. 


DA ny 20 

Dy an 

2B (Gar NEE Se AKG 

DAS ays .5) <= eS 

25. (x — 4)? + (y + 1)? = 36 

26. (x + 4)? + (y — 3)? = 100 

27. Find the standard form of the equation of the circle 


for which the endpoints of a diameter are (0, 0) and 
(Ges): 


28. Find the standard form of the equation of the circle 
for which the endpoints of a diameter are (—2, —3) 
and (4, — 10). 

29. Physics The force F (in pounds) required to stretch 
a spring x inches from its natural length (see figure) is 


F= 2x, 0<x< 20. 


Natural length 


(a) Use the model to complete the table. 


Fane CEES ERIEIED 
ree Fl | 


(b) Sketch a graph of the model. 


(c) Use the graph to estimate the force necessary to 
stretch the spring 10 inches. 
30. Number of Stores The number N of Home Depot 


stores from 1993 to 2000 can be approximated by the 
model 


N = 9.53"? + 162 


where ¢ is the time (in years), with tf = 3 correspon- 
ding to 1993. (Source: Home Depot, Inc.) 


(a) Sketch a graph of the model. 


(b) Use the graph to estimate the year in which the 
number of stores will be 2000. 


1.2 | In Exercises 31-34, determine whether the equation 
is an identity or a conditional equation. 


SY. GD) a 2 

32. 3(% —-2) + 2x = 2@ 33) 

33. —x? + x7 — x) + 3 = xXx? — x) + 74+ 1)—4 
34. 3(x? — 4x + 8) = —10(x + 2) — 3x2 + 6 


In Exercises 35-42, solve the equation (if possible) and 
check your solution. 


85. 3x — 2(x + 5) = 10 36. 4x +2(7— x) =5 
37. 4(x + 3) — 3 = 2(4 — 3x) — 4 
38. $(x — 3) — 2x + 1) =5 


x 2x Aye 
a2 = 3 = SS ean Sas 
3 5 3 at 40 6 oa x —2 
18 10 5 13 
ily = % = 
% x — 4 fis gab Dye = 3} 


In Exercises 43-50, find the x- and y-intercepts of the graph 
of the equation algebraically. 


43. y=3x-1 44. y= —-5x +6 
45. y = 2(x — 4) 46. y = 4(7x + 1) 
AT. y = —3x+3 48. y = 4x -4 


49. 3.8y — 0.5x+1=0 502 15y 328 — 122 ='0 


51. Geometry The surface area of the cylinder shown 
in the figure is approximated by 


S = 2(3.14)(3)? + 2(3.14)(3)h. 


The surface area is 244.92 square inches. Find the 
height / of the cylinder. 


3 in. 


| > ----- + | 


52. Temperature The Fahrenheit and Celsius tempera- 
ture scales are related by the equation 


Find the Fahrenheit temperature that corresponds to 
100° Celsius. 


53. Profit In October, a greeting card company’s total 
profit was 12% more than it was in September. The 
total profit for the two months was $689,000. Write 
a verbal model, assign labels, and write an algebraic 
equation to find the profit for each month. 
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54. Discount The price of a television set has been dis- 
counted $85. The sale price is $340. Write a verbal 
model, assign labels, and write an algebraic equation 
to find the percent discount. 


55. Shadow Length A person who is 6 feet tall walks 
away from a streetlight toward the tip of the street- 
light’s shadow. When the person is 15 feet from the 
streetlight, the tip of the person’s shadow and the 
shadow cast by the streetlight coincide at a point 5 
feet in front of the person (see figure). How tall is the 
streetlight? 


56. Finance <A group agrees to share equally in the 
cost of a $48,000 piece of machinery. If it can find 
two more group members, each member’s share will 
decrease by $4000. How many are presently in the 
group? 

57. Business Venture You are planning to start a small 
business that will require an investment of $90,000. 
You have found some people who are willing to 
share equally in the venture. If you can find three 
more people, each person’s share will decrease by 
$2500. How many people have you found so far? 


58. Average Speed You commute 56 miles one way to 
work. The trip to work takes 10 minutes longer than 
the trip home. Your average speed on the trip home is 
8 miles per hour faster. What is your average speed 
on the trip home? 


59. Mixture Problem A car radiator contains 10 liters 
of a 30% antifreeze solution. How many liters will 
have to be replaced with pure antifreeze if the 
resulting solution is to be 50% antifreeze? 

60. Investment You invested $6000 at 45% and 55% 
simple interest. During the first year, the two 
accounts earned $305. How much did you invest in 
each? 
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In Exercises 61 and 62, solve for the indicated variable. 


61. Volume of a Cone 
Solve for h: V = 5ar2h 

62. Kinetic Energy 
Solve for m: E = 5mv? 

63. Travel Time Two cars start at a given time and 
travel in the same direction at average speeds of 40 
miles per hour and 55 miles per hour. How much 
time will elapse before the two cars are 10 miles 
apart? 

64. Geometry The volume of a circular cylinder is 81 7 


cubic feet. The cylinder’s radius is 3 feet. What is the 
height of the cylinder? 


1.4 | In Exercises 65-74, use any method to solve the 
quadratic equation. 

65.15 “x a0 
67. 6 = 3x? 

69. (x + 4)? = 18 

lay ee One 300) 
I3¢ D5 Ora 0 
74. 20) 3 Ox a — 0) 


665 2x7 =x — 28 = 0 
68. 16x? = 25 

70. (x — 8)? = 15 
TMK Oe. = 0 


75. Simply Supported Beam A simply supported 
20-foot beam supports a uniformly distributed load 
of 1000 pounds per foot. The bending moment / (in 
foot-pounds) x feet from one end of the beam is 
given by M = 500x(20 — x). 


_ (a) Where is the bending moment zero? 


EW (b) Use a graphing utility to graph the equation. 
—® (c) Use the graph to determine the point on the beam 
where the bending moment is the greatest. 


76. Physics A ball is thrown upward with an initial 
velocity of 30 feet per second from a point that is 24 
feet above the ground. The height h/ (in feet) of the 
ball at time ¢ (in seconds) after it is thrown is 


h = —16t? + 30¢ + 24. 


Find the time when the ball hits the ground. 


1.5 | In Exercises 77-80, write the complex number in 
standard form. 


71. 6 Ae x 4 
TI tel 


Ths 3 = xf = 25 
80. —5i + i? 


In Exercises 81-86, perform the operation and write the 
result in standard form. 


81. (7 + 5i) + (—4 + 23) 
“Sf Dame cad Di Lor ios 

82. (~ = ee 

83. 5i(13 — 8i) 

85. (10 — 8i)(2 — 3i) 


84. (1 + 6i)(5 — 2i) 
86. (6 + JB — 21) 


In Exercises 87 and 88, write the quotient in standard form. 


6+i Re 
4-ji 3) sp 7 


87. 


In Exercises 89 and 90, perform the operation and write the 
result in standard form. 


89 + zs 90 Vt eats 
"92-31 1+i "OS @ & tae 


In Exercises 91-94, find all solutions of the equation. 


91. 3x7 +1=0 92. 2+ 8x2 = 
93. x7 —2x +10 =0 94. 6x2 + 3x + 27 =0 


1.6 | In Exercises 95-112, find all solutions of the equa- 
tion. Check your solutions in the original equation. 


95, 5x* — 12x" = 96. 4x° — 6x2 = 
97. x4 — "5x7 46 = 
98. 9x4 + 27x? — 4x? — 12x = 0 


Oh, aise ae al SS DS ee = 2 = 3 = 
101. /2x% + 3 + /x— 2=2 


102. 5/x —- /x -1=6 

1035.4 =1)77 = 25 = 0" 10446 4) oF 

105. (x + 4)!/2 + 5x(x + 4)3/2 = 

106. 8x2(x2 — 4)!/3 + (x2 — 4/43 = 0 

107 2 litte at 8 = 
ese PS) 


BG x+2 
109. |x — 5| =.10 110. |2x + 3, =7 
112. |x2— 6| =x 


111. |x? — 3| = 2x 


3 


113. Demand The demand equation for a hair dryer is 
p=42 — 0.001x + 2 


where x is the number of units demanded per day 
and p is the price per unit. Find the demand if the 
price is set at $29.95. 


114. Data Analysis The amount C of chlorofluorocar- 
bon gases (CFCs) in thousands of metric tons emit- 
ted in the United States from 1993 to 1999 can be 
approximated by the model 


C = 2.60 — 48.7t + 269 


where t = 3 represents 1993. The actual amounts 
emitted are shown in the table. (Source: U.S. 
Energy Information Administration) 


" CFCs emitted, C 


Year, ¢ 


bad (a) Use a graphing utility to compare the data with 
the model. 


oe (b) Use the graph in part (a) to estimate the amount 
of CFCs emitted in 2005. 


(c) Use the model to verify algebraically the esti- 
mate from part (b). 


In Exercises 115-118, write an inequality that repre- 
sents the interval and state whether the interval is bounded 
or unbounded. 


115.47, 2] 
117. (—00, —10] 


116. (4, 00) 
118 | 2.2) 


In Exercises 119-128, solve the inequality. 

119. 9x — 8 < 7x + 16 120. Bx + 4 > 3x-5 
121. 4(5 — 2x) < 4(8 — x) 

122. 3(3 — x) > 3(2 — 3x) 


Dyas 
xe 037 17 < 34. «124. -3.< = a 
125. |x| < 4 126. |x — 2] <1 
127. |x —3| >4 128. |x — 3] > 3 


129. Geometry The side of a square is measured as 
19.3 centimeters with a possible error of 0.5 
centimeter. Using these measurements, determine 
the interval containing the area of the square. 
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130. Cost, Revenue, and Profit The revenue for selling 
x units of a product is R = 125.33x. The cost of 
producing x units is C = 92x + 1200. To obtain a 
profit, the revenue must be greater than the cost. 
Determine the smallest value of x for which this 
product returns a profit. 


1.8 | In Exercises 131-138, solve the inequality. 


131. x? — 6x — 27 < 0 132. x? — 2x > 3 
133. 6x2 + 5x < 4 134. 2x7 + x2 15 
y) 3 = 5 

135. < : 
ot x+1 5p — II lise, oe 
i A . 
eG) eel ed {38 eee 
Be ye DR FR 


139. Investment P dollars invested at interest rate r 
compounded annually increases to an amount 
A = P(1 + r)* in 2 years. An investment of $5000 
is to increase to an amount greater than $5500 in 2 
years. The interest rate must be greater than what 
percent? 


140. Population of a Species A biologist introduces 
200 ladybugs into a crop field. The population P of 
the ladybugs is approximated by the model 

1000(1 + 32) 
p= = 
ues 
where ¢ is the time in days. Find the time required 


for the population to increase to at least 2000 
ladybugs. 


Synthesis 


True or False? \n Exercises 141 and 142, determine 
whether the statement is true or false. Justify your answer. 


141. /-18./-2 = /(—18)(—2) 
142. The equation 325x* — 717x + 398 = 0 has no 
solution. 


143. Explain why it is important to check your solutions 
to certain types of equations. 

144. Error Analysis What is wrong with the following 
solution? 


| 11x ap 4| =6 
ZNO Or Ile ar 
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Chapter Test 


The Interactive CD-ROM and /nternet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 
of which have randomly generated 
exercises with diagnostic capabilities. 


FIGURE FOR 21 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-6, check for symmetry with respect to both axes and the origin. Then 
sketch the graph of the equation. Identify any x- and y-intercepts. 


ly = 4s 2. y=4 - 4lx] 3. y=4- (x — 2) 
4. y =o x 5 hye ee 6. = 3)? 4 y= 


In Exercises 7-12, solve the equation (if possible). 


7. (x — 1) + gx = 10 8. (x — 3)\(x + 2) = 14 
pitas +4=0 10. x4 +x2-6=0 
aieig FZ 
11.29% =.2e 1 =1 12. [3x > 1| =7 
In Exercises 13-16, solve the inequality. Sketch the solution on the real number line. 
13. -—3 < 244+ 4) < 14 re 2 
re 2= 
; a = Xe aes 
1525) eon > 12 16:5|45 15h o 


17. Perform each operation and write the result in standard form. 


(a) 10i — (3 + /—25) (b) (2 + V3i)(2 — V3i) 


18. Write the quotient in standard form: 


2+7 


19. The sales y (in billions of dollars) for Gateway, Inc. from 1993 to 2000 can 
be approximated by the model 


Vases Of == 19 SMe ee |) 

where f¢ is the time (in years), with t = 3 corresponding to 1993. (Source: 
Gateway, Inc.) 

(a) Sketch a graph of the model. 


(b) Assuming that the pattern continues, use the graph in part (a) to estimate 
the sales in 2004. 


(c) Use the model to verify algebraically the estimate from part (b). 


20. On the first part of a 350-kilometer trip, a salesperson travels 2 hours and 
15 minutes at an average speed of 100 kilometers per hour. The salesperson 
needs to arrive at the destination in another hour and 20 minutes. Find the 
average speed required for the remainder of the trip. 


21. The area of the ellipse in the figure at the left is A = arab. If a and b satisfy 
the constraint a + b = 100, find a and b such that the area of the ellipse 
equals the area of the circle. 
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Proofs in Mathematics 


Conditional Statements 


Many theorems are written in the if-then form “if p, then gq,” which is denoted by 


pq Conditional statement 


where p is the hypothesis and gq is the conclusion. Here are some other ways to 
express the conditional statement p — q. 


p implies q. p, only if q. p is sufficient for g. 


Conditional statements can be either true or false. The conditional statement 
P—¢q is false only when p 1s true and q is false. To show that a conditional state- 
ment is true, you must prove that the conclusion follows for all cases that fulfill the 
hypothesis. To show that a conditional statement is false, you need only to describe 
a single counterexample that shows that the statement is not always true. 

For instance, x = —4 is a counterexample that shows that the following 
statement is false. 


If x? = 16, then x = 4. 


The hypothesis “x? = 16” is true because (— 4)? = 16. However, the conclusion 
“x = 4” is false. This implies that the given conditional statement is false. 

For the conditional statement p— gq, there are three important associated 
conditional statements. 
1. The converse of pq: q-p 
2. The inverse of p> q: ~p—~q 
3. The contrapositive of pq: ~g—>~p 


The symbol ~ means the negation of a statement. For instance, the negation of 
“The engine is running” is “The engine is not running.” 


Writing the Converse, Inverse, and Contrapositive 


Write the converse, inverse, and contrapositive of the conditional statement “If I 
get a B on my test, then I will pass the course.” 

Solution 

a. Converse: If I pass the course, then I got a B on my test. 


b. Inverse: If I do not get a B on my test, then I will not pass the course. 


c. Contrapositive: If I do not pass the course, then I did not get a B on my test. 


In the example above, notice that neither the converse nor the inverse is 
logically equivalent to the original conditional statement. On the other hand, the 
contrapositive is logically equivalent to the original conditional statement. 


YZE-@ Problem Solving 


1. Let x represent the time (in seconds) and let y repre- 
sent the distance (in feet) between you and a tree. 
Sketch a possible graph that shows how x and y are 
related if you are walking toward the tree. 


2. (a) Find the following sums 
ea 3 ae a 
Pelee ao Ok fe 
Le a 6 
+7+84+9+10= 


(b) Use the following formula for the sum of the first 
n natural numbers to verify your answers to part 


(a). 


P+2434---+2=5nn+1) 


(c) Use the formula in part (b) to find n if the sum of 
the first n natural numbers is 210. 


3. The area of an ellipse is given by A = arab (see figure). 
For a certain ellipse, it is required that a + b = 20. 


(a) Show that A = za(20 — a). 
(b) Complete the table. 


E Zale ete 13 | 16 | 
2 al 


(c) Find two values of a such that A = 300. 


& (d) Use a graphing utility to graph the area equation. 


(e) Find the a-intercepts of the graph of the area 
equation. What do these values represent? 


(f) What is the maximum area? What values of a and 
b yield the maximum area? 
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4. A building code requires that a building be able to 
withstand a certain amount of wind pressure. The 
pressure P (in pounds per square foot) from wind 
blowing at s miles per hour is given by 


P = 0.00256s?. 


(a) A two-story library is designed. Buildings this tall 
are often required to withstand wind pressure of 
20 pounds per square foot. Under this require- 
ment, how fast can the wind be blowing before it 
produces excessive stress on the building? 


(b) To be safe, the library is designed so that it can 
withstand wind pressure of 40 pounds per square 
foot. Does this mean that the library can survive 
wind blowing at twice the speed you found in part 
(a)? Justify your answer. 

(c) Use the pressure formula to explain why even a 
relatively small increase in the wind speed could 
have potentially serious effects on a building. 


. For a bathtub with a rectangular base, Toricelli’s Law 


implies that the height 4 of water in the tub t seconds 
after it begins draining is given by 


2 £3 


where / and w are the tub’s length and width, d is the 
diameter of the drain, and hy is the water’s initial 
height. (All measurements are in inches.) You com- 
pletely fill a tub with water. The tub is 60 inches long 
by 30 inches wide by 25 inches high and has a drain 
with a two-inch diameter. 


(a) Find the time it takes for the tub to go from being 
full to half-full. 


(b) Find the time it takes for the tub to go from being 
half-full to empty. 


(c) Based on your results in parts (a) and (b), what 
general statement can you make about the speed 
at which the water drains. 


. (a) Consider the sum of squares x* + 9. If the sum 


can be factored, then there are integers m and n 
such that x? + 9 = (x + m)(x + n). Write two 
equations relating the sum and the product of m 
and n to the coefficients in x? + 9. 


(b) Show that there are no integers m and n that 


satisfy both equations you wrote in part (a). What 
can you conclude? 


ig 


10. 


A Pythagorean Triple is a group of three integers, 

such as 3, 4, and 5, that could be the lengths of the 

sides of a right triangle. 

(a) Find two other Pythagorean Triples. 

(b) Notice that 3 - 4 - 5 = 60. Is the product of the 
three numbers in each Pythagorean Triple evenly 
divisible by 3? by 4? by 5? 


(c) Write a conjecture involving Pythagorean Triples 
and divisibility by 60. 


. Determine the solutions x, and x, of each quadratic 


equation. Use the values of x, and x, to fill in the 
boxes. 


Equation Xy,Xy Xp XQ xy * XQ 
(a) x7 —x-6=0 

(by) Ox? 45k — 3-=0 

(c) 4x7 -9=0 


(d) x? — 10x + 34=0 


. Consider a general quadratic equation 


axre+bx+c=0 


whose solutions are x, and x,. Use the results of 
Exercise 8 to determine a relationship among the 
coefficients a, b, and c and the sum x, + x, and the 
product x, - x, of the solutions. 
(a) The principal cube root of 125, %/125, is 5. 
Evaluate the expression x? for each value of x. 
=o t O4/ 3h 
2 
5 ~ Oy si 
2 
(b) The principal cube root of 27, %/27, is 3. 
Evaluate the expression x? for each value of x. 
—3 + 3/3i 
2 
EO oy oF 
Z 
(c) Use the results of parts (a) and (b) to list possible 
cube roots of (i), 1, (ii) 8, and (i11) 64. Verify your 
results algebraically. 


(i) x = 


(ii) x = 


(i) x = 


(ii) x = 


11, 


12. 


13; 


14. 


15; 


16. 


The multiplicative inverse of z is a complex number 
Z, Such that z- z,, = 1. Find the multiplicative 


“Mm 


inverse of each complex number. 


Q2= Ltt OO) 2=3 —-a (c)z2=-24 8 


Prove that the product of a complex number a + bi 
and its complex conjugate is a real number. 


A fractal is a geometric figure that consists of a pat- 
tern that is repeated infinitely on a smaller and small- 
er scale. The most famous fractal is called the 
Mandelbrot Set, named after the Polish-born math- 
ematician Benoit Mandelbrot. To draw the 
Mandelbrot Set, consider the following sequence of 
numbers. 


CC 4 €,1e Fc) + cle + ec) ce a 


The behavior of this sequence depends on the value 
of the complex number c. If the sequence is bounded 
(there is a number in the sequence that is greater than 
or less than all the numbers in the sequence), the 
complex number c is in the Mandelbrot Set, and if 
the sequence is unbounded (the numbers in the 
sequence get larger and larger without bound), the 
complex number c is not in the Mandelbrot Set. 
Determine whether the complex number c is in the 
Mandelbrot Set. 


(a) c=i (b) c=1+i (jie=— 2 
Use the equation 
AJx = 2x + k 


to find three different values of & such that the equa- 
tion has two solutions, one solution, and no solution. 
Describe the process you used to find the equations. 


Use the graph of y = x* — x? — 6x7 + 4x + 8 to 
solve the inequality x* — x° — 6x7 + 4x + 8 > 0. 
When you buy a 16-ounce bag of chips, you expect 
to get precisely 16 ounces. The actual weight w (in 
ounces) of a “16-ounce” bag of chips is given by 


l 
as mE ae 
lw — 16) < 7° 


You buy four 16-ounce bags, what is the greatest 


amount you can expect to get? What is the smallest 
amount? Explain. 
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How to study Chapter 2 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


¢ How to find and use the slopes of lines to write and graph linear 


equations in two variables 


e How to evaluate functions and find their domains 


¢ How to analyze graphs of functions 


¢ How to identify and graph rigid and nonrigid transformations 


* How to find arithmetic combinations and compositions of functions 


e How to find inverse functions graphically and algebraically 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Linear equation in two variables 
(p. 172) 

Slope (p. 172) 

Slope-intercept form (p. 172) 

Point-slope form (p. 177) 

Parallel (p. 179) 

Perpendicular (p. 179) 

Function (p. 187) 

Domain (p. 187) 

Range (p. 187) 

Independent variable (p. 189) 

Dependent variable (p. 189) 

Implied domain (p. 191) 

Graph of a function (p. 201) 

Vertical Line Test (pp. 202) 


Study Tools 


Learning objectives in each section 

Chapter Summary (p. 247) 

Review Exercises (pp. 248-251) 

Chapter Test (p. 252) 

Cumulative Test for Chapters P-2 
(pp. 253-254) 


Zeros of a function (p. 203) 
Increasing function (p. 204) 
Decreasing function (p. 204) 
Constant function (p. 204) 
Relative minimum (p. 205) 
Relative maximum (p. 205) 

Even function (p. 206) 

Odd function (p. 206) 

Vertical and horizontal shifts (jp. 219) 
Reflection (p. 221) 

Nonrigid transformations (p. 223) 
Inverse function (p. 237) 
Horizontal Line Test (p. 240) 
One-to-one functions (p. 240) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 2 
College Algebra Website 
Student Success Organizer 


&e 


Linear Equations in Two Variables 
Functions : 

Analyzing Graphs of Functions 

A Library of Functions 

Shifting, Reflecting, and Stretching Graphs 
Combinations of Functions 


Inverse Functions 
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Yee Linear Equations in Two Variables 


> What you should learn 


Using Slope &4o> 


* How to use slope to graph 


linear equations in two The simplest mathematical model for relating two variables is the linear equation 
variables in two variables y = mx + b. The equation is called linear because its graph is a 
* How to find slopes of lines line. (In mathematics, the term line means straight line.) By letting x = 0, you can 
* How to write linear equations see that the line crosses the y-axis at y = b, as shown in Figure 2.1. In other words, 
in two variables the y-intercept is (0, b). The steepness or slope of the line is m. 
- How to use slope to identify Ba RUNS 


parallel and perpendicular lines 


How to use linear equations in 


‘ Sl )-Intercept 
two variables to model and pre ee 


solve real-life problems The slope of a nonvertical line is the number of units the line rises (or falls) 
: vertically for each unit of horizontal change from left to right, as shown in 
> Why you should learn it Figure 2.1 and Figure 2.2. 
Linear equations in two variables 5) %) 
can be used to model and solve ' 
real-life problems. For instance, : y=mxt+b 1 unit 
in Exercise 119 on page 185,a DE ee 
linear equation is used to model \ 
the average monthly cellular 
phone bills for subscribers in the ‘ 
United States. y-intercept : 
= x 
Positive slope, line rises. Negative slope, line falls. 
FIGURE 2.1 FIGURE 2.2 


A linear equation that is written in the form y = mx + b is said to be 
written in slope-intercept form. 


| The Biope: Intercept Form of the Equation of a Line 
| The graph of the equation 


y=mx+b 


| is a line whose slope is m and whose y-intercept is (0, b). 


Exploration 


Use a graphing utility to compare the slopes of the lines y = mx where 

m = 0.5, 1,2, and 4. Which line rises most quickly? Now, let m = —0.5, 
—1, —2, and —4. Which line falls most quickly? Use a square setting to 
obtain a true geometric perspective. What can you conclude about the slope 
and the “rate” at which the line rises or falls? 


The icon Gio D identifies examples and concepts related to features of the Learning Tools CD-ROM 
and the Interactive and Internet versions of this text. For more details see the chart on Pages xXix-xxiil. 


FIGURE 2.3. Slope is undefined. 


When m is positive, the line rises. 
FIGURE 2.4 
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Once you have determined the slope and the y-intercept of a line, it is a 
relatively simple matter to sketch its graph. In the next example, note that none 
of the lines is vertical. A vertical line has an equation of the form 


Xx=a. Vertical line 


The equation of a vertical line cannot be written in the form y = mx + b because 
the slope of a vertical line is undefined, as indicated in Figure 2.3. 


| Example 1 Graphing a Linear Equation o> 


Sketch the graph of each linear equation. 
ae Y= 2X I 

b. y = 2 

Gx Fy = "2 

Solution 


a. Because b = 1, the y-intercept is (0,1). Moreover, because the slope is 
m = 2, the line rises two units for each unit the line moves to the right, as 
shown in Figure 2.4. 


b. By writing this equation in the form y = (0)x + 2, you can see that the 
y-intercept is (0, 2) and the slope is zero. A zero slope implies that the line is 
horizontal—that is, it doesn’t rise or fall, as shown in Figure 2.5. 


c. By writing this equation in slope-intercept form 


xt+ty=2 Write original equation. 
y= — x + 2 Subtract x from each side. 
v= (- 1)x ap 2) Write in slope-intercept form. 


you can see that the y-intercept is (0,2). Moreover, because the slope is 
m = —1, the line falls one unit for each unit the line moves to the right, as 
shown in Figure 2.6. 


4 + 
(0,2)  m=0 
i+ 
et eet t $+—> x Xx 
1 2 3, 4 5 
When m is 0, the line is horizontal. When m is negative, the line falls. 
FIGURE 2.5 FIGURE 2.6 
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The Interactive CD-ROM and Internet 


versions of this text offer a Try It for 
each example in the text. 


Manufacturing 


| C= 25x + 3500 


Cost (in dollars) 
ON 
S 
S 


50 100 150 
Number of units 


FIGURE 2.8 Production cost 


Marginal cost: .....J—<. 


~~ Fixed cost: 3500 ~~ 


In real-life problems, the slope of a line can be interpreted as either a ratio 
or a rate. If the x-axis and y-axis have the same unit of measure, then the slope 
has no units and is a ratio. If the x-axis and y-axis have different units of meas- 
ure, then the slope is a rate or rate of change. 


Using Slope as a Ratio 3 


: Example 2 


The maximum recommended slope of a wheelchair ramp is +. A business is 
installing a wheelchair ramp that rises 22 inches over a horizontal length of 24 
feet. Is the ramp steeper than recommended? (Source: Americans with 
Disabilities Act Handbook) 


Solution 
The horizontal length of the ramp is 24 feet or 12(24) = 288 inches, as shown in 
Figure 2.7. So, the slope of the ramp is 


vertical change 
Slope*= == 3 
horizontal change 


Dorin: 
288 in. 


~= 0.076. 


Because 7 =~ 0,083, the slope of the ramp is not steeper than recommended. 


FIGURE 2.7 


| Example 3 Using Slope as a Rate of Change 3 


A kitchen appliance manufacturing company determines that the total cost in 
dollars of producing x units of a blender is 


C = 25x + 3500: 


Cost equation 


Describe the practical significance of the y-intercept and slope of this line. 
Solution 


The y-intercept (0, 3500) tells you that the cost of producing zero units is $3500. 
This is the fixed cost of production—it includes costs that must be paid regardless 
of the number of units produced. The slope of m = 25 tells you that the cost of 
producing each unit is $25, as shown in Figure 2.8. Economists call the cost per 
unit the marginal cost. If the production increases by one unit, then the “margin,” 
or extra amount of cost, is $25. So, the cost increases at a rate of $25 per unit. 


(x2, y2) 


FIGURE 2.9 
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Finding the Slope of a Line 


Given an equation of a line, you can find its slope by writing the equation in 
slope-intercept form. If you are not given an equation, you can still find the slope 
of a line. For instance, suppose you want to find the slope of the line passing 
through the points (x,, y,) and (x5, y,), as shown in Figure 2.9. As you move 
from left to right along this line, a change of (y, — y,) units in the vertical direc- 
tion corresponds to a change of (x, — x,) units in the horizontal direction. 


Y — », = the change in y = rise 


and 


X_ — xX, = the change in x = run 


The ratio of (y, — y,) to (x, — x,) represents the slope of the line that passes 
through the points (x,, y,) and (x, y). 
_ change in y 


Slope = 
change in x 


_ tise 


Tun 


Ge Sahl 


2} 25) 


The Slope of a Line Passing Through Two Points 
The slope m of the nonvertical line through (x,, y,) and (x,, y>) is 


Vo AAI 


XxX. ~ x; 


where x, # x>. 


When this formula is used for slope, the order of subtraction is important. 
Given two points on a line, you are free to label either one of them as (x,, y,) and 
the other as (Xo, i) However, once you have done this, you must form the 
numerator and denominator using the same order of subtraction. 


Voy OE Eee El 
2) i 25) 2) xy 
ae Se a ee a ee 
Correct Correct Incorrect 


For instance, the slope of the line passing through the points (3, 4) and (5, 7) can 
be calculated as 
aN bets aes 


m=— = 


See teh eae 
or, reversing the subtraction order in both the numerator and denominator, as 
Le all Spee Bea: 


m = 


oo ae 
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The Interactive CD-ROM and /nternet 
versions of this text offer a Quiz for 
every section of the text. 


STUDY TIP 


In Figures 2.10 to 2.13, note the 
relationships between slope and 
the orientation of the line. 


a. Positive slope; line rises from 
left to right 

b. Zero slope; line is horizontal 

c. Negative slope; line falls 
from left to right 

d. Undefined slope; line is 
vertical 


Example 4 Finding the Slope of a Line Through Two Points 


Find the slope of the line passing through each pair of points. 

a. (—2, 0) and (3, 1) b. (—1, 2) and (2, 2) 

¢, (0,4) and (1, —1) d. (3, 4) and (3, 1) 

Solution 

a. Letting (x,, y,) = (—2, 0) and (x, y) = (3, 1), you obtain a slope of 
YL igs Uipecmany | 
Sl i (=2y 55" 


b. The slope of the line passing through (—1, 2) and (2, 2) is 


i = See Figure 2.10. 


2-2 0 
ies aa See Figure 2.11. 
c. The slope of the line passing through (0, 4) and (1, — 1) is 
-1-4 <5 
m= = eo See Figure 2.12. 
| = 0) 1 


d. The slope of the line passing through (3, 4) and (3, 1) is 


3-3 ON: ee Figure 2.13. 


Because division by 0 is undefined, the slope is undefined and the line is 
vertical. 


Slope is 
undefined. 


FIGURE 2.12 FIGURE 2.13 


FIGURE 2.14 


Section 2.1. ® Linear Equations in Two Variables 177 


Writing Linear Equations in Two Variables 


If (x,, y,) is a point on a line of slope m and (x, y) is any other point on the line, 
then 


Mae Al 
ee aT 
ba 


This equation, involving the variables x and y, can be rewritten in the form 
ea Ore) 


which is the point-slope form of the equation of a line. 


| Point-Slope Form of the Equation of a Line 
The equation of the line with slope m passing through the point (x,, y,) is 


y— y, = mx — x). 


The point-slope form is most useful for finding the equation of a line. You 
should remember this form. 


Settee Using the Point-Slope Form @¥o> 


Find the slope-intercept form of the equation of the line that has a slope of 3 and 
passes through the point (1, —2). 


Solution 
Use the point-slope form with m = 3 and (x,, y,) = (1, —2). 


Oe pail Point-slope form 
Vd) = 3% — 1) Substitute for m, x,, and y,. 
yor LH xeR=s Simplify. 
y= 3K 3 Write in slope-intercept form. 


The slope-intercept form of the equation of the line is y = 3x — 5. The graph of 
this line is shown in Figure 2.14. 


The point-slope form can be used to find an equation of the line passing 
through two points (x,, y,) and (x,, y,). To do this, first find the slope of the line 
eee | 


m ; Aa 
Age M4 


and then use the point-slope form to obtain the equation 


(x = Bye Two-point form 


This is sometimes called the two-point form of the equation of a line. 
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eBay Inc. 


Revenue per share 
(in dollars) 


1) 2° 53) <4 Ow aes 
Year (0 © 1998) 


FIGURE 2.15 


y 


Given 
points 


Estimated 
point 


Linear extrapolation 
FIGURE 2.16 


Given 
points 


Estimated 
point 


Linear interpolation 
FIGURE 2.17 


Example 6 Predicting Revenue per Share 63 Gamo > 


The revenue per share for eBay Inc. was $0.20 in 1998 and $0.91 in 1999. Using 
only this information, write a linear equation that gives the revenue per share in 
terms of the year. Then predict the revenue per share for 2000. (Source: eBay 
Inc.) 


Solution 
Let t = 0 represent 1998. Then the two given values are represented by the data 
points (0, 0.20) and (1, 0.91). The slope of the line through these points is 


OOS 020 
Loan) 
OTA 


Using the point-slope form, you can find the equation that relates the revenue per 
share y and the year ¢ to be 


y — 0.20 = 0.71(¢ — 0) 
y = 0.71t + 0.20. 


Write in point-slope form. 
Write in slope-intercept form. 


According to this equation, the revenue per share in 2000 was $1.62, as shown in 
Figure 2.15. (In this case, the prediction is quite good—the actual revenue per 
share in 2000 was $1.60.) 


The prediction method illustrated in Example 6 is called linear extrapola- 
tion. Note in Figure 2.16 that an extrapolated point does not lie between the given 
points. When the estimated point lies between two given points, as shown in 
Figure 2.17, the procedure is called linear interpolation. 

Because the slope of a vertical line is not defined, its equation cannot be 
written in slope-intercept form. However, every line has an equation that can be 
written in the general form 


Ax + By+C=0 General form 


where A and B are not both zero. For instance, the vertical line given by x = a 
can be represented by the general form x — a = 0. 


Equations of Lines 
| 1. General form: Ax + By 4+ C =0 
. Vertical line: 


. Horizontal line: 


2 
3 

| 4. Slope-intercept form: 
5 


. Point-slope form: 


. Two-point form: 


Section 2.1. ® Linear Equations in Two Variables 179 


Exploration Parallel and Perpendicular Lines &o> 


Slope can be used to decide whether two nonvertical lines in a plane are parallel, 
perpendicular, or neither. 


Find d, and d, in terms of m, 
and m,, respectively (see fig- 
ure). Then use the Pythagorean 
Theorem to find a relationship 
between m, and m,. 


Parallel and Perpendicular Lines 


1. Two distinct nonvertical lines are parallel if and only if their slopes are 
equal. That is, m, = my. 


2. Two nonvertical lines are perpendicular if and only if their slopes are 
negative reciprocals of each other. That is, m, = —1/m,. 


Senta Finding Parallel and Perpendicular Lines Q¥o> 


Find the slope-intercept forms of the equations of the lines that pass through the 
point (2, — 1) and are (a) parallel to and (b) perpendicular to the line 2x — 3y = 5. 


Solution 


By writing the equation of the given line in slope-intercept form 


24 — 3y = 5 Write original equation. 
oy = — 2x5 Subtract 2x from each side. 
a thi pet 
Wo= 3X Sea Write in slope-intercept form. 


you can see that it has a slope of m = a as shown in Figure 2.18. 


a. Any line parallel to the given line must also have a slope of Z So, the line 
through (2, — 1) that is parallel to the given line has the following equation. 


FIGURE 2.18 ya-1).= “(x — 2) Write in point-slope form. 

robes 3(y + 1) = 2 — 2) Multiply each side by 3. 
“| Technolo 

; 7 OY DYMO =A 4 Distributive Property 

* |. 2* Onagraphing utility, 
lines will not appear to have the Dies y=) = () Write in general form. 
Ree sors ues youtlse Vo a ame z Write in slope-intercept form. 
a viewing window that has a 
square setting. For instance, b. Any line perpendicular to the given line must have a slope of —1/(2/3) or 
try graphing the lines in — 3/2. So, the line through (2, — 1) that is perpendicular to the given line has 
Example 7 using the standard the following equation. 
SHINES SUMED aie Ma ie Vie ( = 1) =e = F(x = 2) Write in point-slope form. 


—10 < y < 10.Then reset the 
viewing window with the Ay + 1) = —3@ — 2) Multiply each side by 2. 
square setting -9 < x < 9 
and —6 < y < 6.Onwhich 
setting do the lines y = 5 = ; 3x + dy — 4 = 0 Write in general form. 
and y = —3x + 2 appear 
perpendicular? 


29 2. = = 3% 45-0 Distributive Property 


WS —3x ap 2 Write in slope-intercept form. 
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STUDY TIP. 


In many real-life applications, — 
the two data points that deter- 
mine the line are often given in 
a disguised form. Note how the | 
data points are described in — 
Examples. ea FF cs: 


Useful Life of a Machine 


Nondepreciated value 
(in dollars) 


2 4 6 8 10 
Number of years 


FIGURE 2.19 Straight-line depreciation 


Notice in Example 7 how the slope-intercept form is used to obtain informa- 
tion about the graph of a line, whereas the point-slope form is used to write the 
equation of a line. 


Application 


Most business expenses can be deducted in the same year they occur. One 
exception is the cost of property that has a useful life of more than 1 year. Such 
costs must be depreciated over the useful life of the property. If the same amount 
is depreciated each year, the procedure is called linear or straight-line deprecia- 
tion. The book value is the difference between the original value and the total 
amount of depreciation accumulated to date. 


| Example 8 >  Straight-Line Depreciation a) 


Your publishing company has purchased a $12,000 machine that has a useful life 
of 8 years. The salvage value at the end of 8 years is $2000. Write a linear equa- 
tion that describes the book value of the machine each year. 


Solution 


Let V represent the value of the machine at the end of year ¢. You can represent 
the initial value of the machine by the data point (0, 12,000) and the salvage value 
of the machine by the data point (8, 2000). The slope of the line is 


_ 2000 = 12,000 _ _ gi neq 
8-0 


which represents the annual depreciation in dollars per year. Using the 
point-slope form, you can write the equation of the line as follows. 
V — 12,000 = —1250(t — 0) Write in point-slope form. 
V = —1250t + 12,000 Write in slope-intercept form. 


The table shows the book value at the end of each year, and the graph of the 
equation is shown in Figure 2.19. 


| see Value, V_ | 

0 12,000 | 
1 10,750 
9,500 
8,250 


2 

3 

4 7,000 
5 5,750 
6 

il 

8 


err, 


4,500 
3,250 
2,000 


2.1 Exercises 


In Exercises 1 and 2, identify the line that has each slope. 


1. (a) M=3 2. (a) m=0 
(b) m is undefined. (b) m= —} 
ees (c) m=1 


L3 


L2 


In Exercises 3 and 4, sketch the lines through the point with 
the indicated slopes on the same set of coordinate axes. 


Point Slopes 
3. 2,3) (a) 0 (b)1 (©) 2 (d) -3 
4. (—4, 1) (a) 3. (b) —3 (c) 5 (d) Undefined 


In Exercises 5-8, estimate the slope of the line. 


In Exercises 9-20, find the slope and y-intercept (if possible) 
of the equation of the line. Sketch the line. 


9, y= 5x8 10. y=x—- 10 
ll. y= —3x +4 12. y= —3x + 6 
13.25% =) =.0 14. 3y +5 =0 
15. 7x + 6y = 30 16. 2x + 3y = 
17. y—3=0 TS yee 
19.x+5=0 20. x -2= 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


In Exercises 21-28, plot the points and find the slope of the 
line passing through the pair of points. 


21. (-3, —2), (1, 6) 
22. (2, 4), (4, -4) 

23. ( 

24. (0, — 10), (—4, 0) 

25. (3, —3), (—3, -3) 

26. (3.3). (.—a) 

27. (4.8, 3.1), (—5.2, 1.6) 

28. (—1.75, —8.3), (2.25, —2.6) 


In Exercises 29-38, use the point on the line and the slope 
of the line to find three additional points through which 
the line passes. (There are many correct answers.) 


Point Slope 

29. (2, 1) m =0 

30. (—4, 1) m is undefined. 
3145.6) m= 1 
322°(10, =6) i = = 

33. (—8, 1) m is undefined. 
34. (-—3, —1) m= 0 

35. (—5, 4) m= 2 

36. (0, —9) m= —2 

37. (7, —2) es 

38. (—1, —6) m= —-%5 


In Exercises 39-42, determine whether the lines L, and L, 
passing through the pairs of points are parallel, perpendi- 
cular, or neither. 


39. (0) a) (O59) AO, C(O 41h). (is 5) 
Pe (O%3). (Ait) (3) A Same) 

41. 1 (8)6)e—6,.0) 42. L,: (4, 8), (—4, 2) 
L,: (0, 1), (5, 4) L,: 3, 5), (-1,4) 

43. Sales The following are the slopes of lines 
representing annual sales y in terms of time x in 


years. Use the slopes to interpret any change in annu- 
al sales for a one-year increase in time. 


(a) The line has a slope of m = 135. 
(b) The line has a slope of m = 0. 
(c) The line has a slope of m = —40. 
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44, 


45. 


46. 
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Revenue The following are the slopes of lines 
representing daily revenues y in terms of time x in 
days. Use the slopes to interpret any change in daily 
revenues for a one-day increase in time. 

(a) The line has a slope of m = 400. 

(b) The line has a slope of m = 100. 

(c) The line has a slope of m = 0. 

Earnings per Share The graph shows the earnings 


per share of stock for Auto Zone, Inc. for the years 
1991 through 2001. (Source: Auto Zone, Inc.) 


Earnings per share 
(in dollars) 


2 Se ROP OWny) | =o 
Year (1 © 1991) 


)) 10) ih 


(a) Use the slopes to determine the years in which 
the earnings per share showed the greatest 
increase and the smallest increase. 


(b) Find the slope of the line segment connecting the 
years 1991 and 2001. 


(c) Interpret the meaning of the slope in part (b) in 
the context of the problem. 


Net Profit The graph shows the net profit (in mil- 
lions of dollars) for Outback Steakhouse for the 
years 1991 through 2001. (Source: Outback 
Steakhouse, Inc.) 


Net profit 
(in millions of dollars) 


4 5 
Year (1 © 1991) 


© F 3 D9 IO ii 


(a) Use the slopes to determine the years in which 
the net profit showed the greatest increase and 
the smallest increase. 


47. 


48. 


(b) Find the slope of the line segment connecting the 
years 1991 and 2001. 


(c) Interpret the meaning of the slope in part (b) in 
the context of the problem. 


Road Grade From the top of a mountain road, a 
surveyor takes several horizontal measurements x 
and several vertical measurements y, as shown in the 
table (x and y are measured in feet). 


x y 
300 = 5 
a eS 
600 =5)() 
900 =f) 
1200 — 100 
1500 = is 
1800 150 
2100 aS 
LE 


(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the best-fitting line 
through the points. 


(c) Find an equation for the line you sketched in part 
(b). 

(d) Interpret the meaning of the slope of the line in 
part (c) in the context of the problem. 


(e) The surveyor needs to put up a road sign that 
indicates the steepness of the road. For instance, 
a surveyor would put up a sign that states “8% 
grade” on a road with a downhill grade that has 
a slope of —*. What should the sign state for 
the road in this problem? 


Road Grade You are driving on a road that has a 
6% uphill grade. This means that the slope of the 
road is on Approximate the amount of vertical 
change in your position if you drive 200 feet. 


Rate of Change _\n Exercises 49 and 50, you are given the 
dollar value of a product in 2003 and the rate at which the 
value of the product is expected to change during the next 
5 years. Use this information to write a linear equation that 
gives the dollar value V of the product in terms of the year 
t. (Let t = 3 represent 2003.) 


2003 Value Rate 
49, $2540 
50. $156 


$125 increase per year 


$4.50 increase per year 


Graphical Interpretation \n Exercises 51-54, match the 
description of the situation with its graph. Also determine 
the slope of each graph and interpret the slope in the 
context of the situation. [The graphs are labeled (a), (b), (c), 
and (d).] 


age. (b) y 


es es 


24 6 810 


(c) y 


x 


DEE. 262.08 


51. A person is paying $20 per week to a friend to repay 
a $200 loan. 


52. An employee is paid $8.50 per hour plus $2 for each 
unit produced per hour. 

53. A sales representative receives $30 per day for food 
plus $0.32 for each mile traveled. 

54. A word processor that was purchased for $750 
depreciates $100 per year. 


In Exercises 55-66, find the slope-intercept form of the 
equation of the line that passes through the given point 
and has the indicated slope. Sketch the line. 


Point Slope 
555710) —2) m = 3 
56. (0, 10) m=-—l1 
57. (—3, 6) n= =2 
58. (0, 0) a: 
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59. (4, 0) m=-3 

60. (—2, —5) m=3 

61. (6, —1) m is undefined. 
62. (— 10, 4) m is undefined. 
63. (4,5) m =0 

64. (—3, 3) m = 0 

65. (—5.1, 1.8) m=5 

66. (2.3, —8.5) m= -2 


In Exercises 67-80, find the slope-intercept form of the 
equation of the line passing through the points. Sketch the 
line. 


x) 68. (4, 3), (—4, —4) 


67. (5, -1),(-5, 5 

69. (—8, 1), (—8, 7) 70. (= 14654) 
71. (2,4), (4,3 72. (1,1), (6, —3) 
73, (i 3) is) 

74. (3,3), (-3.4 

75. (1, 0.6), (—2, —0.6) 

76. (—8, 0.6), (2, —2.4) 

77. (2, -1), (4, -1) 

78. (2, —2), (-6, -2) 

79. (3, -8), (1) 

80. (1.5, —2), (1.5, 0.2) 


In Exercises 81-86, use the intercept form to find the equa- 
tion of the line with the given intercepts. The intercept form 
of the equation of a line with intercepts (a, 0) and (0, b) is 


ol 


~+2=1,a#0, b#0. 
a 
81. x-intercept: (2, 0) 82. x-intercept: (—3, 0) 
y-intercept: (0, 3) y-intercept: (0, 4) 
83. x-intercept: (—4 0) 84. x-intercept: (2, 0) 
y-intercept: (0, 2) y-intercept: (0, —2) 
85. Point on line: (1, 2) 
x-intercept: (c, 0) 
y-intercept: (0,c), c #0 
86. Point on line: (—3, 4) 
x-intercept: (d, 0) 


y-intercept: (0,d), d #0 
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In Exercises 87-96, write the slope-intercept forms of the 
equations of the lines through the given point (a) parallel 
to the given line and (b) perpendicular to the given line. 


87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 


Point Line 
(2.1) A Dy — 3 
(CBP) x+y=7 
(—2, Z) 3x + 4y =7 
(Z 3) St oy 0 
(—1, 0) pies 
(a) y=1 
(235) x=4 
(5,10) x= —2 
(2.5, 6.8) x-y=4 
(=3:9,= 1.4) 6x + 2y =9 


Bicd Graphical Interpretation \n Exercises 97-100, identify 
any relationships that exist among the lines, and then use a 
graphing utility to graph the three equations in the same 
viewing window. Adjust the viewing window so that the 
slope appears visually correct—that is, so that parallel lines 
appear parallel and perpendicular lines appear to intersect 
at a right angle. 


97. 
98. 
99. 
100. 


@y=2 (@)y=-2 ©y=x 

@y=% (b)y=-kk ©y=2x+2 
(@) y=-3x (6) y=—bxe+3© y=2x-4 
Qy=2—8 (Divya x+ 1. Op == +3 


In Exercises 101-104, find a relationship between x and y 
such that (x, y) is equidistant from the two points. 


101. 
102. 
103. 
104. 


105. 


106. 


(asin (253) 
(G75) n= 8) 
Ce) (er) 

1 fas 
[Fae 
Cash Flow per Share The cash flow per share for 
Timberland Co. was $0.18 in 1995 and $3.65 in 
2000. Write a linear equation that gives the cash 
flow per share in terms of the year. Let t = 0 repre- 


sent 1995. Then predict the cash flows for the years 
2005 and 2010. (Source: Timberland Co.) 


Number of Stores In 1996 there were 3927 J.C. 
Penney stores and in 2000 there were 3800 stores. 
Write a linear equation that gives the number of 
stores in terms of the year. Let t = 0 represent 
1996. Then predict the numbers of stores for the 
years 2005 and 2010. (Source: J.C. Penney Co.) 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Annual Salary A jeweler’s salary was $28,500 in 
1998 and $32,900 in 2000. The jeweler’s salary fol- 
lows a linear growth pattern. What will the jeweler’s 
salary be in 2005? 


College Enrollment Ohio University had 27,913 
students in 1999 and 28,197 students in 2001. The 
enrollment appears to follow a linear growth 
pattern. How many students will Ohio University 
have in 2005? (Source: Ohio University) 


Depreciation A sub shop purchases a used pizza 
oven for $875. After 5 years, the oven will have to 
be replaced. Write a linear equation giving the 
value V of the equipment during the 5 years it will 
be in use. 


Depreciation A school district purchases a high- 
volume printer, copier, and scanner for $25,000. 
After 10 years, the equipment will have to be 
replaced. Its value at that time is expected to be 
$2000. Write a linear equation giving the value V of 
the equipment during the 10 years it will be in use. 


Sales A discount outlet is offering a 15% discount 
on all items. Write a linear equation giving the sale 
price S for an item with a list price L. 


Hourly Wage A microchip manufacturer pays its 
assembly line workers $11.50 per hour. In addition, 
workers receive a piecework rate of $0.75 per unit 
produced. Write a linear equation for the hourly 
wage W in terms of the number of units x produced 
per hour. 


Cost, Revenue, and Profit A roofing contractor 
purchases a shingle delivery truck with a shingle 
elevator for $36,500. The vehicle requires an 
average expenditure of $5.25 per hour for fuel and 
maintenance, and the operator is paid $11.50 per 
hour. 


(a) Write a linear equation giving the total cost C of 
operating this equipment for ¢ hours. (Include 
the purchase cost of the equipment.) 


(b) Assuming that customers are charged $27 per 
hour of machine use, write an equation for the 
revenue R derived from t hours of use. 


(c) Use the formula for profit (P = R — C) to 
write an equation for the profit derived from t 
hours of use. 

(d) Use the result of part (c) to find the break-even 
point—that is, the number of hours this equip- 
ment must be used to yield a profit of 0 dollars. 


114. 


115. 


116. 


a1: 


118. 


Rental Demand A real estate office handles an 
apartment complex with 50 units. When the rent per 
unit is $580 per month, all 50 units are occupied. 
However, when the rent is $625 per month, the 
average number of occupied units drops to 47. 
Assume that the relationship between the monthly 
rent p and the demand x is linear. 


(a) Write the equation of the line giving the 
demand x in terms of the rent p. 


(b) Use this equation to predict the number of units 
occupied when the rent is $655. 


(c) Predict the number of units occupied when the 
rent is $595. 


Geometry The length and width of a rectangular 
garden are 15 meters and 10 meters, respectively. 
A walkway of width x surrounds the garden. 


(a) Draw a diagram that gives a visual representa- 
tion of the problem. 


(b) Write the equation for the perimeter y of the 
walkway in terms of x. 

(c) Use a graphing utility to graph the equation for 
the perimeter. 

(d) Determine the slope of the graph in part (c). For 
each additional one-meter increase in the width 
of the walkway, determine the increase in its 
perimeter. 


Monthly Salary A _ pharmaceutical salesperson 
receives a monthly salary of $2500 plus a commis- 
sion of 7% of sales. Write a linear equation for the 
salesperson’s monthly wage W in terms of monthly 
sales S. 


Business Costs A sales representative of a com- 
pany using a personal car receives $120 per day for 
lodging and meals plus $0.35 per mile driven. Write 
a linear equation giving the daily cost C to the 
company in terms of x, the number of miles driven. 


Sports The average annual salaries of major 
league baseball players (in thousands of dollars) 
from 1995 to 2002 are shown in the scatter plot. 
Find the equation of the line that you think best fits 
this data. (Let y represent the average salary and let 
t represent the year, with t = 5 corresponding to 
1995.) (Source: The Associated Press) 
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Average salary 
(in thousands of dollars) 


5. OF tye tee ou lOn tee 
Year (5 <> 1995) 


FIGURE FOR 118 


> Model It 


119. 


Data Analysis The average monthly cellular 
phone bills y (in dollars) for subscribers in the 
United States from 1990 through 1999, where x 
is the year, are shown as data points (x, y). 
(Source: Cellular Telecommunications Industry 
Association) 


(1990, 80.90) 
(1991, 72.74) 
(1992, 68.68) 
(1993, 61.48) (1998, 39.43) 
(1994, 56.21) (1999, 41.24) 


(a) Sketch a scatter plot of the data. Let x = 0 
correspond to 1990. 


(b) Sketch the best-fitting line through the points. 


(c) Find the equation of the line from part (b). 
Explain the procedure you used. 


(LoS: 
(1996, 
(Gems 


51.00) 
47.70) 
42.78) 


(d) Write a short paragraph explaining the 
meaning of the slope and y-intercept of the 
line in terms of the data. 


(e) Compare the values obtained using your 
model with the actual values. 

(f) Use your model to estimate the average 
monthly cellular phone bill in 2005. 
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Data Analysis An instructor gives regular 
20-point quizzes and 100-point exams in an algebra 
course. Average scores for six students, given as 
data points (x, y) where x is the average quiz score 
and y is the average test score, are (18, 87),(10, 55), 
(19, 96), (16, 79), (13, 76), and (15, 82). [Note: 
There are many correct answers for parts (b)—(d).] 
(a) Sketch a scatter plot of the data. 


(b) Use a straightedge to sketch the best-fitting line 
through the points. 


(c) Find an equation for the line sketched in part 
(b). 

(d) Use the equation in part (c) to estimate the 
average test score for a person with an average 
quiz score of 17. 


(e) The instructor adds 4 points to the average test 
score of everyone in the class. Describe the 
changes in the positions of the plotted points 
and the change in the equation of the line. 


Synthesis 


True or False? 


In Exercises 121 and 122, determine 


whether the statement is true or false. Justify your answer. 


121. 


122. 


123. 


124. 


125. 


A line with a slope of —2 is steeper than a line with 
a slope of —$. 

The line through (— 8, 2) and (—1, 4) and the line 
through (0, —4) and (—7, 7) are parallel. 


Explain how you could show that the points 
A (2, 3), B (2,9), and C (4, 3) are the vertices of a 
right triangle. 

Explain why the slope of a vertical line is said to be 
undefined. 

With the information given in the graphs, is it pos- 
sible to determine the slope of each line? Is it pos- 
sible that the lines could have the same slope? 
Explain. 


(a) (b) 


126. The slopes of two lines are —4 and a Which is 
steeper? Explain. 
127. The value V of a molding machine tf years after it is 
purchased is 
V = —4000¢ + 58,500, Oss 5. 
Explain what the V-intercept and slope measure. 
128. Think About It Is it possible for two lines with 
positive slopes to be perpendicular? Explain. 
Review 


In Exercises 129-132, match the equation with its graph. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) 


(b) y 


rie 
129. y= 38 — 3% 
130. y= 8 — Vx 
131. y = 5x2 + 2x41 
132.457 S41 al 


In Exercises 133-138, find all the solutions of the equation. 
Check your solution(s) in the original equation. 


133; 


134. 


135. 
136. 
137. 


138. 


—7(3 — x) = 14@ - 1) 
laid 

20 1 Sa Ay 
De ee Ona) 
Vales Sei ota) 
Vx=9+15=0 
3x) — 16/02 510 
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> What you should learn 


* How to determine whether 
relations between two 
variables are functions 

* How to use function notation 

and evaluate functions 

* How to find the domains of 
functions 

_* How to use functions to model 
and solve real-life problems 


> Why you should learn it 


Functions can be used to model © 


and solve real-life problems. For 

_ instance, in Exercise 99 on page 

200, you will use a function to 
x ‘find the sie of threatened | 
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Introduction to Functions 


Many everyday phenomena involve two quantities that are related to each other 
by some rule of correspondence. The mathematical term for such a rule of 
correspondence is a relation. In mathematics, relations are often represented by 
mathematical equations and formulas. For instance, the simple interest J earned on 
$1000 for 1 year is related to the annual interest rate r by the formula J = 1000r. 

The formula J = 10007 represents a special kind of relation that matches 
each item from one set with exactly one item from a different set. Such a relation 
is called a function. 


Definition of a Function 


A function f from a set A to a set B is a relation that assigns to each 
element x in the set A exactly one element y in the set B. The set A is the 
domain (or set of inputs) of the function f, and the set B contains the range 
(or set of outputs). 


To help understand this definition, look at the function that relates the time 
of day to the temperature in Figure 2.20. 


Time of day (P.M.) Temperature (in degrees C) 


Set A is the domain. Set B contains the range. 


Inputs: 1, 2,3, 4, 5, 6 Outputs: 9, 10, 12, 13, 15 
FIGURE 2.20 


This function can be represented by the following ordered pairs, in which the first 
coordinate is the input and the second coordinate is the output. 


119" 32) § GMi52) 14s 15°)? (5, 12°), (6; 10°) 
Characteristics of a Function from Set A to Set B 


. Each element in A must be matched with an element in B. 


. Some elements in B may not be matched with any element in A. 


1 
2 
3. Two or more elements in A may be matched with the same element in B. 
4 


. An element in A (the domain) cannot be matched with two different 
elements of B. 
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Functions are commonly represented in four ways. 


Four Ways to Represent a Function 


_ 1. Verbally by a sentence that describes how the input variable is related to 
the output variable 


| 2. Numerically by a table or a list of ordered pairs that matches input values 
with output values 


3. Graphically by points on a graph in a coordinate plane in which the input 
values are represented by the horizontal axis and the output values are 
represented by the vertical axis 


. Algebraically by an equation in two variables 


To determine whether or not a relation is a function, you must decide whether 
each input value is matched with exactly one output value. If any input value is 
matched with two or more output values, the relation is not a function. 


| Example 1 Testing for Functions 


Determine whether the relation represents y as a function of x. 


a. The input value x is the number of representatives from a state, and the output 
value y is the number of senators. 


FIGURE 2.21 


Solution 


a. This verbal description does describe y as a function of x. Regardless of the 
value of x, the value of y is always 2. Such functions are called constant 
functions. 


b. This table does not describe y as a function of x. The input value 2 is matched 
with two different y-values. 


c. The graph in Figure 2.21 does describe y as a function of x. Each input value 
is matched with exactly one output value. 


Representing functions by sets of ordered pairs is common in discrete 
mathematics. In algebra, however, it is more common to represent functions by 
equations or formulas involving two variables. For instance, the equation 


= Xe y is a function of x. 


represents the variable y as a function of the variable x. In this equation, x is 


PH OIAnger VUHECUUTT 


Historical Note 

Leonhard Euler (1707-1783), a 
Swiss mathematician, is consid- 
ered to have been the most prolif- 
ic and productive mathematician 
in history. One of his greatest 
influences on mathematics was 
his use of symbols, or notation. 
The function notation y = f(x) 
was introduced by Euler. 
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the independent variable and y is the dependent variable. The domain of the 
function is the set of all values taken on by the independent variable x, and the 
range of the function is the set of all values taken on by the dependent variable y. 


| Example 2. Testing for Functions Represented Algebraically 


Which of the equations represent(s) y as a function of x? 
Bee Payal Del ict y eal 
Solution 
To determine whether y is a function of x, try to solve for y in terms of x. 
a. Solving for y yields 
x7 oye | Write prinel equation. 
VS 1 — x?. Solve for y. 


To each value of x there corresponds exactly one value of y. So, y is a function 
of x. 


b. Solving for y yields 
jot ye = 1 Write original equation. 
ye = Le x Add x to each side. 
jy = BEN ll ap Sk Solve for y. 


The + indicates that to a given value of x there correspond two values of y. 
So, y is not a function of x. 


Function Notation 


When an equation is used to represent a function, it is convenient to name the 
function so that it can be referenced easily. For example, you know that the 
equation y = 1 — x* describes y as a function of x. Suppose you give this function 
the name “f.” Then you can use the following function notation. 


Input Output Equation 
x f(x) f(s) = ey? 


The symbol f(x) is read as the value of f at x or simply f of x. The symbol f(x) 
corresponds to the y-value for a given x. So, you can write y = f(x). Keep in mind 
that f is the name of the function, whereas f(x) is the value of the function at x. 
For instance, the function 


f(x) =3 — 2x 


has function values denoted by f(—1), f(0), f(2), and so on. To find these values, 
substitute the specified input values into the given equation. 


For x = —1, f(s — (4) = 3402 = 5. 
Bors, =0, FO oes (0) = 3 — 0 = 3: 
For x = 2, f2)=3— 22) =3 —4= -1. 
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Although f is often used as a convenient function name and x is often used 
STUDY TIP as the independent variable, you can use other letters. For instance, 


f@) =2-444+7, fQ=2-4¢+7, and g(s)=s?-4s+7 


In Example 3, note that g(x + 2) 
_is not equal to g(x) + g(2). In all define the same function. In fact, the role of the independent variable is that of 
general, g(u + v) # g(u) + g(v). a “placeholder.” Consequently, the function could be described by 


f( ) = ( Gl)? — 4) 7. 
| Example 3 Evaluating a Function §e> 


Let 9(x) = —x? + 4x + 1. Find 

a. g(2) b. g(t) c. 2(x + 2). 

Solution 

a. Replacing x with 2 in g(x) = —x* + 4x + 1 yields the following. 


eQ)= 5 (2)? 4Q) is 4 8 i 5 
b. Replacing x with t yields the following. 
a) = = 40ers 4p 
c. Replacing x with x + 2 yields the following. 
o(Xantat2) = ales a2) eect a(t 2) eal 


Sota) ot ae Be 


—x2?-—4y-4+4+47%4+84+1 


= —x?24+5 


A function defined by two or more equations over a specified domain is 
called a piecewise-defined function. 


Example 4 A Piecewise-Defined Function 


Evaluate the function when x = —1, 0, and 1. 


2 
ane 
Solution 
Because x = —1 is less than 0, use f(x) = x? + 1 to obtain 
f= Gane i 
For x = 0, use f(x) = x — 1 to obtain 
FO) =O) Wal 
For x = 1, use f(x) = x — 1 to obtain 


OV Natl 00) 


re 
Technology 
oe Use a graphing utility to 
graph y = \/4 — x2. What is the 
domain of this function? Then 
graph y = \/x? — 4. What is the 
domain of this function? Do the 
domains of these two functions 
overlap? If so, for what values? 
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The Domain of a Function 


The domain of a function can be described explicitly or it can be implied by the 
expression used to define the function. The implied domain is the set of all real 
numbers for which the expression is defined. For instance, the function 


f(x) ia 1 Domain excludes x-values that result in 
el a division by zero. 
a6 4 y 


has an implied domain that consists of all real x other than x = +2. These two 
values are excluded from the domain because division by zero is undefined. 
Another common type of implied domain is that used to avoid even roots of 
negative numbers. For example, the function 


f(x) = Sx Domain excludes x-values that result in 
even roots of negative humbers. 


is defined only for x = 0. So, its implied domain is the interval [0, oo). In general, 
the domain of a function excludes values that would cause division by zero or that 
would result in the even root of a negative number. 


| Example 5 Finding the Domain of a Function o> 


Find the domain of each function. 
1 
a. ‘e | Geach 0), (— ile 4), (0, aN (2, Dy (4, 1)} b. g(x) = ces 
c. Volume of a sphere: V = jars d. h(x) = 4 — x? 
Solution 
a. The domain of f consists of all first coordinates in the set of ordered pairs. 
Domain = {—3, —1, 0, 2, 4} 
b. Excluding x-values that yield zero in the denominator, the domain of g is the 
set of all real numbers x # —5. 


c. Because this function represents the volume of a sphere, the values of the 
radius r must be positive. So, the domain is the set of all real numbers 7 such 
that r > 0. 


d. This function is defined only for x-values for which 
Ai Ae ()) 


Using the methods described in Section 1.8, you can conclude that 
—2 < x < 2. So, the domain is the interval [—2, 2]. 


In Example 5(c), note that the domain of a function may be implied by the 
physical context. For instance, from the equation 


4 
=370r° 


you would have no reason to restrict r to positive values, but the physical context 
implies that a sphere cannot have a negative radius. 
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Applications 


Example 6 The Dimensions of a Container a) Gato > 


You work in the marketing department of a soft-drink company and are experi- 
menting with a new can for iced tea that is slightly narrower and taller than a 
standard can. For your experimental can, the ratio of the height to the radius is 4, 
as shown in Figure 2.22. 


a. Write the volume of the can as a function of the radius r. 


b. Write the volume of the can as a function of the height h. 


Solution 

a. V(r) = ar2h = mr(4r) = 4ar3 Write V as a function of r. 
h\? h3 

b. V(h) = 7 (*) h= m3 Write V as a function of h. 


FIGURE 2.22 


Example 7 The Path of a Baseball a) Gato > 


A baseball is hit at a point 3 feet above ground at a velocity of 100 feet per 
second and an angle of 45°. The path of the baseball is given by the function 


io 010032. 


where y and x are measured in feet, as shown in Figure 2.23. Will the baseball 
clear a 10-foot fence located 300 feet from home plate? 


Solution 
When x = 300, the height of the baseball is 


f(300) = —0.0032(300)? + 300 + 3 
= lSifeets 


So, the ball will clear the fence. 


Baseball Path 


eee [y= -0.0032x2+ x +3] 
& 
a) 
Sau 
100 200 300. 
Distance (in feet) 
FIGURE 2.23 


In the equation in Example 7, the height of the baseball is a function of the 
distance from home plate. 
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Example 8 Pieces of Mail Handled 3 


The number M (in billions) of pieces of mail handled by the U.S. Postal Service 

increased in a linear pattern from 1994 to 1996, as shown in Figure 2.24. Then, 

200 Pe ee |} in 1997, the number handled took a jump and, until 2000, increased in a different 
linear pattern. These two patterns can be approximated by the function 


M(t) = 167.2 2.70%, 4s ts 6 
LOZ et, elo 


Pieces of Mail Handled 
“ by U.S. Postal Service 


180 


170+ a 
3 where t = 4 represents 1994. Use this function to approximate the total number of 


160 +> ane ea iS : : * pieces of mail handled from 1994 to 2000. (Source: U.S. Postal Service) 


Pieces of mail handled 
(in billions) 


: >? Solution 
4 sei 6 Ur bSnrs'10 
Year (4 © 1994) From 1994 to 1996, use M(t) = 167.2 + 2.70t. 
FIGURE 2.24 178.0, 180.7, 183.4 
1994 1995 1996 


From 1997 to 2000, use M(t) = 152.0 + 5.57t. 
191.0, 196.6, NUON ZOE 
NSeE ESS) wee ea ay 
1997 1998 1999 2000 


The total of these seven amounts is 1339.5, which implies that the total number 
of pieces of mail handled was approximately 1.3 trillion. 


One of the basic definitions in calculus employs the ratio 


f(x + h) ~ f) 


h#0. 
h 


This ratio is called a difference quotient, as illustrated in Example 9. 


Example 9 © Evaluating a Difference Quotient 


f(x + h) — f@) , 
h 


For f(x) = x? — 4x + 7, find 


Solution 
Pie fa) (tee eh) en om Ax + 7) 
h a h 
es eA a) ee 
m4 h 
_ Ih + WP — 4h — h(2x +h - 4) 


=2xth-—4,h#0 
h h 


The symbol L] indicates an example or exercise that highlights algebraic techniques specifically 


used in calculus. 
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Summary of Function Terminology 
Function: A function is a relationship between two variables such that to 
each value of the independent variable there corresponds exactly one value 
of the dependent variable. 


Function Notation: y = f(x) 

f is the name of the function. 

y is the dependent variable. 

x is the independent variable. 

f(x) is the value of the function at x. 
Domain: The domain of a function is the set of all values (inputs) of the 
independent variable for which the function is defined. If x is in the domain 


of f, f is said to be defined at x. If x is not in the domain of f, f is said to be 
undefined at x. 


Range: The range of a function is the set of all values (outputs) assumed 
by the dependent variable (that is, the set of all function values). 


Implied Domain: If f is defined by an algebraic expression and the domain 
is not specified, the implied domain consists of all real numbers for which 
| the expression is defined. 


Weifing avout MATHEMATICS 


Eee ees 


Everyday Functions In groups of two or three, identify common real-life functions. 
Consider everyday activities, events, and expenses, such as long distance tele- 
phone calls and car insurance. Here are two examples. 


a. The statement, “Your happiness is a function of the grade you receive in this 
course” is not a correct mathematical use of the word “function.” The word 
“happiness” is ambiguous. 


b. The statement,”Your federal income tax is a function of your adjusted gross 
income” is a correct mathematical use of the word “function.” Once you have 
determined your adjusted gross income, your income tax can be determined. 


Describe your functions in words. Avoid using ambiguous words. Can you find an 
example of a piecewise-defined function? 


2.2 Exercises 
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In Exercises 1-4, is the relationship a function? 


1. Domain Range 2. Domain — Range 
—2 5 —2 3 
=] 6 =| ee 
0 7 ieee. 
1 g ey 
2 a 
3. Domain Range 4. Domain Range 


National Cubs (Year) (Number of 
a Pirates North Atlantic 
League ; 
Dodgers tropical storms 
and hurricanes) 
1992 ——_—__» 7 
: 1993 8 
American Orioles 1994 12 
League < Yankees 1995 13 
Twins 1996 14 
1997 15 
1998 19 
1999 
2000 


In Exercises 5-8, does the table describe a function? Explain 
your reasoning. 


5, 

6. 

1. fos 7 eer lie tou 
Output value | 3 6 9 12 ed 

8. Hinpurvaue| o-| 3 | 9 | 12] 15 
Output value E 3 [3 aes 


In Exercises 9 and 10, which sets of ordered pairs represent 
functions from A to B? Explain. 


9. A = {0, 1, 2,3} and B = {—2, —1, 0, 1, 2} 

CEO 2).(2,-0)) (372) 
(b) A (0, 1), 2) (1, = 2)7 (35,0), (1) 
(c) {(0, 0), (1, 0), (2, 0), (3,'0)} 
(d) {(0, 2), (3; 0), G1, 1)} 

10. A = {a, b, c} and B = {0, 1, 2, 3} 
(a) {(a, 1), (e, 2), (¢, 3), ©, 3)} 
(b) {(a, 1), (b, 2), (c, 3)} 
(c) {(1, a), (0, a), (2, c), (3, b)} 
(d) {(c, 0), (b, 0), (a, 3)} 


Circulation of Newspapers \n Exercises 11 and 12, use 
the graph, which shows the circulation (in millions) of daily 
newspapers in the United States. (Source: Editor & 
Publisher Company) 


sg | @ Morning} — 
30 ee La oo oe |e Evening |” 


Circulation (in millions) 


1989 1991 1993 1995 1997 1999 
Year 


11. Is the circulation of morning newspapers a function 
of the year? Is the circulation of evening newspapers 
a function of the year? Explain. 


12. Let f(x) represent the circulation of evening news- 
papers in year x. Find f(i998). 


In Exercises 13-22, determine whether the equation repre- 
sents y as a function of x. 


13,-x4 + y? = 14. x = y? 
15.x?+y=4 16.x+ y?=4 

17. 2x + 3y =4 18. @ — 2)? + y2=4 
19 = — 1 20. y= J/x+5 

21. y = |4— | 22. jy) =4-—x 
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In Exercises 23-36, evaluate the function at each specified 
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value of the independent variable and simplify. 


23. f(x) = 2x — 3 
(a) f(1) (b) f(—3) 
24. g(y) =7 — 3y 
(a) (0) (b) g(3) 
252 (7) = iar 
(a) VQ) (b) V(3) 
26. hi) = 7 = 21 
(a) h(2) (b) A(1.5) 
RG) = way 
(a) f(4) (b) (0.25) 
2a es) =) es ae tO ar 
(a) f(-8) (b) fC) 
29. g(x) = 2 = 5 
(a) q(0) (b) (3) 
30, g(t) = 
(a) q(2) (b) q(0) 
31. f(x) -4 
(a) f @ (b) (2) 
32. f(x) = |x| + 4 
(a) f(2) (b) f(—2) 
Dye ae Ile wel 
33. f0)= {ro ce) 
Cy, (b) f(0) 
nS il 
arn) “Tae ee ua kei 
(a) f(-2 (b) f() 
ane = Il. eel 
il -l<x<1 
x, LOSS UL 
(a) f(—2) Oui) 
Al — Se eS =? 
36. j= SSS D 
ise aro | (ie) 
ides) (b) f(4) 


(Cir cel,) 


(C) esitt 2) 


(c) V(2r) 


(c) h(x + 2) 


(c) f(4x?) 


(c) f(x — 8) 


(c) gly + 3) 


(c) q(—x) 


(c) f(x — 1) 


(c) f(x?) 


(c) f(2) 


(c) f(2) 


(c) f(3) 


it) 


In Exercises 37-42, complete the table. 


37, fie ee 


f(x) a 


38. g(x 


if 


In Exercises 43-50, find all real values of x such that 
f(x) = 0. 
43. f(x) = 15. -— 3x 
44, f(x) = 5x +1 
ax 4 

2) 
‘i ae 

5 

47. f(x) =x? -9 
48. f(x) = x2 — 8x + 15 
49. f(x) =x? -x 
50. f(x) = x — x27 -4x +4 


45.-f(x) = 


In Exercises 51-54, find the value(s) of x for which 
f(x) = g(x). 

Bh. f(x) = x2 2x.+ 1, e(x) = 3x43 

Bo F(x) — x* — 2x7, g(x) = 2x? 

53. f(x) = /3x+1, ex) =x4+1 

54. f(x) = /x-—4, g(x) =2-x 


In Exercises 55-68, find the domain of the function. 
Behe sox x — 1 56.. e&) = 1 = 2x 


Bey 
Se career 


60. f()-= 3/t+4 
O2e f= 4/0" a BX 


4 
57. h(t) = 58. 


59. g(y) = Vy — 10 
ier (rje= ey 1 — x" 


3 10 
63. are 64. HS) = ay a 
65. f(s) = 1 66. f(x) = 8 
67. f(x) = ae 68. f(x) = ae3 


In Exercises 69-72, assume that the domain of f is 
the set A = {—2, —1,0, 1, 2}. Determine the set of ordered 
pairs that represents the function f. 

69. f(x) = x? 

70. f(x) =x" —3 

mal, fx) = |x| + 2 

92. f(x) = |x + 1| 
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Exploration \n Exercises 73-76, match the data with one 
of the following functions 
f(x) = cx, g(x) = cx?, h(x) = eV |x], and r(x) = 


and determine the value of the constant c that will make 
the function fit the data in the table. 


Ts 74, os y 
=a =! 
=a —j 
f 0) 0) 
ie 
I i 
4 1 


3. a )6=—l7;. (a 
4 —8 ee 


=k =32 | 3 
0 Undef. 0 0 
1 32 1 3 
4 8 4 6 


In Exercises 77-84, find the difference quotient and 
simplify your answer. 


77. f(x) =x2 —x +1, ACEO ACS ie 


h 
78. f(x) = 5x — x2, WEAN AL) h #0 
79. f(x) = x3 + 3x, Meena fet h #0 
80. f(x) = 4x2 — 2x, fat aie h #0 
81. g(x) = 5, 8) ae 

82. f(t) = —, fe =f) i 

$3 Gy eer ee @) © x#5 

84. f(x) = 2/3 + 1, Seal at 


The symbol fi indicates an example or exercise that highlights algebraic techniques specifically used in calculus. 
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85. Geometry Write the area A of a square as a 
function of its perimeter P. 


Units, x 


: : 110 3139 
86. Geometry Write the area A of a circle as a function 
of its circumference C. 120 3240 
87. Maximum Volume An open box of maximum 130 i 3315 
volume is to be made from a square piece of material 
24 centimeters on a side by cutting equal squares 140 3360 
from the corners and turning up the sides (see figure). 150 aaa 
(a) The table shows the volume V (in cubic cen- 160 i 3360 
timeters) of the box for various heights x (in cen- 
timeters). Use the table to estimate the maximum 170 See 
volume. 
ae (b) Plot the points (x, P). Does the relation defined by 
| Height, iat | Volume, V the ordered pairs represent P as a function of x? 
1 484 sa (c) If P is a function of x, write the function and 
> 800 determine its domain. 
89. Geometry A right triangle is formed in the first 
3 a 972 | quadrant by the x- and y-axes and a line through the 
4 1024 point (2,1) (see figure). Write the area A of the 
triangle as a function of x, and determine the domain 
5 980 : 
eae of the function. 
6 864 
J y ) 
A 


(b) Plot the points (x, V). Does the relation defined by 
the ordered pairs represent V as a function of x? 


(c) If V is a function of x, write the function and 
determine its domain. 


FIGURE FOR 89 FIGURE FOR 90 


90. Geometry A rectangle is bounded by the x-axis 
and the semicircle y = ./36 — x? (see figure). Write 
the area A of the rectangle as a function of x, and 
determine the domain of the function. 


! pay 
X ~~ 24-25 >1 x 


88. Maximum Profit The cost per unit in the produc- 91. Average Price The average price p (in thousands of 
tion of a radio model is $60. The manufacturer dollars) of a new mobile home in the United States 
charges $90 per unit for orders of 100 or less. To from 1990 to 1999 (see figure) can be approximated 
encourage large orders, the manufacturer reduces the by the model 
charge by $0.15 per radio for each unit ordered in > 
excess of 100 (for example, there would be a charge = eae ae sk DES & 
of $87 per radio for an order size of 120). 1.894 + 27.1, SSrs9 
(a) The table shows the profit P (in dollars) for var- where t = 0 represents 1990. Use this model to find 

ious numbers of units ordered, x. Use the table to the average prices of a mobile home in 1990, 1994, 


estimate the maximum profit. 1996, and 1999. (Source: U.S. Census Bureau) 


92. Postal Regulations 


93. Cost, Revenue, and Profit 


Mobile home price 
(in thousands of dollars) 


DTDs SAS SITS UTA .8 119 
Year (0 <> 1990) 


FIGURE FOR 91 


A rectangular package to be 
sent by the U.S. Postal Service can have a maximum 
combined length and girth (perimeter of a cross 
section) of 108 inches (see figure). 


(a) Write the volume V of the package as a function 
of x. What is the domain of the function? 


& (b) Use a graphing utility to graph your function. Be 


sure to use the appropriate window setting. 


(c) What dimensions will maximize the volume of 
the package? Explain your answer. 


co eX 


A company produces a 
product for which the variable cost is $12.30 per unit 
and the fixed costs are $98,000. The product sells for 
$17.98. Let x be the number of units produced and 
sold. 

(a) The total cost for a business is the sum of the 
variable cost and the fixed costs. Write the total 
cost C as a function of the number of units pro- 
duced. 

(b) Write the revenue R as a function of the number 
of units sold. 

(c) Write the profit P as a function of the number of 
units sold. (Note: P = R — C.) 
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94. Average Cost The inventor of a new game believes 


95; 


96. 


that the variable cost for producing the game is $0.95 
per unit and the fixed costs are $6000. The inventor 
sells each game for $1.69. Let x be the number of 
games sold. 


(a) The total cost for a business is the sum of the 
variable cost and the fixed costs. Write the total 
cost C as a function of the number of games sold. 


(b) Write the average cost per unit C = C/x as a 
function of x. 
Transportation For groups of 80 or more people, a 


charter bus company determines the rate per person 
according to the formula 


Rate = 8 — 0.05(n — 80), n = 80 


where the rate is given in dollars and n is the number 
of people. 


(a) Write the revenue R for the bus company as a 
function of n. 


(b) Use the function in part (a) to complete the table. 
What can you conclude? 


Physics The force F (in tons) of water against the 
face of a dam is estimated by the function 
F(y) = 149.76./10y5/2, where y is the depth of the 
water in feet. 


(a) Complete the table. What can you conclude from 
the table? 


(b) Use the table to approximate the depth at which 
the force against the dam is 1,000,000 tons. 

(c) Find the depth at which the force against the dam 
is 1,000,000 tons algebraically. 


97. Height of a Balloon A balloon carrying a 


transmitter ascends vertically from a point 3000 feet 
from the receiving station. 


(a) Draw a diagram that gives a visual representa- 
tion of the problem. Let h represent the height of 
the balloon and let d represent the distance 
between the balloon and the receiving station. 


(b) Write the height of the balloon as a function of 
d. What is the domain of the function? 
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98. Path of a Ball The height y (in feet) of a baseball 
thrown by a child is 


1 
= —— x? + 3x + 
y 107 Sxacr 6 


where x is the horizontal distance (in feet) from 
where the ball was thrown. Will the ball fly over the 
head of another child 30 feet away trying to catch the 
ball? (Assume that the child who is trying to catch 
the ball holds a baseball glove at a height of 5 feet.) 


> Model It 
| 99. Wildlife The graph shows the number of | 
threatened and endangered fish species in the | 
world from 1996 through 2001. Let f(t) represent | 
the number of threatened and endangered fish | 


species in the year ¢. (Source: U.S. Fish and 
Wildlife Service) | 


fO 


ee, 
av 
oO 
B32 
Ss 5 
2 
tS} 
5 2 
oe & 
sae 
Gey 
o 5 
3 2 
eS 
eu 
36 
Z, 


1996 1998 2000 
Year 


(a) Find 


f(2001) — f(1996) 
200 T= 1996 


and interpret the result in the context of the | 


problem. 


(b) Find a linear model for the data algebraically. | 
Let N represent the number of threatened | 
and endangered fish species and let x = 6 


correspond to 1996. 


(c) Use the model found in part (b) to complete | 


the table. 


> Model It (continued) 


(d) Compare your results from part (c) with the 
actual data. 


AG (e) Use a graphing utility to find a linear model 

aS for the data. Let x = 6 correspond to 1996. 
How does the model you found in part (b) 
compare with the model given by the graph- 
ing utility? 


Synthesis 


True or False? \n Exercises 100 and 101, determine 
whether the statement is true or false. Justify your answer. 


100. The domain of the function f(x) = x*+— 1 is 
(— 00, co), and the range of f(x) is (0, 00). 

101. The set of ordered pairs {(—8, —2), (—6, 0), (—4, 0), 
(—2, 2), (0, 4), (2, —2)} represents a function. 


102. Writing In your own words, explain the meanings 
of domain and range. 


Review 


In Exercises 103-106, solve the equation. 


baat SLD 
103. —-+-=1 = = = 
37° 5 108 banat 1 


3 4 1 12 4 
105. -= a 2 ee 
picommele se. or ee J] bats x : a 


In Exercises 107-110, find the equation of the line passing 
through the pair of points. 


O72) ed) 108. (10, 0), (1, 9) 
109. (—6, 5), (3, —5) 


Yee¥e Analyzing Graphs of Functions 


> What you should learn 


* How to use the Vertical Line 
Test for functions 

* How to find the zeros of 
functions 


* How to determine intervals on 
which functions are increasing 
or decreasing 

* How to identify even and odd 
functions 


> Why you should learn it 


Graphs of functions can help you 
visualize relationships between 

_ variables in real life. For instance, 
_ in Exercise 76 on page 209, you 
. will use the graph of a function 
to represent visually the 
_ merchandise trade balance for 
Pes pps? States. eee 


Domain 


FIGURE 2.26 
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The Graph of a Function 


In Section 2.2, you studied functions from an algebraic point of view. In this 
section, you will study functions from a graphical perspective. 

The graph of a function f is the collection of ordered pairs (x, f(x)) such 
that x is in the domain of f. As you study this section, remember that 


Xx 


f(x) 


as shown in Figure 2.25. 


the directed distance from the y-axis 


the directed distance from the x-axis 


FIGURE 2.25 


| Example 1 Finding the Domain and Range of a Function @4e> 


Use the graph of the function f, shown in Figure 2.26, to find (a) the domain of f, 
(b) the function values f(—1) and f(2), and (c) the range of f. 


Solution 

a. The closed dot at (— 1, 1) indicates that x = — 1 is in the domain of f, whereas 
the open dot at (5, 2) indicates x = 5 is not in the domain. So, the domain of 
f is all x in the interval [—1, 5). 

b. Because (—1, 1) is a point on the graph of f, it follows that f(—1) = 1. 
Similarly, because (2, —3) is a point on the graph of f, it follows that 
f(2) = -3. 

c. Because the graph does not extend below f(2) = 
range of f is the interval [—3, 3]. 


—3 or above f(0) = 3, the 


The use of dots (open or closed) at the extreme left and right points of a graph 
indicates that the graph does not extend beyond these points. If no such dots are 
shown, assume that the graph extends beyond these points. 
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By the definition of a function, at most one y-value corresponds to a given 
x-value. This means that the graph of a function cannot have two or more 
different points with the same x-coordinate, and no two points on the graph of a 
function can be vertically above and below each other. It follows, then, that a 
vertical line can intersect the graph of a function at most once. This observation 
provides a convenient visual test called the Vertical Line Test for functions. 


Vertical Line Test for Functions 


A set of points in a coordinate plane is the graph of y as a function of x if 
and only if no vertical line intersects the graph at more than one point. 


| Example 2 Vertical Line Test for Functions o> 


Use the Vertical Line Test to decide whether the graphs in Figure 2.27 represent 
y as a function of x. 


(b) (o) 


Solution 


a. This is not a graph of y as a function of x, because you can find a vertical line 
that intersects the graph twice. That is, for a particular input x, there is more 
than one output y. 


= 


This is a graph of y as a function of x, because every vertical line intersects the 
graph at most once. That is, for a particular input x, there is at most one output 
y. 


ic 


This is a graph of y as a function of x. (Note that if a vertical line does not 
intersect the graph, it simply means that the function is undefined for that 


particular value of x.) That is, for a particular input x, there is at most one 
output y. 


Zeros of f: x = —2,x = 
FIGURE 2.28 


Zeros of g: x = + /10 
FIGURE 2.29 


Zero ofh: t = 3 
FIGURE 2.30 
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Zeros of a Function 


If the graph of a function of x has an x-intercept at (a, 0), then a is a zero of the 
function. 


Zeros of a Function 


The zeros of a function f of x are the x-values for which f(x) = 0. 


| Example 3. Finding the Zeros of a Function 


Find the zeros of each function. 


af x)= 39° xe — 10) b= ex) = Ji0 =X* cok) = ze 


Solution 


To find the zeros of a function, set the function equal to zero and solve for the 
independent variable. 


a. ox ~— 10'= 0 Set f (x) equal to 0. 
3x — 5)\(% + 2)'=0 Factor. 
DX 75, =.0 > x= : Set Ist factor equal to 0. 
x+2=0 [E> bial Set 2nd factor equal to 0. 


The zeros of f are x = 3 and x = —2. In Figure 2.28, note that the graph of f 
has (3, 0) and (—2, 0) as its x-intercepts. 


b../10 — x? = Set g(x) equal to 0. 
10 =x? =0 Square each side. 
10 = x? Add x? to each side. 
+/10 =x Extract square root. 
The zeros of g are x = — \/10 and x = \/10. In Figure 2.29, note that the 
graph of g has (- /10, 0) and (/10, 0) as its x-intercepts. 
C; a 2 = 0 Set h(t) equal to 0. 
2b — 30 Multiply each side by t + 5. 
2t = 3 Add 3 to each side. 
t= ; Divide each side by 2. 


The zero of h is t = 2. In Figure 2.30, note that the graph of h has (3, 0) as 
its f-intercept. 
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FIGURE 2.31 


(a) 
FIGURE 2.32 


Increasing and Decreasing Functions 


The more you know about the graph of a function, the more you know about the 
function itself. Consider the graph shown in Figure 2.31. As you move from left 
to right, this graph decreases, then is constant, and then increases. 


Increasing, Decreasing, and Constant Functions 
_ A function f is increasing on an interval if, for any x, and x, in the interval, 
| x emplies (katie), 
A function f is decreasing on an interval if, for any x, and x, in the interval, 
| x, < x implies f(x,) > f(x). 


| A function f is constant on an interval if, for any x, and x, in the interval, 


| f(a) = fl%2). 


| Example 4 . Increasing and Decreasing Functions o> 


In Figure 2.32, use the graphs to describe the increasing or decreasing behavior 
of each function. 

Solution 

a. This function is increasing over the entire real line. 


b. This function is increasing on the interval (—oo, —1), decreasing on the 
interval (— 1, 1), and increasing on the interval (1, co). 


c. This function is increasing on the interval (— oo, 0), constant on the interval 
(0, 2), and decreasing on the interval (2, 00). 


% | fas 58 y 
A 


(0, 1) COR) 


* caaat, 6 
at t+1,t<0 
fO=Hs A012 
2 —t+3,t>2 
(b) (c) 


To help you decide whether a function is increasing, decreasing, or constant 
on an interval, you can evaluate the function for several values of x. However, 
calculus is needed to determine, for certain, all intervals on which a function is 
increasing, decreasing, or constant. 


STUDY TIP 


A relative minimum or relative 
_ maximum is also referred to as 
_alocal minimum or local 
_ maximum. 


Relative 
maximums — 


Relative minimums 


FIGURE 2.33 
| fx) = 3x?— 4x —2 
2 
4 5 
=f) 
FIGURE 2.34 
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The points at which a function changes its increasing, decreasing, or constant 
behavior are helpful in determining the relative minimum or relative maximum 
values of the function. 


Definition of Relative Minimum and Relative Maximum 


A function value f(a) is called a relative minimum of f if there exists an 
interval (x,, x) that contains a such that 


Ki <= OF, eimplies Af (a) s<o7i(x). 


A function value f(a) is called a relative maximum of f if there exists an 
interval (x,, x,) that contains a such that 


Kp Xe< x) (implies a7 (a) = 400)! 


Figure 2.33 shows several different examples of relative minima and relative 
maxima. In Section 3.1, you will study a technique for finding the exact point at 
which a second-degree polynomial function has a relative minimum or relative 
maximum. For the time being, however, you can use a graphing utility to find 
reasonable approximations of these points. 


| Example 5 Approximating a Relative Minimum 


Use a graphing utility to approximate the relative minimum of the function 
F(a) = 3x° = Ax — 2) 


Solution 

The graph of f is shown in Figure 2.34. By using the zoom and trace features of 
a graphing utility, you can estimate that the function has a relative minimum at 
the point 


(0.67, = 3:33); Relative minimum 


Later, in Section 3.1, you will be able to determine that the exact point at which 
the relative minimum occurs is (3, —% ; 


You can also use the table feature of a graphing utility to approximate 
numerically the relative minimum of the function in Example 5. Using a table that 
begins at 0.6 and increments the value of x by 0.01, you can approximate the min- 
imum of f(x) = 3x7 — 4x — 2 to be-(0,67, —3.33). 


=s 
Technology 
Ee If you use a graphing utility to estimate the x- and y-values of a relative 
minimum or relative maximum, the automatic zoom feature will often produce 
graphs that are nearly flat. To overcome this problem, you can manually change 


the vertical setting of the viewing window. The graph will stretch vertically if the 
values of Ymin and Ymax are closer together. 
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Exploration 


Graph each of the functions 
with a graphing utility. 
Determine whether the function 
is even, odd, or neither. 


fy =e -x 

e(x) = 2x? + I 

Wi) = x 2 tx 
Jo -2 © 
Oe ee 
pi) =r tbr x x 


What do you notice about the 
equations of functions that are 
odd? What do you notice about 
the equations of functions that 
are even? Can you describe a 
way to identify a function as 
odd or even by inspecting the 
equation? Can you describe a 
way to identify a function as 
neither odd nor even by 
inspecting the equation? 


Even and Odd Functions o> 


In Section 1.1, you studied different types of symmetry of a graph. In the 
terminology of functions, a function is said to be even if its graph is symmetric 
with respect to the y-axis and to be odd if its graph is symmetric with respect to 
the origin. The symmetry tests in Section 1.1 yield the following tests for even 
and odd functions. 


Tests for Even and Odd Functions 
A function y = f(x) is even if, for each x in the domain of f, 


f(—x) = f(@). 


| A function y = f(x) is odd if, for each x in the domain of f, 


fa) = 70) 


| Example 6 Even and Odd Functions ao> 


a. The function g(x) = x? — x is odd because g(—x) = — g(x), as follows. 


simian)” sale 


Substitute —x for x. 


= —x+ x Simplify. 
Ss (x? = x) Distributive Property 
== e(x) Test for odd function 


b. The function h(x) = x? + 1 is even because h(—x) = h(x), as follows. 
ea) pine SP il 
= x24 | 


= h(x) 


Substitute —x for x. 
Simplify. 
Test for even function 


The graphs of these two functions are shown in Figure 2.35. 


(a) Symmetric to origin: Odd Function 
FIGURE 2.35 


(b) Symmetric to y-axis: Even Function 
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2.3 Exercises 


In Exercises 1-4, use the graph of the function to find the In Exercises 9-14, use the Vertical Line Test to determine 
domain and range of f. whether y is a function of x. To print an enlarged copy of the 
1 é 3 : graph, go to the website www.mathgraphs.com. 


9, y = 5x? 10. y = 9x3 


In Exercises 5-8, use the graph of the function to find the 
indicated function values. 


5. (a) f(-2)  (b) f(-1) 6 (@) f(-1)_ (b) f(2) 
©) fG) @ fa) () f0) @ £Q) 


In Exercises 15-24, find the zeros of the function 
algebraically. 


15) 7s 30) 


f@) f(—2)— (b) f(l) 8. 4a) f(2) (») f) 
(c) f(0) = (d) f(2) (ngl3)on Dig) 


lars 
y= FO) On a ee IG 
x Oneal 
ie f(x) a pear 18. f(x) — as 2 a 
ete x 19. f(x) = 3x3 — x 


207 i= > 4x" 97 + 36 
ee — 4 — A =O 
225%) = 9x e207 

23. f(x) = /2x - 1 

24. f(x) = /3x +2 
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&y In Exercises 25-30, use a graphing utility to graph the func- 
tion and find the zeros of the function. Verify your results 36. 
algebraically. 


25. fa) =3-+= 


26. f(x) = x(x — 7) 
27. f(x) = /mx + 11 
Ge a 8 


29. f(x) = oa 2 
De 
30. f(x) = = << 


In Exercises 31-38, determine the intervals over which the 
function is increasing, decreasing, or constant. 


31, f(x) = $x 32. f(x) = x2 — 4x 
y 


ee In Exercises 39-48, (a) use a graphing utility to graph the 
function and visually determine the intervals over which 
the function is increasing, decreasing, or constant, and 
(b) make a table of values to verify whether the function is 
increasing, decreasing, or constant over the intervals you 
identified in part (a). 


39, fx =3 40. g(x) =x 

41. g(s) = : 42. h(x) =x? — 4 
43. f(t) = -t* 44. f(x) = 3x* — 6x? 
5. fa) = yi 46. f(x) =xVx+ 3 
47. f(x) == 48. f(x) = 2/3 


ae In Exercises 49-52, use a graphing utility to approximate 
the relative minimum/relative maximum of each function. 


49. f(x). = (x — 4)(x +2) 50. f(x) = 3x? — 2x — 5 
51. f(x) = x(x — 2)(x + 3) 
52. f(x) = 2° — 3x2 -—x4 1 


In Exercises 53-60, graph the function and determine the 
interval(s) for which f(x) > 0. 


53.6) = 4— 5 54, f(x) = 4x +2 
55. f(x) =x24+x 56. f(x) = x2 — 4x 
Wh i= Ve 1 58. f(x) = Vx +2 
59 f(x) = (1+ |x|) 60. FG) = 32 + |x) 
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In Exercises 61-66, determine whether the function is even, where x is the wattage of the lamp. 
odd, or neither. 


Biri) — x — 2x? +3. 62. AG) =x? — 5 (b) Use the graph from part (a) to estimate the 
63. g(x) = x3 — 5x 64. f(x) = xVJ/1 — x? wattage necessary to obtain 2000 lumens. 
65. f(t) = 12 + 2t - 3 66. 2(s) = 4s2/3 


(a) Use a graphing utility to graph the function. 


> Model It 
In Exercises 67-70, write the height h of the rectangl 
j Benctian of sc 9 Sage) see 76. Data Analysis The table shows the amount y 
4G (in billions of dollars) of the merchandise trade 
67. 68.» balance of the United States for the years 1991 


through 1999. The merchandise trade balance is 
the difference between the values of exports and 
imports. A negative merchandise trade balance 
indicates that imports exceeded exports. 
(Source: U.S. International Trade Administration 
and U.S. Foreign Trade Highlights) 


69. 


wae Year, x Trade balance, y 


— 66.8 
— 84.5 
15.6 
1504 
aS Oa 
i O2 
= Real lea) 
29.8 
=33010 


In Exercises 71-74, write the length L of the rectangle as a 
function of y. 


71. 


(a) Use a graphing utility to create a scatter plot 
of the data. | 


(b) Use the graph in part (a) to determine whether 
the data represents y as a function of x. 


(c) Use the regression feature of a graphing util- 
ity to find a cubic model (a model of the form 
y = ax? + bx? + cx + d) for the data. Let x 
be the time (in years), with x = 1 correspon- 
ding to 1991. 


(d) What is the domain of the model? 


(e) Use a graphing utility to graph the model in 
the same viewing window you used in part (a). 


(f) For which year does the model most accu- 
rately estimate the actual data? During which 


Z 75. Electronics The number of lumens (time rate of year is it least accurate? 


flow of light) L from a fluorescent lamp can be 
approximated by the model 


L= —0.294x? + 97.744x — 664.875, 20 < x < 90 
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77. Coordinate Axis Scale Each function models the 
specified data for the years 1995 through 2002, with 
t = 5 corresponding to 1995. Estimate a reasonable 
scale for the vertical axis (e.g., hundreds, thousands, 
millions, etc.) of the graph and justify your answer. 
(There are many correct answers.) 


(a) f(t) represents the average salary of college 
professors. 


(b) f(t) represents the U.S. population. 


(c) f(t) represents the percent of the civilian work 
force that is unemployed. 


78. Geometry Corners of equal size are cut from a 
square with sides of length 8 meters (see figure). 


(a) Write the area A of the resulting figure as a func- 
tion of x. Determine the domain of the function. 
a4 (b) Use a graphing utility to graph the area function 
over its domain. Use the graph to find the range 

of the function. 


(c) Identify the figure that would result if x were 
chosen to be the maximum value in the domain 
of the function. What would be the length of 
each side of the figure? 


Synthesis 


True or False? In Exercises 79 and 80, determine 
whether the statement is true or false. Justify your answer. 


79. A function with a square root cannot have a domain 
that is the set of real numbers. 

80. It is possible for an odd function to have the interval 
[0, co) as its domain. 


81. If f is an even function, determine whether g is even, 
odd, or neither. Explain. 


(ays) = —f(@) (b) g(x) = f(—x) 
(eG fG)— 2° “d) gz) =f@ — 2) 


82. Think About It Does the graph in Exercise 11 
represent x as a function of y? Explain. 


Think About It \n Exercises 83-86, find the coordinates 
of a second point on the graph of a function f if the given 
point is on the graph and the function is (a) even and (b) 
odd. 


83. (—3,4) 
85. (4,9) 


Ge 37. Writing Use a graphing utility to graph each func- 


tion. Write a paragraph describing any similarities 
and differences you observe among the graphs. 


(a) y=x (b) y =x? 
(c) y= x3 (d) y=x"* 
(C) a (f). ye 


a 88. Conjecture Use the results of Exercise 87 to make 


a conjecture about the graphs of y = x’ and y = x®. 
Use a graphing utility to graph the functions and 
compare the results with your conjecture. 


Review 


In Exercises 89-92, solve the equation. 

S92 — 1010 90. 100 — @— 5)? =0 
91S Y= 92. 16x? —40x 4 25=0 
In Exercises 93-96, evaluate the function at each specified 
value of the independent variable and simplify. 


93. f(x) = 5x — 8 


(a) £09) (b) f(-4) ©) fe -7) 
94. f(x) = x2 — 10x 

(a) f(4) (b) f(-8) (©) fe - 4) 
95. f(x) = /x— 12-9 

(a) f(12) (6) f(40) © ~F(- V6) 
96. f(x) = x4 -x-5 

(a) f(-1) ~~) FQ) (c) f(2V3) 


fi In Exercises 97 and 98, find the difference quotient and sim- 


plify your answer. 


97. f(x) = x? — 2x + 9, fiSsete) =) =215) h#0 


OR, FG) a9 Geet OEE A) ee 


Michael Newman/PhotoEdit 
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(ae A Library of Functions 


> What you should learn 
ee to iseanty and arack Linear and Squaring Functions 
linear and squaring functions 

* How to identify and graph 


cubic, square root, and recipro- 
cal functions 


* How to identify and graph step 
and other piecewise-defined ¢ The domain of the function is the set of all real numbers. 
functions 


One of the goals of this text is to enable you to recognize the basic shapes of the 
graphs of different types of functions. For instance, you know that the graph of the 
linear function f(x) = ax + bisa line with slope m = aand y-intercept at (0, b). 
The graph of the linear function has the following features. 


¢ The range of the function is the set of all real numbers. 


ee oomize graphs of ¢ The graph has one intercept, (0, b). 
common functions 


: ¢ The graph is increasing if m > 0, decreasing if m < 0, and constant 
> Why you should learn it - if m= 0. 


Piecewise-defined functions can 


be used to model real-life situa- Example 1 Writing a Linear Function 


tions. For instance, in Exercise 68 


on page 218, you will use a Write the linear function f for which f(1) = 3 and f(4) = 0. 
piecewise-defined function to ; 
model the monthly revenue of a Solution 


To find the equation of the line that passes through (x,, y,) = (1, 3) and (x5, y.) = 
(4, 0), first find the slope of the line. 


landscaping business. 


Vise Os SO 
= Se =—= -] 
ss ee es el | 3 


Next, use the point-slope form of the equation of a line. 


Vyas mx ai a) Point-slope form 
¥— 3 =—10— 1) Substitute for x,, y,, and m. 
y=-x+4 Simplify. 
f (x) =-x+4 Function notation 


The graph of this function is shown in Figure 2.36. 


FIGURE 2.36 
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There are two special types of linear functions, the constant function and 
the identity function. A constant function has the form 


fa) =e 
and has the domain of all real numbers with a range consisting of a single real 
number c. The graph of a constant function is a horizontal line, as shown in 
Figure 2.37. The identity function has the form 


f(x) = x. 
Its domain and range are the set of all real numbers. The identity function has a 
slope of m = 1 anda y-intercept (0, 0). The graph of the identity function is a line 
for which each x-coordinate equals the corresponding y-coordinate. The graph is 
always increasing, as shown in Figure 2.38. 


2 f(x=e 


FIGURE 2.37 FIGURE 2.38 


The graph of the squaring function 
F(a) = 


is a U-shaped curve with the following features. 


¢ The domain of the function is the set of all real numbers. 


The range of the function is the set of all nonnegative real numbers. 


The function is even. 
¢ The graph has an intercept at (0, 0). 


* The graph is decreasing on the interval (— co, 0) and increasing on 
the interval (0, co). 


ae se oo * The graph is symmetric with respect to the y-axis. 


Nel 
Slee (00) 


The graph has a relative minimum at (0, 0). 


FIGURE 2.39 The graph of the squaring function is shown in Figure 2.39. 


Cubic function 
FIGURE 2.40 


Square root function 
FIGURE 2.41 


Reciprocal function 
FIGURE 2.42 
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Cubic, Square Root, and Reciprocal Functions 


Special features of the graphs of the cubic, square root, and reciprocal func- 
tions are summarized below. 


1. The graph of the cubic function 

(Abpea 

has the following features. 
¢ The domain of the function is the set of all real numbers. 
* The range of the function is the set of all real numbers. 
¢ The function is odd. 
¢ The graph has an intercept at (0, 0). 
¢ The graph is increasing on the interval (conoo): 


¢ The graph is symmetric with respect to the origin. 
The graph of the cubic function is shown in Figure 2.40. 
2. The graph of the square root function 
f(a) = Vx 
has the following features. 


¢ The domain of the function is the set of all nonnegative real numbers. 
¢ The range of the function is the set of all nonnegative real numbers. 

* The graph has an intercept at (0, 0). 

¢ The graph is increasing on the interval (0, 00). 


The graph of the square root function is shown in Figure 2.41. 


3. The graph of the reciprocal function 


fe) == 


has the following features. 
* The domain of the function is (—co, 0) U (0, 00). 
¢ The range of the function is (— 00, 0) U (0, 00). 
¢ The function is odd. 
¢ The graph does not have any intercepts. 
* The graph is decreasing on the intervals (— co, 0) and (0, 00). 


¢ The graph is symmetric with respect to the origin. 


The graph of the reciprocal function is shown in Figure 2.42. 
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Step and Piecewise-Defined Functions 


Functions whose graphs resemble sets of stairsteps are known as step functions. 
The most famous of the step functions is the greatest integer function, which is 
denoted by [x] and defined as 


f(x) = [x] = the greatest integer less than or equal to x. 
Some values of the greatest integer function are as follows. 

|—1] = (greatest integer < —1) = —1 

[-3] = (greatest integer < —}) =-]1 

fale (greatest integer < +) = 0 

[1.5] = (greatest integer < 1.5) = 1 


The graph of the greatest integer function 


FO) = Bl 


FIGURE 2.43 has the following features, as shown in Figure 2.43. 


¢ The domain of the function is the set of all real numbers. 

¢ The range of the function is the set of all integers. 

Technology * The graph has a y-intercept at (0, 0) and x-intercepts in the interval [0, 1). 
When graphing a step ¢ The graph is constant between each pair of consecutive integers. 


function, you should set your * The graph jumps vertically one unit at each integer value. 
graphing utility to dot mode. 


Example 2 Evaluating a Step Function &aje> 
y Evaluate the function when x = —1, 2, and 3 
: “Ue. f(x) = by] + 1 
4 e—o : 
Solution 
3 e—o 
5 \ For x = —1, the greatest integer < —1 is —1, so 
1 FG) = Iexll+ 1 fED= (Hil v= —127=0. 
et ae si 3 a Es” For x = 2, the greatest integer < 2 is 2, so 
e—o 
—o 2 fQ=PRIl+1=2+1=3. 


For x = 5 the greatest integer < 3 is 1, so 
fGh= Else 
The graph of f(x) = [x] + 1 is shown in Figure 2.44. 


FIGURE 2.44 


Recall from Section 2.2 that a piecewise-defined function is defined by two or 
more equations over a specified domain. To graph a piecewise-defined function, 
graph each equation separately over the specified domain, as shown in Example 3. 


FIGURE 2.45 


(e) Quadratic Function 
FIGURE 2.46 
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| Example 3 Graphing a Piecewise-Defined Function G¥e> 


Sketch the graph of 


Soaps Se 


soe Uh BP Soil, 


Solution 


This piecewise-defined function is composed of two linear functions. At x = 1 
and to the left of x = | the graph is the line y = 2x + 3, and to the right of x = 1 
the graph is the line y = —x + 4, as shown in Figure 2.45. 


Common Functions 


The eight graphs shown in Figure 2.46 represent the most commonly used 
functions in algebra. Familiarity with the basic characteristics of these simple 
graphs will help you analyze the shapes of more complicated graphs—in partic- 
ular, graphs obtained from these graphs by the rigid and nonrigid transformations 
studied in the next section. 


(c) Absolute Value Function 


-+-——+- t > X 


y 
; il 
: Ih hres 
] 
He 
bee2) 3 


(f) Cubic Function (g) Reciprocal Function (h) Greatest Integer Function 
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In Exercises 1-8, ee the iolaaotebete iad ne 34. k(x) = [x si 6| 
indicated function values. Then sketc e graph of the (a) K(S) (b) k(—6.1) (©) KO.) (a) KIS) 


function. 
35. e(x) = 3x — 2] +5 
1. fl) = 4, f(O) = 6 
5 oe , aM Be =e (a) g(—2.7) (b) g(—1)  (c) g(0.8) (d) g (14.5) 
36. o(x) = —7Ix + 4] + 6 


3. f(5) = —4, f(-2) = ‘ = ; 
An f(G) = 9, f(—1) = —11 (a) g(3) (b) (9) — (c) g(—4) @d) (3) 


5. fe) = hike) eal In Exercises 37-42, sketch the graph of the function. 

: ‘th ; ie Be 37. g(x) = ~ bal 38. g(x) = 41x] 

SI Me TA ee 39. g(x) = [x] -— 2 40. g(x) = x] - 1 
GQ) = —Bf(-4) = -11 41. g(@).= [x + 1 42.2) = [eel 


a In Exercises 9-28, use a graphing utility to graph the func- 


F ‘ se : | ises 43-50, ef ion. 
tion. Be sure to choose an appropriate viewing window. piEXet Cie? degen, Jab we sun CaS 


9. f(x) = —x -F} 10. f(x) = 3x —3 13a fe fi aS *< 0 
11. f(x) = —jx -3 20x) 2 — ey 
13. f(x) = x2 — 2x 14. f(x) = —x2 + 8x 44. o(x) = f <i a ve 
5 A he 
15. h(x) = —x*? + 4x + 12 16. g(x) = x2 — 6x — 16 4 
Va 18. fz) =8-—x< 45. f(x) = i = : 
19. f@)=G@— 12? +2 +20. g(x) = 2 +3)? + yee 
1. f(x) = 4/x el ne © 46.9092 [UE a 
23. g(x) =2-— Vx+4 h(x) = /x + 2+ 3 Sami oe 
AT a7 = { ; 7 
fa) = -= ae ue as! oy ae me pee 
1 1 48. h(x) = 12 at ty > © 
Af h(x) = yas) 28. k(x) = 73 5 64 oan) 
‘ a ei XZ 
In Exercise 29-36, evaluate the function for the indicated 49. h(x) = 3 + x —2sx<0 
values. eave | x20 
9. f(x) = bd Dx Ie pe = || 
— 2 _ — 
(a) f(2.1) (b) £(2.9) (©) f(-3.1) @ FQ) ae b= an ee 7 
30. g(x) = 2fx] ‘ 
(a) g(—3) (b) g9(0.25) (c) g(9.5) (d) (2) EW In Exercises 51 and 52, use a graphing utility to graph the 
31. h(x) = [x + 3] function. State the domain and range of the function. 
D 
(a) h(—2) () n(2) () W(4.2) (@) h—21.6) escribe the oe ais graph. 
32. f(x) = 4x] +7 51. s(x) = 2(;x — [zx}) 
(@—) (0) f(-15)©) £6 ~@ £(§) 52. g(x) = 2(¢x — [fx]? 


33. h(x) = [Bx - 1] 
(a) A(2.5) (b) h(—3.2) ©) a2) ~~ @ v(-2) 


In Exercises 53-62, identify the common function and the 
transformed common function shown in the graph. Write 
an equation for the function shown in the graph. Then use 
a graphing utility to verify your answer. 


RE 


Dos 


Di. 


59. 


61. 


63. 


Ny ff DH oo 


Communications The cost of a telephone call 
between Denver and Boise is $0.60 for the first 
minute and $0.42 for each additional minute or por- 
tion of a minute. A model for the total cost C (in dol- 
lars) of the phone call is 


C = 060 — 0.421 — 7], +> 0 


64. 


65. Delivery Charges 


66. Delivery Charges 


67. 
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where f is the length of the phone call in minutes. 
(a) Sketch the graph of the model. 


(b) Determine the cost of a call lasting 12 minutes 
and 30 seconds. 


Communications The cost of using a telephone 
calling card is $1.05 for the first minute and $0.38 
for each additional minute or portion of a minute. 


(a) A customer needs a model for the cost C of using 
a calling card for a call lasting t minutes. Which 
of the following is the appropriate model? 
Explain. 


Cit) =sk053 17038 i 7 aly 
C(t) = 1.05 — 0.38[-(t -— DJ 


(b) Graph the appropriate model. Determine the cost 
of a call lasting 18 minutes and 45 seconds. 


The cost of sending an overnight 
package from Los Angeles to Miami is $10.75 for a 
package weighing up to but not including 1 pound 
and $3.95 for each additional pound or portion of a 
pound. A model for the total cost C (in dollars) of 
sending the package is 


C = 10.75 + 3.95[x], x>0 


where x is the weight in pounds. 
(a) Sketch a graph of the model. 


(b) Determine the cost of sending a package that 
weighs 10.33 pounds. 


The cost of sending an overnight 

package from New York to Atlanta is $9.80 for a 

package weighing up to but not including 1 pound 

and $2.50 for each additional pound or portion of a 

pound. 

(a) Use the greatest integer function to create a 
model for the cost C of overnight delivery of a 
package weighing x pounds, x > 0. 

(b) Sketch the graph of the function. 

Wages A mechanic is paid $12.00 per hour for reg- 

ular time and time-and-a-half for overtime. The 

weekly wage function is 


12h, 
18(h — 40) + 480, 


0<h< 40 


mn) = | h > 40 
where / is the number of hours worked in a week. 
(a) Evaluate W(30), W(40), W(45), and W(50). 


(b) The company increased the regular work week to 
45 hours. What is the new weekly wage function? 
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> Model It 
| 68. Revenue The table shows the monthly revenue 
y (in thousands of dollars) of a landscaping busi- 
ness for the year 2002, with x = 1 representing 
January. 


] 
2 
3 
4 
5 
6 
i, 
8 
9 
10 
11 


— 
i) 


A mathematical model that represents this data is | 


He) = =O] 63 
aver he SEG 


(a) What is the domain of each part of the | 
piecewise-defined function? How can you 
tell? Explain your reasoning. 

(b) Sketch a graph of the model. 


(c) Find f(5) and f(11), and interpret your results | 
in the context of the problem. 


(d) How do the values obtained from the model in | 
part (b) compare with the actual data values? 


69. Fluid Flow The intake pipe of a 100-gallon tank 
has a flow rate of 10 gallons per minute, and two 
drainpipes have flow rates of 5 gallons per minute 
each. The figure shows the volume V of fluid in the 
tank as a function of time ¢. Determine the combina- 
tion of the input pipe and drain pipes in which the 
fluid is flowing in specific subintervals of the 1 hour 
of time shown on the graph. (There are many correct 
answers.) 


V 
(60, 100) 

¢ (10, 75) (20, 75) : 
Ee ee 
lol 8) 
[oe] 
SS 50) . 
3 | (5, 50) 
a 25 + 
S 


10 20 —30. 40 50- 60 
Time (in minutes) 


FIGURE FOR 69 


Synthesis 
True or False? \n Exercises 70 and 71, determine 
whether the statement is true or false. Justify your answer. 


70. A piecewise-defined function will always have at 
least one x-intercept or at least one y-intercept. 


2 Ne SD 
TA staf, Go) = A eee ks 
© JS <q 4 


can be rewritten as f(x) = 2[x], 1 <x < 4. 


72. Exploration Write equations for the piecewise- 
defined function shown in the graph. 


Review 


In Exercise 73 and 74, solve the inequality and sketch the 
solution on the real number line. 


Ws Big cic ZS 1D = Sip 74. 2x+1>6x-—9 


In Exercises 75 and 76, determine whether the lines L, and 


L, passing through the pairs of points are parallel, perpen- 
dicular, or neither. 


75. Ly: (—2, —2), (2, 10) 
1S AL (GN) 


76. Ly (Ip Teas) 
Ie (155) (=o, 


Chuck Keeler/The Stock Market 
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Yom Shifting, Reflecting, and Stretching Graphs 


> What you should learn 


* How to use vertical and 
horizontal shifts to sketch 
graphs of functions 


* How to use reflections to 
sketch graphs of functions 


* How to use nonrigid 
transformations to sketch 
graphs of functions 


> Why you should learn it 


Knowing the graphs of common 
functions and knowing how to 
shift, reflect, and stretch graphs 
of functions can help you sketch 
a wide variety of simple 
functions by hand. This skill is 
useful in sketching graphs of 
functions that model real-life 
data, such as in Exercise 63 on 
page 227, where you are asked to 
sketch the graph of a function 
that models the amount of fuel 

_ used by trucks from 1980 
through 1999. 


STUDY TIP 


_ In items 3 and 4, be sure you 
see that h(x) = f(x — c) 

_ corresponds to a right shift and 
_ h(x) = f(x + ©) corresponds to 


_ a left shift for c > 0. 


Shifting Graphs o> 


Many functions have graphs that are simple transformations of the common 
graphs summarized in Section 2.4. For example, you can obtain the graph of 


h(x) =x? +2 


by shifting the graph of f(x) = x? up two units, as shown in Figure 2.47. In 
function notation, / and f are related as follows. 


h(x) = x2 +2 = f(x) +2 Upward shift of two units 
Similarly, you can obtain the graph of 
BG) 2) 


by shifting the graph of f(x) = x? to the right two units, as shown in Figure 2.48. 
In this case, the functions g and f have the following relationship. 


g(x) = (x = 2) = f(x > 2) Right shift of two units 


h(x) =x? +2 Foe 


g(x) = (x- 2)? 


FIGURE 2.47 FIGURE 2.48 


The following list summarizes this discussion about horizontal and vertical 
shifts. 


Vertical and Horizontal Shifts 


Let c be a positive real number. Vertical and horizontal shifts in the graph 
of y = f(x) are represented as follows. 


1. Vertical shift c units upward: 


2. Vertical shift c units downward: 


3. Horizontal shift c units to the right: 


4. Horizontal shift c units to the left: 
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Some graphs can be obtained from combinations of vertical and horizontal 
shifts, as demonstrated in Example 1(b). Vertical and horizontal shifts generate a 
family of functions, each with the same shape but at different locations in the 
plane. 


Shifts in the Graphs of a Function @§joe> 


Example 1 


Use the graph of f(x) = x° to sketch the graph of each function. 


aogu)—x2 = | 
Dvn) 


Solution 

a. Relative to the graph of f(x) = x°, the graph of g(x) = x? — 1 is a downward 
shift of one unit, as shown in Figure 2.49. 

b. Relative to the graph of f(x) = x°, the graph of h(x) = (x + 2)? + 1 involves 
a left shift of two units and an upward shift of one unit, as shown in Figure 
2.50. 


y | f@ax h(x) =(x+2) +1) y |f@)=x3 


2) = xe-1 


FIGURE 2.49 FIGURE 2.50 


In Figure 2.50, notice that the same result is obtained if the vertical shift 
precedes the horizontal shift or if the horizontal shift precedes the vertical shift. 


Exploration 


Graphing utilities are ideal tools for exploring translations of functions. 
Graph f, g, and h in same viewing window. Before looking at the graphs, try 
to predict how the graphs of g and h relate to the graph of f. 


a. f@)=x7, e@G)=(G@- 42, 4G) = 6G 47 3 
b. f0)=x7, ea)=G@4+1% AG) =-@ 412-2 
c.f) =x, ga) =4+44P, AG) = Ge 4)? +2 


FIGURE 2.51 


joy=x" 


FIGURE 2.52 


Exploration 


Reverse the order of transforma- 
tions in Example 2(a). Do you 
obtain the same graph? Do the 
same for Example 2(b). Do you 
obtain the same graph? Explain. 
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Reflecting Graphs Gop 


The second common type of transformation is a reflection. For instance, if you 
consider the x-axis to be a mirror, the graph of 


h(x) = —x? 


is the mirror image (or reflection) of the graph of f(x) = x?, as shown in Figure 
peed 


Reflections in the Coordinate Axes 


Reflections in the coordinate axes of the graph of y = f(x) are represented 
as follows. 


1. Reflection in the x-axis: h(x) = =f(x) 


= f(=x) 


| Example 2 @ Finding Equations from Graphs &ajo> 


The graph of the function 
F(x) = x4 


is shown in Figure 2.52. Each of the graphs in Figure 2.53 is a transformation of 
the graph of f. Find an equation for each of these functions. 


2. Reflection in the y-axis: h(x) 


3 1 


(a) (b) 
FIGURE 2.53 


Solution 


a. The graph of g is a reflection in the x-axis followed by an upward shift of two 
units of the graph of f(x) = x4. So, the equation for g is 


(i= te rt 


b. The graph of h is a horizontal shift of three units to the right followed by a 
reflection in the x-axis of the graph of f(x) = x*. So, the equation for h is 


h(x) = —(x — 3)% 
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Sec Reflections and Shifts 


Compare the graph of each function with the graph of f (2) er. 
a. g(x) = —/x b. h(x) = /-x ce. Kx) = =e 2 


Solution 
a. The graph of g is a reflection of the graph of f in the x-axis because 
g(x) = — Vx 


ail): 
The graph of g compared with f is shown in Figure 2.54. 
b. The graph of h is a reflection of the graph of f in the y-axis because 
h(x) = /~x 
= fil): 
The graph of h compared with f is shown in Figure 2.55. 


c. The graph of k is a left shift of two units, followed by a reflection in the x-axis 


because 
kK) = =~ 2 
= flee aD). 


The graph of k compared with f is shown in Figure 2.56. 


oY, y 


k(x) = -Vx+2 


FIGURE 2.54 FIGURE 2.55 FIGURE 2.56 


When sketching the graphs of functions involving square roots, remember 
that the domain must be restricted to exclude negative numbers inside the radical. 
For instance, here are the domains of the functions in Example 3. 


Domain of g(x) = — \/x: x 250 
Domain of h(x) = /-x: 0) 
Domain of k(x) = —J/x+2: x>-2 


<< 


—2 -l 
FIGURE 2.57 


h(x) = 3{x| 


FIGURE 2.59 


FIGURE 2.60 
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Nonrigid Transformations o> 


Horizontal shifts, vertical shifts, and reflections are rigid transformations 
because the basic shape of the graph is unchanged. These transformations change 
only the position of the graph in the xy-plane. Nonrigid transformations are 
those that cause a distortion—a change in the shape of the original graph. For 
instance, a nonrigid transformation of the graph of y = f(x) is represented 
by g(x) = cf(x), where the transformation is a vertical stretch if c > 1 and a 
vertical shrink if 0 < c < 1. Another nonrigid transformation of the graph of 
y = f(x) is represented by h(x) = f(cx), where the transformation is a horizontal 
shrink if c > 1 and a horizontal stretch if 0 < c < 1. 


| Example 4 Nonrigid Transformations o> 


Compare the graph of each function with the graph of f(x) = |x|. 
a. h(x) = 3|x| b. g(x) = + |x| 
Solution 
a. Relative to the graph of f(x) = |x|, the graph of 
n(x) = 3|x| = 3f) 


is a vertical stretch (each y-value is multiplied by 3) of the graph of f. (See 
Figure 2.57.) 


b. Similarly, the graph of 
g(x) = 3lx| = 3f@) 


is a vertical shrink (each y-value is multiplied by +) of the graph of f. (See 
Figure 2.58.) 


Example 5 Nonrigid Transformations 


Compare the graph of each function with the graph of f(x) = 2 — x°. 
a. g(x) = f(2x) b. h(x) = (4x) 
Solution 
a. Relative to the graph of f(x) = 2 — x3, the graph of 
e(x) = f(2x) = 2 —Qx)? = 2° — 8x 


is a horizontal shrink (each x-value is multiplied by i) of the graph of f. (See 
Figure 2.59.) 


b. Similarly, the graph of 
3 1 
h(x) = fGx) = 2 - Gx) = 2 - 3x 


is a horizontal stretch (each x-value is multiplied by 2) of the graph of f/ (See 
Figure 2.60.) 


224 Chapter 2 ® Functions and Their Graphs 


. For each function, sketch (on the same set of coordinate 
axes) a graph of each function for c = —1, 1, and 3. 
(a) f(x) = |x| +e (b) f(x) = |x — c| 

(c) f(x) = |x + 4| +e 

. For each function, sketch (on the same set of coordinate 
axes) a graph of each function for c = —3, —1, 1, 


and 3. 
(a) f(x) = Vx +e (b) f() = xiae 
(cf) = <0 — re 


. For each function, sketch (on the same set of coordinate 
axes) a graph of each function for c = —2, 0, and 2. 


@) (@) = bie (be) = besee| 
(co) f@) = ke 1 


. For each function, sketch (on the same set of coordinate 


axes) a graph of each function for c = —3, —1, l, 
and 3. 

| PEG ac. er 00 
OM ee eC eal) 


G+ o> x= 0 
b = 
(b) fl) ae eG) eee 
. Use the graph of f to sketch each graph. To print an 
enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) y =f) + 2 


Oy 7 a 2) 
(c) y = 2f(x) 
@ y= syey) 
(e) y = f(x + 3) 
(Oty (7) 
(Ge) 


. Use the graph of f to sketch each graph. To print an 
enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


OO) y Siew) 

(b) y=f@) +4 
(c) y = 2fG) 

(De a (a4) 
Omi) = 

Oy Seer 


(g) y = f(2x) 


7. Use the graph of f to sketch each graph. To print an 


enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) y=f(x) -1 
(b) y=f( — I) 
(c) y =f(—x) 
(Oey or 
Cij= sis) 
(f) y = 5 f(x) 

(g) y = f(24) 


. Use the graph of f to sketch each graph. To print an 


enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


(a) y=f(x — 5) y 

(b) y = —f(x) + 3 (0, 5)@(3. 0) 
(c) y = 3f0) 

(Ghye ta se), 

(iy =x) 

Gy ys fay 10 

g) y = f(3x) 


. Use the graph of f(x) = x? to write an equation for 


each function whose graph is shown. 


(a) y (b) y 


Section 2.5 


10. Use the graph of f(x) = x° to write an equation for 
each function whose graph is shown. 


(a) y (b) y 


11. Use the graph of f(x) = |x| to write an equation for 
each function whose graph is shown. 


(a) y (b) 


12. Use the graph of f(x) = /x to write an equation for 
each function whose graph is shown. 


(ee 


Oe Aa Omes LO 
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(c) (d) ; 


In Exercises 13-18, identify the common function and the 
transformation shown in the graph. Write an equation for 
the function shown in the graph. 


13. 


i bss 


ilies 


In Exercises 19-38, describe the transformation from a 
common function that occurs in the function. Then sketch 
its graph. 


iD, AO) = eh ae rie) Sie = Oe 

21. f(x) = 2x7 +7 DISS) =e ee | 
23.2 vet 5)” 2A) (LO)? +5 
25a ae) 2607) (5)? 10 
27. fx) = — lx = 2 28. f.) = 6 — |x + 5] 
Deh) — |e 4 = 8 30. f(x)i— |x 63/9 
31-f(x) = 3 — Bb] 32. f(x) = 2[x + 5] 
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33.70) = Yx=9 34. fa) = aes 
35 af Oa ee 2) OO ee es = 0 
yh Ae) aoe 7 38. fx) = 4/38 4 


In Exercises 39-46, write an equation for the function that 

is described by the given characteristics. 

39. The shape of f(x) = x?, but moved two units to the 
right and eight units downward 

40. The shape of f(x) = x, but moved three units to the 
left, seven units upward, and reflected in the x-axis 

41. The shape of f(x) = x°, but moved 13 units to the 
right 

42. The shape of f(x) = x°, but moved six units to the 
left, six units downward, and reflected in the y-axis 

43. The shape of f(x) = |x|, but moved 10 units upward 
and reflected in the x-axis 

44, The shape of f(x) = |x|, but moved one unit to the 
left and seven units downward 

45. The shape of f(x) = \/x, but moved six units to the 
left and reflected in both the x-axis and the y-axis 

46. The shape of f(x) = \/x, but moved nine units 
downward and reflected in both the x-axis and the 
y-axis 


47. Use the graph of f(x) = x* to write an equation for 
each function whose graph is shown. 


(b) 


48. Use the graph of f(x) = x° to write an equation for 
each function whose graph is shown. 


(a) » (b) 


49. Use the graph of f(x) = |x| to write an equation for 
each function whose graph is shown. 


(b) 


50. Use the graph of f(x) = \/x to write an equation for 
each function whose graph is shown. 


(a) y (BD) 


4t 4 8 12 16 20 


In Exercises 51-56, identify the common function and the 
transformation shown in the graph. Write an equation for 
the function shown in the graph. Then use a graphing 
utility to verify your answer. 


oH I 52. y 


' : 


3-2-1 | 41.2.3 


Section 2.5 P Shifting, Reflecting, and Stretching Graphs 227 
So. 56. y Graphical Reasoning \n Exercises 61 and 62, use the 
graph of fto sketch the graph of g. To print an enlarged 
copy of the graph, go to the website www.mathgraphs.com. 


pee 2 
x 61. 
os —6-4 -2 24. 16 


ES 
ri 
= 


- Graphical Analysis \n Exercises 57-60, use the viewing 
_ window shown to write a possible equation for the 
transformation of the common function. 


57. 


(a) gx) =f(x) +2 = (b) g() =f) - 1 
(c) g(x) = f(-x) (d) g(x) = —2f() 
(e) g(x) = f(4x) (f) g(x) = f (4x) 
62: | 


(a) gx) =f(x) -—5 — (b) g(x) = f(x) +3 
2 (c) g(x) = f(-x) (d) g(x) = —4f(x) 
(e) g(x) =f(2x) +1 (f) a) =F(bx) -2 


i 
-2 
4 
=) 8 
> Model It 
1 
63. Fuel Use The amount of fuel F (in billions of | 
a E gallons) used by trucks from 1980 through 1999 | 
can be approximated by the function 
-7 
Be 
=1 


F = f(t) = 20.5 + 0.035? 


where ¢t = 0 represents 1980. (Source: U.S. | 
Federal Highway Administration) 


(a) Describe the transformation of the common 


function f(x) = x?. Then sketch the graph 
over the interval 0 < t < 19. 


f£U9) — fO) 
[ote Oe 
(c) Rewrite the function so that t = 0 represents | 
8 1990. Explain how you got your answer. 


(b) Find and interpret 


(d) Use the model from part (c) to predict the 
amount of fuel used by trucks in 2005. Does 
your answer seem reasonable? Explain. 


228 Chapter 2 Functions and Their Graphs 


64. Finance The amount M (in trillions of dollars) of 
mortgage debt outstanding in the United States from 
1980 through 1999 can be approximated by the func- 
tion M = f(t) = 0.0037(t + 14.979)”, where ¢ = 0 
represents 1980. (Source: Board of Governors of 
the Federal Reserve System) 


(a) Describe the transformation of the common 
function f(x) = x*. Then sketch the graph over 
the interval O < t < 19. 


(b) Rewrite the function so that ¢ = 0 represents 
1990. Explain how you got your answer. 


Synthesis 


True or False? \n Exercises 65 and 66, determine 
whether the statement is true or false. Justify your answer. 


65. The graphs of f(x) = |x| + 6 and f(x) = |—x| + 6 are 
identical. 

66. If the graph of the common function f(x) = x? is 
moved six units to the right, three units upward, and 
reflected in the x-axis, then the point (—2, 19) will 
lie on the graph of the transformation. 


67. Describing Profits Management originally 
predicted that the profits from the sales of a new 
product would be approximated by the graph of the 
function f shown. The actual profits are shown by 
the function g along with a verbal description. Use 
the concepts of transformations of graphs to write g 
in terms of f. 


y 


40,000 + £ 
a. 


20,000 +- 


2A 
(a) The profits were only y 
three-fourths as large 40,000 
as expected. 8 
20,000 
amis 
Ra eA 
(b) The profits were y 
consistently $10,000 60,000 
greater than predicted. 
30,000 
t 
2, A 


(c) There was a two-year y 
delay in the introduction 40,000 
of the product. After sales 
began, profits grew as 
expected. t 


20,000 & 


68. Explain why the graph of y = —f (x) is a reflection 
of the graph of y = f(x) about the x-axis. 

69. The graph of y = f(x) passes through the points 
(0,1), (1,2), and (2,3). Find the corresponding 
points on the graph of y = f(x + 2) — 1. 

70. Think About It You can use either of two methods 
to graph a function: plotting points or translating a 
common function as shown in this section. Which 
method of graphing do you prefer to use for each 
function? Explain. 

(a) F@) = 3 = 4544 


(bo) (@)=26 G6 
Review 


In Exercises 71-78, perform the operation and simplify. 


4 4 2 2 
ply Sak ; 4 
EY, jt 3e i Sees) ae = SD 
3 2 3 1 
73. 5 = 
x— 1 ~*x(x — 1) ue x-—5 # 2 


PNG cme (5) 


x x7-—-x-2 
76. ——_—__——— 
‘ & 3 al( ie 


YAR SE 


78. (5 x )+(22 
x* — 3x — 28 x7+5x+4 


In Exercises 79 and 80, evaluate the function at the speci- 
fied values of the independent variable and simplify. 


79. f(s) =? =6y at 


(a) f(-3) —(&) f(-4), — © Fe — 3) 
80. f(x) = Vx + 10 — 3 
(a) f(-10) —() f(26) ~— ©) f(x — 10) 


In Exercises 81-84, find the domain of the function. 


31. f(x) = $2. f(x) = a= 


83. f(x) = /81 — x2 84. f(x) = 3/4 -— x2 


Hanes OUP TOY QUOTE WIaYyes 
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Yama Combinations of Functions 


> What you should learn m 
- How to add, subtract, multiply, Arithmetic Combinations of Functions o> 
and divide functions 


* How to find the composition 
of one function with another 
function 


Just as two real numbers can be combined by the operations of addition, subtrac- 
tion, multiplication, and division to form other real numbers, two functions can 
be combined to create new functions. For example, the functions f(x) = 2x — 3 
and g(x) = x? — 1 can be combined to form the sum, difference, product, and 


* How to use combinations of quotient of f and g. 


functions to model and solve 


real-life problems f(x) + es) = 2x — 3) + @? - 1) 
> Why you should learn it Se eae - Sum 
- Combinations of functions can be f(x) — g(x) = x — 3) — @? - 1) 
used to model and solve : 
real-life problems. For instance, = —x' + 2x—2 Difference 
in Exercise 33 on page 235, com- E(t 3\( ot 
_ binations of functions are used to BSED Coie Nes ) 
analyze U.S. health expenditures. aE ay es ee Product 
é omy 
PX taeehS 
ED = eee | Quotient 
C10) es a ol 


The domain of an arithmetic combination of functions f and g consists of all real 
numbers that are common to the domains of f and g. In the case of the quotient 
f(x)/g(x), there is the further restriction that g(x) # 0. 


Sum, Difference, Product, and Quotient of Functions 


Let f and g be two functions with overlapping domains. Then, for all x 
common to both domains, the sum, difference, product, and quotient of f 
and g are defined as follows. 


1. Sum: (f + g)(x) = f(x) + g(x) 
2. Difference: (f — g)(x) = f(x) — g(x) 
3. Product: (fg)(x) = f(x) + g(x) 


PBA e as) 
4. Quotient: (Jon AG g(x) #0 


| Example 1 Finding the Sum of Two Functions 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f + g)(x). 


Solution 
(Fee) Or Aiea) (2a A): + Ge? + 2x — 1) = x? + 4x 
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Example 2 Finding the Difference of Two Functions gio > 


Given f(x) = 2x + 1 and g(x) = x? + 2x — 1, find (f — g)(x). Then evaluate 
the difference when x = 2. 


Solution 
The difference of f and g is 


(f — g)(x) = f(x) — a) 
= (Oy 4-1) Sa a) 
= Se, 
When x = 2, the value of this difference is 
(fa 2) = 2)" 
= —-2. 


In Examples 1 and 2, both f and g have domains that consist of all real 
numbers. So, the domains of (f+ g) and (f — g) are also the set of all real 
numbers. Remember that any restrictions on the domains of f and g must be 
considered when forming the sum, difference, product, or quotient of f and g. 


Finding the Domains of Quotients of Functions 


| Example 3. 
Find the domains of (F Joa and (S)oa for the functions 


FO) x and g(x) = V/4 — x?. 
Solution 
The quotient of f and g is 
(2 Rei NE 
g (0) Wa Ae 
and the quotient of g and f is 


(oar 


The domain of f is [0, 00) and the domain of g is [—2, 2]. The intersection of 


these domains is [0, 2]. So, the domains of (4) and (4) are as follows. 


Domain of ek [0, 2) Domain of & (0, 2] 


Can you see why these two domains differ slightly? 


OX 


Domain of g 


ey 


Domain of f 


FIGURE 2.61 


4 


- STUDY TIP 


The following tables of values 
help illustrate the composition 
_ (f° g)(x) given in Example 4. 


[rae 6 


| Note that the first two tables can 
‘be combined (or “composed”) 
to produce the values given in 
the third table. 


Si enisiactanianaeneaggpansnitionnsinnnitieneans 


ree 


Section 2.6 & Combinations of Functions 231 


Composition of Functions o> 


Another way of combining two functions is to form the composition of one with 
the other. For instance, if f(x) = x? and g(x) = x + 1, the composition of f with 
gis 
{BO ea eal) 
= («+ 12. 


This composition is denoted as (f ° g). 


Definition of Composition of Two Functions 


The composition of the function f with the function g is 


(f° g)(x) = f(g()). 


The domain of (f ° g) is the set of all x in the domain of g such that g(x) is 
in the domain of f. (See Figure 2.61.) 


Composition of Functions @4e> 


Given f(x) = x + 2 and g(x) = 4 — x, find the following. 
a AF gia) “bi (eG) e. (g7)(=2) 
Solution 

a. The composition of f with g is as follows. 


(fe g)@) = f(g(x)) 


Definition of f° g 


i f(4 re x) Definition of g(x) 
=A xe leh 2 Definition of f(x) 
St e150 Simplify. 


b. The composition of g with f is as follows. 


(g f)(x) = g(f(x) 


Definition of g of 


= g(x + 2) Definition of f(x) 
=4-(x+ 2) Definition of g(x) 
=4-— (x?4+ 4x + 4) Expand. 
Se ay Simplify. 


Note that, in this case, (f° g)(x) # (g °f)(x). 
c. Using the result of part (b), you can write the following. 
(g °f)(-2) = - (2)? - 4(-2) | 
HA + 8 


Substitute. 


Simplify. 


=4 Simplify. 
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| Technology 


ele 


a You can use a graphing 
utility to determine the domain 
of a composition of functions. 
For the composition in 
Example 5, enter the function 


composition as 


y=(Vo- x) 19) 


You should obtain the graph 
shown below. Use the trace 
feature to determine that the 
x-coordinates of points on the 
graph extend from —3 to 3.So, 
the domain of (f © g)(x) is 


=3 S ¥ S 3h 
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Finding the Domain of a Composite Function 


Example 5 
Find the composition (f° g)(x) for the functions 

f@®)=x2-9 and g(x) = V9 - x’. 
Then find the domain of (f ° g). 


Solution 
(fog) = f(g(x)) 
= f(V9 —#) 
= (Jo =) = 9 
=O ye aU 
yee 


From this, it might appear that the domain of the composition is the set of all real 
numbers. Because the domain of f is the set of all real numbers and the domain 
of gis —3 < x < 3, the domain of (f° g) is —3 < x < 3. 


In Examples 4 and 5, you formed the composition of two given functions. In 
calculus, it is also important to be able to identify two functions that make up a 
given composite function. For instance, the function h given by 


A(x) "30 —5)2 
is the composition of f with g, where f(x) = x° and g(x) = 3x — 5. That is, 
A(x) = 3x — 5)3 = [g(x)P = f(g(x)). 


Basically, to “decompose” a composite function, look for an “inner” function and 
an “outer” function. In the function h above, g(x) = 3x — 5 is the inner function 
and f(x) = x? is the outer function. 2 3 


02e%Ca Finding Components of Composite Functions f= 


Express the function h(x) = as a composition of two functions. 


oles 
(x — 2)? 
Solution 


One way to write h as a composition of two functions is to take the inner func- 
tion to be g(x) = x — 2 and the outer function to be 


1 
Ve) es 
Xx 
Then you can write 


ha) = Tp = @ - Y= fe - 2) = FW). 


an eennmEneeenEemmennnanne eee 


Exploration 


You are buying an automobile 

whose price is $18,500. Which 
of the following options would 
you choose? Explain. 


a. You are given a factory 
rebate of $2000, followed by 
a dealer discount of 10%. 


' _b. You are given a dealer dis- 
count of 10%, followed by a 
factory rebate of $2000. 


Let f(x) = x — 2000 and let 
g(x) = 0.9x. Which option is 
represented by the composite 
f(g(x))? Which is represented by 
the composite g( f(x))? 


Writing ABOUT MATHEMATICS 
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Application 


Example 7 Bacteria Count 63 


The number WN of bacteria in a refrigerated food is 
MT) = 20T? — 80T + 500, 2S fe= 1A 


where T is the temperature of the food in degrees Celsius. When the food is 
removed from refrigeration, the temperature is 


T(t) = 4¢ + 2, Olas 
where ¢ is the time in hours. (a) Find the composite M(7(t)) and interpret its 
meaning in context. (b) Find the time when the bacterial count reaches 2000. 
Solution 
a. M(7(t)) = 20(4t + 2)? — 80(4t + 2) + 500 
= 20161? -—16t + 4)? 93207 — 160 +500 
= 3202 3201 180 or = 160-7500 
= 320r* + 420 


The composite function N(7(t)) represents the number of bacteria in the food 
as a function of time. 


b. The bacterial count will reach 2000 when 32077 + 420 = 2000. Solve this 
equation to find that the count will reach 2000 when t ~ 2.2 hours. When you 
solve this equation, note that the negative value is rejected because it is not in 
the domain of the composite function. 


Analyzing Arithmetic Combinations of Functions 


a. Use the graphs of f and (f + g) in Figure 2.62 to make a table showing the 
values of g(x) when x = 1, 2, 3,4,5,and 6. Explain your reasoning. 


b. Use the graphs of f and (f — h) in Figure 2.62 to make a table showing the 
values of h(x) when x = 1, 2, 3,4, 5,and 6. Explain your reasoning. 


FIGURE 2.62 


By, 4 

A 

6+ 6 

5 oa 5 fr-h 

pe 4 

3+ 3 

2-- 2 

Ne 1 

+ +++ x fpf ppm 
(pases: 5: 6 ler eg s eA Sie 6 
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2.6 Exercises — 


eer cece ees A SE TC CE 


In Exercises 1-4, use the graphs of f and g to graph 
h(x) = (f + g)(x). To print an enlarged copy of the graph, 
go to the website www.mathgraphs.com. 


I RP Ze y 


3. y 4. y 
A, 
6+ us 
a 2 
Aas oy 
2 
Se g§ 
x 
a ee DA 
—2-- 
i a 


In Exercises 5-12, find (a) (f + g)(x), (b) (f — g)(x), (©) 
(fg)(x), and (d) (f/g)(x). What is the domain of f /g? 


AW Arg =ee ces ep = 
620) (=, ens Dea ee 
lO aoe 2) =a 
Sif) = 25 =" 5; g(x) = 4 
9. f(x) = x? + 6, 2) = ey 
105 f(x) = 32 — 4, a(x) = a ; 
11. f(x) = +, als) = 
% 2 
PO = a g(x) = x3 


In Exercises 13-24, evaluate the indicated function for 
f(x) = x? + 1 and g(x) = x — 4. 


132) 2) 14. (f — g)(-1) 
15. (f — g)(0) 16. (f + g)(1) 
17. (f — g)(3t) 1S NG Eve) tee) 
19. (fg)(6) 20. (fg)(—6) 
a. (£\(s) 22 ‘Vo 

g g 


23. (E\-n — 9(3) 24. (fg (5) + f(4) 


g 


In Exercises 25-28, graph the functions f, g, and f + g on 
the same set of coordinate axes. 


25. f(x) = 5x, e(x) =x-1 
26. fix) = 3x, g(x) = —x +4 
27. ix) = 2 g(x) = =2x 
28. f(x) =4 = x’, g(x) =x 


oS Graphical Reasoning \n Exercises 29 and 30, use a 


graphing utility to graph f, g, and f + g in the same viewing 
window. Which function contributes most to the magnitude 
of the sum when 0< x<2? Which function contributes 
most to the magnitude of the sum when x > 6? 


29. f(x)-=:3x, 


30. f(x) = = a(x) = Vx 


31. Stopping Distance The research and development 
department of an automobile manufacturer has deter- 
mined that when required to stop quickly to avoid an 
accident, the distance (in feet) a car travels during 
the driver’s reaction time is given by R(x) = She, 
where x is the speed of the car in miles per hour. The 
distance (in feet) traveled while the driver is braking 
is B(x) = 5x2. Find the function that represents the 
total stopping distance 7. Graph the functions R, B, 
and T on the same set of coordinate axes for 
O<x<60. 


& 32. Sales From 1997 to 2002, the sales R, (in thou- 


sands of dollars) for one of two restaurants owned by 
the same parent company can be modeled by 


R, = 480 = 8f — 0.872, t= 0, 12535455 


where ¢ = 0 represents 1997. During the same 
six-year period, the sales R, (in thousands of dollars) 
for the second restaurant can be modeled by 


R, 25440781, £= 0:1 eseaes, 


Write a function that represents the total sales of the 
two restaurants owned by the same parent company. 


Use a graphing utility to graph the total sales 
function. 
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> Model It aS (e) Write a piecewise-defined function that repre- 
| sents the graph. 
| 33. Health Care Costs The table shows the total | a 
amount (in billions of dollars) spent on health | a 
services and supplies in the United States (includ- & 
ing Puerto Rico) for the years 1993 through 1999. g 
The variables y,, y,, and y, represent out-of-pocket | s 
payments, insurance premiums, and other types of | = 
payments, respectively. (Source: Centers for = 


3 © ©) Wh IIS) ies Dil De! 
Time (in hours) 


Medicare and Medicaid Services) 
FIGURE FOR 34 


In Exercises 35-38, find (a) f ° g, (b) g ¢ f, and (c) f « f. 
350 fa g(x) =x-1 
36.473) 3% + 5; g(x) =5-x 
37. fs) 1 aaa ey 22 eh taal 


Sevihsiaae. gx) == 


In Exercises 39-46, find (a) fg and (b) g°f. Find the 
domain of each function and each composite function. 


(a) Use the regression feature of a graphing util- 


ity to find a quadratic model for y, and linear | 39. f(x) = Veet 4, g(x) = x? 
soe for y, and y,. Let tf = 3 represent | 40. f(x) = 3x —5, ex) = +1 
a 3 AT te) — 2 ede ee 
(b) Find y, + y, + y;. What does this sum Be . 
represent? 42. f(x) = x, ex) =x 
(c) Use a graphing utility to graph y,, y>, y3, and | 43. f(x) = |x|, glx) =x + 6 
y, + y) + y3 in the same viewing window. 44. f(x) = |x — 4, AC) eS ei 
(d) Use the model from part (b) to estimate the ee yy Pe aerine 
total amount spent on health services and | x 
supplies in the years 2003 and 2005. 
46. f(x) = Saab g(x) =x+1 


34. Graphical Reasoning An electronically controlled 
thermostat in a home is programmed to lower the 
temperature automatically during the night. The 
temperature in the house T (in degrees Fahrenheit) is 
given in terms of ¢, the time in hours on a 24-hour 
clock (see figure). 


In Exercises 47-50, use the graphs of fand g to evaluate the 
functions. 


(a) Explain why T is a function of tf. 

(b) Approximate 7(4) and 7(15). 

(c) The thermostat is reprogrammed to produce a 
temperature H for which H(t) = T(t — 1). How 
does this change the temperature? 

(d) The thermostat is reprogrammed to produce a 47. (a) (f + g)(3) (b) (f/g)(2) 


temperature H for which H(t) = T(t) — 1. How 48. (a) (f — g)(1) (b) (f2)(4) 
does this change the temperature? 
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49. 
50. 
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(b) (g ° f)(2) 
(b) (g ° f)() 


(a) (f° g)(2) 
(a) (f°g)(Q) 


fi In Exercises 51-58, find two functions f and g such that 


(Gas 
51. 
53) 


SBE 


57. 


ab} 


60. 


g)(x) = h(x). (There is more than one correct answer.) 


A(x) = (2x + 1)? 52 nG) = (l= 4) 


=o 54. h(x) = /9— x 
1 “ 
= 56. JUS) = 
a) x+2 (x) (5x + 2)? 
Se Di Ox 
eh yer ee Sah one 
Geometry A square concrete foundation is 


prepared as a base for a cylindrical tank (see figure). 


(a) Write the radius r of the tank as a function of the 
length x of the sides of the square. 

(b) Write the area A of the circular base of the tank 
as a function of the radius r. 


(c) Find and interpret (A ° r)(x). 


Physics A pebble is dropped into a calm pond, 
causing ripples in the form of concentric circles (see 
figure). The radius (in feet) of the outer ripple is 
r(t) = 0.6t, where f is the time in seconds after the 
pebble strikes the water. The area of the circle is 
given by the function A(r) = ar. Find and interpret 


(A ° r)(2). 


Synthesis 


True or False? 


In Exercises 61 and 62, determine 


whether the statement is true or false. Justify your answer. 


61. 


62. 


63. 


64. 


65. 


If f(x) = x + 1 and g(x) = 6x, then 

(f° g)(x) = (2 =f). 

If you are given two functions f(x) and g(x), you can 
calculate (f° g)(x) if and only if the range of g is a 
subset of the domain of f. 


Think About It You are a sales representative 
for an automobile manufacturer. You are paid an 
annual salary, plus a bonus of 3% of your sales over 
$500,000. Consider the two functions 


f(x) = x — 500,000 g(x) = 0.03x. 
If x is greater than $500,000, which of the following 


represents your bonus? Explain your reasoning. 


(a) f(g(x)) (b) g(f(x)) 
Proof Prove that the product of two odd functions 
is an even function, and that the product of two even 
functions is an even function. 


and 


Conjecture Use examples to hypothesize whether 
the product of an odd function and an even function 
is even or odd. Then prove your hypothesis. 


Review 


66. 


fi Average Rate of Change 


Find the domain of the function. 


In Exercises 67-70, find the 


difference quotient 


f(x + h) — f(x) 


h 


and simplify your answer. 


67. 


69. 


{(@) =3x—=4 68. f(x) = 1 — x? 
Hee) = : 70. f(x) = V2x + 1 


In Exercises 71-74, find an equation of the line that passes 


through the given point and has the indicated 


slope. 


Sketch the line. 


TA 
73. 


OA) in 33 
(8, —1),m = -3 


72. (—6, 3), m 
74. (7,0),m = 


mil 


ll 


ain || 
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Yagi Inverse Functions 


> What you should learn 


* How to find inverse functions 
informally and verify that two 
functions are inverse functions 
of each other 

+ How to use graphs of functions 
to determine whether func- 
tions have inverse functions 

* How to use the Horizontal Line 
Test to determine if functions 
are one-to-one 

* How to find inverse functions 
algebraically 


> Why you should learn it 


Inverse functions can be used to 
_ model and solve real-life 
_ problems. For instance, in Exercise 
_ 79 0n page 245, an inverse func- 
__ tion can be used to determine 
_ the year in which there were a 
_ given number of households in 
the United States. — 


WHCHECHE DINUWEH/FIMOLWCUIL 


Inverse Functions 


Recall from Section 2.2 that a function can be represented by a set of ordered 
pairs. For instance, the function f(x) = x + 4 from the set A = {1, 2, 3, 4} to the 
set B = {5, 6, 7, 8} can be written as follows. 


f(x) =x + 4: {(, 5), (2, 6), @; 7), (4, 8)} 


In this case, by interchanging the first and second coordinates of each of these 
ordered pairs, you can form the inverse function of f,; which is denoted by f~!. 
It is a function from the set B to the set A, and can be written as follows. 


PO) eV) (0,2) (Iara), (On) | 


Note that the domain of f is equal to the range of f~', and vice versa, as shown in 
Figure 2.63. Also note that the functions f and f~! have the effect of “undoing” 
each other. In other words, when you form the composition of f with f~! or the 
composition of f~! with f, you obtain the identity function. 


f(f '@)) =fa-4=G-4)+4=x 
FUGQ) =f Ot = Gt 4) —4 =x 


f(x=x+4 
Domain of f Range of f 


x 
Range of f~! VA Domain of f-! 
f '\@)=x-4 
FIGURE 2.63 


Example 1 Finding Inverse Functions Informally &¥o> 


Find the inverse function of f(x) = 4x. Then verify that both f(f~'(x)) and 
f~'(f(x)) are equal to the identity function. 


Solution 


The function f multiplies each input by 4. To “undo” this function, you need to 
divide each input by 4. So, the inverse function of f(x) = 4x is 


You can verify that both f(f~ '(x)) and f~'(f(~)) are equal to the identity function 
as follows. 


Hi ee) = /(*) = 4(*] =x ff) =f '4) = - =x 
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Exploration 


Consider the functions 
fa) =x+2 
and 


fg) =x — 2. 


Evaluate f(f'(x)) and f!(f(x)) 
for the indicated values of x. 
What can you conclude about 
the functions? 


| Definition of Inverse Function 
| Let f and g be two functions such that 


f(g(x)) =x for every x in the domain of g 


' and 


for every x in the domain of f. 


g(f(x)) = x 


Under these conditions, the function g is the inverse function of the func- 
tion f, The function g is denoted by f' (read “f-inverse”’). So, 


(G26) =~ Sand ay AiG) ae 


| The domain of f must be equal to the range of f~', and the range of f must 
be equal to the domain of f~!. 


Don’t be confused by the use of —1 to denote the inverse function f~'. In this 
text, whenever f—! is written, it always refers to the inverse function of the func- 
tion f and not to the reciprocal of f(x). 

If the function g is the inverse function of the function f, it must also be true 
that the function f is the inverse function of the function g. For this reason, you 
can say that the functions f and g are inverse functions of each other. 


eee Verifying Inverse Functions Kio > 


5 
? 
gD 


Which of the functions is the inverse function of f(x) = 


=) 5 
g(x) =~ h(x) =~ +2 
5 58 
Solution 


By forming the composition of f with g, you have 


leo) = 47>) 


56 = 


z 


= (eee Substitute 5 for x. 
: = 9) 


Pee) 
xe = {12 


FX. 


Because this composition is not equal to the identity function x, it follows that g 
is not the inverse function of f. By forming the composition of f with h, you have 


5 5 
f(hx)) =4( ae 2| = = 2 =X. 
x 5 5 
pales 
os a8 
So, it appears that h is the inverse function of f. You can confirm this by showing 
that the composition of h with f is also equal to the identity function. 


FIGURE 2.64 


iio eS 


mo = $(~+3) 


FIGURE 2.66 
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The Graph of an Inverse Function @io> 


The graphs of a function f and its inverse function f~! are related to each other 
in the following way. If the point (a, b) lies on the graph of f, then the point (b, a) 
must lie on the graph of f~', and vice versa. This means that the graph of f~! is 
a reflection of the graph of f in the line y = x, as shown in Figure 2.64. 


| Example 3. The Graphs of f and f~? 


Sketch the graphs of the inverse functions f(x) = 2x — 3 and f~1(x) = 3(x + 3) 
on the same rectangular coordinate system and show that the graphs are reflec- 
tions of each other in the line y = x. 


Solution 


The graphs of f and f~! are shown in Figure 2.65. It appears that the graphs are 
reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (b, a) is on the graph of f~!. 


Graph of f(x) = 2x — 3 Graph of f~\(x) = 3(x + 3) 
bab) (=5,— 10) 
(3) (370) 
r=) (ik Wy) 
(2, 1) eZ) 
(333) (353) 


FF) Finding Inverse Functions Graphically 


Sketch the graphs of the inverse functions f(x) = x2(x = 0) and f~'(x) = Vx on 
the same rectangular coordinate system and show that the graphs are reflections 
of each other in the line y = x. 


Solution 


The graphs of f and f~! are shown in Figure 2.66. It appears that the graphs are 
reflections of each other in the line y = x. You can further verify this reflective 
property by testing a few points on each graph. Note in the following list that if 
the point (a, b) is on the graph of f, the point (0, a) is on the graph of f~'. 


Graph of f(x) = x?, x20 Graph of f(x) = Vx 
(0, 0) (0, 0) 
(het) (Cs) 
(2, 4) (4, 2) 
(3, 9) (9, 3) 


Try showing that f(f~!(x)) = x and f~'(f(x)) = x. 
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fx) =x3-1 


FIGURE 2.67 


FIGURE 2.68 


One-to-One Functions 


The reflective property of the graphs of inverse functions gives you a nice 
geometric test for determining whether a function has an inverse function. This 
test is called the Horizontal Line Test for inverse functions. 


Horizontal Line Test for Inverse Functions 


A function f has an inverse function if and only if no horizontal line 
intersects the graph of f at more than one point. 


If no horizontal line intersects the graph of f at more than one point, then no 
x-value is matched with more than one y-value. This is the essential characteris- 
tic of what are called one-to-one functions. 


| One-to-One Functions 


| A function f is one-to-one if each value of the dependent variable corre- 


| sponds to exactly one value of the independent variable. A function f has an 
| inverse function if and only if f is one-to-one. 


Consider the function f(x) = x. The table on the left is a table of values for 
f(x) = x*. The table of values on the right is made up by interchanging the 
columns of the first table. The table on the right does not represent a function 
because the input x = 4 is matched with two different outputs: y = —2 and 
y = 2. So, f(x) = x? is not one-to-one and does not have an inverse function. 


x fa) | x y 
9 4 4 43 
= il 1 il =il | 
0) 0 0 0) 
1 it 1 il 
i aie 
y) 4 4 2 
| | | 
3 9 9 3 


Applying the Horizontal Line Test @¥e> 


Example 5 | 


a. The graph of the function f(x) = x3 — 1 is shown in Figure 2.67. Because no 
horizontal line intersects the graph of f at more than one point, you can 
conclude that f is a one-to-one function and does have an inverse function. 


b. The graph of the function f(x) = x? — 1 is shown in Figure 2.68. Because it 
is possible to find a horizontal line that intersects the graph of f at more than 


one point, you can conclude that f is not a one-to-one function and does not 
have an inverse function. 


STUDY TIP 


Note what happens when you try 
to find the inverse function of a 
function that is not one-to-one. 


foes Qe 

y=xr+1 ce fx) 

7 x=y+1 Spray 
pip se 


y =+V/x — 1 Solve for y. 


You obtain two y-values for 
F each x. 


Exploration 


Restrict the domain of 

f(x) =x + 1 tox = 0. Usea 
graphing utility to graph the 
function. Does the restricted 
function have an inverse func- 
tion? Explain. 
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Finding Inverse Functions Algebraically «@¥#e> 


For simple functions (such as the one in Example 1), you can find inverse func- 
tions by inspection. For more complicated functions, however, it is best to use the 
following guidelines. The key step in these guidelines is Step 3—interchanging 
the roles of x and y. This step corresponds to the fact that inverse functions have 
ordered pairs with the coordinates reversed. 


Finding an Inverse Function 


1. Use the Horizontal Line Test to decide whether f has an inverse function. 
. In the equation for f(x), replace f(x) by y. 


2 
3. Interchange the roles of x and y, and solve for y. 
4. Replace y by f~!(x) in the new equation. 

=) 


. Verify that f and f~! are inverse functions of each other by showing that 
the domain of f is equal to the range of f~'!, the range of f is equal to the 


domain of f~!, and f( f(x) = x = f-!(/@)). 


Example 6 Finding an Inverse Function Algebraically Gio > 


Find the inverse function of 


Ae > = 


Solution 


The graph of f is a line, as shown in Figure 2.69. This graph passes the Horizontal 
Line Test. So, you know that f is one-to-one and has an inverse function. 


Di os a ee 
f(x) = 5 Write original function. 
aX : 
y= Replace f(x) by y. 
M4 
Day 
ie = 5 Interchange x and y. 
Dor OY Multiply each side by 2. 
SY =. Isolate the y-term. 
ies Solve fe 
= olve for y. 
Are 
Bi OR 9 
f-'(x) = 3 Replace y by f !(x). 


FIGURE 2.69 


Note that both f and f~! have domains and ranges that consist of the entire set of 
real numbers. Check that f( f~'(x)) = x and f~'(f(x)) = x. 
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FIGURE 2.70 
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Example 7 Finding an Inverse Function &¥e> 


Find the inverse function of 


Yx +1. 


Solution 


The graph of f is a curve, as shown in Figure 2.70. Because this graph passes the 
Horizontal Line Test, you know that f is one-to-one and has an inverse function. 


i) eee | 


Veet 

r= HF 

xu ay 
ie leaay 
P= 1= $71) 


Write original function. 
Replace f (x) by y. 
Interchange x and y. 
Cube each side. 

Solve for y. 


Replace y by f /(x). 


Both f and f~! have domains and ranges that consist of the entire set of real 
numbers. You can verify this result numerically as shown in the tables below. 


fe) | f-*Q) 
=0 =5 —28 
=2 ae) 
=| = = 
0 0 ak | 
ee 
0 1 1 0 
2 2 ics 7 
| 
3 a 26 


The Existence of an Inverse Function Write a short paragraph 
describing why the following functions do or do not have 
inverse functions. 


a. Let x represent the retail price of an item (in dollars), and 
let f(x) represent the sales tax on the item. Assume that 
the sales tax is 6% of the retail price and that the sales tax 
is rounded to the nearest cent. Does this function have 
an inverse function? (Hint: Can you undo this function? 


For instance, if you know that the sales tax is $0.12, can 
you determine exactly what the retail price is?) 


. Let x represent the temperature in degrees Celsius, and 
let f(x) represent the temperature in degrees Fahrenheit. 
Does this function have an inverse function? (Hint: The 
formula for converting from degrees Celsius to degrees 
Fahrenheit is F = aC ar BQ) 


2.7 Exercises 
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In Exercises 1-4, match the graph of the function with the 
graph of its inverse function. [The graphs of the inverse 
functions are labeled (a), (b), (c), and (d).] 


(a) y (b) 


PNW ND 


(c) y (d) iy) 


In Exercises 5-12, find the inverse function of f informally. 
Verify that f(f-1(x)) = x and f-"(f(x)) = x. 


5. f(x) = 6x 6. f(x) = a 
Wag hGs Mae som) 8. f(x) =x-4 
9. f(x) = 3x +1 10. f(x) = = 
tt fis <x 1240) =x 


In Exercises 13-24, show that f and g are inverse functions 
(a) algebraically and (b) graphically. 


13.4 (G) = 2 a(x) = - 
14, f(x) =x —5, gx) =x +5 
15. f(x) = 7x + 1, g(x) == 3 : 
16. f(x) = 3 - 4x, ee a 
17. f= S g(x) = 2/8x 
18. f(x) =~, a(x) = = 
x x 
19. {a= a4 (Xk eer =n) 
20.7%) = 1 ee, ex) = 
21, fe) =99 2% ee 0) eG) = 3/9 
] 
22. fC renner 0 
g(x) = pea Ween shell 
eae ere 
EMO) Sa de) ge) 
ate iar 
24, fx) = 243 eo) = 43 


In Exercises 25 and 26, does the function have an inverse 
function? 


26. [Ty FQ) 

—3 10 

-2 6 
wae 

0 1 

2 ~3 

| 3 | -10 
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In Exercises 27 and 28, use the table of values for y = f(x) 45. f(x) = V4 - x, 0) axe 


to complete a table for y = f~'(x). 46. f(x) =x2-2, x <0 
D 
27. a 5 =t[o]1|2 3 | 47. f(x) =4 48. f(x) = = 
ite - iG 
fog 2) 02 [aaa pes oh a pees 
m : 49. f(x) = ne 5 . ED 5) 
a = aca as Vallee 51 (a 52. f(a 
f(x) i0 7 4 ] ae 6x + 4 BE 
53.) Clea ees 24 eee 
In Exercises 29-32, does the function have an inverse 
function? In Exercises 55-68, determine whether the function has an 
9 inverse function. If it does, find the inverse function. 
e y 
1 
BS Vie) axe 56. f(x) = 2 
57. g(x) = : 58. f(x) =3x+5 
aye ee 2) 
59. p(x) = —4 60. f(x) = 3 
325° 61S ft) =e 3). eS 
; 62. g(x) = — 5)? 
ar ee 36 SM) 
f t jas ‘ 
a 4 6 4 Ve ==) a 26S 0 
af 64. f(x) e Se ao lU 
4 
65.1) ae 66. fix) =i 2) 2 
In Exercises 33-38, use a graphing utility to graph the func- = 
tion, and use the Horizontal Line Test to determine whether y y 
the function is one-to-one and so has an inverse function. ah 4 
Wee t-+—+}—}—+—E> x eR 
Se ea) 2 at 24 1 : 
ce Steal ali © 
34. f(x) = 10 4. =f 2 3.4 86 
35. h(x) = |x + 4| - [x — 4| 7 = 
+ —4-+ 
36.0¢9(%) "(0 ) 
37. f(x) = —2x/ 16 — x 67. f(x) = V2x + 3 68. f(x) = Vx —2 
38. f(x) = x(x + 2 - 1 y y 
at at 
In Exercises 39-54, find the inverse function of f. Then 3Re 3+ 
graph both f and f~' on the same set of coordinate 2 2. 
axes. e 1 es 1 
ia x =H fj» x 
39. f(x) = 2x — 3 40. f(x) = 3x +1 4-3-2-1 | 12 oe Tee 
41. f(x) =x5 -2 42. f(x) =x3 +1 = 2p 


43. f(x) = Vx 44, f(x) =x2, x>0 


In Exercises 69-74, use the functions f(x) = ax — 3 and 


g(x) = x? to find the indicated value or function. 


BIG ‘22° ")0) 
90.0(9—* of —*)(—3) 
gi -(f— te f-1)(6) 
pla te=tog-*)(—4) 
S..(f 2)! 

74, g-lof7! 


In Exercises 75-78, use the functions f(x) = x + 4 and 


g(x) = 2x — 5 to find the specified function. 
os, @ sf 16.) 2. 
BI 2g)" ENO 2 ae 


> Model It 


79. U.S. Households The number of households f | 
(in thousands) in the United States from 1994 to | 
2000 are shown in the table. The time (in years) | 
is given by t, with t = 4 corresponding to 1994. | 


(Source: U.S. Census Bureau) 


Households, f(£) 


97,107 
98,990 
99,627 

101,018 

102,528 

103,874 

104,705 


=! 


(a) Find f-!(103,874). 
(b) What does f~! mean in the context of the 
problem? 


| = (c) Use the regression feature of a graphing 
utility to find a linear model for the data, 
y = mx + b. (Round mand b to two decimal 
places.) 
& (d) Algebraically find the inverse function of the 
linear model in part (c). 
(e) Use the inverse function of the linear model 
you found in part (d) to approximate 
ail, 254); 
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80. Bottled Water Consumption The per capita con- 


sumption f (in gallons) of bottled water in the United 
States from 1994 through 1999 is shown in the table. 
The time (in years) is given by f, with t = 4 corre- 
sponding to 1994. (Source: U.S. Department of 
Agriculture) 


(a) Does f7! exist? 


(b) If f~! exists, what does it represent in the con- 
text of the problem? 


(c) If f-! exists, find f (16.0). 


81. Miles Traveled The total number f (in billions) of 


miles traveled by motor vehicles in the United States 
from 1992 through 1999 is shown in the table below. 
The time (in years) is given by f, with t = 2 corre- 
sponding to 1992. (Source: U.S. Federal Highway 
Administration) 


_ Miles traveled, f (0) | 


[eeu 


(a) Does f~! exist? 

(b) If f~! exists, what does it mean in the context of 
the problem? 

(c) If f~! exists, find f~1(2632). 

(d) If the table was extended to 2000 and if the total 
number of miles traveled by motor vehicles for 
that year was 2423 billion, would f~! exist? 
Explain. 
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82. Hourly Wage Your wage is $8.00 per hour plus 
$0.75 for each unit produced per hour. So, your 
hourly wage y in terms of the number of units 
produced is y = 8 + 0.75x. 

(a) Find the inverse function. 

(b) What does each variable represent in the inverse 
function? 

(c) Determine the number of units produced when 
your hourly wage is $22.25. 

83. Diesel Mechanics ‘The function 


y = 0.03x2 + 245.50, O<x< 100 


approximates the exhaust temperature y in degrees 

Fahrenheit, where x is the percent load for a diesel 

engine. 

(a) Find the inverse function. What does each vari- 
able represent in the inverse function? 

cd (b) Use a graphing utility to graph the inverse 

function. 

(c) The exhaust temperature of the engine must not 
exceed 500 degrees Fahrenheit. What is the per- 
cent load interval? 

84. Cost You need a total of 50 pounds of two types of 
ground beef costing $1.25 and $1.60 per pound, 
respectively. A model for the total cost y of the two 
types of beef is 


y = 1.25x + 1.60(50 — x) 
where x is the number of pounds of the less expen- 
sive ground beef. 


(a) Find the inverse function of the cost function. 
What does each variable represent in the inverse 
function? 

(b) Use the context of the problem to determine the 
domain of the inverse function. 

(c) Determine the number of pounds of the less 


expensive ground beef purchased when the total 
cost is $73. 


Synthesis 


True or False? \n Exercises 85 and 86, determine 
whether the statement is true or false. Justify your answer. 


85. If f is an even function, f~! exists. 


86. If the inverse function of f exists and the graph of f 
has a y-intercept, the y-intercept of f is an x-intercept 
orf +. 


In Exercises 87-90, use the graph of the function f to create 
a table of values for the given points. Then create a second 
table that can be used to find f—', and sketch the graph of 
f— if possible. 

87. y 88. 


89. y 90. 


91. Think About It The function 
flix) 42 Sa 


has an inverse function, and f~!(3) = —2. Find k. 
92. Think About It The function 


f(x) = kG + 3x — 4) 


has an inverse function, and f~!(—5) = 2. Find k. 


Review 


In Exercises 93-100, solve the equation by any convenient 
method. 


933% 

94% — 5)? = 

95. 457 105 439 = 0 

96-972 10) 

9) eX Ot 4a) 

98. 2x? — 4G — 0 

99. DUIS yo 

100. 2x? + 4x — 9 = 2(n— 1)? 

101. Find two consecutive positive even integers whose 
product is 288. 


102. Geometry A triangular sign has a height that is 
twice its base. The area of the sign is 10 square feet. 
Find the base and height of the sign 


Chapter Summary 
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> What did you learn? 


Section 2.1 

CL} How to use slope to graph linear equations in two variables 

LL] How to find slopes of lines 

L] How to write linear equations in two variables 

CL] How to use slope to identify parallel and perpendicular lines 

1 How to use linear equations in two variables to model and solve real-life 
problems 

Section 2.2 

1) How to determine whether relations between two variables are functions 

CX How to use function notation and evaluate functions 

1 How to find the domains of functions 

LJ How to find the difference quotients 

1 How to use functions to model and solve real-life problems 

Section 2.3 

1 How to use the Vertical Line Test for functions 

1 How to find the zeros of functions 

— How to determine intervals on which functions are increasing or decreasing 

1 How to identify even and odd functions 

Section 2.4 


O) How to identify and graph linear, squaring, cubic, square root, reciprocal, step, 
and other piecewise-defined functions 


1 How to recognize graphs of common functions 

Section 2.5 

C1 How to use vertical and horizontal shifts to sketch graphs of functions 

OC How to use reflections to sketch graphs of functions 

C] How to use nonrigid transformations to sketch graphs of functions 

Section 2.6 

1 How to add, subtract, multiply, and divide functions 

1 How to find the composition of one function with another function 

1 How to use combinations of functions to model and solve real-life problems 


Section 2.7 
1 How to find inverse functions informally and verify that two functions are 


inverse functions of each other 
O How to use graphs to determine whether functions have inverse functions 
1 How to use the Horizontal Line Test to determine if functions are one-to-one 


C1 How to find inverse functions algebraically 


Review Exercises 
1-14 
15-18 
19-26 
27,28 
29-32 


35-35 
39-42 
43-48 
49,50 
51-54 


55-98 
59-62 
63,64 
65-68 


69-82 


83, 84 


85-88 
89-94 
95-98 


99, 100 
101-104 
105,106 


107, 108 


109, 110 
111-114 
115-120 
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Review Exercises 


2.1 | In Exercises 1 and 2, identify the line that has each 
slope. 


1. (a) m= 3 y 
(b) m= 0 Ly Ly 
4 
(c) m= —3 
@m=-5 : 
L3 
2. (a) m is undefined. y 
ib) ae - Io Iz Li 
(c) m= 5 
(d) m= 3 : 
L4 


In Exercises 3-10, sketch the graph of the linear equation. 


5 i OF ee | 4.y=4x-3 
5. y=6 O83 
Tayi ov Ee 13 8. y= —-10x + 9 
9, y=-3x-1 10. y=2x+5 


In Exercises 11 and 12, use the concept of slope to find t 
such that the three points are on the same line. 


11 255)5(Oe0), (i) 126 Wa eOn5) 
In Exercises 13 and 14, use the point on the line and the 


slope of the line to find three additional points through 
which the line passes. (There are many correct answers.) 


Point Slope 
ie (=) m=4 
14. (—3, 5) m= —35 


In Exercises 15-18, plot the points and find the slope of the 
line passing through the points. 


TSS 4) (7a) 
17 (— 45S, 6)5 (2-193) 


16. (—1, 8), (6, 5) 
1S) (e 2) 


In Exercises 19-22, find an equation of the line that passes 
through the points. 

19. (0, 0), (0, 10) 

20.253), (2 1) 

21. (—1, 4), (2, 0) 

225 (ide) Ge) 

In Exercises 23-26, find an equation of the line that passes 


through the given point and has the specified slope. Sketch 
the line. 


Point Slope 
23. (0, —5) m = 2 
24. (—2, 6) m=0 
25. (10, —3) m= —5 
26. (—8, 5) m is undefined. 


In Exercises 27 and 28, write an equation of the line 
through the point (a) parallel to the given line and (b) 
perpendicular to the given line. 


Point Line 
27. (3, —2) 5x —-4y=8 
28. (—8, 3) xe ay = 5 


Rate of Change _\n Exercises 29 and 30, you are given 
the dollar value of a product in the year 2004 and the rate 
at which the value of the item is expected to change during 
the next 5 years. Write a linear equation that gives the 
dollar value V of the product in terms of the year tf. (Let 
t = 4 represent 2004.) 


2004 Value Rate 
29. $12,500 
30. $72.95 


$850 increase per year 


$5.15 increase per year 


31. Sales During the second and third quarters of the 
year, a salvage yard had sales of $160,000 and 
$185,000, respectively. The growth of sales follows a 
linear pattern. Estimate sales during the fourth quarter. 


32. Inflation The dollar value of a product in 2005 is 
$85, and the product is expected to increase in value 
at a rate of $3.75 per year. 


(a) Write a linear equation that gives the dollar value 
V of the product in terms of the year r. (Let t = 5 
represent 2005.) 


EY, (b) Use a graphing utility to graph the equation 
found in part (a). 


a (c) Move the cursor along the graph of the sales 
model to estimate the dollar value of the product 
in 2010. 


727), |n Exercises 33 and 34, determine which of the sets of 
ordered pairs represents a function from A to B. Give 
reasons for your answers. 

33. A = {10, 20, 30, 40} and B = {0, 2, 4, 6} 
(a) {(20, 4), (40, 0), (20, 6), (30, 2)} 
(b) {(10, 4), (20, 4), (30, 4), (40, 4)} 
(c) {(40, 0), (30, 2), (20, 4), (10, 6)} 
(d) {(20, 2), (10, 0), (40, 4)} 


34. A = {u,v, _ ABs =o a 2} 


i Mice Whitey (WwW, O)sA ty 2) 
) {(u, —2), (v, 2), (w, 1)} 
i {(u, 2), i 2), (w, 1), (w, 1)} 


(d) {(w, —2), (v, 0), (w, 2)} 


In Exercises 35-38, determine whether the equation 
represents y as a function of x. 


35. 16x — yt= 36. 24 > y= 5-0 
37.y=VJ1-x 38. |y| =x +2 

In Exercises 39-42, evaluate the function as indicated. 
Simplify your answers. 


39. f(x) =x? +1 


CeO mibil=4), (70) Gd) fee | 
BOG) = ax! 
(a) (8) = (b) g(t + 1) (©) g(—27) Cd) g(—x) 


et xs 1 
Be) (2 +2, x>-l 
(a) h(—2) (b) h(—1) (©) h(O) ~~) A) 
4 
42. f(x) = aT 
Baris wets) (Oy (—1)) dd) fO) 
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In Exercises 43-48, determine the domain of the function. 
Verify your result with a graph. 


43. f(x) = 25 =x 44. f(x) =3x +4 
45. g(s) = es 462 f(x) = 4/7 8 
TOL 48. A(t) = |t + 1| 


fi In Exercises 49 and 50, find the difference quotient and 


simplify your answer. 


f(x + h) — fQ) 


ADS flyn= iis le F , h#0 
50. f(x) = x3 — 5x? + x fee a feo h #0 


51. Physics The velocity of a ball thrown vertically 
upward from ground level is v(t) = —32r + 48, 
where ¢ is the time in seconds and v 1s the velocity in 
feet per second. 

(a) Find the velocity when t = 1. 

(b) Find the time when the ball reaches its maximum 
height. [Hint: Find the time when v(t) = 0.] 

(c) Find the velocity when t = 2. 

52. Total Cost A hand tool manufacturer produces a 
product for which the variable cost is $5.35 per unit 
and the fixed costs are $16,000. The company sells 
the product for $8.20 and can sell all that it produces. 


(a) Find the total cost as a function of x, the number 
of units produced. 


(b) Find the profit as a function of x. 


53. Geometry A wire 24 inches long is to be cut into 
four pieces to form a rectangle with one side of 
length x. 


(a) Write the area A of the rectangle as a function of 
Be 


(b) Determine the domain of the function. 


54. Mixture Problem From a full 50-liter container of 
a 40% concentration of acid, x liters is removed and 
replaced with 100% acid. 


(a) Write the amount of acid in the final mixture as 
a function of x. 


(b) Determine the domain and range of the function. 


(c) Determine x if the final mixture is 50% acid. 
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In Exercises 55-58, use the Vertical Line Test to 
determine whether y is a function of x. To print an enlarged 
copy of the graph, go to the website www. ea com. 
Coy ee =e 3— 2x + 1 


y 


56. y= - 


PN WwW Fw 


In Exercises 59-62, find the zeros of the function. 


Se, TAGs = She = Ieee 

60. f(x) = 5x? + 4x — 1 
an 

61. f(x) = ap, 


62a) ie — x2 —25x + 25 


In Exercises 63 and 64, determine the intervals over which 
the function is increasing, decreasing, or constant. 


63. f(x) = |x| + |x +1] 64. fx) = @?2 - 4) 
¥ y 
A 
° 20 
a 
34+ 
Dae 
x x 
ele te, 


In Exercises 65-68, determine whether the function is even, 
odd, or neither. 


65. f(~) =x5° + 4x -—7 
67. f(x) = 2x./x* + 3 


66. f(x) = x* — 20x? 
68. f(x) = 2/6x? 


In Exercises 69-72, write the linear function f such 
that it has the indicated function values. Sketch a graph of 
the function. 


69. f(2) = —6, f(-1) =3 
70. mas = —5, f(4) = 
. f(-3) = ieee 
ape fe 3) = 5.6, f(—4.7) = -14 


In Exercises 73-82, graph the function. 
73: fe 74, h(x) =x —-2 


75. f(x) = —Vx 16. (a) = eae 

77. 2(x) == 78. g(x) = z : 5 

79. §@) = = 2 80. g(x) =[x + 4] 
ye = 3) 3a eh 

tO E A eapiay use cee— Il 


x27-2, x<-2 
82. f(x) = 45, IN Sings Lent 6) 
se = Sy, ae SS 


In Exercises 83 and 84, identify the transformed common 
function shown in the graph. 


83. y 84. Sf 


In Exercises 85-98, identify the transformation of the 
graph of f and sketch the graph of h. 


Shilo) ak, Ka) =x = 9 

S6=f) ee a eee ese 
87) fol =f 8 hn) = eae 

88. f(x) = |x|, A(x) = |x + 3| — 5 

$9. f(x) =. h(x) = -—@ +3)? + 1 
90; fa) = A(x) = —(x — 5) — 5 
1. f%) =D AG) =—-b) +6 

92. f(x) = h(x) = -Vx F149 
93. f(x) = h(x) = —|-x + 4] + 6 
94. f(x) = h(x) = -(x + 1)? -3 


95. f(x) = [x], h(x) = 5x — 9] 
| 96.07 (x) = x. h(x) = —3x3 
nis) = -2J/e=4 
F 98. f(x) = |x\, he $|x| — 1 


| 


In Exercises 99 and 100, find (a) (f + g)(x), 
(b) (f — g)(x), (c) (fg)(x), and (d) (f/g)(x). What is the 
domain of f/g? 


O05 fG) =x — 4, ex) =/3 — x 


In Exercises 101 and 102,find (a) f° gand(b) g °f.Findthe 


09) f(x) = 27 +3, e(x)= 2x -— 1 
| domain of each function and each composite function. 


101. f(x) =4x-3, g(x) =3x+1 


OT, f(x) = Vx, 
102. f(x) =x — 4, eG) =27a4+7 

fi In Exercise 103 and 104, find two functions f and g such 
that (f° g)(x) = h(x). (There is more than one correct 
answer.) 


103. h(x) = (6x — 5)? 104. h(x) = 3/x + 2 
Data Analysis \n Exercises 105 and 106, use the table, 
which shows the total values (in billions of dollars) of U.S. 
imports from Mexico and Canada for the years 1995 
through 1999. The variables y, and y, represent the total 
values of imports from Mexico and Canada, respectively. 
(Source: U.S. Census Bureau) 


z 105. Use a graphing utility to find quadratic models for 
y, and y,. Let t = 5 represent 1995. 

z 106. Use a graphing utility to graph y,, y>, and y, + yy 
in the same viewing window. Use the model to 
estimate the total value of U.S. imports from 
Canada and Mexico in 2005. 


In Exercises 107 and 108, find the inverse function of 
f informally. Verify that f(f-"(x)) = x = f-"(F (x). 


107. f(x) =x-7 108. f(x) =x +5 
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In Exercises 109 and 110, determine whether the function 
has an inverse function. 


109. 110. 


In Exercises 111-114, use the Horizontal Line Test to deter- 
mine if the function is one-to-one and so has an inverse 
function. 


111. f(x) =4 - 4x 112. f(x) = (x — 1) 


113. h(*) = —; 114, 26) See 


pS 


In Exercises 115-118, (a) find f—', (b) sketch the graphs of f 
and f— on the same coordinate system, and (c) verify that 
F-"(F (x)) = x = F(F()). 

115. f(x) = 4x - 3 

116. f(x) = 5x -—7 

TSG) = 

118. f(x) =34+2 


In Exercises 119 and 120, restrict the domain of the func- 
tion f to an interval over which the function is increasing 
and determine f— over that interval. 

119. f(x) = 2(x — 4)? 

120. f(x) = |x - 2| 


Synthesis 


True or False? \n Exercises 121 and 122, determine 
whether the statement is true or false. Justify your answer. 


121. Relative to the graph of f(x) = \/x, the function 
h(x) = —/x + 9 — 13 is shifted 9 units to the left 
and 13 units downward, then reflected in the x-axis. 

122. If f and g are two inverse functions, then the 
domain of g is equal to the range of f. 


123. Writing Explain how to tell whether a relation 
between two variables is a function. 


124. Writing Explain the difference between the 
Vertical Line Test and the Horizontal Line Test. 
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Chapter Test 


The /nteractive CD-ROM and Internet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 
of which have randomly generated 
exercises with diagnostic capabilities. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, find an equation of the line passing through the points. Then 
sketch the line. 
1. @ = 2) (—4, 9) 2. (3) 0.8), (7; ==6) 


3. Find an equation of the line that passes through the point (3,8) and is 
(a) parallel to and (b) perpendicular to the line —4x + 7y = —5S. 


In Exercises 4 and 5, evaluate the function at each specified value. 
AS fees leat 2|— 15 
(a) f(—8) — (b) f(14) (c) f(x =6) 


5. f(x) = a 


(a) f(7) (b) f(—S\—~ (©). f(x — 9) 


In Exercises 6 and 7, determine the domain of the function. 


6. f(x) = /100 — x2 7. f(x) = |-x + 6| +2 


a. In Exercises 8-10, (a) use a graphing utility to graph the function, (b) approximate 


the intervals over which the function is increasing, decreasing, or constant, and (c) 
determine whether the function is even, odd, or neither. 


Si oe xe 9. f(x) = 4x73 —x 10. f(x) = |x + 5| 


abe sp 7. Se 3 


11. Sketch the graph of f(x) = | ge 3 
xO eS 


In Exercises 12-14, identify the common function in the transformation. Then sketch 
a graph of the function. 


12. A(x) = —[] 13. h(x) = —Vx+54+8 14. h(x) =4|x + 1] -3 


In Exercises 15 and 16, find (a) (f + g)(x), (b) (f — g)(x), (©) (fg)(x), (d) (f 
(e) (f » g)(x), and (f) (g - f)(x). * g)(x), (€) (fg)(x), (d) (F/g)(x) 


15. f(x) = 3x2 -—7, g(x) = -r -— 4x45 16. f(x) = , g(x). = 29/% 


In Exercises 17-19, determine whether the function has an inverse function, and if 
so, find the inverse function. 


17. f(s) = x° 48 18. fe Sle 1925) = =~“ 


20. It costs a company $58 to produce 6 units of a product and $78 to produce 


10 units. How much does it cost to produce 25 units, assuming that the cost 
function is linear? 
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Cumulative Test for Chapters P-2 


Take this test to review the material from earlier chapters. When you are finished, 
check your work against the answers given in the back of the book. 


In Exercises 1 and 2, simplify the expression. 


Sore rary 
: 30x by? Zen) 24K y, 


In Exercises 3-5, perform the operation and simplify the result. 


2, il 
Be Samet fee Sates yeh (OA 4. —)2)(x? +x — 3 Ds = 
SEES SANS 2 ee ae 
In Exercises 6-8, factor the expression completely. 
6. 25 — (x — 2) Ws = a SS $:54 S16 


In Exercises 9-11, graph the equation without using a graphing utility. 


ix —3y + 12 =10 10. y= x? -9 hy = 4 


In Exercises 12 and 13, write an expression for the area of the region. 


12. 2x +4 13; w= II 


Ha 2(x + 1) 


In Exercises 14-19, solve the equation by any convenient method. State the method 


you used. 

14. x2 - 4x +3=0 15. —2x2 + 8x + 12 =0 
16. ¢x? = 12 17. 3x2 + 5x -6=0 
18. 3x2 + 9x +1=0 19. 5x2 — 7 = 25 


In Exercises 20-25, solve the equation (if possible). 


20. x4 + 12x3 + 4x? + 48x =0 
21. 8x3 — 48x? + 72x = 0 

22. x2/3 +13 =17 

23. /x+10=x-2 

24. |4(x — 2)| = 28 

25. |x — 12| = -2 
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FIGURE FOR 34 
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In Exercises 26-28, determine whether each value of x is a solution of the inequality. 


26. 4x +2>7 
(a) x=-1 (b) x =4 
()x=3 (d) x=2 

27.3 -—3x< -2 
(a) x = —10 (b) x =9 
(c) x = 10 (x= 12 

23. Ses ili< 4 
(a) x=-1 (b) x = -} 
(c) x= 1 (d) x =2 


In Exercises 29-32, solve the inequality and sketch the solution on the real number 
line. 


ZO alle. 6 201 Sxl 
31. 5x2 + 12x +720 32. —-x7+x+4<0 


33. Find an equation of the line passing through (3, 1) and (3, 8). 
34. Explain why the graph at the left does not represent y as a function of x. 


x 
35. Evaluate (if possible) the function f(x) = = for each value. 


Xx 
(a) f(6) ©) f2) © fs + 2) 


36. Describe how the graph of each function would differ from the graph of 
y = 3/x. (Note: It is not necessary to sketch the graphs.) 


@) r@=3¥x OAR =H¥et+2 © gae)=Y¥xF2 


In Exercises 37 and 38, find (a) (f + g)(x), (b) (f — g)(x), (©) (fg)(x), and (d) (f/g)(x). 
What is the domain of f/g? 


37, f(x) = % 3 wee (= Ae 38. f(x) =Jx—1, eG) =x 


In Exercises 39 and 40, find (a) f° g and (b) g - f. Find the domain of each composite 
function. 


39. f(x) = 2x”, ex) = Vx+ 6 40. f(x) =x—- 2, g(x) = |s| 


41. Determine whether h(x) = 5x — 2 has an inverse function. If so, find it. 


42. A group of n people decide to buy a $36,000 minibus. Each person will pay 
an equal share of the cost. If three additional people join the group, the cost 
per person will decrease by $1000. Find n. 


43. For groups of 80 or more, a charter bus company determines the rate per 
person according to the formula 


Rate = $8.00 — $0.05(n — 80), n> 80. 
(a) Write the revenue R as a function of n. 


oy (b) Use a graphing utility to graph the revenue function. Move the cursor 
along the function to estimate the number of passengers that will 
maximize the revenue. 
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Proofs in Mathematics 


Biconditional Statements 


Recall from the Proofs in Mathematics in Chapter 1 that a conditional statement 
is a statement of the form “if p, then g.” A statement of the form “p if and only if 
q’ is called a biconditional statement. A biconditional statement, denoted by 


pq Biconditional statement 


is the conjunction of the conditional statement p— q and its converse g— p. 
A biconditional statement can be either true or false. To be true, both 
the conditional statement and its converse must be true. 


Analyzing a Biconditional Statement 


Consider the statement x = 3 if and only if x? = 9. 
a. Is the statement a biconditional statement? — b. Is the statement true? 
Solution 
a. The statement is a biconditional statement because it is of the form “p if and 
; only if g.” 
2 b. The statement can be rewritten as the following conditional statement and its 
converse. 


Conditional statement: If x = 3, then x? = 9. 
Converse: If x? = 9, then x = 3. 


The first of these statements is true, but the second is false because x could 
also equal — 3. So, the biconditional statement is false. 


Knowing how to use biconditional statements is an important tool for 
reasoning in mathematics. 


| Example 2. Analyzing a Biconditional Statement 


Determine whether the biconditional statement is true or false. If it is false, 
provide a counterexample. 
A number is divisible by 5 if and only if it ends in 0. 


2 Solution 
The biconditional statement can be rewritten as the following conditional state- 
ment and its converse. 


Conditional statement: If a number is divisible by 5, then it ends in 0. 
Converse: If a number ends in 0, then it is divisible by 5. 


The conditional statement is false. A counterexample is the number 15, which is 
divisible by 5 but does not end in 0. 


1. As a salesperson, you receive a monthly salary of 
$2000, plus a commission of 7% of sales. You are 
offered a new job at $2300 per month, plus a com- 
mission of 5% of sales. 


(a) Write a linear equation for your current monthly 
wage W, in terms of your monthly sales S. 


(b) Write a linear equation for the monthly wage W, of 
your new job offer in terms of the monthly sales S. 
nd (c) Use a graphing utility to graph both equations in 
the same viewing window. Find the point of inter- 
section. What does it signify? 
(d) You think you can sell $20,000 per month. Should 
you change jobs? Explain. 

2. For the numbers 2 through 9 on a telephone keypad 
(see figure), create two relations: one mapping 
numbers onto letters, and the other mapping letters 
onto numbers. Are both relations functions? Explain. 


3. What can be said about the sum and difference of each 
of the following? 


(a) Two even functions 

(b) Two odd functions 

(c) An odd function and an even function 
4. The two functions 


f(x) = x and g(x) = —x 


are their own inverse functions. Graph each function 
and explain why this is true. Graph other linear 
functions that are their own inverse functions. Find a 
general formula for a family of linear functions that 
are their own inverse functions. 


5. Prove that a function of the following form is even. 


= 2n 2n 2 ne vin 2 
Vi Oy hoe Oye OX ar T Ost dg 
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hole-in-one on the miniature golf green shown. A- 
coordinate plane is placed over the golf green. The ~ 


’ 


6. A miniature golf professional is trying to make a i 


golf ball is at the point (2.5, 2) and the hole is at the ; 
point (9.5, 2). The professional wants to bank the ball — 


off the side wall of the green at the point (x, y). Find 
the coordinates of the point (x, y). Then write an equa- 
tion for the path of the ball. 


uf 


ce y) : 


8 ft 


12 ft 


. At 2:00 P.M. on April 11, 1912, the Titanic left Cobh, 


Ireland, on her voyage to New York City. At 11:40 P.M. 


on April 14, the Titanic struck an iceberg and sank, © 


having covered only about 2100 miles of the approxi- 
mately 3400-mile trip. 


(a) What was the total length of the Titantic’s voyage 
in hours? 


(b) What was the Titantic’s average speed in miles 
per hour? 


(c) Write a function relating the Titantic’s distance 


from New York City and the number of hours trav- 
eled. Find the domain and range of the function. 


(d) Graph the function from part (c). 


. Consider the functions f(x) = 4x and g(x) = x + 6. 


(a) Find (f « g)(x). 

(b) Find (f° g)~"(x). 

(c) Find f~!(x) and g7 !(x). 

(d) Find (g~! © f~!)(x) and compare the result with 
that of part (b). 

(e) Repeat parts (a) through (d) for f(x) = 2° + 1 
and (x) =.2y. 

(f) Write two one-to-one functions f and g, and 
repeat parts (a) through (d) for these functions. 


(g) ee a conjecture about (f°g)~'(x) and 
Of OE 


9. You are in a boat 2 miles from the nearest point on 
the coast. You are to travel to a point Q, 3 miles down 
the coast and | mile inland (see figure). You can row 
at 2 miles per hour and walk at 4 miles per hour. 


(a) Write the total time T of the trip as a function 
of x. 

(b) Determine the domain of the function. 

: EY, (c) Use a graphing utility to graph the function. Be 

sure to choose an appropriate viewing window. 

Ey (d) Use the zoom and trace features to find the value 

of x that minimizes T. 

_—W (e) Write a brief paragraph interpreting these values. 

10. The Heaviside function H(x) is widely used in engi- 

neering applications. (See figure.) To print an 

enlarged copy of the graph, go to the website 

www.mathgraphs.com. 


LS ee ean 
Bee) e ea) 
Sketch the graph of each function by hand. 
(a) HG) —2 (b) Hx—-2) ©) —HG) 
(aa “Cy Hx) |) HG 2) + 2 
y 
31 
pyle 
Bienes. 4, 
-3-2-1 | 1 2 3 ; 
-2 
a 


11. Let f(x) = Tope 


(a) What are the domain and range of f? 
(b) Find f(f(x)). What is the domain of this 
function? 


(c) Find f(f(f(x)). Is the graph a line? Why or why 
not? 


12. Show that the Associative Property holds for compo- 
sitions of functions—that is, 


(fe (g eh) = (fog) oh)(a). 


13. Consider the graph of the function f shown in the 
figure. Use this graph to sketch the graph of each 
function. To print an enlarged copy of the graph, go 
to the website www.mathgraphs.com. 


(a) f(x +1) (&) f@) +1 © 2G) @ F(-2x) 
(ey fee Gy f(a) vn ey 


14. Use the graphs of f and f~! to complete each table 
of function values. 


(d) 
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How to study Chapter 3 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


How to sketch and analyze graphs of functions 
How to sketch and analyze graphs of polynomial functions 


How to use long division and synthetic division to divide polynomials by 
other polynomials 


How to determine the number of rational and real zeros of polynomial 
functions, and find the zeros 


How to write mathematical models for direct, inverse, and joint variation 


® Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 
definition to your notebook glossary. 


Polynomial function (p. 260) Rational Zero Test (p. 294) 
Parabola (p. 260) Conjugates (p. 297) 
Axis (of a parabola) (p. 261) Irreducible over the reals (p. 298) 


Vertex (of a parabola) (p. 261) 


Descartes’s Rule of Signs (p. 300) 


Standard form of a quadratic function (p.263) Variation in sign (p. 300) 


Continuous (p. 271) Upper bound (p. 301) 

Leading Coefficient Test (p. 273) Lower bound (p. 301) 
Repeated zero (p. 275) Directly proportional (p. 309) 
Multiplicity (p. 275) Constant of variation (p. 309) 
Intermediate Value Theorem (p. 278) Inversely proportional (p. 311) 
Division Algorithm (p. 285) Jointly proportional (p. 312) 
Improper (rational expression) (p. 285) Sum of square differences (p. 313) 
Proper (rational expression) (p. 285) Least squares regression line 
Synthetic division (p. 287) (p. 313) 

Study Tools Additional Resources 
Learning objectives in each section Study and Solutions Guide 
Chapter Summary (p. 320) Interactive College Algebra 


Review Exercises (pp. 321-324) 


Videotapes/DVD for Chapter 3 


Chapter Test (p. 325) College Algebra Website 


Student Success Organizer 


Polynomial Functions 


3.1 Quadratic Functions 
3.2 Polynomial Functions of Higher Degree 
3.3 Polynomial and Synthetic Division 


3.4 Zeros of Polynomial Functions 
3.5 Mathematical Modeling 


© David Pu'u/Corbis 


Jeff Greenberg/The Image Works 
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cya Quadratic Functions 


> What you should learn 


How to analyze graphs of 
quadratic functions 


How to write quadratic 
functions in standard form and 
use the results to sketch graphs 
of functions 


How to use quadratic functions 
to model and solve real-life 
problems 


» Why you should learn it 


Quadratic functions can be used 
to model data to analyze 
consumer behavior. For instance, 
in Exercise 86 on page 269, you 
will use a quadratic function 

to model the number of 
hairdressers and cosmetologists 
in the United States. 


The Graph of a Quadratic Function 


In this and the next section you will study the graphs of polynomial functions. In 
Section 2.4, you were introduced to the following basic functions. 


f(x) =ax+b Linear function 
f(x) SC Constant function 
f(x) = x Squaring function 


These functions are examples of polynomial functions. 


| Definition of Polynomial Function 
| Let n be a nonnegative integer and let a,, a, _,,. - - , GG, dp be real 
| numbers with a, # 0. The function 


f(x) = Nea Die Re og eo aE, aXe Tattak a Ay 


| is called a polynomial function of x with degree n. 


Polynomial functions are classified by degree. For instance, a constant func- 
tion has degree 0 and a linear function has degree 1. In this section you will study 
second-degree polynomial functions, which are called quadratic functions. 

For instance, each of the following functions is a quadratic function. 


ACIS ae Oe as #2 
ole) = 2 (a) aS 
Hx) =e 4x2 

k(x) = —3x2 + 4 
m(x) = (x — 2) + 1) 


Note that the squaring function is a simple quadratic function that has degree 2. 


| Definition of Quadratic Function 


Let a, b, and c be real numbers with a # 0. The function 


f(x) = ax? + bx + Quadratic function 


| is called a quadratic function. 


The graph of a quadratic function is a special type of “U’-shaped curve called a 
parabola. Parabolas occur in many real-life applications—especially those 
involving reflective properties of satellite dishes and flashlight reflectors. You will 
study these properties in Section 4.4. 
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All parabolas are symmetric with respect to a line called the axis of 
symmetry, or simply the axis of the parabola. The point where the axis intersects 
the parabola is the vertex of the parabola, as shown in Figure 3.1. If the leading 
coefficient is positive, the graph of f(x) = ax? + bx + c is a parabola that opens 
upward. If the leading coefficient is negative, the graph of f(x) = ax? + bx +c 
is a parabola that opens downward. 


Opens upward 


f(x) = ax? + bx+c,a<0 


| Vertex is 
high point 


Vertex is ; \ 


low point | f(x) = ax? + bx+c,a>0 


rs ral 5e 
| 
\ 
\ 


Leading coefficient is positive. Leading coefficient is negative. 
FIGURE 3.1 


eX 


Opens downward 


The simplest type of quadratic function is 


fie) =as*. 


Its graph is a parabola whose vertex is (0, 0). If a > 0, the vertex is the point with 
the minimum y-value on the graph, and if a < 0, the vertex is the point with the 
maximum y-value on the graph, as shown in Figure 3.2. 


f(x) = ax?,a>0 Maximum: (0, 0) 


fff 
1 2) 3 


fo) =ax?,a<0 


va 


Minimum: (0, 0) 


=3 a 
Leading coefficient is positive. Leading coefficient is negative. 


FIGURE 3.2 


When sketching the graph of f(x) = ax?, it is helpful to use the graph of 
y = x? as a reference, as discussed in Section 2.5. 
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Exploration 


Graph y = ax? fora = —2, —1, 
—0.5, 0.5, 1, and 2. How does 
changing the value of a affect 
the graph? 


Graph y= (« — bh)? forh = —4, 
—2, 2, and 4. How does chang- 
ing the value of h affect the 
graph? 


Graph y = x? + k fork = —4, 
—2, 2, and 4. How does chang- 
ing the value of k affect the 
graph? 


The Interactive CD-ROM and Internet 
versions of this text offer a Try It for 
each example in the text. 


Sketching Graphs of Quadratic Functions 


| Example 1 
a. Compare the graphs of y = x? and f(x) = aXe. 
b. Compare the graphs of y = x? and g(x) = Dx”. 
Solution 


a. Compared with y = x”, each output of f(x) = ix? “shrinks” by a factor of = 
creating the broader parabola shown in Figure Deo: 


b. Compared with y = x?, each output of g(x) = 2x? “stretches” by a factor 
of 2, creating the narrower parabola shown in Figure 3.4. 


Vie oc g(x) = 2x2 


ee 


FIGURE 3.3 FIGURE 3.4 


In Example 1, note that the coefficient a determines how widely the parabola 
given by f(x) = ax? opens. If |a| is small, the parabola opens more widely than 
if |a| is large. 

Recall from Section 2.5 that the graphs of y = f(x +c),y =f(x) +c, 
y = f(—x), and y = —f(x) are rigid transformations of the graph of y = f(x). For 
instance, in Figure 3.5, notice how the graph of y = x? can be transformed to 
produce the graphs of f(x) = —x? + 1 and g(x) = (x + 2)? — 3. 


g(x) = (x +2) - 3] y 


FIGURE 3.5 


STUDY TIP 


_ The standard form of a quadratic 
_ function identifies four basic 


"transformations of the graph of 
rE ., 

y= x, 

pen 

‘ a. The factor la| produces a 
vertical stretch or shrink. 


GRRE 
ae 


_b. Ifa < 0, the graph is reflected 
in the x-axis. 


c. The factor (x — h)* represents 
- ahorizontal shift of h units. 
 d. The term k represents a 

__ vertical shift of k units. 


‘te 
1 


f(x) = 2(x + 2)? - 1 


3 


2, ai 


FIGURE 3.6 
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The Standard Form of a Quadratic Function 
The standard form of a quadratic function is 
f(x) = ale — hh)? + k. 


This form is especially convenient for sketching a parabola because it identifies 
the vertex of the parabola. 


Standard Form of a Quadratic Function 


The quadratic function 


Ta) = ale hy? tk 


a#0O 


is in standard form. The graph of f is a parabola whose axis is the vertical 
line x = h and whose vertex is the point (A, k). If a > 0, the parabola opens 
upward, and if a < 0, the parabola opens downward. 


To graph a parabola, it is helpful to begin by writing the quadratic function 
in standard form using the process of completing the square, as illustrated in 
Example 2. 


| Example 2 Graphing a Parabola in Standard Form @¥o> 


Sketch the graph of 
f(x) = 2x2 + 8x +7 


and identify the vertex and the axis of the parabola. 


Solution 


Begin by writing the quadratic function in standard form. Notice that the first step 
in completing the square is to factor out any coefficient of x? that is not 1. 


f(x) = 27 £ 8x 47 
= 2x2 + 4x) + 7 
=2? + 4x +4—4) +7 


Write original function. 
Factor 2 out of x-terms. 


Add and subtract 4 within parentheses. 


(4/2)? 
= (x? + 4x + 4) — 2(4) +7 
= 20> 4x 4) "8 7 
Seiya) — 1 


Regroup terms. 
Simplify. 
Write in standard form. 


From this form, you can see that the graph of f is a parabola that opens 
upward and has its vertex at (—2, — 1). This corresponds to a left shift of two units 
and a downward shift of one unit relative to the graph of y = 2x7, as shown in 
Figure 3.6. In the figure, you can see that the axis of the parabola is the vertical 
line through the vertex, x = —2. 


The icon GaoD identifies examples and concepts related to features of the Learning Tools CD-ROM 


and the Interactive and Internet versions of this text. For more details see the chart on pages xix—xxiii. 
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The Interactive CD-ROM and Internet 
versions of this text offer a Quiz for 
every section of the text. 


fa) =a -3) +1 


FIGURE 3.7 


FIGURE 3.8 


(1, 2) 
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To find the x-intercepts of the graph of f(x) = ax* + bx + c, you must solve 
the equation ax? + bx + c = 0.Ifax* + bx + ¢ does not factor, you can use the 
Quadratic Formula to find the x-intercepts. Remember, however, that a parabola 
may have no x-intercepts. 


Example 3 Finding the Vertex and x-Intercepts of a Parabola 


Sketch the graph of f(x) = —x? + 6x — 8 and identify the vertex and x-intercepts. 


Solution 
As in Example 2, begin by writing the quadratic function in standard form. 


f (x) = —x* + Ox = 8 Write original function. 
= = (1% = 6x) 28 Factor —1 out of x-terms. 
= —(x2-—6x +9-9)-8 Add and subtract 9 within 

ee parentheses. 
(—6/2)? 
= —(x? — 6x + 9) —(-9) -—8 Regroup terms. 


= —(x —3)/? + 1 Write in standard form. 


From this form, you can see that the vertex is (3, 1). To find the x-intercepts of 
the graph, solve the equation —x* + 6x — 8 = 0. 


—(x? — 6x + 8) =0 Factor out — 1. 
—(x — 2)% — 4) =0 Factor. 
x-2=0 BP x=2 Set Ist factor equal to 0. 


x-4=0 > x=4 Set 2nd factor equal to 0. 


The x-intercepts are (2, 0) and (4, 0). So, the graph of f is a parabola that opens 
downward, as shown in Figure 3.7. 


Example 4 Writing the Equation of a Parabola @&e> 


Write the standard form of the equation of the parabola whose vertex is (1, 2) and 
that passes through the point (0, 0), as shown in Figure 3.8. 


Solution 
Because the vertex of the parabola is at (h, k) = (1, 2), the equation has the form 
fe) = abe 1)? 2F 2. Substitute for h and k in standard form, 
Because the parabola passes through the point (0, 0), it follows that f(0) = 0. So, 
0 =a") a=-2 Substitute 0 for x; solve for a. 
which implies that the equation is 
f(x) = —2@ = 1)? +2. Substitute for a in standard form. 


So, the equation of this parabola is y = —2(x — 1)? +.2. 


Baseball 


Height (in feet) 


100 200 300. 
Distance (in feet) 


FIGURE 3.9 
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Application 


Many applications involve finding the maximum or minimum value of a 
quadratic function. Some quadratic functions are not easily written in standard 
form. For such functions, it is useful to have an alternative method for finding the 
vertex. For a quadratic function in the form f(x) = ax? + bx +c, the vertex 
occurs when x = —b/2a. (You are asked to verify this in Exercise 91.) 


Vertex of a Parabola 


The vertex of the graph of f(x) = ax? + bx + cis (-2. (-2)). 
a a 


| Example 5 The Maximum Height of a Baseball a) Gao> 


A baseball is hit at a point 3 feet above the ground at a velocity of 100 feet per 
second and at an angle of 45° with respect to the ground. The path of the baseball 
is given by the function 


fii —0:0032x7 +443 


where f(x) is the height of the baseball (in feet) and x is the horizontal distance 
from home plate (in feet). What is the maximum height reached by the baseball? 


Solution 
For this quadratic function, you have 
iN aX oe Dia 
= e324 > LX es. 


So, a = —0.0032 and b= 1. Because the function has a maximum at 
x = —b/2a, you can conclude that the baseball reaches its maximum height 
when it is x feet from home plate, where x is 


rae: 
2a 


] 
= se Substitute for a and b. 


~ 2(—0.0032) 
156.25 feet. 


x= 


\| 


To find the maximum height, you must determine the value of the function when 
x = 156.25. 


f(156.25) = — 0.0032(156.25)2 + 156.25 + 3 
S125: feet: 


The path of the baseball is shown in Figure 3.9. You can estimate from the graph 
in Figure 3.9 that the ball hits the ground at a distance of about 320 feet from 
home plate. The actual distance is the x-intercept of the graph of f, which you can 
find by solving the equation —0.0032x* + x + 3 = 0 and taking the positive 
solution, x ~ 315.5. 


ES OS 
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The Interactive CD-ROM and /nternet versions of this text contain step-by-step solutions 


3 8 1 Exercises to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 

In Exercises 1-8, match the quadratic function with In Exercises 9-12, graph each function. Compare the graph 
its graph. [The graphs are labeled (a), (b), (c), (d), (e), (f), (g), of each function with the graph of y = x’. 
pee 9. (a) fl) = 4x? (b) g(x) = - bx? 
o ib) (c) A(x) = 3x? (d) k(x) = —3x? 

10. Ga) fin) =r + 1 (b) 215) =o at 

(c). A(x) = x7 +3 (d)\ kG) =" 
11. (a) f@) = @ — 1)? (b) g(x) = Gx)? + 1 


(c) h(x) = (bx — 3 @ Kx) = & + 3)? 
12: Gy fe) = 3 = 2d 

(b) g(x) = ae = 3 

(c) h(x) = —4(x + 2)? - 1 

(d) ke) = [2 + DP +4 


In Exercises 13-28, sketch the graph of the quadratic func- 
tion without using a graphing utility. Identify the vertex 
and x-intercept(s). 


13. (Se 1 La = 
15. f(x) =3x2 -4 16. f(. 
17. a) 6 18. f(x 
19, h(x) =x? — Sx + 16 20. g(x 


21: fe) =x 2 22. f(a) 2x? 4.3245 ri 
23. f@=—-—~t2%4+5 2 fo= Se —4e 
25. h(x) = 4x2 -— 4x + 21 


26. f(x) 
27. f(x) = eS eo) etl PL 
28. f(x) 


x 
os In Exercises 29-36, use a graphing utility to graph the 
quadratic function. Identify the vertex and x-intercepts. 
Then check your results algebraically by writing the quad- 
ratic function in standard form. 


Aes eee =) 29. f(x) = —(x? + 2x — 3) 
Days) = (0 t24)- 30. f(x) = —(@? + x — 30) 
3.x) = x7 = 2 31. ¢@) = x2 + 8x + 11 
Ai 3 x7 32. f(x) = x2 + 10x 414 

Sa GOS) ee Og a) p 33. f(x) = 2x2 — 16x + 31 
6: f(x) = @P1)»- 2 34. f(x) = —4x2 + 24x - 41 
7 And ¢) ed (es) ee 35. g(x) = 5(x2 + 4x — 2) 


8. f(x) = —(x — 4)? 36. f(x) = 3x? + 6x — 5) 


In Exercises 37-42, find the standard form of the quadratic 
function. 


D7. 38. y 


9. 


41. 


In Exercises 43-52, find the quadratic function that has the 
indicated vertex and whose graph passes through the 
given point. 

43. Vertex: (—2, 5); Point: (0, 9) 

44. Vertex: (4, — 1); Point: (2, 3) 

45. Vertex: (3, 4); Point: (1, 2) 

46. Vertex: (2, 3); Point: (0, 2) 

47. Vertex: (5, 12); Point: (7, 15) 


48. Vertex: (—2, —2); Point: (— 1, 0) 
49. Vertex: (—} 2): Point: (—2, 0) 
50. Vertex: (3, — 3). Point: (—2, 4) 
51. Vertex: (-3 ,0); Point: (—3, — 18) 
52. Vertex: (6, 6): Point: (%, 3) 
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Graphical Reasoning \n Exercises 53-56, determine 
the x-intercept(s) of the graph visually. Then find the 
x-intercepts algebraically to confirm your results. 


53. i= x 16 54. y=x?-6x +9 


» y 


5S yy =e 40 


y 


56. y= 2x2 one 3 


| In Exercises 57-64, use a graphing utility to graph the 


quadratic function. Find the x-intercepts of the graph and 
compare them with the solutions of the corresponding 
quadratic equation when y = 0. 

575) fe) = xe 4x 

58, f(x) =e 207 LOX 

59, f(x) = x? — 9x + 18 

60. f(x) = x? — 8x — 20 

6laiflx)iH 2x4 i 30 

62. f(x) = 4x? + 25x — 21 

63. f(x) = —3(x? — 6x — 7) 

64. f(x) = 7(x? + 12x — 45) 


In Exercises 65-70, find two quadratic functions, one that 
opens upward and one that opens downward, whose 
graphs have the given x-intercepts. (There are many correct 
answers.) 


5. (-—1, 0), (3, 0) 66. (—5, 0), (5, 0) 
Te (OO) (10, 0) 68. (4, 0), (8, 0) 
69. (—3, 0), (=3, 0) 70. (—3,0), (2,0) 
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in Exercises 71-74, find two positive real numbers whose 
product is a maximum. 

71. The sum is 110. 72. The sum is S. 

73. The sum of the first and twice the second is 24. 

74. The sum of the first and three times the second is 42. 
75. Numerical, Graphical, and Analytical Analysis A 


rancher has 200 feet of fencing to enclose two 
adjacent rectangular corrals (see figure). 


(a) Write the area A of the corral as a function of x. 


(b) Create a table showing possible values of x and 
the corresponding area of the corral. Use the 
table to estimate the dimensions that will enclose 
the maximum area. 

ay (c) Use a graphing utility to graph the area function. 
Use the graph to approximate the dimensions 
that will produce the maximum enclosed area. 


(d) Write the area function in standard form to find 
analytically the dimensions that will produce the 
maximum area. 


76. Geometry An indoor physical fitness room con- 
sists of a rectangular region with a semicircle on 
each end (see figure). The perimeter of the room is to 
be a 200-meter single-lane running track. 


—_—— xX ———_—_> 


(a) Determine the radius of the semicircular ends of 
the room. Determine the distance, in terms of y, 
around the inside edge of the two semicircular 
parts of the track. 


IE 


78. 


Ws) 


80. 


81. 


82. 


(b) Use the result of part (a) to write an equation, in 
terms of x and y, for the distance traveled in one 
lap around the track. Solve for y. 


(c) Use the result of part (b) to write the area A of 
the rectangular region as a function of x. What 
dimensions will produce a maximum area of the 
rectangle? 


Maximum Revenue Find the number of units sold 
that yields a maximum annual revenue for a 
company that produces health food supplements. 
The total revenue R (in dollars) is given by 
R = 900x — 0.1x2, where x is the number of units 
sold. 


Maximum Revenue Find the number of units 
sold that yields a maximum annual revenue for a 
sporting goods manufacturer. The total revenue R (in 
dollars) is given by R = 100x — 0.0002x?, where x 
is the number of units sold. 


Minimum Cost A manufacturer of lighting fixtures 
has daily production costs of 


C = 800 — 10x + 0.25x? 


where C is the total cost (in dollars) and x is the 
number of units produced. How many fixtures 
should be produced each day to yield a minimum 
cost? 


Minimum Cost A textile manufacturer has daily 
production costs of C = 100,000 — 110x + 0.045x?, 
where C is the total cost (in dollars) and x is the 
number of units produced. How many units should be 
produced each day to yield a minimum cost? 


Maximum Profit The profit P (in dollars) for a 
company that produces antivirus and system utilities 
software is 


P = —0.0002x? + 140x — 250,000 
where x is the number of units sold. What sales level 
will yield a maximum profit? 


Maximum Profit The profit P (in hundreds of 
dollars) that a company makes depends on the 
amount x (in hundreds of dollars) the company 
spends on advertising according to the model 


P = 230 + 20x — 0.5x?. 


What expenditure for advertising will yield a maxi- 
mum profit? 


83. Height of a Ball The height y (in feet) of a ball 
thrown by a child is 


1 
ie ta Once A 


12 


where x is the horizontal distance (in feet) from the 
point at which the ball is thrown (see figure). 


(a) 


How high is the ball when it leaves the child’s 
hand? (Hint: Find y when x = 0.) 


(b) What is the maximum height of the ball? 


(c) How far from the child does the ball strike the 
ground? 


84. Path of a Diver The path of a diver is 


4, 24 
ea a A 


9 


where y is the height (in feet) and x is the horizontal 
distance from the end of the diving board (in feet). 
What is the maximum height of the diver? 


85. Graphical Analysis From 1960 to 2000, the per 
capita consumption C of cigarettes by Americans 
(age 18 and older) can be modeled by 


C = 4258 + 6.5t — 1.6227, 0<t< 40 


where f¢ is the year, with t = 0 corresponding to 
1960. (Source: Tobacco Situation and Outlook 


Yearbook) 


as (a) Use a graphing utility to graph the model. 


aa (b) Use the graph of the model to approximate the 


(c) 


maximum average annual consumption. Begin- 
ning in 1966, all cigarette packages were 
required by law to carry a health warning. Do 
you think the warning had any effect? Explain. 


In 1990, the U.S. population (age 18 and over) 
was 185,105,441. Of those, about 63,423,167 
were smokers. What was the average annual 
cigarette consumption per smoker in 1990? What 
was the average daily cigarette consumption per 
smoker? 
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> Model It 


86. Data Analysis The numbers y (in thousands) of 
bas hairdressers and cosmetologists in the United 


aS 87. 


States for the years 1995 through 2000 are shown 
in the table. (Source: U.S. Bureau of Labor 
Statistics) 


Number of hairdressers and 
cosmetologists, y 


(a) Use a graphing utility to create a scatter plot 
of the data. Let x represent the year, with 
x = 5 corresponding to 1995. 


(b) Use the regression feature of a graphing util- 
ity to find a quadratic model for the data. 

(c) Use a graphing utility to graph the model in 
the same viewing window as the scatter plot. 
How well does the model fit the data? 


(d) Use the trace feature of the graphing utility 
to approximate the year in which the number 
of hairdressers and cosmetologists was the 
least. 


(e) Use the model to predict the number of 
hairdressers and cosmetologists in 2005. 


Wind Drag The number of horsepower y required 
to overcome wind drag on an automobile is approxi- 
mated by 


y = 0.002s? + 0.005s — 0.029, 0<s< 100 


where s is the speed of the car (in miles per hour). 

(a) Use a graphing utility to graph the function. 

(b) Graphically estimate the maximum speed of the 
car if the power required to overcome wind drag 
is not to exceed 10 horsepower. Verify your 
estimate analytically. 
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be 88. Maximum Fuel Economy A study was done to 
compare the speed x (in miles per hour) with the 
mileage y (in miles per gallon) of an automobile. The 
results are shown in the table. (Source: Federal 
Highway Administration) 


Mileage, y 


(a) Use a graphing utility to create a scatter plot of 
the data. 


(b) Use the regression feature of a graphing utility to 
find a quadratic model for the data. 


(c) Use a graphing utility to graph the model in the 
same viewing window as the scatter plot. 


(d) Estimate the speed for which the miles per gallon 
is greatest. 


Synthesis 
True or False? \n Exercises 89 and 90, determine 
whether the statement is true or false. Justify your answer. 


89. The function f(x) = — 12x? — 1 has no x-intercepts. 
90. The graphs of 


f(x) = —4x? — 10x + 7 
and 
g(x) = 12x? + 30x + 1 


have the same axis of symmetry. 


91. 


92. 


93: 


94. 


Write the quadratic equation 
SQ) = ay of bx dec 


in standard form to verify that the vertex occurs at 


(-20-4(-22)) 


Profit The profit P (in millions of dollars) for a 
recreational vehicle retailer is modeled by a quad- 
ratic function of the form 


P=at?+bt+c 


where f represents the year. If you were president of 
the company, which of the models below would 
you prefer? Explain your reasoning. 


(a) ais positive and —b/(2a) < t. 
(b) ais positive and t < —b/(2a). 
(c) ais negative and —b/(2a) < t. 
(d) a is negative and t < —b/(2a). 


Is it possible for a quadratic equation to have only 
one x-intercept? Explain. 


Assume that the function 
f(x) = ax? + bx +c, a#0 


has two real zeros. Show that the x-coordinate of the 
vertex of the graph is the average of the zeros of f. 
(Hint: Use the Quadratic Formula.) 


Review 


In Exercises 95-98, find the equation of the line in 
slope-intercept form that has the given characteristics. 


95. 
96. 
97. 


98. 


Contains the points (—4, 3) and (2, 1) 
Contains the point Z, 2) and has a slope of 3 


Contains the point (0, 3) and is perpendicular to the 
line 4x + 5y = 10 


Contains the point (— 8, 4) and is parallel to the line 
ee 


In Exercises 99-104, let f(x) = 14x — 3 and let g(x) = 8x2. 
Find the indicated value. 


99. 


101. 


103. 


(nt 12) (Gas) 100. (¢ — f)(2) 
= Ta\ 
(fg)(—5) 102. (£) 15) 
(f° g)(—1) 104. (g °f)(0) 


Leonard Lee Rue/Earth Scenes 
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> What you should learn 


* How to use transformations to 
sketch graphs of polynomial 
functions 

* How to use the Leading 
Coefficient Test to determine 
the end behavior of graphs of 
polynomial functions 


* How to use zeros of polynomial 
functions as sketching aids 


* How to use the Intermediate 
Value Theorem to help locate 
zeros of polynomial functions 


> Why you should learn it 


You can use polynomial 
functions to mode! real-life 
processes, such as the growth of 
a red oak tree, as discussed in 
Exercise 91 on page 282. 
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Polynomial Functions of Higher Degree 


Graphs of Polynomial Functions 


In this section you will study basic features of the graphs of polynomial functions. 
The first feature is that the graph of a polynomial function is continuous. 
Essentially, this means that the graph of a polynomial function has no breaks, 
holes, or gaps, as shown in Figure 3.10(a). 


(a) Polynomial functions have 
continuous graphs. 


(b) Functions with graphs that 
are not continuous are not 
polynomial functions. 


FIGURE 3.10 


The second feature is that the graph of a polynomial function has only 
smooth, rounded turns, as shown in Figure 3.11. A polynomial function cannot 
have a sharp turn. For instance, the function f (x) = |x|, which has a sharp turn at 
the point (0, 0), as shown in Figure 3.12, is not a polynomial function. 


y y 


Functions whose graphs have sharp 
turns are not polynomial functions. 
FIGURE 3.12 


Polynomial functions have 
graphs with rounded turns. 
FIGURE 3.11 


The graphs of polynomial functions of degree greater than 2 are more 
difficult to analyze than the graphs of polynomials of degree 0, 1, or 2. However, 
using the features presented in this section, together with point plotting, 
intercepts, and symmetry, you should be able to make reasonably accurate 
sketches by hand. 
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STUDY TIP 


For power functions f(x) = x”, 
if n is even, then the graph of 
the function is symmetric with 
respect to the y-axis, and if n is 
odd, then the graph of the func- 
_ tion is symmetric with respect 
_ to the origin. 


The polynomial functions that have the simplest graphs are monomials of the 
form f(x) = x”, where n is an integer greater than zero. From Figure 3.13, you 
can see that when n is even, the graph is similar to the graph of f (x) = x?, and 
when n is odd, the graph is similar to the graph of f(x) = x°. Moreover, the 
greater the value of n, the flatter the graph near the origin. Polynomial functions 
of the form f(x) = x” are often referred to as power functions. 


(a) If nis even, the graph of y = x” (b) If nis odd, the graph of y = x” 
touches the axis at the x-intercept. crosses the axis at the x-intercept. 
FIGURE 3.13 


| Example 1 Sketching Transformations of Monomial Functions 


Sketch the graph of each function. 
aux) = 7° 

b. A(x) = (x + 1)4 

Solution 


a. Because the degree of f(x) = —x° is odd, its graph is similar to the graph of 
= x>. In Figure 3.14, note that the negative coefficient has the effect of 
reflecting the graph in the x-axis. 


b. The graph of A(x) = (x + 1)4, as shown in Figure 3.15, is a left shift by one 
unit of the graph of y = x‘. 


FIGURE 3.14 FIGURE 3.15 


Se 
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The Leading Coefficient Test 


In Example 1, note that both graphs eventually rise or fall without bound as x 
moves to the right. Whether the graph of a polynomial function eventually rises or 
falls can be determined by the function’s degree (even or odd) and by its leading 
coefficient, as indicated in the Leading Coefficient Test. 


Exploration 


For each function, identify the 
degree of the function and 
whether the degree of the func- 
tion is even or odd. Identify the 


leading coefficient and whether 
the leading coefficient is greater 
than 0 or less than 0. Use a 
graphing utility to graph each 
function. Describe the relation- 
ship between the degree and the 
sign of the leading coefficient of 
the function and the right- and 
left-hand behavior of the graph 
of the function. 

a fix) = x = 2x27 -x +1 

Bert) ot 2? — Sx 1 
Csi Je — 3°. 5x 3 
a. ff) = —x°-+ 5x — 2 

ec fG@y= 2x +3x — 4 

Ca x 3x2 + 2x 1 
g. f(a) = x7 +-3x +2 


STUDY TIP 


The notation “f(x) > —0o as 


-x— —0oo” indicates that the 


graph falls to the left. The 


- notation “f(x) > 00 as x 3.00” 
_ indicates that the graph rises to 
_ the right. 


Leading Coefficient Test 


As x moves without bound to the left or to the right, the graph of the 


polynomial function f(x) = a,x" +>: - 


falls in the following manner. 


1. When n is odd: 


If the leading coefficient is 
positive (a, > 0), the graph falls 


to the left and rises to the right. 


2. When n is even: 


f(x) > 
AS A cn, te) 
as x > 0 


e™ 


If the leading coefficient is 
positive (a, > 0), the graph 
rises to the left and right. 


* + a,x + dy eventually rises or 


If the leading coefficient is 
negative (a, < 0), the graph rises 
to the left and falls to the right. 


If the leading coefficient is 
negative (a, < 0), the graph 
falls to the left and right. 


The dashed portions of the graphs indicate that the test determines only the 
right-hand and left-hand behavior of the graph. 
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| Example 2 Applying the Leading Coefficient Test 


Describe the right-hand and left-hand behavior of the graph of f (x) = —x3 + 4x. 


Solution 
Because the degree is odd and the leading coefficient is negative, the graph rises 
to the left and falls to the right, as shown in Figure 3.16. 


FIGURE 3.16 


In Example 2, note that the Leading Coefficient Test tells you only whether 
the graph eventually rises or falls to the right or left. Other characteristics of the 
graph, such as intercepts and minimum and maximum points, must be determined 
by other tests. 


| Example 3g Applying the Leading Coefficient Test @ae> 
Describe the right-hand and left-hand behavior of the graph of each function. 
a. f(x) = x* — 5x2 +4 b. fQ) == 


Solution 


a. Because the degree is even and the leading coefficient is positive, the graph 
rises to the left and right, as shown in Figure 3.17. 


b. Because the degree is odd and the leading coefficient is positive, the graph 
falls to the left and rises to the right, as shown in Figure 3.18. 


y 


jie x4 — §x244 y 


FIGURE 3.17 FIGURE 3.18 


_. STUDY TIP 
Remember that the zeros of a 
_ function of x are the x-values 
_ for which the function is zero. 


: aes 


y 


f(x) =-2x4+ 2x2) 


FIGURE 3.19 


STUDY TIP 


In Example 4, note that because 
_kis even, the factor — 2x? yields 
- the repeated zero x = 0. The 
graph touches the x-axis at 


eee ks 
ey = 


_ x = 0, as shown in Figure 3.19. 
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Zeros of Polynomial Functions 


It can be shown that for a polynomial function f of degree n, the following 
statements are true. 


1. The graph of f has, at most, n — 1 turning points. (Turning points are points 
at which the graph changes from increasing to decreasing or vice versa.) 


2. The function f has, at most, n real zeros. (You will study this result in detail 
in Section 3.4 on the Fundamental Theorem of Algebra.) 


Finding the zeros of polynomial functions is one of the most important 
problems in algebra. There is a strong interplay between graphical and algebraic 
approaches to this problem. Sometimes you can use information about the graph 
of a function to help find its zeros, and in other cases you can use information 
about the zeros of a function to help sketch its graph. 


Real Zeros of Polynomial Functions 
If f is a polynomial function and a is a real number, the following state- 
ments are equivalent. 


1. x = ais a zero of the function f. 
2. x = ais a solution of the polynomial equation f(x) = 0. 
3. (x — a) is a factor of the polynomial f(x). 


| 4. (a, 0) is an x-intercept of the graph of f. 


Finding the Zeros of a Polynomial Function o> 


Find all real zeros of f(x) = —2x* + 2x. Use the graph in Figure 3.19 to deter- 
mine the number of turning points of the graph of the function. 


Solution 
In this case, the polynomial factors as follows. 


Ji) ok al) Remove common monomial factor. 
= —2x2(x — 1)(x + 1) Factor completely. 
So, the real zeros are x = 0, x = 1, and x = —1, and the corresponding 


x-intercepts are (0, 0), (1, 0), and (— 1, 0), as shown in Figure 3.19. Note in the 
figure that the graph has three turning points. This is consistent with the fact that 
a fourth-degree polynomial can have at most three turning points. 


Repeated Zeros 
A factor (x — a)‘, k > 1, yields a repeated zero x = a of multiplicity k. 


1. If k is odd, the graph crosses the x-axis at x = a. 


2. If k is even, the graph touches the x-axis (but does not cross the x-axis) 


atx = a. 
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® 
Technology 
A 4 Example 5 uses an “alge- 


|e 


braic approach” to describe the 
graph of the function. A graph- 
ing utility is a complement to 
this approach. Remember that 
an important aspect of using a 
graphing utility is to find a 
viewing window that shows all 


significant features of the graph. 


For instance, which of the 
graphs below shows all of the 
significant features of the 
function in Example 5? 


a. 3 
-4 5 
-3 
b 0.5 
2 2 
-0.5 


Chapter 3 ® Polynomial Functions 


| Example 5 ¢ Sketching the Graph of a Polynomial Function 
Ger 


Sketch the graph of f(x) = 3x4 — 4x3. 


Solution 

1. Apply the Leading Coefficient Test. Because the leading coefficient is posi- 
tive and the degree is even, you know that the graph eventually rises to the left 
and to the right (see Figure 3.20). 


2. Find the Zeros of the Polynomial. By factoring 
f(x) = 3x*= 47. = 73x —4) Remove common factor. 


you can see that the zeros of f are x = 0 and x = 3 (both of odd multiplicity). 
So, the x-intercepts occur at (0, 0) and (, 0). Add these points to your graph, 
as shown in Figure 3.20. 

3. Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
tional points, as shown in the table. Then plot the points (see Figure 3.21). 


el ES 
x 7 | 
<4! f| 
0.5 =O35125 
| 1 al 
LS 1.6875 


4. Draw the Graph. Draw a continuous curve through the points, as shown in 
Figure 3.21. Because both zeros are of odd multiplicity, you know that the 
graph should cross the x-axis at x = 0 and x = :, If you are unsure of the 
shape of that portion of the graph, plot some additional points. 


iG) = 3x4 — 4x3 


y 


j 
if 


Fee 


Up to left } Up to right 


Rt 23 oe eet 
Zy 


FIGURE 3.20 FIGURE 3.21 


es ee eee 


A polynomial function is written in standard form if its terms are written in 
descending order of exponents from left to right. Before applying the Leading 
Coefficient Test to a polynomial function, it is a good idea to check that the 
polynomial function is written in standard form. 


STUDY TIP 


Observe in Example 6 that the 
sign of f(x) is positive to the 
left of and negative to the right 
of the zero x = 0. Similarly, the 
sign of f(x) is negative to the 
left and to the right of the zero 
x= 3. This suggests that if the 
zero of a polynomial function is 
of odd multiplicity, then the sign 
of f(x) changes from one side to 
the other side of the zero. If the 
zero is of even multiplicity, then 
the sign of f(x) does not change 
from one side of the zero to the 
other side. The following table 
helps to illustrate this result. 


x —0.5 0 | 0.5 


f(x) 4 0} -1 
——— 


Sign + = 


: This sign analysis may be help- 
: ful in graphing polynomial 
functions. 
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Example 6 Sketching the Graph of a Polynomial Function ~ 


Sketch the graph of f(x) = —2x3 + 6x? — 3x. 
Solution 
1. Apply the Leading Coefficient Test. Because the leading coefficient is nega- 


tive and the degree is odd, you know that the graph eventually rises to the left 
and falls to the right (see Figure 3.22). 


2. Find the Zeros of the Polynomial. By factoring 


—2x3 + 6x2 — a 


f(x) 


1 
= — 5x (4x? — 12x + 9) 


= 5x(2x — 3) 


you can see that the zeros of f are x = 0 (odd multiplicity) and x = 3 (even 
multiplicity). So, the x-intercepts occur at (0, 0) and 3, 0). Add these points 
to your graph, as shown in Figure 3.22. 

3. Plot a Few Additional Points. To sketch the graph by hand, find a few addi- 
tional points, as shown in the table. Then plot the points (see Figure 3.23). 


4. Draw the Graph. Draw a continuous curve through the points, as shown in 
Figure 3.23. As indicated by the multiplicities of the zeros, the graph crosses 
the x-axis at (0, 0) but does not cross the x-axis at (3, 0). 


Y y 


ot 
Tat 

lea 
Up to left A 


‘ \ 
as 3 
000) ouka.8) 
—+—_+_+_++@ +eo+-+-++>+*x —+-+-++-4 
PA ees alg) 1 2) 3 4 bp oa) el 


| flo) = 2x3 + 6x2 3x 


Down to right 


=) <5) 


FIGURE 3.22 FIGURE 3.23 
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The Intermediate Value Theorem 


The next theorem, called the Intermediate Value Theorem, tells you of the 
existence of real zeros of polynomial functions. This theorem implies that if 
(a, f (a)) and (b, f(b)) are two points on the graph of a polynomial function such 
that f(a) # f(b), then for any number d between f(a) and f(b) there must be a 
number c between a and b such that f(c) = d. (See Figure 3.24.) 


FIGURE 3.24 


Intermediate Value Theorem 
Let a and b be real numbers such that a < b. If f is a polynomial function 


such that f(a) # f(b), then, in the interval [a, b], f takes on every value 
between f(a) and f(b). 


The Intermediate Value Theorem helps you locate the real zeros of a 
polynomial function in the following way. If you can find a value x = a at which 
a polynomial function is positive, and another value x = b at which it is negative, 
you can conclude that the function has at least one real zero between these two 
values. For example, the function f(x) = x3 + x? + 1 is negative when x = —2 
and positive when x = —1. Therefore, it follows from the Intermediate Value 
Theorem that f must have a real zero somewhere between —2 and — 1, as shown 
in Figure 3.25. 


| fax 4x74 1 


1 2 
f has a zero 
between 
—2 and -1. 


f(-2) = -3 


(2, 3) 
FIGURE 3.25 


By continuing this line of reasoning, you can approximate any real zeros of 


a polynomial function to any desired accuracy. This concept is further demon- 
strated in Example 7. 


f@®) =x - x2 +1 


f has a zero 
between —0.8 
and —0.7. 


FIGURE 3.26 


Technology 


for the function 


fx = —2¢ —3¢ 43 


create a table that shows the function values for 

—20 < x < 20,as shown in the table above. Scroll through 
the table looking for consecutive function values that differ in 
sign. From the table above, you can see that f(0) and f(1) differ 
in sign. So, you can conclude from the Intermediate Value 
Theorem that the function has a zero between 0 and 1. You 
can adjust your table to show function values for0 < x < 1 
using increments of 0.1, as shown below. By scrolling through 
the table on the right, you can see that f(0.8) and f(0.9) differ in 
sign. So, the function has a zero between 0.8 and 0.9. If you 
repeat this process several times, you should obtain x ~ 0.806 
as the zero of the function. Use the zero or root feature of a 
graphing utility to confirm this result. 
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Example 7 Approximating a Zero of a Polynomial Function 


Use the Intermediate Value Theorem to approximate the real zero of 


fi tae xe Ae 


a 


ey 


Solution 


Begin by computing a few function values, as follows. 


x f(x) 


2 mal 
=| alll 
0 1 
1 l 


Because f(—1) is negative and f(0) is positive, you can apply the Intermediate 
Value Theorem to conclude that the function has a zero between —1 and 0. To 
pinpoint this zero more closely, divide the interval [—1,0] into tenths and 
evaluate the function at each point. When you do this, you will find that 


f(—0.8) = —0.152 and f(—0.7) = 0.167. 


So, f must have a zero between —0.8 and —0.7, as shown in Figure 3.26. For a 
more accurate approximation, compute function values between f(—0.8) and 
f(—0.7) and apply the Intermediate Value Theorem again. By continuing this 
process, you can approximate this zero to any desired accuracy. 


You can use the table feature of a graphing utility to 
approximate the zeros of a polynomial function. For instance, 
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3.2 Exercises 


In Exercises 1-8, match the polynomial function with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), (f), (g), and 
(h).] 


(a) (b) , 


(d) y 


(e) 


ee ffi oy 
-4 4 


(g) (h) y 


1. f(x) = -2x + 3 

Dont 0) ea 

3. f(x) = —2x? — 5x 

4, AT ea cae 
5. f(x) = —fx4 + 3x? 
6. f(x) = —#x8 + x2 -4 
Tah (Die ee 
Sohn 5x Sa anos 


In Exercises 9-12, sketch the graph of y = x” and each 
transformation. 


9 y= 

@) foe — 2) — (b) fia) 

(c) f@) = —3 (d) fG@) = @ =2)2 a2 
10. y= x? 

(a) f®)=@+1P () f@=x>4+1 

(c) fx) =1-45 (@ fx) = —}x + 1) 
11. y = x* 

(a) fle) =(xeedle (6) fG) = as 


Of(j=4=2) Oi —se 2. 
(e) f(x) = (2x4 +1 (f) fx) = (Ex)? - 2 
12. y = x® 


(a) f(x) = —3x° (b) f(x) = (x + 2) -4 
(c) f(x) = x® —4 @ f®) = x6 +] 
(e) f(x) = (fx) (f) f(x) = (2x)® — 1 


In Exercises 13-22, determine the right-hand and left-hand 
behavior of the graph of the polynomial function. 


13. f(x) = 4x3 + 5x 


14. f(x) = 2x2 —-3x+1 

15. g(x) =5 — dx — 3x? 

16. h(x) = 1 — x® 

17. f(x) = —2.1x5 + 4x3 -— 2 
18. f(x) = 2x5 — 5x + 7.5 

19. f(x) = 6 — 2x + 4x? — 5x3 
20. f(x) = 3x 5 nese) 


ae Graphical Analysis _\n Exercises 23-26, use a graphing 


utility to graph the functions f and g in the same viewing 
window. Zoom out sufficiently far to show that the 
right-hand and left-hand behaviors of f and g appear 
identical. 


23. f(x) = 3x3 — 9x +1, g(x) = 3x3 
24. f(x) = —F(x3 =13x 12), g(x) = -3 
25. f(x) = —(x* — 4x3 + 16x), g(x) = —x4 


2x flay 3x4 = Gx ieee 


In Exercises 27-42, find all the real zeros of the polynomial 
function. Determine the multiplicity of each zero. 
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O38 Zerosie = 75,152 Degree: n = 4 
64. Zeros:x = —4,—-1,3,6 Degree: n = 4 
yx) — x= 25 oa ails heals © hea 65. Zeros: x = 0, —4 Degree: n = 5 
29. h(t) = t? — 6t+9 0. f(x) = x2 + 10x + 25 
B1. f(x) = 3x2 +3x—% 32. f(x) = 4x2 + 3-3 
3.07 (x) = 3x2 — 12x? + 3x 
4, 2(x) = 5x(x? — 2x — 1) 
35. aie 
36. f(x) = 0 
m7. g(t) = t> — 6t> + OF 
Be. f(x) xP + x? — 6x 
B92. f(x) = 5x* + 15x? + 10 
AO. f(x) = 2x* — 2x? — 40 
41. se + 3x2 — 4x — 12 
eer) — > — 4x* — 25x + 100 


r Graphical Analysis \n Exercises 43-46, use a graphing 


utility to graph the function. Use the graph to approximate 
any x-intercepts of the graph. Set y = 0 and solve the 
resulting equation. Compare the result with any 
x-intercepts of the graph. 


A3. y = 4x° — 20x? + 25x 
a4. y= 4x? + 4x7 — 7x +2 
aay — 5x? + 4x 

46. y = 4x3(x? — 9) 


In Exercises 47-56, find a polynomial function that has the 
given zeros. (There are many correct answers.) 


47. 0, 10 48. 0, —3 

49. 2, —6 50. —4,5 

51. 0, —2, -3 SIP) IS 

53. 4, —3, 3,0 54. —2, -1,0, 1,2 
55.1+ /3,1- V3 56. 2,4 + /5,4 - V5 


In Exercises 57-66, find a polynomial of degree n that has 
the given zero(s). (There are many correct answers.) 


57.-Zeto: x = —2 Degree: n = 2 
58. Zeros: x = —8, —4 Degree: n = 
59, Zeros: x = —3,0, 1 Degree: n = 3 
60. Zeros: x = —2,4,7 Degree: n = 3 
61. Zeros: x = 0, /3, - J3 Degree: n = 3 

62. Zero: x = 9 Degree: n = 


(i AT x = =3, il, 5. € Degree: n = 5 

In Exercises 67-80, sketch the graph of the function by (a) 
applying the Leading Coefficient Test, (b) finding the zeros 
of the polynomial, (c) plotting sufficient solution points, 
and (d) drawing a continuous curve through the points. 


67. f(x) = x? — 9x 


68. (x) =e — 4x7 

69. f(t) = Z(t? — 2t + 15) 
70, 9(x) sae 10x 
TAs fi i) oer 

72. f(x) =1-— x3 

13. @) =O 1507 aS 
TA 2) ea eee el 
13.) (0) i 

76. f(a) = —48x2 2 3x" 
ath S02) 

TS. Hx 5x3(x — 4) 

79. g(t) = —4(t — 2)°(t + 2) 
80. g(x) = lx + 1x - 3)3 


In Exercises 81-84, use a graphing utility to graph the 
function. Use the zero or root feature to approximate zeros 
of the function. Determine the multiplicity of each zero. 


81. f(x) = ee, — 4x 

S25) = = 2 

83. 9(x) = Uy + 1)?(x — 3)(2x — 9) 
84. h(x) = 4(x + 2)2(3x — 5)? 


In Exercises 85-88, use the Intermediate Value Theorem 
and the table feature of a graphing utility to find intervals 
one unit in length in which the polynomial function is guar- 
anteed to have a zero. Adjust the table to approximate the 
zeros of the function. Use the zero or root feature of a 
graphing utility to verify your results. 


S50 ix) 3x4 + 3 

$6.5 f (x) = 0.1 1x? —!2.07%2 33 9.81a:= 96.88 
87,2¢ (a= 3x7 + 4x3 — 3 

SSa eee al Oates 
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89. Numerical and Graphical Analysis An open box 
is to be made from a square piece of material, 36 
inches on a side, by cutting equal squares with sides 
of length x from the corners and turning up the sides 
(see figure). 


* . 
ROS a aoe) 


= 


(a) Verify that the volume of the box is given by the 
function V(x) = x(36 — 2x). 


(b) Determine the domain of the function. 


ad (c) Use a graphing utility to create a table that shows 
the box height x and the corresponding volumes 
V. Use the table to estimate the dimensions that 
will produce a maximum volume. 

raed (d) Use a graphing utility to graph V and use the 

graph to estimate the value of x for which V(x) 
is maximum. Compare your result with that of 
part (c). 

90. Maximum Volume An open box with locking tabs 
is to be made from a square piece of material 24 
inches on a side. This is to be done by cutting equal 
squares from the corners and folding along the 
dashed lines shown in the figure. 


(a) Verify that the volume of the box is given by the 
function 


V(x) = 8x(6 — x)(12 — x). 
(b) Determine the domain of the function V. 


(c) Sketch a graph of the function and estimate the 
value of x for which V(x) is maximum. 


> Model It 


91. Tree Growth The growth of a red oak tree is 
fi approximated by the function 


4] G = —0.003r3 + 0.13712 + 0.458¢ — 0.839 


where G is the height of the tree (in feet) and t 

(2 < t < 34) is its age (in years). 

(a) Use a graphing utility to graph the function. | 
(Hint: Use a viewing window in which 
=10 = % 3355 2nd — 3.5 9 = 00) 

(b) Estimate the age of the tree when it is grow- 
ing most rapidly. This point is called the point 
of diminishing returns because the increase in 
size will be less with each additional year. 


Using calculus, the point of diminishing 
returns can also be found by finding the 
vertex of the parabola given by 


y = —0.0092? + 0.274t + 0.458. 


Find the vertex of this parabola. 
(d) Compare your results from parts (b) and (c). 


92. Revenue The total revenue R (in millions of 
dollars) for a company is related to its advertising 
expense by the function 


(—x3 + 600x2), 0<x< 400 


100,000 
where x is the amount spent on advertising (in tens 
of thousands of dollars). Use the graph of this 
function, shown in the figure, to estimate the point 
on the graph at which the function is increasing most 
rapidly. This point is called the point of diminishing 
returns because any expense above this amount will 
yield less return per dollar invested in advertising. 


Revenue 
(in millions of dollars) 


100 200 300 400 
Advertising expense 
(in tens of thousands of dollars) 
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Synthesis 


True or False? \n Exercises 93-95, determine whether 
the statement is true or false. Justify your answer. 


93. A fifth-degree polynomial can have five turning 
points in its graph. 


94. It is possible for a sixth-degree polynomial to have 
only one solution. 


95. The graph of the function 
ities cd go x x? =! 
rises to the left and falls to the right. 

96. Graphical Analysis Describe a polynomial func- 
tion that could represent the graph. (Indicate the 


degree of the function and the sign of its leading 
aan 


| | | 
97. Graphical Reasoning Sketch a graph of the func- 
tion f(x) = x*. Explain how the graph of g differs (if 


it does) from the graph of f. Determine whether g is 
odd, even, or neither. 


(a) g(x) =f(x) +2 = (b) g(x) = f(x + 2) 
() ex) =f(-x) ~~ @) ge) = -f) 
(e) g(x) =f (5x) (f) g(x) = 5f(x) 
(g) g(x) =f(x3/4) — (h) ax) = (Ff) 


98. Exploration Explore the transformations of the 
form g(x) = a(x — h)> + k. 


oe (a) Use a graphing utility to graph the functions 
1 
Vile eee) al 
a 
and 
3 5 
Yx = glx + 2) — 3, 


Determine whether the graphs are increasing or 
decreasing. Explain. 


(b) Will the graph of g always be increasing or 
decreasing? If so, is this behavior determined 
by a, h, or k? Explain. 


(c) Use a graphing utility to graph the function 
Ji1C8) — perm Bhi ae Dae alle 


Use the graph and the result of part (b) to deter- 
mine whether H can be written in the form 
H(x) = a(x — hy + k: Explain. 


Review 


In Exercises 99-102, solve the equation by factoring. 


99, 2x7 — x — 28 = OF (1003x2— 22x— 16 0 
101. 12x27 + llx —5 =0 102. x? + 24x + 144 =0 


In Exercises 103-106, solve the equation by completing the 
square. 


103.600 — 2 21 — 0 
105.2" 200 


104. x7 — 8k +2 =0 
106. 3x? + 4x —-9 =0 


In Exercises 107-110, factor the expression completely. 


107. 5x? + 7x — 24 108. 6x? — 61x? + 10x 
10964 1x 110. y? + 216 


In Exercises 111-116, describe the transformation from a 
common function that occurs in the function. Then sketch 
its graph. 

111. fx) = @& + 4)" 1125 Ga 
hse) ae 1 5 MAG ee a 8 
115. f(x) = 2x] + 9 116. f(x) = 10 - 4[x + 3] 
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Chapter 3. 2 Polynomial Functions 


eyeme Polynomial and Synthetic Division 


> What you should learn 


* How to use long division to 
divide polynomials by other 
polynomials 

* How to use synthetic division 
to divide polynomials by 
binomials of the form (x — k) 

* How to use the Remainder 
Theorem and the Factor 
Theorem 


> Why you should learn it 


Synthetic division can help you 
evaluate polynomial functions. 
For instance, in Exercise 75 on 
page 291, you will use synthetic 
division to determine the number 
of U.S. military personnel in 2005. 


F(x) = 6x3 — 19x? + 16x -4 


y 


FIGURE 3.27 


Long Division of Polynomials 


In this section you will study two procedures for dividing polynomials. These 
procedures are especially valuable in factoring and finding the zeros of polyno- 
mial functions. To begin, suppose you are given the graph of 


TR) = 6x7 = 19x27 + 16x = 4: 


Notice that a zero of f occurs at x = 2, as shown in Figure 3.27. Because x = 2 
is a zero of f, you know that (x — 2) is a factor of f(x). This means that there 
exists a second-degree polynomial g(x) such that 


IQ) == 2) a) 


To find g(x), you can use long division, as illustrated in Example 1. 


Long Division of Polynomials Gao > 


Example 1 


Divide 6x* — 19x? + 16x — 4 by x — 2, and use the result to factor the polyno- 
mial completely. 


Solution 
Think oe =IGk 
Think = = —~Tx. 
ire Think = =2. 
6x? ac 
x — 2) 6x3 — 19x? + 16x — 4 
Gy aly Multiply: 6x*(x — 2). 
=Tx? + 16x Subtract. 
=e eta Multiplys Soe — 2) 
Die Subtract. 
pd eoomely| Multiply: 2(x — 2). 
0 Subtract. 


From this division, you can conclude that 
6x? —-19x? + 16x — 4 = (x =D) (Gee — 7x 2) 
and by factoring the quadratic 6x2 — 7x + 2, you have 
6x? — 19x? + 16x — 4 = (x — 2)(2x — 1)(3x — 2). 


Note that this factorization agrees with the graph shown in Figure 3.27 in that the 
three x-intercepts occur at x = 2, x = 5, and x = a 


Sa a 
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In Example 1, x — 2 is a factor of the polynomial 6x? — 19x? + 16x — 4, and 
the long division process produces a remainder of zero. Often, long division will 
produce a nonzero remainder. For instance, if you divide x? + 3x + 5 by x + 1, 
you obtain the following. 
x + 2 ~— Quotient 
Divisor —~ x + 1)x2 + 3x +5 ~— Dividend 
Lovie Sx 
Dee S) 
Dye se 2 


3 ~— Remainder 


In fractional form, you can write this result as follows. 


Remainder 
Dividend 
——— = Oana 
x7 + 3x 45° 
ee 
se ap || x + | 
Divisor Divisor 


This implies that 
x2 + 3x+5=(*4+ 1+ 2)+3 Multiply each side by (x + 1). 


which illustrates the following theorem, called the Division Algorithm. 


The Division Algorithm 


If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is 
less than or equal to the degree of f(x), there exist unique polynomials g(x) 
and r(x) such that 


f(x) = d(x)q(x) + r(x) 


baba 
Dividend Quotient 


Divisor Remainder 


where r(x) = 0 or the degree of r(x) is less than the degree of d(x). If the 
remainder r(x) is zero, d(x) divides evenly into f(x). 


The Division Algorithm can also be written as 


f(x) r(x) 

—— = g(x) += 

da) 1 * ae 
In the Division Algorithm, the rational expression f(x)/d(x) is improper because 
the degree of f(x) is greater than or equal to the degree of d(x). On the other hand, 
the rational expression r(x)/d(x) is proper because the degree of r(x) is less than 


the degree of d(x). 
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Before you apply the Division Algorithm, follow these steps. 


1. Write the dividend and divisor in descending powers of the variable. 


2. Insert placeholders with zero coefficients for missing powers of the variable. 


Example 2 Long Division of Polynomials o> 
Divide x: — lby + —. 1: 
Solution 


Because there is no x?-term or x-term in the dividend, you need to line up the 
subtraction by using zero coefficients (or leaving spaces) for the missing terms. 


© Senile tad. ds wid | 
x—1)x3 + 0x? + 0x —1 
eee he 
x2 + Ox 
en a 
Wa aL 
it 
0 


So, x — | divides evenly into x? — 1, and you can write 


x1 


=e oy eel ox de 
33 = Il 


You can check the result of Example 2 by multiplying. 


(% = G+ xb) = Fo x kee 1 


( Example Long Division of Polynomials 


Divide 2x* + 4x3 — 5x? + 3x — 2 by x2 + 2x — 3. 
Solution 
2X7 a 
x? + 2x — 3) 2x4 + 4x3 — 5x2 + 3x —2 
2x* + 4x3 = 6x? 


x27 + 3x -2 
x? + 2x -— 3 
sear Il 


Note that the first subtraction eliminated two terms from the dividend. When this 
happens, the quotient skips a term. You can write the result as 


2x4 + 4x3 — 5x2 + 3x —2 
x7 + 2x -— 3 


se ap II 
x? + 2x -3° 


= 2x 


Section 3.3 ® Polynomial and Synthetic Division 287 


Synthetic Division 


There is a nice shortcut for long division of polynomials when dividing by 
divisors of the form x — k. This shortcut is called synthetic division. The pattern 
for synthetic division of a cubic polynomial is summarized as follows. (The 
pattern for higher-degree polynomials is similar.) 


Synthetic Division (for a Cubic Polynomial) 
To divide ax? + bx? + cx + dby x — k, use the following pattern. 


k (@) b cd ~<—Coefficients of dividend 


Vertical pattern: Add terms. 
Diagonal pattern: Multiply by k. | 


ee ee, 
Coefficients of quotient 


Synthetic division works only for divisors of the form x — k. [Remember 
that x + k = x — (—k).] You cannot use synthetic division to divide a polynomial 
by a quadratic such as x* — 3. 


Example “7 Using Synthetic Division Her 


Use synthetic division to divide x+ — 10x* — 2x + 4 by x + 3. 


Solution 
You should set up the array as follows. Note that a zero is included for the missing 
x°-term in the dividend. 


=O fOr = 10" 2 4 


/ \ / \ / \ 4 \ 
/ \ 


/ \ / \ / \ / \ / \ 
/ \ / ¥ 


Then, use the synthetic division pattern by adding terms in columns and multi- 
plying the results by —3. 


Divisor: x + 3 Dividend: x4 — 10x* — 2x + 4 


\ 


\ . 
» ~— Remainder: | 


We B=) =I il ‘ 
ee ee ee 
Quotient: x° — 3x* — x + 1 


So, you have 


ae LOX 2 4 
x +3 - are) 
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The Remainder and Factor Theorems 


The remainder obtained in the synthetic division process has an important 
interpretation, as described in the Remainder Theorem. 


The Remainder Theorem 
If a polynomial f(x) is divided by x — k, the remainder is 


r= fik). 


For a proof of the Remainder Theorem, see Proofs in Mathematics on page 326. 

The Remainder Theorem tells you that synthetic division can be used to 
evaluate a polynomial function. That is, to evaluate a polynomial function f(x) 
when x = k, divide f(x) by x — k. The remainder will be f(k), as illustrated in 


Example 5. 
| Example 5 Using the Remainder Theorem 
Use the Remainder Theorem to evaluate the following function at x = —2. 


Giles ae Sheva bee ae ey cmad | 
Solution 


Using synthetic division, you obtain the following. 


sa | Wad} 8 = eee | 


B 2 | ae!) 
Because the remainder is r = —9, you can conclude that 
f(-2) = -9. r = f(x) 


This means that (—2, —9) is a point on the graph of f. You can check this by 
substituting x = —2 in the original function. 


Check 
fla) "3 2) 8(= 2)? t 5(=) —7 
= 3(-8) + 8(4) -10 --7 = -9 


Another important theorem is the Factor Theorem, stated below. This theo- 
rem states that you can test to see whether a polynomial has (x — k) as a factor 
by evaluating the polynomial at x = k. If the result is 0, (x — k) is a factor. 


The Factor Theorem 


A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 


For a proof of the Factor Theorem, see Proofs in Mathematics on page 326. 


| f(x) = 2x* + 7x3 — 4x? — 27x — 18 


aoe 


30 


FIGURE 3.28 
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Example 6 Factoring a Polynomial: Repeated Division @&e> 


Show that (x — 2) and (x + 3) are factors of 
f(x) = 2x4 + 7x3 — 4x2 — 27x - 18. 
Then find the remaining factors of f(x). 


Solution 


Using synthetic division with the factor (x — 2), you obtain the following. 


2, || 2 Yo Sts Soe = 118 
4 22. 36 18 
0 remainder, so f(2) = 0 and 
- 1] 18 9 0 (x — 2) is a factor. 


Take the result of this division and perform synthetic division again using the 
factor (x + 3). 


bol le 11 18 ) 
OMe ar 9 


0 remainder, so f(—3) = 0 
2 5 3 0 and (x + 3) is a factor. 


Because the resulting quadratic expression factors as 
2x Samick Ss = (2x + 3)(x + 1) 

the complete factorization of f(x) is 
fie) = =) 3) Ox + 3) ee) 

Note that this factorization implies that f has four real zeros: 
x=2,x = —3,x = —3,andx = -1. 


This is confirmed by the graph of f, which is shown in Figure 3.28. 


Uses of the Remainder in Synthetic Division 


The remainder r, obtained in the synthetic division of f(x) by x — k, 
provides the following information. 


1. The remainder r gives the value of f at x = k. That is, r = f(k). 
2. lt Ol — k) isa factor of. f(): 


3. If r = 0, (k, 0) is an x-intercept of the graph of f. 


Throughout this text, the importance of developing several problem-solving 
strategies is emphasized. In the exercises for this section, try using more than one 
strategy to solve several of the exercises. For instance, if you find that x — k 
divides evenly into f(x) (with no remainder), try sketching the graph of f. You 
should find that (k, 0) is an x-intercept of the graph. 
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Analytical Analysis 
to verify that y, = y. 
peo SO 
ee ray eRe Be 
MeN 
2. : SR Ot 
4 x27 +5 Le 


3.3 Exercises 
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penn ET TEI LL 


In Exercises 1 and 2, use long division 


ig Graphical Analysis in Exercises 3 and 4, use a graphing 
utility to graph the two equations in the same viewing 
window. Use the graphs to verify that the expressions 
are equivalent. Use long division to verify the results 
algebraically. 


3. 


4. 


Se Oe ae 4x 

> ie 
x — 2° +4+5 2(x + 4) 
GSO Sane ao ea: 


In Exercises 5-18, use long division to divide. 


5, Qx2 + 10x + 12) + @ +3) 

6. (5x2 — 17x — 12) + (« —4) 

eA ee) (4 te) 

8. (6x? — 16x? + 17x — 6) + (3x — 2) 

9, (x4 + 5x? + 6x? — x — 2) + (x + 2) 

10. (x3 + 4x2 — 3x — 12) + & — 3) 

11. (7x + 3) + (& + 2) 

12. (8x — 5) + x + 1) 

13. (6x2 10x? + x 8) = (2x? 1) 

14. (= 9) = (x? + 1) 

i oe Se eal e+7 
PSs a 
ie! Deak tO 

We Cai: — 1p 18. ane 


In Exercises 19-36, use synthetic division to divide. 


19. 


20 
21 
22 


23. 


24 


(3x? — 17x? + 15x — 25)\+ @& — 5) 
» (5x3 + 18x? + 7x — 6) + (x + 3) 

~ (4x3 — Ox + 8x? — 18) + (x + 2) 
OX = Gx — 182 32) (ed) 
ye 54-1250) lO) 

. (3x3 — 16x? — 72) + (x - 6) 


25. (5x3 — 6x2 + 8) + (« — 4) 
26. (5x3 + 6x + 8) + & + 2) 
10x* — 50x? — 800 


de 
‘ xe = 
x? — 13x* — 120x + 80 
28. 
ear 
3 3458 
29. x? + 512 30. b 729 
ye Sp 7s x=) 
— 3x4 — 3x4 
ie 3yh. 
: x—-2 x+2 
33. 180x — x* at 5 — 3x + 2x2 — x 
x-—6 xX al 
4° © 16x? — 23x — 1 3x3 — 4x2 + 5 
35 x 6x | BG 5 36. x = 
25s) ry 


In Exercises 37-44, express the function in the form 
f(x) = (x — k)q(x) + r for the given value of k, and demon- 
strate that f(k) = r. 


Function Value of k 
STG as 0 Sa — Ta k=4 
38. f(x) = x — 5x2 -— 1lx + 8 k=-2 
39. f(x) = 15x4 + 10x3 — 6x2 + 14 = 
40. f(x) = 10x3 — 22x2 —- 3x +4 = 
41. f(x) = x8 + 3x2 -— 2x - 14 ae) 
42. f(x) = x2 + 2x? — 5x -—4 = > /5 
43. f(x) = —4x3 + 6x2 + 12x + 4 k=1- V3 
44, f(x) = —3x3 + 8x2 + 10x — 8 | ae as <)) 


In Exercises 45-48, use synthetic division to find each func- 
tion value. Verify your answers using another method. 


45. f(x) = 43 — 13x + 10 

(a) fl) =) f(-2) © £3) = @ £8) 
46. g(x) = x® — 4x4 + 3x2 + 2 

(a) 9(2) (vb) g(-4) ©) ~g(3) (d) g(-1) 
47. h(x) = 3x3 + 5x2 - 10x + 1 

(a) AB) b) AGG) © —A(-2)- @ A(-5) 
48. f(x) = 0.4x4 — 1.6x3 + 0.7x2 — 2 

(a) fCD SnD) (Ono) (d) f(—10) 


In Exercises 49-56, use synthetic division to show that x is a 
zero of the third-degree polynomial equation, and use the 
result to factor the polynomial completely. List all real zeros 
of the function. 


Polynomial Equation Value of x 
49, x —7x+6=0 Pree 
BO. x — 28x — 48 = 0 xa =4 
51. 2x3 — 15x? + 27x — 10 = 0 x= 5 
ee. 48x — 80x? + 41x —-6=0 x= 5 
eo. x>+ 2x? — 3x -6=0 x= /3 
54. 0° + 2x27 -2x -4=0 x= /2 
Mes, x — 3x7 +2=0 x=1+ 3 
Pe — 4" =" 137-3 =0 x=2- /5 


In Exercises 57-64, (a) verify the given factors of the func- 

tion f, (b) find the remaining factors of f, (c) use your results 
to write the complete factorization of f, (d) list all real zeros 

_ of f, and (e) confirm your results by using a graphing utility 
to graph the function. 


Function Factors 
me f (x) = 2x? + x2 — 5x #2 (x + 2), « — 1) 
See xs 1974 6 A 35) t= 2) 
merit) = — 4x — 15x? (x — 5), (& + 4) 
+ 58x — 40 
er. ox — 147° —.71x7 (x + 2), (x — 4) 
= Ax a4 
mertix) — ox 4 41x- — 9x — 14e- (2x + 1), (3x = 2) 
Remi 10r— 11x — 2x 4A5 (2x45), (Sx —3) 
63. f(x) = 28 —x2-10x +5 (2x — 1), (x + V5) 


64. f (x + 4/3), (x + 3) 

| Graphical Analysis \n Exercises 65-68, (a) use the 
zero or root feature of a graphing utility to approximate the 
zeros of the function accurate to three decimal places and 
_(b) determine one of the exact zeros, use synthetic division 
to verify your result, and then factor the polynomial 


completely. 

ms. f(x) — x — 2x? — 5x + 10 
iG, (x) = x — 4x* — 2x + 8 
fe. h(t) = 1? — 20? — Tt + 2 


68. f(s) = 53 — 12s? + 40s — 24 


yee to — 48x — 144 


In Exercises 69-74, simplify the rational expression. 
x x? = 6401— 64 
x + 8 


4x3 — 8x2? +x+3 
: 70. 
Y Dy = 3 
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x3 + 3x2? -x-3 
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2x3 + 3x2 — 3x -—2 


at: 72: 
gear dl x-1 
x* + 6x9 + 11x? + 6x 
73. SS 
x7 + 3x+2 
Cha heii inl 
wa 9x Swe Sone sp a 
x2? -—4 
> Model it 


75. Data Analysis 


The numbers M (in thousands) 


| a of United States military personnel on active duty | 
for the years 1990 through 2000 are shown in the | 
table, where t represents the time (in years), with | 


t = 0 corresponding to 1990. 


(Source: U.S. 


Department of Defense) 


Year, ¢ Military personnel, M 


OmAANN FP WN KF CO 


— 
i= 


(a) Use a graphing utility to create a scatter plot | 


of the data. 


(b) Use the regression feature of the graphing 


(c) 


(d 


a’ 


utility to find a cubic model for the data. 
Then graph the model in the same viewing 
window as the scatter plot. 


Use the model to create a table of estimated 
values of M. Compare the model with the 
data. 


Use synthetic division to evaluate the model 
for the year 2005. Even though the model is 
relatively accurate for estimating the given 
data, would you use this model to predict the 
number of military personnel in the future? 
Explain. 
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ey 76. Data Analysis The average monthly basic rates R 


(in dollars) for cable television in the United States 
for the years 1990 through 1999 are shown in the 
table, where ¢ represents the time (in years), with 
t = O corresponding to 1990. (Source: Paul Kagan 
Associates, Inc.) 


= J Year, t Basic rate, R 


Oo OANA MN BP WN = 


(a) Use a graphing utility to create a scatter plot of 
the data. 


(b) Use the regression feature of the graphing utility 
to find a cubic model for the data. Then graph 
the model in the same viewing window as the 
scatter plot. Compare the model with the data. 


(c) Use synthetic division to evaluate the model for 
the year 2005. 


Synthesis 


True or False? \n Exercises 77-79, determine whether 
the statement is true or false. Justify your answer. 


77. If (7x + 4) is a factor of some polynomial function 
f, then 3 is a zero of f. 


78. (2x — 1) is a factor of the polynomial 
Oxo xe = OD 45x S402 4 48. 


79. The rational expression 


x? + 2x? — 13x + 10 
x? -— 4x - 12 


is improper. 
80. Exploration Use the form 
f(x) =(« —Kq) +r 


to create a cubic function that (a) passes through the 


point (2, 5) and rises to the right, and (b) passes through 
the point (—3, 1) and falls to the right. (There are many 
correct answers.) 


Think About It \n Exercises 81 and 82, perform the 
division by assuming that n is a positive integer. 
xom + Oy + 27x” + 27 
Wo ar 
x3” — 3x2" + 5x" — 6 
ee 2. 


81. 


82. 


83. Writing Briefly explain what it means for a divisor 
to divide evenly into a dividend. 

84. Writing Briefly explain how to check polynomial 
division, and justify your reasoning. Give an 
example. 


Exploration \n Exercises 85 and 86, find the constant c 
such that the denominator will divide evenly into the 
numerator. 
Beet coals wn aL 

Bee pe 4 


ae: x3+ 4x27 -3x+ 86. 
GS > 


Think About It \n Exercises 87 and 88, answer the 
questions about the division 


f(x) 
Xe eK 
where f(x) = (x + 3)?(x — 3)(x + 1)3. 
87. What is the remainder when k = —3? Explain. 


88. If it is necessary to find f(2), is it easier to evaluate 
the function directly or to use synthetic division? 
Explain. 


Review 
In Exercises 89-94, use any method to solve the quadratic 
equation. 

$9197 = 95 =10) 


91. 5x? — 3x -14=0 
93. 2x7 ++ 6x +3=0 


90. 16x? — 21 =0 
92. 8x2 — 22x + 15 =0 
94. x7 + 3x -3 =0 


In Exercises 95-98, find a polynomial function that has the 
given zeros. There are many correct answers. 


OS: 0, 3,4 96. = 1 
07. = Bite ey/ | =e 
98. ~1, 0 ee /3.0 8 


3.4 


> What you should learn 


How to use the Fundamental 

Theorem of Algebra to deter- 

mine the number of zeros of 

polynomial functions 

* How to find rational zeros of 
polynomial functions 

* How to find conjugate pairs of 

complex zeros 

How to find zeros of polynomi- 

als by factoring 

How to use Descartes’s Rule of 

Signs and the Upper and Lower 

Bound Rules to find zeros of 

polynomials 


> Why you should learn it 


_ Finding zeros of polynomial 
rd functions is an important part of 
: solving real-life see or Zz 
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Zeros of Polynomial Functions 


The Fundamental Theorem of Algebra 


You know that an nth-degree polynomial can have at most n real zeros. In the 
complex number system, this statement can be improved. That is, in the complex 
number system, every nth-degree polynomial function has precisely n zeros. This 
important result is derived from the Fundamental Theorem of Algebra, first 
proved by the German mathematician Carl Friedrich Gauss (1777-1855). 


The Fundamental Theorem of Algebra 


If f(x) is a polynomial of degree n, where n > 0, then f has at least one 
zero in the complex number system. 


Using the Fundamental Theorem of Algebra and the equivalence of zeros and 
factors, you obtain the Linear Factorization Theorem. 


Linear Factorization Theorem 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 
linear factors 


f(x) = a,(x — 


Ga c.) 


, C, are complex numbers. 


Ce Xe3) & 


WiNeterC Canadiens 


For a proof of the Linear Factorization Theorem, see Proofs in Mathematics on 
page 327. 

Note that the Fundamental Theorem of Algebra and the Linear Factorization 
Theorem tell you only that the zeros or factors of a polynomial exist, not how to 
find them. Such theorems are called existence theorems. 


| Example 1 Zeros of Polynomial Functions Kibo > 


a. The first-degree polynomial f(x) = x — 2 has exactly one zero: x = 2. 


b. Counting multiplicity, the second-degree polynomial function 
fe) = = On OE = 3) 3) 
has exactly two zeros: x = 3 and x = 3. (This is called a repeated zero.) 
c. The third-degree polynomial function 
fa) =x + 4r =a" +4) = ax — 21) + 21) 
2f and % = — 21, 
d. The fourth-degree polynomial function 
Oa ee Ne (x ee) 


hastexdchy jour ZeL0s.% —l, 4 — iy = 1 and. 4 = —7. 


has exactly three zeros: x = 0,x = 
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Fogg Art Museum 


Historical Note 

Although they were not 
contemporaries, Jean Le Rond 
d'Alembert (1717-1783) worked 
independently of Carl Gauss in 
trying to prove the Fundamental 
Theorem of Algebra. His efforts 
were such that, in France, the 
Fundamental Theorem of Algebra 
is frequently known as the 
Theorem of d’Alembert. 


fa) =x 4x41 


FIGURE 3.29 
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The Rational Zero Test 


The Rational Zero Test relates the possible rational zeros of a polynomial 
(having integer coefficients) to the leading coefficient and to the constant term of 
the polynomial. 


The Rational Zero Test 


If the polynomial f(x) = a,x" + a,_4x""! +: 
has integer coefficients, every rational zero of f has the form 


: + ax? Aa ay 


Rational zero = P 
q 


where p and g have no common factors other than 1, and 
p = a factor of the constant term dy 


q = a factor of the leading coefficient a,,. 


To use the Rational Zero Test, you should first list all rational numbers whose 
numerators are factors of the constant term and whose denominators are factors 
of the leading coefficient. 


factors of constant term 


Possible rational zeros = = = 
factors of leading coefficient 


Having formed this list of possible rational zeros, use a trial-and-error method to 
determine which, if any, are actual zeros of the polynomial. Note that when the 
leading coefficient is 1, the possible rational zeros are simply the factors of the 
constant term. 


| Example 2 Rational Zero Test with Leading Coefficient of 1 


Find the rational zeros of 
f(x) =x? +x+ 1. 
Solution 


Because the leading coefficient is 1, the possible rational zeros are +1, the fac- 


tors of the constant term. By testing these possible zeros, you can see that neither 
works. 


FQ) = (2 ay rst 


II 


Lea Gell) eel 


=-] 


So, you can conclude that the given polynomial has no rational zeros. Note from 
the graph of f in Figure 3.29 that f does have one real zero between — 1 and 0. 


However, by the Rational Zero Test, you know that this real zero is not a rational 
number. 
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| Example 3. Rational Zero Test with Leading Coefficient of i 
Se 


Find the rational zeros of f(x) = x* — x3 + x? — 3x - 6. 


Solution 


Because the leading coefficient is 1, the possible rational zeros are the factors of 
the constant term. 


Possible rational zeros: +1, +2, +3, +6 


A test of these possible zeros shows that x = —1 and x = 2 are the only two 
rational zeros. Check the others to be sure. 


If the leading coefficient of a polynomial is not 1, the list of possible rational 
zeros can increase dramatically. In such cases, the search can be shortened in 
several ways: (1) a programmable calculator can be used to speed up the calcula- 
tions; (2) a graph, drawn either by hand or with a graphing utility, can give a good 
estimate of the locations of the zeros; (3) the Intermediate Value Theorem along 
with a table generated by a graphing utility can give approximations of zeros; and 
(4) synthetic division can be used to test the possible rational zeros. 

To see how to use synthetic division to test the possible rational zeros, take 
another look at the function f(x) = x* — x3 + x? — 3x — 6 from Example 3. To 
test that x = —1 and x = 2 are zeros of f, you can apply synthetic division 
successively, as follows. 


Ae dell al L S36 
eat | 2 6 
oe OF 6 0 

Pl OS lye 0 Ge 

2 0 6 

1 0 3 0 

So, you have 

f(x) = (« + 1)@ — 2)? + 3). 


Because the factor (x? + 3) produces no real zeros, you can conclude that 
x = —1 and x = 2 are the only real zeros of f, which is verified in Figure 3.30. 


y 


FIGURE 3.30 
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f(x) = -10x3 + 15x? + 16x -— 12 


FIGURE 3.31 


Finding the first zero is often the hardest part. After that, the search is 
simplified by using the lower-degree polynomial obtained in synthetic division. 


Example 4 Using the Rational Zero Test 


Find the rational zeros of f(x) = 2x? + 3x? — 8x + 3. 


Solution 
The leading coefficient is 2 and the constant term is 3. 


Possible rational zeros: EArlons,Oie = esas = +1, +3, a Pe 
Factors ot eee lee? 2 2 
By synthetic division, you can determine that x = | is a rational zero. 
i 3 3 
2 Ss 3 
m 2 lites) 0 
So, f(x) factors as 
f(x) =e — Wx ox — 3) 
= (x — 1)(2x — 1)(x + 3) 
and you can conclude that the rational zeros of f are x = 1, x = = and x = —3. 


| Example 5 Using the Rational Zero Test @o> 


Find all the real zeros of f(x) = —10x? + 15x? + 16x — 12. 
Solution 
The leading coefficient is — 10 and the constant term is — 12. 


Factors of +12 — 12.33.46 2 


Possible rational zeros: = 
Factors of — 10 ae ll sb se5)5 a2) 


With so many possibilities (32, in fact), it is worth your time to stop and sketch a 
graph. From Figure 3.31, it looks like three reasonable choices would be x = —§, 
x= 5, and x = 2. Testing these by synthetic division shows that only x = 2 isa 
zero. So, you have 


f(x) = (& — 2)(—10x? — 5x + 6). 


Using the Quadratic Formula for the second factor, you find that the two addi- 
tional zeros are irrational numbers. 


(5) ae XS) 
x= ete 9 = — 1.0639 
27) 
and 
=(= 5) = S265 
= ey) = 0.5639 
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Conjugate Pairs 


In Example l(c) and (d), note that the pairs of complex zeros are conjugates. 
That is, they are of the form a + bi anda — bi. 


Complex Zeros Occur in Conjugate Pairs 


Let f(x) be a polynomial function that has real coefficients. If a + bi, where 


b # 0, is a zero of the function, the conjugate a — bi is also a zero of the 
function. 


Be sure you see that this result is true only if the polynomial function has real 
coefficients. For instance, the result applies to the function f(x) = x? + 1 but not 
to the function g(x) = x — i. 


Example 6 Finding a Polynomial with Given Zeros &%jo> 


Find a fourth-degree polynomial function with real coefficients that has — 1, —1, 
and 37 as zeros. 


Solution 


Because 3i is a zero and the polynomial is stated to have real coefficients, you 
know that the conjugate — 37 must also be a zero. So, from the Linear Factorization 
Theorem, f(x) can be written as 


f(x) = a(x + I) + I) — 3 + 3). 
For simplicity, let a = | to obtain 
f(x) = (x? + 2x + 1)? + 9) 
eet 26 Ox ee 1S 9: 


Factoring a Polynomial 


The Linear Factorization Theorem shows that you can write any nth-degree 
polynomial as the product of n linear factors. 


fae (NE x ics) (enc. Ge Cec.) 


However, this result includes the possibility that some of the values of c; are 
complex. The following theorem says that even if you do not want to get involved 
with “complex factors,’ you can still write f(x) as the product of linear and/or 
quadratic factors. For a proof of this theorem, see Proofs in Mathematics on 
page 327. 


Factors of a Polynomial 


Every polynomial of degree n > 0 with real coefficients can be written as 


the product of linear and quadratic factors with real coefficients, where the 
quadratic factors have no real zeros. 
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“STUDY TIP. 


In Example 1, if you \ were not 
told that 1 + 3iis a zero Ob hie 
you could still find all zeros of 
the function by using synthetic 
division to find the real Zeros 
2 and 3. Then you could 
factor the polynomial as — 
(+ 2)(x — 3)(x* = 2x + 10). 
Finally, by using the Quadratic 
Formula, you could determine 
that the zeros are x = —2, 
Y= Bin. = 14.3% and 

x= f—'3i) 


A quadratic factor with no real zeros is said to be prime or irreducible over 
the reals. Be sure you see that this is not the same as being irreducible over the 
rationals. For example, the quadratic 


xetl=a-— Det 
is irreducible over the reals (and therefore over the rationals). On the other hand, 
the quadratic 


x2 —2=(x- V2)(x + V2) 


is irreducible over the rationals but reducible over the reals. 


Example 7 Finding the Zeros of a Polynomial Function 39> 


Find all the zeros of 
fe) =a" = 3 Gree tO 
given that 1 + 3i is a zero of f. 


Solution 


Because complex zeros occur in conjugate pairs, you know that | — 3/ is also a 
zero of f. This means that both 


[x — (1 + 31)] and [x — (1 — 38] 
are factors of f. Multiplying these two factors produces 


[x — (1 + 34) [x — (1 — 34)] = [@ — 1) — 38][@ — 1) + 33] 


= (x — 1)? — 97? 
=x? —2x+ 1 — 9(-1) 
= x7 — 2x + 10: 


Using long division, you can divide x* — 2x + 10 into f to obtain the following. 
iat — 16 
x? — 2x + 10) x4 — 3x3 + 6x2 + 2x — 60 
NesueX? Se Oe 
Sia eka ph 
eee ae ike 


—6x? + 12x — 60 
—6x? + 12x — 60 
0) 


So, you have 
f(x) = (x? — 2x + 10)(x?2 — x — 6) 
= (x? — 2x + 10)(x — 3) + 2) 


and you can conclude that the zeros of f arex = 1 + 3i,x = 1 — 3i, x = 3, and 
xan 


aE 


EDS x + x34 2x7 -12x + 8 


FIGURE 3.32 


STUDY TIP 


In Example 8, the fifth-degree 
polynomial function has three 
real zeros. In such cases, you 
_can use the zoom and trace 

_ features or the zero or root 

_ feature of a graphing utility to 

_ approximate the real zeros. You 
_ can then use these real zeros to 
determine the complex zeros 
algebraically. 


ee 


Technology 


possible rational zeros in the table. When you do this, 
you will see that there are two rational zeros, —2 and 1, 
as shown at the right. 


You can use the table feature of a graphing utility 
to help you determine which of the possible rational 
zeros are zeros of the polynomial in Example 8. The 
table should be set to ask mode. Then enter each of the 
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Example 8 shows how to find all the zeros of a polynomial function, 
including complex zeros. 


Example 8 Finding the Zeros of a Polynomial Function o> 


Write f(x) = x° + x3 + 2x? — 12x + 8 as the product of linear factors, and list 
all of its zeros. 


Solution 


The possible rational zeros are +1, +2, +4, and +8. Synthetic division produces 
the following. 


ie Ws 8 
1 l ” 4 -8 

1 1 2 4 -8 
= 1 1 Z 4 -8 
=a? Pk ets 8 
ie | 4 -4 0 = 1S a zero: 


0 —— lisa Zero. 


So, you have 
f(x) = x9 + x9 + 2x2 — 12x +8 
= (x — 1)(e 4 2)08 — x7 + 4x — 4). 
You can factor x7 — x? + 4x — 4 as (x — 1)(x? + 4), and by factoring x? + 4 as 
x? —(-4)=(x- J=4)(x + /—4) 
= (x — 21)(x + 23) 
you obtain 
(ee 1) Ge —_ I) + 2) — 21) (e+ 2) 
which gives the following five zeros of f. 
ie = Ih se leon = ear SF cl Be SH 


From the graph of f shown in Figure 3.32, you can see that the real zeros are the 
only ones that appear as x-intercepts. Note that x = 1 is a repeated zero. 
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| f@) =3x° — 5x7 + 6x—4 


yA 


a > x 
3 2 -!1 2, 3 
-|+ 
—2 
-3 
FIGURE 3.33 


Other Tests for Zeros of Polynomials &4e> 


You know that an nth-degree polynomial function can have at most n real zeros. 
Of course, many nth-degree polynomials do not have that many real zeros. For 
instance, f(x) = x2 + 1 has no real zeros, and f(x) = x° + 1 has only one real 
zero. The following theorem, called Descartes’s Rule of Signs, sheds more light 
on the number of real zeros of a polynomial. 


Descartes’s Rule of Signs 
Let f(x) = a,x" + a,x" 1 +++ ++ ay? + a,x + ay be a polynomial with 
real coefficients and ay # 0. 


1. The number of positive real zeros of f is either equal to the number of 
variations in sign of f(x) or less than that number by an even integer. 


. The number of negative real zeros of f is either equal to the number of 
variations in sign of f(—x) or less than that number by an even integer. 


A variation in sign means that two consecutive coefficients have opposite 
signs. 

When using Descartes’s Rule of Signs, a zero of multiplicity k should be 
counted as k zeros. For instance, the polynomial x* — 3x + 2 has two variations 
in sign, and so has either two positive or no positive real zeros. Because 


© 3x"? =Ca— DNG= Te +2) 


you can see that the two positive real zeros are x = 1 of multiplicity 2. 


| Example 9 Using Descartes’s Rule of Signs o> 


Describe the possible real zeros of 
f(x) = 3x? — 5x? + 6x — 4. 
Solution 


The original polynomial has three variations in sign. 
AE OY tO 


itd Gob Mah 


f(x) = 3x3 — 5x? + 6x — 4 


nt 


= Oo is 
The polynomial 
f(—x) = 3(—x)3 — 5(—x)? + 6(—x) — 4 
= — 3x — 5x7 — 6x = 4 
has no variations in sign. So, from Descartes’s Rule of Signs, the polynomial 
f(x) = 3x3 — 5x? + 6x — 4 has either three positive real zeros or one positive 


real zero, and has no negative real zeros. From the graph in Figure 3.33, you can 
see that the function has only one real zero (it is a positive number, near x = 1). 


eee 
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Another test for zeros of a polynomial function is related to the sign pattern 
in the last row of the synthetic division array. This test can give you an upper or 
lower bound of the real zeros of f. A real number b is an upper bound for the 
real zeros of f if no zeros are greater than b. Similarly, b is a lower bound if no 
real zeros of f are less than b. 


Upper and Lower Bound Rules 


Let f(x) be a polynomial with real coefficients and a positive leading coeffi- 
cient. Suppose f(x) is divided by x — c, using synthetic division. 


1. If c > O and each number in the last row is either positive or zero, c is an 
upper bound for the real zeros of f. 


2. If c < 0 and the numbers in the last row are alternately positive and neg- 
ative (zero entries count as positive or negative), c is a lower bound for 
the real zeros of f. 


Example 10 Finding the Zeros of a Polynomial Function &4o> 


Find the real zeros of 

f(x) = 6x? —-4x2 3x — 2. 
Solution 
The possible real zeros are as follows. 


Factors of 2 _ a2 || ae? 
EATECORS OE) — ae ll mie /y a8), alo 


Because f(x) has three variations in sign and f(— x) has none, you can apply 
Descartes’s Rule of Signs to conclude that there are three positive real zeros or 
one positive real zero, and no negative zeros. Trying x = | produces the 
following. 


|B gm et Fee Dee esa) 
6 we 5 
6 2 5 3 


So, x = | is not a zero, but because the last row has all positive entries, you know 
that x = | is an upper bound for the real zeros. So, you can restrict in search to 
zeros between 0 and |. By trial and error, you can determine that x = 3 is a zero. 
So, 


{a= (2 = Gs + 3). 


Because 6x? + 3 has no real zeros, it follows that x = 5 is the only real zero. 
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Before concluding this section, here are two additional hints that can help 
you find the real zeros of a polynomial. 


1. If the terms of f(x) have a common monomial factor, it should be factored out 
before applying the tests in this section. For instance, by writing 


fx) HX 5xP xP ye = a? a ae 1) 
you can see that x = 0 is a zero of f and that the remaining zeros can be 


obtained by analyzing the cubic factor. 


2. If you are able to find all but two zeros of f(x), you can always use the 
Quadratic Formula on the remaining quadratic factor. For instance, if you 
succeeded in writing 


f@)H= x4 = Sx? + 3x? 4+ = 2(4=—_1)G* — 4x — 1) 


you can apply the Quadratic Formula to x? — 4x — 1 to conclude that the two 
remaining zeros are x = 2 + \/Sandx =2— J/5. 


' Example 11 Using a Polynomial Model 3 


You are designing candle-making kits. Each kit contains 25 cubic inches of 
candle wax and a mold for making a pyramid-shaped candle. You want the height 
of the candle to be 2 inches less than the length of each side of the candle’s square 
base. What should the dimensions of your candle mold be? 


Solution 


The volume of a pyramid is V = ‘Bh, where B is the area of the base and h is the 
height. The area of the base is x? and the height is (x — 2). So, the volume of the 
pyramid is V = }x2(x — 2). Substituting 25 for the volume yields the following. 


1 
25 = at —/2) Substitute 25 for V. 
75 =x — 2x? Multiply each side by 3. 
Ox 2 5 Write in general form. 


The possible rational zeros are x = +1, +3, +5, +15, +25, +75. Using synthetic 
division, you can determine that x = 5 is a solution. The other two solutions, 
which satisfy x? + 3x + 15 = 0, are imaginary and can be discarded. You can 
conclude that the base of the candle mold should be 5 inches by 5 inches and the 
height of the mold should be 5 — 2 = 3 inches. 


Writing avout mathematics 


iment nbn enema 


Factoring Polynomials Compile a list of all the various techniques for factoring a 
polynomial that have been covered so far in the text. Give an example illustrating 


each technique, and write a paragraph discussing when the use of each technique 
is appropriate. 


3.4 Exercises 
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In Exercises 1-6, find all the zeros of the function. 

1. f(x) = x(x — 6)? 2. f(x) = x2(x + 3)(x? — 1) 
3. g(x) = (x — 2)@ + 4) 

4. f(x) = «+ 5) — 8)? 

5. f(x) = (« + 6)(x + D(x — A) 

6. h(t) = (t — 3)(t — 2)(t — 3i)(t + 3i) 


In Exercises 7-10, use the Rational Zero Test to list 
all possible rational zeros of f. Verify that the zeros of f 
shown on the graph are contained in the list. 


epi) = x° + 3x7 —x—3 


17x3 + 35x? + 9x — 45 


In Exercises 11-20, find all the real zeros of the function. 


11. f(x) = x? = 6x? + 1l1lx —6 

12. f(x) = x? = 7x ="6 

13.22%) =" 4" 4 

14. h(x) = x? — 9x? + 20x — 12 

15. h(t) = t2 + 12¢2 + 21t + 10 
165,76) 9 2 ke 

17. CQ) = 2x +3x2'= 

TS) OK oe 

19. f(x) = 9x4 — 9x3 — 58x? + 4x + 24 
GANS Fad een? SMe see EW onl org => 5) 


In Exercises 21-24, find all real solutions of the 
polynomial equation. 


21. z* — 22 —2z-—-4=0 
22. x* — 13x7 — 12x =0 
DSi ey 2 6y tes ye Or) 


24. x° — x4 — 3x3 + 5x2 —- 2x =0 


In Exercises 25-28, (a) list the possible rational zeros of f, 
(b) sketch the graph of f so that some of the possible zeros 
in part (a) can be disregarded, and then (c) determine all 
real zeros of f. 


D5 in) ek eee 

26.0/ () = 30 20x2 = 30% a LO 
DI fe = — 4 tat = he 
DSe fn) = Ane lege eal 


In Exercises 29-32, (a) list the possible rational zeros of f, 

(b) use a graphing utility to graph f so that some of the 

possible zeros in part (a) can be disregarded, and then 

(c) determine all real zeros of f. 

29 fli 137° = Dine 2k aS 

30. ie ea ea ee 
Tee = Dex Liter 8 

32. om Aye ik ll aS 
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& Graphical Analysis _\n Exercises 33-36, (a) use the zero or 


root feature of a graphing utility to approximate the zeros 
of the function accurate to three decimal places and 
(b) determine one of the exact zeros, use synthetic division 
to verify your result, and then factor the polynomial 
completely. 


Sik) eee we vo 
SAS Ri) = 9 = te 
35) A) = se Tx* F100 14x — 245 
SOc) = 6x9 11x 1a 9 ae 


In Exercises 37-42, find a polynomial function with integer 
coefficients that has the given zeros. (There are many 
correct answers.) 


37. 1, 5i, —5i 
38. 4, 31, —3i 

AG 0 8 So 
AN 4 Ay 

41. 4,-1,3 + J2i 

42. —5,-5,1+ J3i 


In Exercises 43-46, write the polynomial (a) as the product 
of factors that are irreducible over the rationals, (b) as the 


product of linear and quadratic factors that are irreducible A, 


over the reals, and (c) in completely factored form. 
AS eye OX) / 
44S Cae ee 20° Ox le 18 
(Hint: One factor is x? — 6.) 
ASS f (X) aaa ae eo yO 
(Aint; One factor 1s x*_— 2x — 2.) 
46. f(x) = x4 — 3x3 — x? — 12x — 20 
(Hint: One factor is x? + 4.) 


In Exercises 47-54, use the given zero to find all the zeros of 
the function. 


Function Zero 
47. f(x) = 2x3 + 3x2 + 50x + 75 Si 
48. f(x) = x3 +x74+ 9x49 3i 
49, f(x) = 2x4 — x3 + 7x2 — 4x — 4 2i 
50. g(x) = x3 — 7x? — x + 87 5+2i 
51. g(x) = 4x3 + 23x2 + 34x — 10 35a 
52. h(x) = 3x3 — 4x2 + 8x + 8 35 
53. f(x) = x* + 3x3 — 5x2 — 21x + 22 34+ /2i 
54. f(x) = x2 + 4x2 + 14x + 20 coe te Oy 


In Exercises 55-72, find all the zeros of the function and 
write the polynomial as a product of linear factors. 

55. f(x) Sx-42d 

56. f(x) =x" - «+ O06 

57. Wx) =x — 4x + 


58. eats + 10x + 23 
59. f(x) = x4 - 81 

60. f(y) = y* — 625 

61. f(z) = z2-2z +2 


62. Pe Se — 3x2+4x-2 

63:3: 2(e)i\H= 9? Sr Sie 0 
64.563) ae De 2 

65. h(x) = x°—x+6 

66. h(x) = x? + 9x2 + 27x + 35 

672 f(x) S50 Or 28x 6 

68. 2(x) = 3x3 — 4x7 + 8x + 8 
69...2(x) = 3" = 4acce = 1Gc eo 
70. h(x) = x* + 6x3 + 10x? + 6x + 9 
71. f(x) = x7 + 10x? + 9 

72. f(x) = x* + 29x2 + 100 


In Exercises 73-78, find all the zeros of the function. When 
there is an extended list of possible rational zeros, use a 
graphing utility to graph the function in order to discard 
any rational zeros that are obviously not zeros of the 
function. 


73. f(x) = x3 + 24x? + 214x + 740 
4. f(s) = 253 — 5s? + 125 — 5 
75. f(x) = 16x — 20x? — 4x + 15 
6.. f(x) = 9x? — 15x? + Hx — 5 
A aa Fe ee +5x+2 
78. g(x) = x° — 8x4 + 28x3 — 56x? + 64x — 32 


In Exercises 79-86, use Descartes’s Rule of Signs to 
determine the possible number of positive and negative 
zeros of the function. 


79. g(x) = 5x° + 10x h(x) = 4x2 — 8x + 3 
81. h(x) = 3x4 $2x2,441 82. kG). =2x4 — 3x 
83. 2(x) = 2x3 — 3x2 — 3 

84. f(x) = 4x3 — 3x2 + 2x -— J 

85. f(x) = —Sx3 +x2-—x4+5 

86. f(x) = 3x3 + 2x2 +x%4+3 


In Exercises 87-90, use synthetic division to verify the 
upper and lower bounds of the real zeros of f. 


Sie fix xt 4 15 

(a) Upper: x = 4 (b) Lower x= —1 
88. f(x) = 2x3 — 3x2 - 12x+ 8 

(a) Upper: x = 4 (b) Lower: x = —3 
89. f(x) = x+ — 4x3 + 16x — 16 

(a) Upper: x = 5 (b) Lower: x = —3 
oe fey = 2x* — 8x + 3 


(a) Upper: x = 3 (b) Lower: x = —4 


In Exercises 91-94, find all the real zeros of the function. 
Dey ics 4x — 3x — 

Beez) — 122° — 47? — 27249 

93. f(y) = 4y? +. 3y? + 8y + 6 

94. 2(x) = 3x° — 2x? + 15x — 10 


In Exercises 95-98, find all the rational zeros of the polyno- 
mial function. 


ih ce Ch et oa oh) 

96. f(x)=x° =| x + 6 = 3(2x3 —3x? — 23x + 12) 
97. 1 i a ae elena — Ax-+ 1) 
Be ile) =e + ek? 22 —4 =4(623 + 11z2 —3z¢ —2) 


In Exercises 99-102, match the cubic function with the 
numbers of rational and irrational zeros. 


(a) Rational zeros: 0; Irrational zeros: | 

(b) Rational zeros: 3; Irrational zeros: 0 

(c) Rational zeros: 1; Irrational zeros: 2 

(d) Rational zeros: 1; Irrational zeros: 0 

69, f(x) =x? — 1 

100. f(x) =x - 2 

101. f( 
( 


102. f(x) =x? — 2x 


<= 


103. Geometry An open box is to be made from a 
rectangular piece of material, 15 centimeters by 

9 centimeters, by cutting equal squares from the 

corners and turning up the sides. 

(a) Let x represent the length of the sides of the 
squares removed. Draw a diagram showing the 
squares removed from the original piece of 
material and the resulting dimensions of the 
open box. 
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(b) Use the diagram to write the volume V of the 
box as a function of x. Determine the domain of 
the function. 


(c) Sketch the graph of the function and approxi- 
mate the dimensions of the box that will yield a 
maximum volume. 


(d) Find values of x such that V = 56. Which of 
these values is a physical impossibility in the 
construction of the box? Explain. 


104. Geometry A rectangular package to be sent by a 
delivery service (see figure) can have a maximum 
combined length and girth (perimeter of a cross 
section) of 120 inches. 


(a) Show that the volume of the package is 
VQ): ="4x2(30 —*x): 


Ey, (b) Use a graphing utility to graph the function and 
approximate the dimensions of the package that 
will yield a maximum volume. 


(c) Find values of x such that V = 13,500. Which 
of these values is a physical impossibility in the 
construction of the package? Explain. 


105. Advertising Cost A company that produces 
portable cassette players estimates that the profit P 
(in dollars) for selling a particular model is 


PSG 24830071 9320,000 2108 0-100 


where x is the advertising expense (in tens of thou- 
sands of dollars). Using this model, find the smaller 
of two advertising amounts that will yield a profit of 
$2,500,000. 

106. Advertising Cost A company that manufactures 
bicycles estimates that the profit P (in dollars) for 
selling a particular model is 


BiSr= yy 500% a= 2) 5, 000 0 Sat 50 


where x is the advertising expense (in tens of thou- 
sands of dollars). Using this model, find the smaller 
of two advertising amounts that will yield a profit of 
$800,000. 


—_ 
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> Model It 


107. Athletics The attendance A (in millions) at 

kad NCAA women’s college basketball games for 
the years 1994 through 2000 is shown in the 
table, where f represents the year, with t = 4 
corresponding to 1994. (Source: National 
Collegiate Athletic Association) 


j] Year, ¢ Attendance, A 


4 4.557 
4.962 
5.234 
6.734 
13ST 
8.698 
10 8.825 


(a) Use the regression feature of a graphing 
utility to find a cubic model for the data. 


(b) Use the graphing utility to create a scatter 
plot of the data. Then graph the model and 
the scatter plot in the same viewing win- 
dow. How do they compare? 


(c) According to the model found in part (a), in 
what year did attendance reach 5.5 million? 


(d) According to the model found in part (a), in 
what year did attendance reach 8 million? 


(e) According to the right-hand behavior of the 
model, will the attendance continue to 
increase? Explain. 


fi 108. Cost The ordering and transportation cost C (in 
A; thousands of dollars) for the components used in 
manufacturing a product is 


D 
= c= 100( 222 + ae = ) 
x2 oe + 30 


Zul 


where x is the order size (in hundreds). In calculus, 
it can be shown that the cost is a minimum when 


3x? — 40x? — 2400x — 36,000 = 0. 


Use a calculator to approximate the optimal order 
size to the nearest hundred units. 


109. Height of a Baseball A baseball is thrown 
upward from ground level with an initial velocity of 
48 feet per second, and its height h (in feet) is 


h(t) = —16t2 + 481, O<ts3 


where t is the time (in seconds). You are told the ball 
reaches a height of 64 feet. Is this possible? 


110. Profit The demand equation for a certain product 
is p = 140 — 0.0001x, where p is the unit price (in 
dollars) of the product and x is the number of units 
produced and sold. The cost equation for the 
product is C = 80x + 150,000, where C is the total 
cost (in dollars) and x is the number of units 
produced. The total profit obtained by producing 
and selling x units is 


P=]R—C =o. 


You are working in the marketing department of the 
company that produces this product, and you are 
asked to determine a price p that will yield a profit 
of 9 million dollars. Is this possible? Explain. 


Synthesis 


True or False? _\n Exercises 111 and 112, decide whether 
the statement is true or false. Justify your answer. 


111. It is possible for a third-degree polynomial function 
with integer coefficients to have no real zeros. 


112. If x = —i is a zero of the function f(x) = x3 + 
ix? + ix — 1, then x = i must also be a zero of f. 


Think About It In Exercises 113-118, determine 
(if possible) the zeros of the function g if the function 
f has zeros at x = r,,x = r,,and x = 13. 

113. 9(x) = —f(x) 114. g(x) = 3f (x) 

115. 9(x) = f(x — 5) 116. 9(x) = f(2x) 

117. g(x) = 3 + F(x) 118. g(x) = f(—x) 


“@ 119. Exploration Use a graphing utility to graph the 


function f(x) = x+ — 4x? + k for different values 
of k. Find values of k such that the zeros of ie 
satisfy the specified characteristics. (Some parts do 
not have unique answers.) 


(a) Four real zeros 

(b) Two real zeros, each of multiplicity 2 
(c) Two real zeros and two complex roots 
(d) Four complex zeros 


120. Think About It Will the answers to Exercise 119 
change for the function g? 


(angin) = fle= 2).8- (b) -ga) = f(x) 

121. Think About It A third-degree polynomial func- 
tion f has real zeros —2, ;, and 3, and its leading 
coefficient is negative. Write an equation for f. 
Sketch the graph of f, How many different polyno- 
mial functions are possible for f? 


122. Think About It Sketch the graph of a fifth-degree 
polynomial function whose leading coefficient is pos- 
itive and that has one root at x = 3 of multiplicity 2. 


123. Use the information in the table. 


Value of f(x) 
(oo, —2) Positive 
(eee) Negative 
(1, 4) Negative 
(4, 00) Positive 


(a) What are the three real zeros of the polynomial 
function f? 

(b) What can be said about the behavior of the 
graph of f at x = 1? 

(c) What is the least possible degree of f? Explain. 
Can the degree of f ever be odd? Explain. 

(d) Is the leading coefficient of f positive or 
negative? Explain. 

(e) Write an equation for f. There are many correct 
answers. 

(f) Sketch a graph of the equation you wrote in 
part (e). 

124. Use the information in the table. 


[- Interval 7 Value of f(x) 
) 


(co, —2 Negative 
(=2, 0) Positive 
(0, 2) Positive 
(2, co) Negative 


(a) What are the three real zeros of the polynomial 
function f? 

(b) What can be said about the behavior of the 
graph of f at x = 0? 

(c) What is the least possible degree of f? Explain. 
Can the degree of f ever be odd? Explain. 
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(d) Is the leading coefficient of f positive or nega- 
tive? Explain. 


(e) Write an equation for f There are many correct 
answers. 


(f) Sketch a graph of the equation you wrote in 
part (e). 

125. (a) Find a quadratic function f (with integer coef- 
ficients) that has + /bi as zeros. Assume that b 
is a positive integer. 

(b) Find a quadratic function f (with integer coef- 
ficients) that has a + bi as zeros. Assume that 
b is a positive integer. 

126. Graphical Reasoning ‘The graph of one of the 
following functions is shown below. Identify the 
function shown in the graph. Explain why each of 
the others is not the correct function. Use a graph- 
ing utility to verify your result. 


(a) f(x) = 67) 

(b) g(x) = & + 2)@ — 3.5) 
yh = @ aes oe 
(d) k(x) = & + 1)@ + 2)(% — 3.5) 


Review 


In Exercises 127-130, perform the operation and simplify. 
127. (—3 + 6i) — (8 — 3i) 128. (12 — 5i) + 16% 
129. (6 — 2i)(1 + 7i) 130. (9 — 5i)(9 + Si) 


In Exercises 131-136, use the graph of fto sketch the graph 
of g. To print an enlarged copy of the graph, go to the 
website www.mathgraphs.com. 


131. ¢(x) = f@ — 2) 
132..¢(%) = f(x) — 2 
133. 9(x) = 2f(x) 
134. 2(x) = f(—x) 
135. 2(x) = f (2x) 
136. g(x) = f(x) 
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cyeme Mathematical Modeling 


> What you should learn 


* How to use mathematical Introduction 
models to approximate sets of You have already studied some techniques for fitting models to data. For instance, 
data points in Section 2.1, you learned how to find the equation of a line that passes through 
* How to write mathematical two points. In this section, you will study other techniques for fitting models to 
models for direct variation data: direct and inverse variation and least squares regression. The resulting 
* How to write mathematical models are either polynomial functions or rational functions. (Rational functions 
models for direct variation as will be studied in Chapter 4.) 


an nth power 


How to write mathematical : z 
models for inverse variation Example 1 A Mathematical Model a) 


How to write mathematical 


models for joint variation The numbers of insured commercial banks y (in thousands) in the United States 
- How to use the regression for the years 1995 to 1999 are shown in the table. (Source: Federal Deposit 
feature of a graphing utility Insurance Corporation) 


to find the equation of a least 
squares regression line 


| Year Insured commercial banks, y 


> Why you should learn it 


You can use functions as models 
to represent a wide variety of 
real-life data sets. For instance, in 
Exercise 63 on page 317, a varia- 
tion model can be used to model 
the water temperature of the 
ocean at various depths. _ 


A linear model that approximates this data is y = —0.348r + 11.63 for 
5 < t < 9, where f is the year, with t = 5 corresponding to 1995. Plot the actual 
data and the model on the same graph. How closely does the model represent the 
data? 


Solution 


The actual data is plotted in Figure 3.34, along with the graph of the linear model. 

From the graph, it appears that the model is a “good fit” for the actual data. You 
U. S. Banks can see how well the model fits by comparing the actual values of y with the 
values of y given by the model. The values given by the model are labeled y* in 
the table below. 


et oes 4 8a. iis 
y | 9.94] 9.53 | 9.14 | 8.77 | 8.58 
y* | 9.89 | 9.54 | 9.19 | 8.85 | 8.50 


Insured commercial banks 
(in thousands) 


a Note in Example | that you could have chosen any two points to find a line 
that fits the data. However, the given linear model was found using the regression 
feature of a graphing utility and is the line that best fits the data. This concept of 

FIGURE 3.34 a “best-fitting” line is discussed later in this section. 


5) 6 oi 8 9 
Year (5 <& 1995) 


Pennsylvania Taxes 


State income tax (in dollars) 
[on 
ey 


1000 2000 3000 4000 
Gross income (in dollars) 


FIGURE 3.35 
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Direct Variation 


There are two basic types of linear models. The more general model has a 
y-intercept that is nonzero. 


y=mt+b, b#0 
The simpler model 
y=k 


has a y-intercept that is zero. In the simpler model, y is said to vary directly as 
x, or to be directly proportional to x. 


Direct Variation 


The following statements are equivalent. 


1. y varies directly as x. 


2. y is directly proportional to x. 


3. y = kx for some nonzero constant k. 


k is the constant of variation or the constant of proportionality. 


| Example 2. Direct Variation C3 Griho> 


In Pennsylvania, the state income tax is directly proportional to gross income. You 
are working in Pennsylvania and your state income tax deduction is $42 for a 
gross monthly income of $1500. Find a mathematical model that gives the 
Pennsylvania state income tax in terms of gross income. 


Solution 

Veron State income tax = k - Gross income 

Model: 

Labels: State income tax = y (dollars) 
Gross income = x (dollars) 
Income tax rate = k (percent in decimal form) 

Equation: y=kx 


To solve for k, substitute the given information into the equation y = kx, and then 
solve for k. 


y = kx Write direct variation model. 
42 = k(1500) Substitute y = 42 and x = 1500. 
0.028 = k Simplify. 
So, the equation (or model) for state income tax in Pennsylvania is 
y = 0.028x. 


In other words, Pennsylvania has a state income tax rate of 2.8% of gross income. 
The graph of this equation is shown in Figure 3.35. 
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STUDY TIP 


Note that the direct variation 
model y = kx is a special case 
of y = kx” with n = 1. 


FIGURE 3.36 


Direct Variation as an nth Power 
Another type of direct variation relates one variable to a power of another 
variable. For example, in the formula for the area of a circle 


AN= arr? 


the area A is directly proportional to the square of the radius r. Note that for this 
formula, 7 is the constant of proportionality. 


Direct Variation as an nth Power 


The following statements are equivalent. 


1. y varies directly as the nth power of x. 
2. y is directly proportional to the nth power of x. 


3. y = kx” for some constant k. 


Example 3 Direct Variation as nth Power @ Gao> 


The distance a ball rolls down an inclined plane is directly proportional to the 
square of the time it rolls. During the first second, the ball rolls 8 feet. (See Figure 
3.36.) 


a. Write an equation relating the distance traveled to the time. 
b. How far will the ball roll during the first 3 seconds? 
Solution 


a. Letting d be the distance (in feet) the ball rolls and letting t be the time (in 
seconds), you have 


ds ke 


Now, because d = 8 when t = 1, you can see that k = 8, as follows. 


d = kt? 
8 = k(1)2 
3 = Is 


So, the equation relating distance to time is 
d = 8t?. 
b. When t = 3, the distance traveled is d = 8(3)? = 8(9) = 72 feet. 
ee 
In Examples 2 and 3, the direct variations are such that an increase in one 
variable corresponds to an increase in the other variable. This is also true in the 
model d = ;F, F > 0, where an increase in F results in an increase in d. You 


should not, however, assume that this always occurs with direct variation. For 


example, in the model y = — 3x, an increase in x results in a decrease in y, and 
yet y is said to vary directly as x. 


P,>P, 

then 

P, P, V,<V, 
Bes 


FIGURE 3.37 ‘If the temperature is held 
constant and pressure increases, 
volume decreases. 
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Inverse Variation 


Inverse Variation 


The following statements are equivalent. 


1. y varies inversely as x. 2. y is inversely proportional to x. 


k 
3. y = — for some constant k. 
x, 


If x and y are related by an equation of the form y = k/x", then y varies inversely 
as the nth power of x (or y is inversely proportional to the nth power of x). 


Example 4 Inverse Variation 3 Gito> 


A gas law states that the volume of an enclosed gas varies directly as the 
temperature and inversely as the pressure, as shown in Figure 3.37. The pressure 
of a gas is 0.75 kilogram per square centimeter when the temperature is 294 K 
and the volume is 8000 cubic centimeters. 


a. Write an equation relating pressure, temperature, and volume. 

b. Find the pressure when the temperature is 300 K and the volume is 7000 cubic 
centimeters. 

Solution 


a. Let V be volume (in cubic centimeters), let P be pressure (in kilograms per 
square centimeter), and let T be temperature (in Kelvin). Because V varies 
directly as T and inversely as P, 


_ 
“ 
Now, because P = 0.75 when T = 294 and V = 8000, 
94 
8000 = es) 
0.75 
8000(0.75) _ k 

294 


6000 1000 
294 49 


So, the equation relating pressure, temperature, and volume is 
v= ary 
49 
b. When T = 300 and V = 7000, the pressure is 


- al —| _ 300 


7000) 343 


49 ~ ().87 kilogram per square centimeter. 
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Joint Variation 


In Example 4, note that when a direct variation and an inverse variation occur in 
the same statement, they are coupled with the word “and.” To describe two 
different direct variations in the same statement, the word jointly is used. 


Joint Variation 
The following statements are equivalent. 


1. z varies jointly as x and y. 
2. zis jointly proportional to x and y. 


3. z = kxy for some constant k. 


If x, y, and z are related by an equation of the form 
a kaye 


then z varies jointly as the nth power of x and the mth power of y. 


| Example 5 Joint Variation aC) Gis > 


The simple interest for a certain savings account is jointly proportional to the time 
and the principal. After one quarter (3 months), the interest on a principal of 
$5000 is $43.75. 


a. Write an equation relating the interest, principal, and time. 
b. Find the interest after three quarters. 


Solution 


a. Let / = interest (in dollars), P = principal (in dollars), and t = time (in 
years). Because / is jointly proportional to P and ¢, 


I = kPt. 
For I = 43.75, P = 5000, and t = }, 


l 
43.75 = K(5000)( =) 


which implies that k = 4(43.75)/5000 = 0.035. So, the equation relating 
interest, principal, and time is 


T= 0.035 Pi 


which is the familiar equation for simple interest where the constant of 
proportionality, 0.035, represents an annual interest rate of 3.5%. 


b. When P = $5000 and t = 3, the interest is 
3 
Hes (.035)(5000)( 
= $131.25. 
en ee 


Prize money 


(in millions of dollars) 


FIGURE 3.38 


Indianapolis 500 


Sateen onde 9 JON 
Year (3 © 1993) 
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Least Squares Regression and Graphing Utilities 


So far in this text, you have worked with many different types of mathematical 
models that approximate real-life data. In some instances the model was given, 
whereas in other instances you were asked to find the model using simple 
algebraic techniques or a graphing utility. 

To find a model that approximates the data most accurately, statisticians use 
a measure called the sum of square differences, which is the sum of the squares 
of the differences between actual data values and model values. The “best-fitting” 
linear model is the one with the least sum of square differences. This best-fitting 
linear model is called the least squares regression line. Recall that you can 
approximate this line visually by plotting the data points and drawing the line that 
appears to fit best—or you can enter the data points into a calculator or computer 
and use the calculator’s or computer’s linear regression program. When you run 
a linear regression program, the “r-value” or correlation coefficient gives a 
measure of how well the model fits the data. The closer the value of |r| is to 1, 
the better the fit. 


Example 6 Finding a Least Squares Regression Line 3 Geitio > 


The amounts p (in millions of dollars) of total annual prize money awarded at the 
Indianapolis 500 race from 1993 to 2001 are shown in the table. Construct a 
scatter plot that represents the data and find a linear model that approximates the 
data. (Source: Indy Racing League) 


Prize money, p 


Solution 

Let t = 3 represent 1993. The scatter plot for the points is shown in Figure 3.38. 
Using the regression feature of a graphing utility, you can determine that the 
equation of the least squares regression line is 


p = 0.254t + 6.80. 


To check this model, compare the actual p-values with the p-values given by the 
model, which are labeled p* in the table at the left. The correlation coefficient for 
this model is r ~ 0.988. which implies that the model is a good fit. 
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3.5 Exercises 


1. Employment The total numbers of employees (in 
thousands) in the United States from 1992 to 1999 are 
given by the following ordered pairs. 


(1992, 128,105) (1996, 133,943) 
(1993, 129,200) (1997, 136,297) 
(1994, 131,056) (1998, 137,673) 
(1995, 132,304) (1999, 139,368) 


A linear model that approximates this data is 
y = 124,420 + 1649.6t, where y represents the num- 
ber of employees (in thousands) and t = 2 represents 
1992. Plot the actual data and the model on the same 
set of coordinate axes. How closely does the model 
represent the data? (Source: U.S. Bureau of Labor 
Statistics) 

2. Sports The winning times (in minutes) in the 
women’s 400-meter freestyle swimming event in the 
Olympics from 1948 to 2000 are given by the follow- 
ing ordered pairs. 


(1948, 5.30) (1976, 4.16) 
(1952, 5.20) (1980, 4.15) 
(1956, 4.91) (1984, 4.12) 
(1960, 4.84) (1988, 4.06) 
(1964, 4.72) (1992, 4.12) 
(1968, 4.53) (1996, 4.12) 
(1972, 4.32) (2000, 4.10) 


A linear model that approximates this data is 
y = 5.06 — 0.0241, where y represents the winning 
time in minutes and t = 0 represents 1950. Plot the 
actual data and the model on the same set of coordi- 
nate axes. How closely does the model represent the 


data? (Source: The World Almanac and Book of 


Facts) 


Think About It \n Exercises 3 and 4, use the graph to 
determine whether y varies directly as some power of x or 
inversely as some power of x. Explain. 


3. 4a 


In Exercises 5-8, use the given value of k to complete the 
table for the direct variation model y = kx?. Plot the points 
on a rectangular coordinate system. 


> £BBGE 


> > 
II 
a 


om 


In Exercises 9-12, use the given value of k to complete the 
table for the inverse variation model 


mk 
See 


Plot the points on a rectangular coordinate system. 


In Exercises 13-16, determine whether the variation model 
is of the form y = kx or y = k/x, and find k. 


13. 
5 1 
OR aes 
1S lee. 
20 ee 
sto s 
5. ; 
5 =3.5 
10 y 
15. | =10.5 
20 | -14 
bas | —175 


Direct Variation \n Exercises 17-20, assume that y is 
directly proportional to x. Use the given x-value and 
y-value to find a linear model that relates y and x. 


x-Value y-Value x- Value y-Value 
a7..x=5 y= 12 18. x = 2 y= 14 
19.x=10 y= 2050 20. x = 6 y = 580 


21. Simple Interest The simple interest on an 
investment is directly proportional to the amount of 
the investment. By investing $2500 in a certain bond 
issue, you obtained an interest payment of $87.50 
after 1 year. Find a mathematical model that gives 
the interest / for this bond issue after 1 year in terms 
of the amount invested P. 


22. Simple Interest The simple interest on an invest- 
ment is directly proportional to the amount of the 
investment. By investing $5000 in a municipal bond, 
you obtained an interest payment of $187.50 after 
1 year. Find a mathematical model that gives the 
interest J for this municipal bond after 1 year in 
terms of the amount invested P. 


23. Measurement Ona yardstick with scales in inches 
and centimeters, you notice that 13 inches is approx- 
imately the same length as 33 centimeters. Use this 
information to find a mathematical model that relates 
centimeters to inches. Then use the model to find the 
number of centimeters in 10 inches and 20 inches. 


24. Measurement When buying gasoline, you notice 
that 14 gallons of gasoline is approximately the same 
amount of gasoline as 53 liters. Use this information 
to find a linear model that relates gallons to liters. 
Use the model to find the number of liters in 5 gal- 
lons and 25 gallons. 


25. Taxes Property tax is based on the assessed value 
of the property. A house that has an assessed value of 
$150,000 has a property tax of $5520. Find a mathe- 
matical model that gives the amount of property tax 
y in terms of the assessed value x of the property. Use 
the model to find the property tax on a house that has 
an assessed value of $200,000. 


26. Taxes State sales tax is based on retail price. An 
item that sells for $145.99 has a sales tax of $10.22. 
Find a mathematical model that gives the amount of 
sales tax y in terms of the retail price x. Use the 
model to find the sales tax on a $540.50 purchase. 
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Hooke’s Law \n Exercises 27-30, use Hooke’s Law for 
springs, which states that the distance a spring is stretched 
(or compressed) varies directly as the force on the spring. 


27. A force of 265 newtons stretches a spring 0.15 meter 
(see figure). 
(a) How far will a force of 90 newtons stretch the 
spring? 
(b) What force is required to stretch the spring 0.1 
meter? 


Equilibrium =& 
=> 0.15 meter 
= 
265 


28. A force of 220 newtons stretches a spring 0.12 meter. 
What force is required to stretch the spring 0.16 
meter? 


29. The coiled spring of a toy supports the weight of a 
child. The spring is compressed a distance of 1.9 
inches by the weight of a 25-pound child. The toy 
will not work properly if its spring is compressed 
more than 3 inches. What is the weight of the heavi- 
est child who should be allowed to use the toy? 


30. An overhead garage door has two springs, one on 
each side of the door (see figure). A force of 15 
pounds is required to stretch each spring 1 foot. 
Because of a pulley system, the springs stretch only 
one-half the distance the door travels. The door 
moves a total of 8 feet, and the springs are at their 
natural length when the door is open. Find the 
combined lifting force applied to the door by the 
springs when the door is closed. 
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In Exercises 31-40, find a mathematical model for the 
verbal statement. 

31. A varies directly as the square of r. 

32. V varies directly as the cube of e. 

33. y varies inversely as the square of x. 

34. h varies inversely as the square root of s. 

35. F varies directly as g and inversely as r?. 

36. z is jointly proportional to the square of x and y°. 


37. Boyle’s Law: For a constant temperature, the 
pressure P of a gas is inversely proportional to the 
volume V of the gas. 

38. Newton’s Law of Cooling: The rate of change R 
of the temperature of an object is proportional to the 
difference between the temperature T of the object 
and the temperature 7, of the environment in which 
the object is placed. 

39. Newton’s Law of Universal Gravitation: The gravi- 
tational attraction F between two objects of masses 
m, and m, is proportional to the product of the 
masses and inversely proportional to the square of 
the distance r between the objects. 

40. Logistic growth: The rate of growth R of a popula- 
tion is jointly proportional to the size S of the 
population and the difference between S and the 
maximum population size L that the environment 
can support. 


In Exercises 41-46, write a sentence using the variation 
terminology of this section to describe the formula. 


41. Area of a triangle: A = sbh 
42. Surface area of a sphere: S = 477? 
43. Volume of a sphere: V = $arr3 


44. Volume of a right circular cylinder: V = wr2h 


d 
45. Average speed: r = rs 


46. Free vibrations: w = AE 


In Exercises 47-54, find a mathematical model representing 
the statement. (In each case, determine the constant of 
proportionality.) 

47. A varies directly as r?. (A = 97 when r = 3.) 

48. y varies inversely as x. (y = 3 when x = 25.) 


49. y is inversely proportional to x. (y = 7 when x = 4.) 


50. z varies jointly as x and y. (z = 64 when x = 4 and 
y=8.) 

51. F is jointly proportional to r and the third power of 
s. (F = 4158 when r = 11 ands = 3.) 


52. P varies directly as x and inversely as the square of 
y. (P = 78 when x = 42 andy = 9.) 

53. z varies directly as the square of x and inversely as y. 
(z = 6 when x = 6 and y = 4.) 

54. v varies jointly as p and q and inversely as the square 
of s. (v = 1.5 when p = 4.1, g = 6.3, and s = 1.2.) 


Ecology \n Exercises 55 and 56, use the fact that the 
diameter of the largest particle that can be moved by a 
stream varies approximately directly as the square of the 
velocity of the stream. 


55. A stream with a velocity of 4 mile per hour can move 
coarse sand particles about 0.02 inch in diameter. 
Approximate the velocity required to carry particles 
0.12 inch in diameter. 


56. A stream of velocity v can move particles of diame- 
ter d or less. By what factor does d increase when the 
velocity is doubled? 


Resistance \n Exercises 57 and 58, use the fact that the 
resistance of a wire carrying an electrical current is directly 
proportional to its length and inversely proportional to its 
cross-sectional area. 


57. If #28 copper wire (which has a diameter of 0.0126 
inch) has a resistance of 66.17 ohms per thousand 
feet, what length of #28 copper wire will produce a 
resistance of 33.5 ohms? 


58. A 14-foot piece of copper wire produces a resistance 
of 0.05 ohm. Use the constant of proportionality 
from Exercise 57 to find the diameter of the wire. 


59. Free Fall Neglecting air resistance, the distance s 
an object falls varies directly as the square of the 
duration ¢ of the fall. An object falls a distance of 144 
feet in 3 seconds. How far will it fall in 5 seconds? 


60. Spending The prices of three sizes of pizza at a 
pizza shop are as follows. 


9-inch: $8.78, 12-inch: $11.78, 15-inch: $14.18 


You would expect that the price of a certain size of 
pizza would be directly proportional to its surface 
area. Is that the case for this pizza shop? If not, 
which size of pizza is the best buy? 
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61. Fluid Flow The velocity v of a fluid flowing 64. Data Analysis An experiment in a physics lab 


in a conduit is inversely proportional to the requires a student to measure the compressed length 
cross-sectional area of the conduit. (Assume that the y (in centimeters) of a spring when a force of F 
volume of the flow per unit of time is held constant.) pounds is applied. The data is shown in the table. 


Determine the change in the velocity of water 
flowing from a hose when a person places a finger 
over the end of the hose to decrease its cross-sec- 
tional area by 25%. 


62. Beam Load The maximum load that can be safely 
supported by a horizontal beam varies jointly as the 
width of the beam and the square of its depth, and 
inversely as the length of the beam. Determine the 
change in the maximum safe load under the follow- 
ing conditions. 

(a) The width and length of the beam are doubled. 
(b) The width and depth of the beam are doubled. 
(c) All three of the dimensions are doubled. 


(d) The depth of the beam is halved. 


(a) Sketch a scatter plot of the data. 


(b) Does it appear that the data can be modeled by 
Hooke’s Law? If so, estimate k. (See Exercises 


27-30.) 
> Model It (c) Use the model in part (b) to approximate the 
63. Data Analysis An oceanographer took readings force required to compress the spring 9 centime- 
of the water temperature C (in degrees Celsius) at MoI 
depth d (in meters). The data collected is shown 65. Data Analysis A light probe is located x centime- 
in the table. ters from a light source, and the intensity y (in 


microwatts per square centimeter) of the light is 
measured. The results are shown in the table. 


Depth, d Temperature, C 


(a) Sketch a scatter plot of the data. 

(b) Does it appear that the data can be modeled 
by the inverse variation model C = k/d? If 
so, find k for each pair of coordinates. 


A model for the data is y = 262.76/x?!?. 


bi) (a) Use a graphing utility to plot the data points and 


i kf rt (b 
Cee me aga CE ena) the model in the same viewing window. 


to find the inverse variation model C = k/d. 
(b) Use the model to approximate the light intensity 


25 centimeters from the light source. 


& (d) Use a graphing utility to plot the data points 
and the inverse model in part (c). 

66. Illumination The illumination from a light source 
varies inversely as the square of the distance from the 
light source. When the distance from a light source is 
doubled, how does the illumination change? Discuss 
this model in terms of the data given in Exercise 65. 
Give a possible explanation of the difference. 


(e) Use the model to approximate the depth at 
which the water temperature is 3°C. 
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In Exercises 67-70, sketch the line that you think best 
approximates the data in the scatter plot. Then find an 
equation of the line. To print an enlarged copy of the graph, 
go to the website www.mathgraphs.com. 


67. 


69. 70. 


71. Sports The lengths (in feet) of the winning men’s 
discus throws in the Olympics from 1908 to 2000 are 
listed below. (Source: The World Almanac and 
Book of Facts) 

1908 134.2 1948 173.2 1976 221.4 
1912 145.0 1952-1805 1980792187 
1920 146.6 1956 184.9 1984 218.5 
1924 151.4 1960 194.2 1988 
1928 1552 1964 200.1 190 tee 13.7, 
1932 162.4 1963 2 12) 1996 227.7 
1936, 165:6 1972, 2113 2000" 2273 
(a) Sketch a scatter plot of the data. Let y represent 


the length of the winning discus throw (in feet) 
and let t = 8 represent 1908. 


(b) Use a straightedge to sketch the best-fitting line 
. through the points and find an equation of the line. 
&Y (c) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 

data. 


a4 (d) Compare the linear model you found in part (b) 
with the linear model given by the graphing util- 

y ity in part (c). 
a4 (e) Use the models from parts (b) and (c) to estimate 
the winning men’s discus throw in the year 2004. 


ad (f) Use your school’s library, the Internet, or some 
other reference source to analyze the accuracy of 
the estimate in part (e). 
72. Sales The total sales (in millions of dollars) for 
Barnes & Noble from 1992 to 2000 are listed below. 
(Source: Barnes & Noble, Inc.) 


1992) 1086.7 1995 1976.9 1998 3005.6 
1993° 1337.4 1996 2448.1 1999 3486.0 
1994 1622.7 1997 2796.8 2000 4375.8 


(a) Sketch a scatter plot of the data. Let y represent 
the total sales (in millions of dollars) and let 
t = 2 represent 1992. 


(b) Use a straightedge to sketch the best-fitting line 
through the points and find an equation of the 
line. 


ead (c) Use the regression feature of a graphing utility to 
find the least squares regression line that fits this 
data. 


Compare the linear model you found in part (b) 
with the linear model given by the graphing 
utility in part (c). 

“AW, (e) Use the models from parts (b) and (c) to estimate 
the sales of Barnes & Noble in 2002. 


& (f) Use your school’s library, the Internet, or some 
other reference source to analyze the accuracy of 
the estimate in part (c). 


225.8 i ed 73. Movie Theaters The table shows the annual 


receipts R (in millions of dollars) for motion picture 
movie theaters in the United States from 1993 
through 2001. (Source: Motion Picture Association 
of America) 


Receipts, R 


(a) Use a graphing utility to create a scatter plot of 
the data. Let t = 3 represent 1993. 


(b) Use the regression feature of a graphing utility to 
find the equation of the least squares regression 
line that fits this data. 


(c) Use the graphing utility to graph the scatter plot 
you found in part (a) and the model you found in 
part (b) in the same viewing window. 


(d) Use the model to estimate the annual receipts in 
2000 and 2002. 


(e) Interpret the meaning of the slope of the linear 
model in the context of the problem. 


| 74. Data Analysis The table shows the number x (in 
millions) of households with cable television and the 
number y (in millions) of daily newspapers in circu- 
lation in the United States from 1993 through 1999. 
(Source: Nielsen Media Research and Editor & 
Publisher Co.) 


(a) Use the regression feature of a graphing utility to 
find the equation of the least squares regression 
line that fits this data. 


(b) Use the graphing utility to create a scatter plot of 
the data. Then graph the model you found in part 
(a) and the scatter plot in the same viewing 
window. 

(c) Use the model to estimate the number of daily 
newspapers in circulation if the number of 
households with cable television is 70 million. 


(d) Interpret the meaning of the slope of the linear 
model in the context of the problem. 


Synthesis 


True or False? \n Exercises 75 and 76, decide whether 
the statement is true or false. Justify your answer. 


75. If y varies directly as x, then if x increases, y will 
increase as well. 
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76. In the equation for kinetic energy, E = Smv2, 
the amount of kinetic energy E is directly propor- 
tional to the mass m of an object and the square of its 
velocity v. 


77. Writing A linear mathematical model for predict- 
ing prize winnings at a race is based on data for 3 
years. Write a paragraph discussing the potential 
accuracy or inaccuracy of such a model. 


78. Discuss how well the data shown in each scatter plot 
can be approximated by a linear model. 


(a) » (b) 


(c) 


Review 


In Exercises 79-82, solve the inequality and graph the 
solution on the real number line. 


79. (x — 5)? 21 

80. 3(x + 1) — 3) < 0 
81. 6x? — 30x? > 0 

82. x4(x — 8) = 0 


in Exercises 83 and 84, evaluate the function at each value 
of the independent variable and simplify. 


83. fa) = 273 
COO mes) (c) f(4) 
=—x* + 10, x 2-2 
Bestia) et EO 
(asf (—2) (by fl 1) (c) fl=3) 
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Chapter Summary 


> What did you learn? 


Section 3.1 Review Exercises 
C How to analyze graphs of quadratic functions 1-6 
C€ How to write quadratic functions in standard form and use the results 7-18 
to sketch graphs of functions 
OC How to use quadratic functions to model and solve real-life problems 19-24 


Section 3.2 


CO How to use transformations to sketch graphs of polynomial functions 25-30 

C) How to use the Leading Coefficient Test to determine the end behavior 31-34 
of graphs of polynomial functions 

C1 How to use zeros of polynomial functions as sketching aids 35-44 

CL) How to use the Intermediate Value Theorem to help locate zeros of 45-48 


polynomial functions 


Section 3.3 


L] How to use long division to divide polynomials by other polynomials 49-54 

CL) How to use synthetic division to divide polynomials by binomials of the 55-62 
form (x — k) 

L) How to use the Remainder Theorem and the Factor Theorem 63-66 


Section 3.4 
CL) How to use the Fundamental Theorem of Algebra to determine the 67-72 
number of zeros of polynomial functions 


LC) How to find rational zeros of polynomial functions 73-80 

L] How to use conjugate pairs of complex zeros to find a polynomial 81,82 
with real coefficients 

CL) How to find zeros of polynomials by factoring 83-90 

L] How to use Descartes’s Rule of Signs and the Upper and Lower Bound Rules 91-98 


to find zeros of polynomial functions 


Section 3.5 


L] How to use mathematical models to approximate sets of data points 99 
L] How to write mathematical models for direct variation 100 
L] How to write mathematical models for direct variation as an nth power 101,102 
CL] How to write mathematical models for inverse variation 103 
LJ) How to write mathematical models for joint variation 104 
L] How to use the regression feature of a graphing utility to find the 105 


equation of a least squares regression line 


Review Exercises 
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® Review Exercises 


In Exercises 1-4, find the quadratic function that has 
the indicated vertex and whose graph passes through the 
given point. 


3. Vertex: (1, —4); Point: (2, —3) 
4. Vertex: (2, 3); Point: (— 1, 6) 


In Exercises 5 and 6, graph each function. Compare the 
graph of each function with the graph of y = x?. 
5. (a) f(x) = 2x? 
ek) 2? 
(c) A(x) = x24 2 
(d) K(x) = & + 2) 
6. (a) f(x) =x? -4 
oe) A: — 57 
eit) — &. = 3)? 
(d) k(x) =3x?- 1 


In Exercises 7-18, write the quadratic function in standard 
form and sketch its graph. Identify the vertex and 


_ x-intercepts. 


ie (Xk) = x* — 2x 

8. f(x) = 6x — x? 

9. f(x) = x? + 8x + 10 
mix) = 3 + 4x — x? 
m1. f(t) = —27? € 4¢ + 1 


maz. f(x) =x? — 8x + 12 


Bex) = 4x47 + 4x + 13 
ie (x)= x> — Ox. + I 

BS x)i Xe ct 5x)— 4 

16. f(x) = 4x7 + 4x +5 

17. f(x) = 3(x2 + 5x — 4) 
18. f(x) = 5(6x? — 24x + 22) 


19. Numerical, Graphical, and Analytical Analysis A 
rectangle is inscribed in the region bounded by the 
x-axis, the y-axis, and the graph of x + 2y — 8 = 0, 
as shown in the figure. 


2S a Oi Om fears 


(a) Write the area A of the rectangle as a function 
Olea 


(b) Determine the domain of the function in the con- 
text of the problem. 


(c) Create a table showing possible values of x and 

the corresponding area of the rectangle. 

ad (d) Use a graphing utility to graph the area function. 
Use the graph to approximate the dimensions 
that will produce the maximum area. 

(e) Write the area function in standard form to find 
analytically the dimensions that will produce the 
maximum area. 

20. Geometry The perimeter of a rectangle is 200 
meters. 


(a) Draw a rectangle that gives a visual representa- 
tion of the problem. Label the length and width 
in terms of x and y, respectively. 


(b) Write y as a function of x. Use the result to write 
the area as a function of x. 

(c) Of all possible rectangles with perimeters of 200 
meters, find the dimensions of the one with the 
maximum area. 

21. Maximum Revenue Find the number of units that 
produces a maximum revenue for 


R = 800x — 0.01x? 


where R is the total revenue (in dollars) for a cosmet- 
ics company and x is the number of units produced. 
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22. Maximum Profit A real estate office handles an 
apartment building that has 50 units. When the rent 
is $540 per month, all units are occupied. However, 
for each $30 increase in rent, one unit becomes 
vacant. Each occupied unit requires an average of 
$18 per month for service and repairs. What rent 
should be charged to obtain the maximum profit? 


23. Minimum Cost A soft-drink manufacturer has 
daily production costs of 
C = 70,000 — 120x + 0.055x? 


where C is the total cost (in dollars) and x is the 
number of units produced. How many units should 
be produced each day to yield a minimum cost? 


24. Sociology The average age of the groom at a first 
marriage for a given age of the bride can be 
approximated by the model 


y = —0.107x? + 5.68x — 48.5, 
20S XS) 
where y is the age of the groom and x is the age of 


the bride. For what age of the bride is the average age 
of the groom 26? (Source: U.S. Census Bureau) 


In Exercises 25-30, sketch the graphs of y = x” and 
the transformation. 


25 ay ene) 
26. y=x, f(x) = —42 
Dv (nl at 
28oV =a, fa) = 2 —2)" 
PALS iis Ma dG e's ae 
30. y= x5, f(x) =34 3 


In Exercises 31-34, determine the right-hand and left- hand 
behavior of the graph of the polynomial function. 


31. f(x) = —x?7 + 6x + 9 
32. f(x) = 3x3 + 2x 

33. g(x) = 3(x4 + 3x2 + 2) 
34. h(x) = —x° — 7x? + 10x 


In Exercises 35-40, find all the real zeros of the polynomial 
function. Determine the multiplicity of each zero. 


35. f(x) = 2x7 + 1lx-— 21 36. f(x) = x(x + 3) 
37. fit) = =, 3t 38. f(x) = x3 — 8x? 
39. f(x) = —12x3 + 20x? 40. g(x) = x4 — x3 — 2x? 


In Exercises 41-44, sketch the graph of the function by (a) 
applying the Leading Coefficient Test, (b) finding the zeros 
of the polynomial, (c) plotting sufficient solution points, 
and (d) drawing a continuous curve through the points. 
ARGS Fee 

42. gs) = 2 + 4 

43. f(x) = 308 + oe = Sx 3) 

AA, Wx) = 37 =x 


In Exercises 45-48, use the Intermediate Value Theorem 
and the table feature of a graphing utility to find intervals 
one unit in length in which the polynomial function is 
guaranteed to have a zero. Adjust the table to approximate 
the zeros of the function. Use the zero or root feature of the 
graphing utility to verify your results. 

Biff WH3ers st 

46. F(xe= 0.25%? —3:65% + 642 

AT, J (0) eee ee 

48. f(x) Ss1x* tb Satie Br 2 


In Exercises 49-54, use long division to divide. 


24x —x- é 
y igers eas oe Pye a! 
Spe = 2 ye = 2 
5 Se 2—; 4 
pie ee ee pa 
x? —3x4+1 x?- 1 
ZA = 3 AIMS es - 
53, x 3x ea Grae 
x* + 2 
44 3 Dies 
54. 6x 10x a 13x 5x +2 
De =| 


In Exercises 55-58, use synthetic division to divide. 
6x = ee 
2 Gira 6 
0.1%? + 03x27 — 
56. b3 0.3x 0.5 
G=95 
2x2 — 19x? 4+ 38x + 24 
x= 4 
3x? ce 20x27 29x12 
‘ i PS 


she 


Si. 
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In Exercises 59 and 60, use synthetic division to determine 
whether the given values of x are zeros of the function. 


59. f(x) = 20x* + 9x3 — 142 — 3x 
(a)x=—-1 ) x=? ()x=0 @r=l 


60. f(x) = 3x3 — 8x2 — 20x + 16 
a) x=4 ()x=-4 (©) x=% @x=-1 
In Exercises 61 and 62, use synthetic division to find each 


specified value of the function. 


61. f(x) = x4 + 10x? — 24x? + 20x + 44 


(a) f(-3) ~—®) f(-1) 
62. g(t) = 245 — 5¢4 — 8r + 20 
(a) g(-4) —) (2) 


_ In Exercises 63-66, (a) verify the given factor(s) of the func- 
_ tion f, (b) find the remaining factors of f, (c) use your results 
to write the complete factorization of f, (d) list all real zeros 
of f, and (e) confirm your results by using a graphing utility 
to graph the function. 


Function Factor(s) 
63. f(x) = x7 + 4x2 — 25x — 28 (x — 4) 
| 64. f(x) = 2x3 + 11x? — 21x — 90 (x + 6) 
65. f(x) = x4 — 4x3 — 7x2 + 22x + 24 (x4 2) —3) 


66. f(x) =x* — 11x? + 41x? — 61x +30 (@-—2)(—5) &y 


ey) In Exercises 67-72, find all the zeros of the function. 
| 67. f(x) = 3x(x — 2)? 
68. f(x) = &@ — 4)@ + 9) 
Bo. f(x) = x? —9x+ 8 
0. f(x) = x7 + 6x 
mt. f(x) = & + 4)(x — O)G@ — 2HDE + 21) 
Beatin) — (x— S\(x — 5)(x —3 + Ye — 3 = 7) 


In Exercises 73 and 74, use the Rational Zero Test to list all 
possible rational zeros of f. 


73. fc) = —4x3 + 8x2 — 3x + 15 
74. f(x) = 3x4 + 4x3 — 5x? - 8 


In Exercises 75-80, find all the real zeros of the function. 
eer) =x — 2x7 — 21x — 18 

ano. f(x) = 3x° — 20x? + 7x + 30 

Ba, F(x) = x*.— 10x? + 17x —8 

78. f(x) = x3 + 9x? + 24x + 20 

79, f(x) = x4 +23 — 11x? +x-12 

BO f(x) = 25x* + 25x? — 1540? = 4 2A 
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In Exercises 81 and 82, find a polynomial with real coeffi- 
cients that has the given zeros. 


814/31 82. 2, -3,1 = 2i 


In Exercises 83-86, use the given zero to find all the zeros of 
the function. 


Function Zero 
83. f(x) = x39 — 4x2 +x%-4 i 
84. h(x) = —x3 + 2x? — 16x + 32 =4i 
85. 2(x) = 2x4 — 3x3 — 13x2 + 37x — 15 2+i 
86. f(x) = 4x4 — 11x? + 14x? -— 6x li 


In Exercises 87-90, find all the zeros of the function and 
write the polynomial as a product of linear factors. 


87. f(x) = x? + 4x7 — 5x 
88. g(x) = 2° — 7x? + 36 
89. 2(x) = x+ + 4x3 — 3x2 + 40x + 208 
90. f(x) = x* + 8x3 + 8x? — 72x — 153 


In Exercises 91-94, use a graphing utility to (a) graph the 
function, (b) determine the number of real zeros of the 
function, and (c) approximate the real zeros of the function 
to the nearest hundredth. 


91. f(~) =x4+2x4+1 

92. e(x) = x = 3x2 3x + 2 
93. h(x) = x° — 6x? + 12x — 10 
94. f(x) = x° + 2x? — 3x — 20 


In Exercises 95 and 96, use Descartes’s Rule of Signs to 
determine the possible numbers of positive and negative 
zeros of the function. 


O55 0(X) ua OX at One OD. 
96. h(x) = —2x° + 4x3 — 2x? +5 


In Exercises 97 and 98, use synthetic division to verify the 
upper and lower bounds of the real zeros of f. 


eae ee An 3 
(a) Upper: x = 1 
(b) Lower: x = -} 

OSPF a) Se SO5xe 14ers 
(a) Upper: x = 8 
(b) Lower: x = —4 
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99. Data Analysis The federal minimum wage rates R 


100. Measurement 


101. 


102. 


(in dollars) in the United States for selected years 
from 1955 through 2000 are shown in the table. A 
linear model that approximates this data is 


R = 0.099t — 0.08 


where ¢ represents the year, with tf = 5 correspon- 
ding to 1955. (Source: U.S. Department of Labor) 


Wage rate, R 


(a) Plot the actual data and the model on the same 
set of coordinate axes. 


(b) How closely does the model represent the data? 


You notice a billboard indicating 
that it is 2.5 miles or 4 kilometers to the next 
restaurant of a national fast-food chain. Use this 
information to find a linear model that relates miles 
to kilometers. Use the model to find the numbers of 
kilometers in 2 miles and 10 miles. 


Energy The power P produced by a wind turbine 
is proportional to the cube of the wind speed S. A 
wind speed of 27 miles per hour produces a power 
output of 750 kilowatts. Find the output for a wind 
speed of 40 miles per hour. 


Frictional Force The frictional force F between 
the tires and the road required to keep a car on a 
curved section of a highway is directly proportion- 
al to the square of the speed s of the car. If the speed 
of the car is doubled, the force will change by what 
factor? 


In Exercises 103 and 104, find a mathematical model that 
represents the statement. (In each case, determine the 
constant of proportionality.) 


103. y is inversely proportional to x. (y = 9 when 
ith, 

F is jointly proportional to x and the square root of 
y. (F = 6 when x = 9 and y = 4.) 


104. 


oy 105. Recording Media The table shows the numbers y 


(in millions) of CDs shipped in the United States in 
the years 1990 through 1999. (Source: Recording 
Industry Association of America) 


CDs shipped, y 


(a) Use a graphing utility to create a scatter plot of 
the data. Let ¢ represent the year, with t = 0 
corresponding to 1990. 


(b) Use the regression feature of the graphing util- 
ity to find the equation of the least squares 
regression line that fits the data. Then graph the 
model and the scatter plot you found in part (a) 
in the same viewing window. 


(c) Use the model to estimate the number of CDs 
that will be shipped in the year 2005. 


(d) Interpret the meaning of the slope of the linear 
model in the context of the problem. 


Synthesis 
True or False? \n Exercises 106 and 107, determine 


whether the statement is true or false. Justify your answer. 


106. A fourth-degree polynomial can have —5, —8i, 4i, 
and 5 as its zeros. 


107. If y is directly proportional to x, then x is directly 
proportional to y. 
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Chapter Test 


FIGURE FOR 3 


The /nteractive CD-ROM and Internet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 
of which have randomly generated 
exercises with diagnostic capabilities. 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 
1. Describe how the graph of g differs from the graph of f(x) = x2. 
(a) g(x) =2—x?  (b) gx) = (x - 3) 
2. Identify the vertex and intercepts of the graph of y = x2 + 4x + 3. 
3. Find an equation of the parabola shown in the figure at the left. 


4. The path of a ball is given by y = = 35x? + 3x + 5, where y is the height (in 
feet) of the ball and x is the horizontal distance (in feet) from where the ball 
was thrown. 


(a) Find the maximum height of the ball. 


(b) Which number determines the height at which the ball was thrown? Does 
changing this constant change the coordinates of the maximum height of 
the ball? Explain. 


5. Determine the right-hand and left-hand behavior of the graph of the function 
h(t) = —35 + 2t?. Then sketch its graph. 


6. Divide by long division. 7. Divide by synthetic division. 
EWetae Yea il DU om eyiar e 8 
xo oll bias 


8. Use synthetic division to show that x = ./3 is a zero of the function 
Fix)-= 4x? — x? — 12x + 3. 
Use the result to factor the polynomial function completely and list all the 
real zeros of the function. 
In Exercises 9 and 10, find all the real zeros of the function. 
9, 2(t) = 244 — 34° + 16¢ — 24 
10. h(x) = 3x9 + 2x4 — 3x -—2 
In Exercises 11 and 12, find a polynomial function with integer coefficients that has 
the given zeros. 


11. 0,3,3+i1,3-i 12 1e 3 ey 3 


In Exercises 13 and 14, find all the zeros of the function. 

13-3) 2 5x 10 VAP) 204 Ox ee 

In Exercises 15-17, find a mathematical model that represents the statement. (In 
each case, determine the constant of proportionality.) 

15. v varies directly as the square root of s. (v = 24 when s = 16.) 

16. A varies jointly as x and y. (A = 500 when x = 15 and y = 8.) 


17. b varies inversely as a. (b = 32 when a = 1.5.) 
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Proofs in Mathematics 


These two pages contain proofs of four important theorems and polynomial func- 
tions. The first two theorems are from Section 3.3, and the second two theorems 
are from Section 3.4. 


The Remainder Theorem _(p. 288) 
| If a polynomial f(x) is divided by x — k, the remainder is 


r= fi(k). 


Proof 
From the Division Algorithm, you have 


f(x) = @& — k)g(x) + ry) 


and because either r(x) = 0 or the degree of r(x) is less than the degree of x — k, 
you know that r(x) must be a constant. That is, r(x) = r. Now, by evaluating f(x) 
at x = k, you have 
fli) = (k- Bali) +r | 
= (gk) +r=r. | 
r 
To be successful in algebra, it is important that you understand the connection 
among factors of a polynomial, zeros of a polynomial function, and solutions or 
roots of a polynomial equation. The Factor Theorem is the basis for this 
connection. + 
| The Factor Theorem (p. 288) 4 
| A polynomial f(x) has a factor (x — k) if and only if f(k) = 0. 2 
Proof 
Using the Division Algorithm with the factor (x — k), you have 
fo) = @— k)a@) +76): | 
By the Remainder Theorem, r(x) = r = f(k), and you have e 
f(x) = (& — kKg(x) + fle) 
where q(x) is a polynomial of lesser degree than f(x). If f(k) = 0, then 
F(x) = ( — kg) 
and you see that (x — k) is a factor of f(x). Conversely, if (x — k) is a factor of 
F(x), division of f(x) by (x — k) yields a remainder of 0. So, by the Remainder | 
Theorem, you have f(k) = 0. : . 


a 


The Fundamental 
Theorem of Algebra 


The Linear Factorization 
Theorem is closely related to 
the Fundamental Theorem of 
Algebra. The Fundamental 
Theorem of Algebra has a long 
and interesting history. In the 
early work with polynomial 
equations, The Fundamental 
Theorem of Algebra was 
thought to have been not true, 
because imaginary solutions 
were not considered. In fact, 

in the very early work by 
mathematicians such as 

Abu al-Khwarizmi (c. 800 A.D.), 
negative solutions were also not 
considered. 

Once imaginary numbers 
were accepted, several mathe- - 
maticians attempted to give a 
general proof of the 
Fundamental Theorem of 
Algebra. These included 
Gottfried von Leibniz (1702), 
Jean D* Alembert (1740), 
Leonhard Euler (1749), Joseph- 
Louis Lagrange (1772), and 
Pierre Simon Laplace (1795). 
The mathematician usually 
credited with the first correct 
proof of the Fundamental 
Theorem of Algebra is Carl 
Friedrich Gauss, who published 
the proof in his doctoral thesis 
in 1799. 
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Linear Factorization Theorem —(p. 293) 


If f(x) is a polynomial of degree n, where n > 0, then f has precisely n 
linear factors 


Tosa 6) =e, ar. 


WhHETE CyC>... . 


Dignan.) 


. ,¢, are complex numbers. 


Proof 


Using the Fundamental Theorem of Algebra, you know that f must have at least 
one zero, c,. Consequently, (x — c,) is a factor of f(x), and you have 


f(x) = (& — &y)f,@). 


If the degree of f,(x) is greater than zero, you again apply the Fundamental 
Theorem to conclude that f, must have a zero c,, which implies that 


F(x) = (& — e)(x — ep)fa(2). 


It is clear that the degree of f;(x) is n — 1, that the degree of f,(x) isn — 2, and 
that you can repeatedly apply the Fundamental Theorem n times until you obtain 


LG) ge eet ec) 


where a, is the leading coefficient of the polynomial f(x). 


Factors of aPolynomial (p. 297) 


Every polynomial of degree n > 0 with real coefficients can be written as 


the product of linear and quadratic factors with real coefficients, where the 
quadratic factors have no real zeros. 


Proof 


To begin, you use the Linear Factorization Theorem to conclude that f(x) can be 
completely factored in the form 


aj d= cece CNX = cz) 2-9 (x =c,), 


If each c; is real, there is nothing more to prove. If any c; is complex (c, =a + bi, 
b # 0), then, because the coefficients of f(x) are real, you know that the conjugate 
c; = a — biis also a zero. By multiplying the corresponding factors, you obtain 


[x — (a + bi)|[x — (a — bi)] 
= x? — 2ax + (a? + b?) 


ee c)(x ser c) 


where each coefficient is real. 


eB Problem Solving 


1. (a) Find the zeros of each quadratic function g(x). 

(i) g(x) = x7 — 4x — 12 

Gi) -e(x) =a" + 5x 

(iii) g(x) = x7 + 3x — 10 

(iv) g(x) =x? — 4x + 4 

(i) ely) =x" = 2x = 6 

(vi) g(x) = x? + 3x4 4 
ay (b) For each function in part (a), use a graphing utility 
to graph f(x) = (x — 2) - g(x). Verify that (2, 0) 
is an x-intercept of the graph of f(x). Describe any 
similarities or differences in the behavior of the six 
functions at this x-intercept. 
©¥ (c) For each function in part (b), use the graph of f(x) 
to approximate the other x-intercepts of the graph. 
he (d) Describe the connections that you find among the 
results of parts (a), (b), and (c). 


2. Quonset huts were developed during World War IL. 
They were temporary housing structures that could be 
assembled quickly and easily. A Quonset hut is shaped 
like a half cylinder. A manufacturer has 600 square 
feet of material with which to build a Quonset hut. 


(a) The formula for the surface area of half a cylinder is 
S = amr? + arl, where r is the radius and / is the 
length of the hut. Solve this equation for 7 when 
S = 600. 

(b) The formula for the volume of the hut is 
V = 577. Write the volume V of the Quonset 
hut as a polynomial function of r. 


(c) Use the function you wrote in part (b) to find the 
maximum volume of a Quonset hut with a surface 
area of 600 square feet. What are the dimensions 
of the hut? 


. Show that if 
f(x) = ax? + bx + ex +d 
then f(k) = r where 
r= ak? + bk? + ck+d 


using long division. In other words, verify the 
Remainder Theorem for a third-degree polynomial 
function. 
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4. In 2000 B.c., the Babylonians solved polynomial : 
equations by referring to tables of values. One such 

table gave the values of y> + y?. To be able to use this 
table, the Babylonians sometimes had to manipulate — 
the equation as shown below. 


ae + bx? =e Original equation 


3 2 2 


ax Xo ee 


ger ee 


se eed tii ears ae 
Getiales: 


Then they would find (a?c)/b? in the y? + y* column 


2 
Multiply each side by a 


Rewrite. 


of the table. Because they knew that the correspon- 


ding y-value was equal to (ax)/b, they could conclude 
that x = (by)/a. 


(a) Calculate y? + y* for y = 1,2,3,. . ., 10. Record 
the values in a table. 


Use the table from part (a) and the method above to 
solve each equation. 
(b) ie xt = 252 (c) 22+ 2x7 = 288 

(d) 3x? +22 = 90 (e) 2x° + 5x2 = 2500 
(D720 + 6r S425 (g) 10x°+ 3x? = 297 


Using the methods from this chapter, verify your solu- 
tion to each equation. 


. At a glassware factory, molten cobalt glass is poured 


into molds to make paperweights. Each mold is a rec- 
tangular prism whose height is 3 inches greater than 
the length of each side of the square base. A machine 
pours 20 cubic inches of liquid glass into each mold. 
What are the dimensions of the mold? 


Sum | Product 
of of 
Zeros Zeros 


- (a) Complete the table. 


Function Zeros 
f,@) =x? — 5x + 6 iz 
f(x) =~ -— 7x + 6 | 
f(x) = x4 + 2x3 + [ 

TF tog — 11? 
fala) = 2 — 3x4 — 923 

+ 25x? — 6x 

SS ee 


a 


7, 


(b) Use the table to make a conjecture relating the 
sum of the zeros of a polynomial function with 
the coefficients of the polynomial function. 


(c) Use the table to make a conjecture relating the 
product of the zeros of a polynomial function 
with the coefficients of the polynomial function. 


The parabola shown in the figure has an equation of 
the form y = ax? + bx + c. Find the equation for this 
parabola by the following methods. (a) Find the equa- 
tion analytically. (b) Use the regression feature of a 
graphing utility to find the equation. 


. One of the fundamental themes of calculus is to find 


the slope of the tangent line to a curve at a point. To 
see how this can be done, consider the point (2, 4) on 
the graph of the quadratic function f(x) = x’. 


5 
A 
5 
at 
(2,4) 
34+ 
2+ 
1 
a potatoe x 
eae ot Meri 2) s3 


(a) Find the slope of the line joining (2, 4) and (3, 9). 
Is the slope of the tangent line at (2, 4) greater 
than or less than the slope of the line through 
(2, 4) and (3, 9)? 

(b) Find the slope of the line joining (2, 4) and (1, 1). 
Is the slope of the tangent line at (2, 4) greater 
than or less than the slope of the line through 
(2, 4) and (1, 1)? 

(c) Find the slope of the line joining (2,4) and 
(2.1, 4.41). Is the slope of the tangent line at (2, 4) 
greater than or less than the slope of the line 
through (2, 4) and (2.1, 4.41)? 

(d) Find the slope of the line joining (2, 4) and 
(2 + h, f(2 + h)) in terms of the nonzero number 
h. 


11. Find a formula for the polynomial division: ee 


(e) Evaluate the slope formula from part (d) for 
h = —1, 1, and 0.1. Compare these values with 
those in parts (a)—(c). 

(f) What can you conclude the slope of the tangent 
line at (2, 4) to be? Explain your answer. 

9. A rancher plans to fence a rectangular pasture adja- 


cent to a river. The rancher has 100 meters of fence, 
and no fencing is needed along the river. 


(a) Write the area as a function A(x) of x, the length 
of the side of the pasture parallel to the river. 
What is the domain of A(x)? 


(b) Graph the function A(x) and estimate the dimen- 
sions that yield the maximum area of the pasture. 


(c) Find the exact dimensions that yield the maxi- 
mum area of the pasture by writing the quadratic 
function in standard form. 


10. A wire 100 centimeters in length is cut into two 


pieces. One piece is bent to form a square and the 
other to form a circle. Let x equal the length of the 
wire used to form the square. 


(a) Write the function that represents the combined 
area of the two figures. 


(b) Determine the domain of the function. 
(c) Find the value(s) of x that yield a maximum area 
and a minimum area. 
(d) Explain your reasoning. 
a 
1 
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How to study Chapter 4 


> What you should learn 


In this chapter you will learn the following skills and concepts: 
¢ How to determine the domains of rational functions and find asymptotes 


of rational functions. 


* How to sketch the graphs of rational functions. 


¢ How to recognize and find partial fraction decompositions of rational 


expressions. 


* How to recognize, graph, and write equations of circles, ellipses, parabolas, 
and hyperbolas (vertex or center at origin). 


¢ How to recognize, graph, and write equations of conics that have been 
shifted vertically or horizontally in the plane. 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Rational function (p. 332) 
Vertical asymptote (p. 333) 
Horizontal asymptote (p. 333) 
Slant (or oblique) asymptote (p. 344) 
Partial fraction (p. 350) 
Partial fraction decomposition 
(p. 350) 
Basic equation (p. 351) 
Conic section or conic (p. 358) 
Degenerate conic (p. 358) 
Parabola (p. 359) 
Directrix (p. 359) 
Focus (p. 359) 
Standard form of the equation of a parabola 
(p. 359) 


Study Tools 


Learning objectives in each section 
Chapter Summary (p. 379) 

Review Exercises (pp. 380-383) 
Chapter Test (p. 384) 


Ellipse (p. 361) 
Foci (p. 361) 
Vertices (p. 361) 
Major axis (p. 361) 
Center (p. 361) 
Minor axis (p. 361) 
Standard form of the equation of an 
ellipse (p. 361) 
Hyperbola (p. 363) 
Branches (p. 363) 
Transverse axis (p. 363) 
Standard form of the equation of a hyperbola 
(p. 363) 
Conjugate axis (p. 364) 
Asymptotes of a hyperbola (p. 365) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 4 
College Algebra Website 
Student Success Organizer 


Rational Functions and Asymptotes 


Graphs of Rational Functions 
Partial Fractions 


4.4 Conics 
4.5 Translations of Conics 


SRI OSE BIS EROS 
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“Sie Rational Functions and Asymptotes 


> What you should learn 


* How to find the domains of 
rational functions 

* How to find the horizontal and 
vertical asymptotes of graphs 
of rational functions 

* How to use rational functions 
to model and solve real-life 
problems 


> Why you should learn it 


Rational functions can be used to 
model and solve real-life prob- 
lems relating to business. For 
instance, in Exercise 41 on page 
340, a rational function is used to 
model the number of business 

_ partnerships in the United States. 
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STUDY TIP 
Note that the rational function 
We sent 
fe) == 
is also referred to as the recipro- 


cal function discussed in 
Section 2.4. 


Introduction 


A rational function can be written in the form 


NG) 


Oe 


where M(x) and D(x) are polynomials and D(x) is not the zero polynomial. In 
this section it is assumed that N(x) and D(x) have no common factors. 

In general, the domain of a rational function of x includes all real numbers 
except x-values that make the denominator zero. Much of the discussion of rational 
functions will focus on their graphical behavior near the x-values excluded from 
the domain. 


| Example 1 Finding the Domain of a Rational Function 


Find the domain of f(x) = 1/x and discuss the behavior of f near any excluded 
x-values. 


Solution 


Because the denominator is zero when x = 0, the domain of f is all real numbers 
except x = 0. To determine the behavior of f near this excluded value, evaluate 
f (x) to the left and right of x = 0, as indicated in the following tables. 


x |-1]-05]-01]-0.01 | -0001 | —o | 
| FG) | -1 » | -10 ~100 | —1000 — = | 


X Ose 001 0.01 0.5 
Fon = — | 1000 aE 
Note that as x approaches 0 from the left, f(x) decreases without bound. In 


contrast, as x approaches 0 from the right, f(x) increases without bound. The 
graph of f is shown in Figure 4.1. 


FIGURE 4.1 
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Horizontal and Vertical Asymptotes 


aes In Example 1, the behavior of f near x = 0 is denoted as follows. 
f(x) —> -—coasx —> 07 Liao CCAS —— >> 


Vertical 
asymptote: 
20) 


a a eS 
f(x) decreases without bound f (x) increases without bound 
x as x approaches 0 from the left. as x approaches 0 from the right. 
Holecntal The line x = Ois a vertical asymptote of the graph of f, as shown in Figure 4.2. 
asymptote: From this figure, you can see that the graph of f also has a horizontal asymptote— 
y=0 the line y = 0. This means that the values of f(x) = 1/x approach zero as x 
increases or decreases without bound. 
FIGURE 4.2 Pf Oem as ego Con Saf (a) 0 AS ae 
oe oe 
f(x) approaches 0 as x f (x)’approaches 0 as x 
decreases without bound. increases without bound. 


Definition of Vertical and Horizontal Asymptotes 


1. The line x = a is a vertical asymptote of the graph of f if 
f(x) —~ co or f(x) —~-0co 
as x —~> a, either from the right or from the left. 
| 2. The line y = b is a horizontal asymptote of the graph of f if 
Fig)-==>—b 


OS Pan OO! Ol Ne aa ee OO), 


Eventually (as x —» co or x —» —o0o), the distance between the horizon- 
tal asymptote and the points on the graph must approach zero. Figure 4.3 shows 
the horizontal and vertical asymptotes of the graphs of three rational functions. 


Vertical 
asymptote: 
x=-l 


y=0 


ee fi) =— 
ees Seay 
! 3 sf - | Horizontal pmo 
: [ bigs ne TERE 
Prete ae : seas - asymptote: 


Py ee Se SS a Se SS 


= eae |» x eX ff -} 
me 9) =I 1 =) =| 1 2 2 3 
(a) (b) (c) 
FIGURE 4.3 


The graphs of f(x) = 1/x in Figure 4.2 and f(x) = (2x + 1)/( + 1) in 
Figure 4.3(a) are hyperbolas. You will study hyperbolas in Sections 4.4 and 4.5. 


334 Chapter4 Rational Functions and Conics 


Asymptotes of a Rational Function 
Let f be the rational function given by 


VWs iss wet enka oO Tbe ge 1 
ACS Dix) bx™ +b, xml t+ + + + bx t+ dy 


where N(x) and D(x) have no common factors. 


The Interactive CD-ROM and Internet 1. The graph of f has vertical asymptotes at the zeros of D(x). 
versions of this text offer a Try It for 


mptote determined b 
ese eam omthetee 2. The graph of f has one or no horizontal asymp Wy, 


comparing the degrees of N(x) and D(x). 
a. Ifn < m, the graph of f has the line y = 0 (the x-axis) as a horizontal 
asymptote. 


b. Ifn = m, the graph of f has the line y = a,,/b,, as a horizontal 
asymptote. 


c. Ifn > m, the graph of f has no horizontal asymptote. 


| Example 2. Finding Horizontal and Vertical Asymptotes @jo> 


y Find all horizontal and vertical asymptotes of the graph of each rational function. 


9x2 
a f=s7 bso) = 


Solution 


y a. For this rational function, the degree of the numerator is less than the degree 
of the denominator, so the graph has the line y = 0 as a horizontal asymptote. 
To find any vertical asymptotes, set the denominator equal to zero and solve 
the resulting equation for x. 


Horizontal 
asymptote: 
y=0 


3x7 + 1 = 0 Set denominator equal to zero. 


Because this equation has no real solutions, you can conclude that the graph 
has no vertical asymptote. The graph of the function is shown in Figure 4.4. 


b. For this rational function, the degree of the numerator is equal to the degree of 

5 the denominator. The leading coefficient of the numerator is 2 and the leading 

coefficient of the denominator is 1, so the graph has the line y = 2 as a hori- 

zontal asymptote. To find any vertical asymptotes, set the denominator equal 
to zero and solve the resulting equation for x. 


\ Horizontal sles () Set denominator equal to zero. 
asymptote: y = 2 aA 
: (<+1)@-1)=0 


Factor. 


FIGURE 4.4 


12 Se4 
xr l= 0 x= — I Set Ist factor equal to 0. 
Vertical '| Vertical x-1=0 => x=1 Set 2nd factor equal to 0. 
asymptote: || asymptote: 7 : ; 
eel eee This equation has two real solutions x = —1 and x = 1, so the graph has the 
lines x = —1 and x = 1 as vertical asymptotes. The graph of the function is 
FIGURE 4.5 shown in Figure 4.5. 


SUEEnaaEENnNnneeceeeeeenee ne Ce 


The icon Kio > identifies examples and concepts related to features of the Learning Tools CD-ROM 
and the Interactive and Internet versions of this text. For more details see the chart on pages xix-xxiii. 


The Interactive CD-ROM and /nternet 
versions of this text offer a Quiz for 
every section of the text. 
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Applications 


There are many examples of asymptotic behavior in real life. For instance, 
Example 3 shows how a vertical asymptote can be used to analyze the cost of 
removing pollutants from smokestack emissions. 


| Example 3. Cost-Benefit Model a) 


A utility company burns coal to generate electricity. The cost of removing a certain 
percent of the pollutants from smokestack emissions is typically not a linear 
function. That is, if it costs C dollars to remove 25% of the pollutants, it would cost 
more than 2C dollars to remove 50% of the pollutants. As the percent of removed 
pollutants approaches 100%, the cost tends to increase without bound, becoming 
prohibitive. The cost C (in dollars) of removing p% of the smokestack pollutants 
is C = 80,000p/(100 — p) for 0 < p < 100. Sketch the graph of this function. 
You are a member of a state legislature considering a law that would require util- 
ity companies to remove 90% of the pollutants from their smokestack emissions. 
The current law requires 85% removal. How much additional cost would the utility 
company incur as a result of the new law? 


Solution 
The graph of this function is shown in Figure 4.6. Note that the graph has a 


vertical asymptote at p = 100. Because the current law requires 85% removal, 
the current cost to the utility company is 


_ 80,000(85) 


100 — 85 = $453,333. Evaluate C when p = 85. 


If the new law increases the percent removal to 90%, the cost to the utility 
company will be 
_ 80,000(90) 


C= 100 — 90 = $720,000. Evaluate C when p = 90. 


So, the new law would require the utility company to spend an additional 


Subtract 85% removal cost 
from 90% removal cost. 


720,000 — 453,333 = $266,667. 


Smokestack Emissions 


~ 100—p Fee 


Cost 
(in thousands of dollars) 
t 


20 40 60 80 100 
Percent of pollutants removed 


FIGURE 4.6 
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Ultraviolet Radiation 


eS - _ 037s +23.8 
o AY sveraneeuare . 


Exposure time (in hours) 
NO Ww ~~ MN oO —) © 


— 


20 40 60 80 100 120 
Sunsor Scale reading 


FIGURE 4.7 


| Example 4 Ultraviolet Radiation €3 


For a person with sensitive skin, the amount of time 7 (in hours) the person can 
be exposed to the sun with minimal burning can be modeled by 
O.37stt 23,8 


if : ear Pew 4) 
s 


where s is the Sunsor Scale reading. The Sunsor Scale is based on the level of 
intensity of UVB rays. (Source: Sunsor, Inc.) 


a. Find the amount of time a person with sensitive skin can be exposed to the sun 
with minimal burning when s = 10, s = 25, and s = 100. 


b. What is the horizontal asymptote of this function, and what does it represent? 


Solution 


0.37(10) + 23.8 
10 


= 2.75 hours. 


03703) 25.8 
25 


a. Whents = 1057 —= 


When s = 25, T = 


=~ |.32 hours. 


0.37(100) + 23.8 
100 


When s = 100, T = 


= 0.61 hour. 


b. As shown in Figure 4.7, the horizontal asymptote is the line T = 0.37. This 
line represents the shortest possible exposure time with minimal burning. 


7 Weitieg about MATHEMATICS 


Asymptotes of Graphs of Rational Functions Do you think it is possible for the graph 
of a rational function to cross its horizontal asymptote? If so, how can you deter- 
mine when the graph of a rational function will cross its horizontal asymptote? 
Use the graphs of the following functions to investigate these questions. Write a 
summary of your conclusions. Explain your reasoning. 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


4.1 Exercises 


In Exercises 1-4, (a) complete each table, (b) determine the In Exercises 13-16, match the rational function with its 
vertical and horizontal asymptotes of the function, and (c) graph. [The graphs are labeled (a), (b), (c), and (d).] 


find the domain of the function. 
(a) y (b) 


(c) y 


ee oe 
=) 


-4 


(d) y 


a6 
ee 
- 
2 1 
: — a 14. ee 
13. f(x) = Ces 
5 pe x ap 2 
15. fais, 16. f(x) = ay 
In Exercises 17-24, find the zeros (if any) of the rational 
function. 
Nie apt 
We = 
re) 5¢ ar! 
eee. 
180) eee 
ac 5 
In Exercises 5-12, find the domain of the function and 19510) 2 toe) 
identify any horizontal and vertical asymptotes. ; 
20. f(x) =1+ 
1 = 4 ar 
Ss f(x) = ce 6. f (x) (x ie} 2) 4 
ok oe Bovis: NE ate 
eo se ates i 
ae _ Re 22. RO) 4 ams 
iLO) alee een 10. fx) = pase 
Bie al 2 oe ee 23. a) = 34 
11. f(x) = BL e426 Va 2 


x3 a 
Ss a are 
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Analytical and Numerical Analysis \n Exercises 25-28, 
(a) determine the domains of f and g, (b) simplify f and find 
any vertical asymptotes of f, (c) complete the table, and (d) 
explain how the two functions differ. 


yo 
x+2° 


25.91) = g(x) = 4 = 2 


26. f(x) ponies 


2x2 — x’ 


2 Mise = (2 
x? — 9x + 20’ 


gx) = = 


. _ BEBE. 
f(x) | 
at) ale al 


Exploration _\n Exercises 29-32, (a) determine the value 
that the function f approaches as the magnitude of x 
increases. Is f(x) greater than or less than this functional 
value when (b) x is positive and large in magnitude and 
(c) x is negative and large in magnitude? 


1 
29. f(x) = 4 - = 30. f(s) = 2 +—— 
x R= 3 
2x — 1 se = Il 
31. — = 
f(x) es S27) car 


Data Analysis \n Exercises 33 and 34, consider a physics 
laboratory experiment designed to determine an unknown 
mass. A flexible metal meter stick is clamped to a table with 
50 centimeters overhanging the edge (see figure). Known 
masses M ranging from 200 grams to 2000 grams are 
attached to the end of the meter stick. For each mass, the 
meter stick is displaced vertically and then allowed to 
oscillate. The average time t of one oscillation (in seconds) 
for each mass is recorded in the table. 


Time, ¢ 


33. A model for the data that can be used to predict the 
time of one oscillation is 
ae 38M + 16,965 
10(M + 5000). 
(a) Use this model to create a table showing the 


predicted time for each of the masses shown in 
the table. 


(b) Compare the predicted times with the experi- 
mental times. What can you conclude? 


34. Use the model in Exercise 33 to approximate the 
mass of an object for which t = 1.056 seconds. 


35. Pollution The cost C (in millions of dollars) of 


36. 


a7. 


removing p% of the industrial and municipal pollu- 
tants discharged into a river is 

ee eae 
(a) Find the cost of removing 10% of the pollutants. 
(b) Find the cost of removing 40% of the pollutants. 
(c) Find the cost of removing 75% of the pollutants. 


(d) According to this model, would it be possible to 
remove 100% of the pollutants? Explain. 


Recycling In a pilot project, a rural township is 
given recycling bins for separating and storing 
recyclable products. The cost C (in dollars) for sup- 
plying bins to p% of the population is 


25,000p 
ee ate, Om 100. 
100 =p a 
(a) Find the cost of supplying bins to 15% of the 
population. 
(b) Find the cost of supplying bins to 50% of the 
population. 


(c) Find the cost of supplying bins to 90% of the 
population. 

(d) According to this model, would it be possible to 
supply bins to 100% of the residents? Explain. 


Population Growth The game commission intro- 
duces 100 deer into newly acquired state game lands. 
The population N of the herd is modeled by 


mls + 30) 


= : FO 
1 + 0.04t 


where f is the time in years (see figure). 
(a) Find the population when t = 5, ¢ = 10, and 
= 25. 
(b) What is the limiting size of the herd as time 
increases? 


Deer population 


50 100 150 200 
Time (in years) 
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38. 


39. 


40. 
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Food Consumption A biology class performs an 
experiment comparing the quantity of food con- 
sumed by a certain kind of moth with the quantity 
supplied. The model for the experimental data is 


_ 1,568x — 0.001 


6 Acree ay 


where x is the quantity (in milligrams) of food 
supplied and y is the quantity (in milligrams) eaten 
(see figure). At what level of consumption will the 
moth become satiated? 


0.25 
eS 

5 E 0.20 

oC I 

0 .2) 0.15 

3: 

2 E 0105 
— 0.054 


0.25 0.50 0.75 1.00 
Food supplied 
(in milligrams) 


Human Memory Model Psychologists have devel- 
oped mathematical models to predict performance as 
a function of the number of trials n of a certain task. 
Consider the learning curve 


0.5 + 0.9(n — 1) 
1+ 0.9(n — 1) ’ 


n>0O 


where P is the fraction of correct responses after 

n trials. 

(a) Complete the table for this model. What does it 
suggest? 


(b) According to this model, what is the limiting 
percent of correct responses as n increases? 


Human Memory Model How would the limiting 
percent of correct responses change if the human 
memory model in Exercise 39 were changed to 


0.5 + 0.6(n — 1) 
1+ 0.8(n — 1)’ 


n> 0? 
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> Model It 


41. Business Partnerships The numbers P (in 

“y_ thousands) of business partnerships in the United 
States for the years 1995 through 2000 are shown 
in the table. (Source: U.S. Internal Revenue 
Service) 


Partnerships, P 


A model for this data is 


_ 1402.79 + 9.48272 
SP W020 00142 


where f¢ is the time (in years), with tf = 5 corre- 

sponding to 1995. 

(a) Use a graphing utility to plot the data and 
graph the model in the same viewing window. 

(b) Use the model to estimate the number of 
partnerships in 2005. 

(c) Would this model be useful for estimating the 
number of partnerships after 2005? Explain. 

(d) Use the regression feature of a graphing util- 
ity to find a linear model for the data. 


(e) Which model do you think is a better fit for 
this data? Explain. 


ay 42. Military The numbers M (in thousands) of United 
States military reserve personnel for the years 1996 
through 2000 are shown in the table. (Source: U.S. 


Department of Defense) 


Year Reserve personnel, M 


1996 1550 
1997 1461 
1998 1369 
1999 1304 
2000 1264 


A model for this data is 


_ 2129.6 + 23.753? 
~ 1.0 + 0.02612 


where f is the time (in years), with f = 6 correspon- 

ding to 1996. 

(a) Use a graphing utility to plot the data and graph 
the model in the same viewing window. 


(b) Use the model to estimate the number of military 
reserve personnel in 2005. 


(c) Would this model be useful for estimating the 
number of military reserve personnel after 2005? 
Explain. 


Synthesis 


True or False? \n Exercises 43 and 44, determine 
whether the statement is true or false. Justify your answer. 


43. A polynomial can have infinitely many vertical 
asymptotes. 
44, f(x) = x9 — 2x? — 5x + 6 isa rational function. 


Think About It \n Exercises 45 and 46, write a rational 
function f that has the specified characteristics. (There are 
many correct answers.) 


45. Vertical asymptote: None 
Horizontal asymptote: y = 2 


Nin 


46. Vertical asymptotes: x = 0,x = 
Horizontal asymptote: y = —3 
47. Think About It Give an example of a rational func- 
tion whose domain is the set of all real numbers. 


Give an example of a rational function whose 
domain is the set of all real numbers except x = 20. 


48. Writing Describe what is meant by an asymptote 
of a graph. 
Review 


In Exercises 49 and 50, find the inverse function of f. Then 
graph both f and f~ in the same coordinate plane. 


49. f(x) = 8x-—7 50. f(x) = dx 


In Exercises 51-54, divide using long division. 
Sd. + 5x76) ) 

52. (x? — 10x + 15) + @—3) 

53. (2x? + x — 11) + @ + 5) 

54. (4x2 + 3x — 10) + (x + 6) 
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“ae Graphs of Rational Functions 


> What you should learn 


* How to analyze and sketch 
graphs of rational functions 

* How te sketch graphs of 
rational functions that have . 
slant asymptotes 

* How to use graphs of rational 
functions to model and solve 
real-life problems 


> Why you should learn it 


You can use rational functions 
to model average speed over a 
distance. For example, see 
Exercise 73 on page 349. 
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Analyzing Graphs of Rational Functions 


Guidelines for Analyzing Graphs of Rational Functions 


Let f(x) = M(x)/D(x), where N(x) and D(x) are polynomials with no 
common factors. 


1. Find and plot the y-intercept (if any) by evaluating f (0). 


2. Find the zeros of the numerator (if any) by solving the equation 
N(x) = 0. Then plot the corresponding x-intercepts. 


3. Find the zeros of the denominator (if any) by solving the equation 
D(x) = 0. Then sketch the corresponding vertical asymptotes. 


4. Find and sketch the horizontal asymptote (if any) by using the rule for 
finding the horizontal asymptote of a rational function. 


5. Test for symmetry. 


_ 6. Plot at least one point between and one point beyond each x-intercept and 
vertical asymptote. 


7. Use smooth curves to complete the graph between and beyond the 
vertical asymptotes. 


Testing for symmetry can be useful, especially for simple rational functions. 
Recall from Section 2.4 that the graph of f(x) = 1/x is symmetric with respect 
to the origin. 


ay: 
Technology 
# 4 Some graphing utilities have difficulty graphing rational functions that 
have vertical asymptotes. Often, the utility will connect parts of the graph that 
are not supposed to be connected. For instance, the screen below on the left 
shows the graph of f(x) = 1/(x — 2). Notice that the graph should consist of 
two separated portions—one to the left of x = 2 and the other to the right 
of x = 2.To eliminate this problem, you can try changing the mode of the 
graphing utility to dot mode. The problem with this is that the graph is then 
represented as a collection of dots (as shown in the screen on the right) rather 
than as a smooth curve. 


5 
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Horizontal 4 
asymptote: 
y=0 


Vertical 
asymptote: 
see, 


FIGURE 4.8 


STUDY TIP 


Note in the examples in this 
section that the vertical asymp- 
totes are included in the table of 
additional points. This is done 
to emphasize numerically the 
behavior of the graph of the 

_ function. 


acai 


Horizontal 
asymptote: 
y=2 


=4, -3utvet 
Vertical 2! 

asymptote: | -2 
x=0 


FIGURE 4.9 
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| Example 1 Sketching the Graph of a Rational Function Gop 


3 : : 
Sketch the graph of g(x) = eae and state its domain. 


Solution 
(0, —3), because g(0) = —3 


None, because 3 # 0 


y-Intercept: 
x-Intercept: 
Vertical asymptote: x = 2, zero of denominator 


Horizontal asymptote: y = 0, because degree of N(x) < degree of D(x) 


Additional points: aime | 
=A S15 

| 
1 = 3) 


2 Undefined 
3 3 


&) 1 “| 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 4.8. The domain of g is all real numbers except x = 2. 


The graph of g in Example 1 is a vertical stretch and a right shift of the graph 
of f(x) = 1/x, because 


pont) 


| Example 2. Sketching the Graph of a Rational Function i> 


3f(x — 2). 


Sketch the graph of f(x) = an 


and state its domain. 


Solution 


y-Intercept: None, because x = 0 is not in the domain 


x-Intercept: (3, 0), from 1a 


Vertical asymptote: x = 0, zero of denominator 


Horizontal asymptote: y = 2, because degree of N(x) = degree of D(x) 


Additional points: 


X 


By plotting the intercepts, asymptotes, and a few additional points, you can obtain 
the graph shown in Figure 4.9. The domain of f is all real numbers except x = 0. 


ys0 


FIGURE 4.10 


Vertical 


asymptote: |_ 


x=-2 


y=2 


FIGURE 4.11 


Vertical 
asymptote: 
x=-1 


Soh 


Horizontal 
asymptote: 


Horizontal 
asymptote: 
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| Example 3 Sketching the Graph of a Rational Function gp 


Xx 


Sketch the graph of f(x) = =———— - 
Kia 2 


Solution 


Factor the denominator to determine more easily the zeros of the denominator. 


a x 

f= 35-2 GF DED 
y-Intercept: (0, 0), because f (0) = 
x-Intercept: (0, 0) 
Vertical asymptotes: x = —1, x = 2,.zeros of denominator 
Horizontal asymptote: y = 0, because degree of N(x) < degree of D(x) 
Additional points: 


The graph is shown in Figure 4.10. 


Example 4 Sketching the Graph of a Rational Function @jep 


Oa 
Sketch the graph of f(x) = eis 
tae 

Solution 


By factoring the numerator and denominator, you have 


(x2 -—9) 2% — 3) + 3) 


OO 2 ee ee 
y-Intercept: (0, AR because f(0) = 3 
x-Intercepts: (—3, 0) and (3, 0) 
Vertical asymptotes: x = —2,x = 2, zeros of denominator 
Horizontal asymptote: = 2, because degree of N(x) = as of ae 
Symmetry: With respect to y-axis, because f(— 


Additional points: ou 6 
as Undefined | 4.67 | Undefined | —2.44 | 1.69 


The graph is shown in Figure 4.11. 
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Vertical 
asymptote: = 
x=-1 


Slant 
asymptote: 
y=0— 2 


FIGURE 4.12 


Slant 


asymptote: 
y =X 


Vertical 
asymptote: 
eS Il 


FIGURE 4.13 
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Slant Asymptotes 


Consider a rational function whose denominator is of degree | or greater. If the 
degree of the numerator is exactly one more than the degree of the denominator, 
the graph of the function has a slant (or oblique) asymptote. For example, the 
graph of 


has a slant asymptote, as shown in Figure 4.12. To find the equation of a slant 
asymptote, use long division. For instance, by dividing x + 1 into x? — x, you 
obtain 


se ae 2 
=e 1 
7 x + 
Slant asymptote 
(y =x - 2) 


As x increases or decreases without bound, the remainder term 2/(x + 1) 
approaches 0, so the graph of f approaches the line y = x — 2, as shown in 
Figure 4.12. 


| Example 5 A Rational Function with a Slant Asymptote @je> 


x2-x-2 
Sketch the graph of f(x) = ————. 
x- 
Solution 
First write f(x) in two different ways. Factoring the numerator 
Le 2 eat) 
5a) | 


x*7-x-2 
n= || 


7) = 


allows you to recognize the x-intercepts. Long division 


x*>-x-2 2 
f(x) = =x 
eS I 


R= || 


allows you to recognize that the line y = x is a slant asymptote of the graph. 
(0, 2), because f(0) = 2 
(— 1, 0) and (2, 0) 


y-Intercept: 
x-Intercepts: 
Vertical asymptote: x = 1, zero of denominator 


Slant asymptote: = 


Additional points: 


F(x) 


The graph is shown in Figure 4.13. 


1 in. 


FIGURE 4.14 
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1 in. 


ee 
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FIGURE 4.15 


(x + 3)(48 + 2x) 
== SS sa AWe.S > 
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Application 


Example 6 Finding a Minimum Area a) 


A rectangular page is designed to contain 48 SEE inches of print. The margins 
at the top and bottom of the page are each ls inches deep. The margins on each 
side are | inch wide. What should the dimensions of the page be so that the least 
amount of paper is used? 


Solution 
Let A be the area to be minimized. From Figure 4.14, you can write 
A=(x+ Silly + 2): 


The printed area inside the margins is modeled by 48 = xy or y = 48/x. To find 
the minimum area, rewrite the equation for A in terms of just one variable by 
substituting 48/x for y. 


A=(e+3( +2] 


= (x + 3)(48 + 2x) 


Xx 


Xe) 


The graph of this rational function is shown in Figure 4.15. Because x represents 
the height of the printed area, you need consider only the portion of the graph for 
which x is positive. Using a graphing utility, you can approximate the minimum 
value of A to occur when x ~ 8.5 inches. The corresponding value of y is 
48/8.5 ~ 5.6 inches. So, the dimensions should be 


x+3211.5inches by y+ 2 — 7.6 inches. 


If you go on to take a course in calculus, you will learn an analytic technique for 
finding the exact value of x that produces a minimum area. In this case, that value 
is x = 6\/2 ~ 8.485. 


Pies oe a eee 8 
Writing avour maruemanics 


bones 


Common Factors in the Numerator and Denominator When sketching the graph of a 
rational function, be sure that the rational function has no factor that is common 
to its numerator and denominator. To see why, consider the function 


Dex 1 2 (Xtal) xe) 
sear | year 


f(x) = 


which has a common factor of x + 1 in the numerator and denominator. Sketch 
the graph of this function. Does it have a vertical asymptote at x = =e 
Decide whether each function below has a vertical asymptote. Write a short 
paragraph to explain your reasoning. Include a graph of each function in your 
explanation. 
= 4 Xe eed 


a. ACD ree b. f(x) = . Sealy 


346 Chapter4 }® Rational Functions and Conics 


4.2 Exercises 


In Exercises 1-4, use the graph of f(x) = 2/x to sketch the 
graph of g. 


In Exercises 5-8, use the graph of f(x) = 2/x? to sketch the 
graph of g. 


5. 2(x) = 4 =i 6. 2(x) = 4 
7. g(x) = “x S50(x) = = 


In Exercises 9-12, use the graph of f(x) = 4/x3 to sketch the 
graph of g. 


4 4 

9. g(x) = +3) 10. g(x) = 3 +3 
4 ] 

11. g(x) = = 12. g(x) = 3 


In Exercises 13-34, (a) identify all intercepts, (b) find any 
vertical and horizontal asymptotes, (c) check for symmetry, 
and (d) plot additional solution points as needed and 
sketch the graph of the rational function. 


1 1 
13. = F == 
f (x) apa) 14. f(x) ea 
15. h(x) = 16. 2(x) 
. Ax) = : = 
ieee fe hee 
5+2 - 
17 C(x) == = 18. P(x) = . = 
Oe ee 20 FG) ee 
a 63 t == ae 
a tee LM x 
x? 1 — 2t 
Pail, = — 
f(x) x2 ui 9 22. f(t) 
x? x 
2B} HAGe) = = 
(x) 2=9 24. 2(x) SoERO 
KY 1 
IAS = a 
g(s) Ay 26. f(x) G — 22 
4(x + 1) 
Ife. = ——— 
g(x) c= 
2 
28. h(x) = ——— 
) x?(x = 2) 
8% 
29. = ——____ 
FQ) Ca a 
Dee 
30. = ———___ 
F(x) x7+x-2 
6x 
31. = 
F(x) x? — 5x — 14 
3(x? + 1) 
32. = 
OP arn errr. 
CPS SoS} 
See IGS x3 — 2x? —x4+2 
Die we 
34. f(x) ee Tie 


RS ore 


Analytical, Numerical, and Graphical Analysis \n 
Exercises 35-38, do the following. 
(a) Determine the domains of f and g. 
(b) Simplify f and find any vertical asymptotes of f. 
(c) Compare the functions by completing the table. 
| (d) Use a graphing utility to graph f and g in the same 
| viewing window. 
| (e) Explain why the graphing utility may not show the 
difference in the domains of f and g. 


er) =". 


g(x) =x-1 


In Exercises 39-44, state the domain of the function and 
identify any vertical and slant asymptotes. 


aL 21s 
ers 40. g(x) = 


39. h(x) = 


x 
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t27+ 1 x2 
Aah Dae 
fw es ss IBD) a caer 
xe- 1 
43. f@) => 
r-—x 
xt +x 
44. f(x) = 3 


In Exercises 45-52, (a) identify all intercepts, (b) find any 
vertical and slant asymptotes, (c) check for symmetry, and 
(d) plot additional solution points as needed and sketch 
the graph of the rational function. 


2 all. oe) 
4507 Gy ea io fQy 
Xx Xx 
p ae 2 
47. g(x) =~ 48. h(x) = —— 
x 1 
Bee Xe 
49. f(x) = 50. g(x) = —— 
f(x) xia il ae) 2x? — 8 
2 2x2 — 5x + 5 
Slicf (Oh ee at Sf) ee 


WZ, In Exercises 53-56, use a graphing utility to graph the 


rational function. Give the domain of the function and 
identify any asymptotes. Then zoom out sufficiently far so 
that the graph appears as a line. Identify the line. 


x2?+5x+8 2x2 +x 
5 = SSS 4. = 
ie) ere OS a 
1 + 3x? — x3 12 — 2x — x? 
55. 9(x) = 2 56. h(x) = 4 +2) 


Graphical Reasoning \n Exercises 57-60, (a) use the 
graph to determine any x-intercepts of the rational func- 
tion and (b) set y = 0 and solve the resulting equation to 
confirm your result in part (a). 


+1] 2, 
gi 58. y = 2 
x 


errs) 
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MEAN inal 


61. 


62. 


63. 


64. 


65. 


66. 


Graphical Reasoning 
graphing utility to graph the function and determine any 
x-intercepts and (b) set y = 0 and solve the resulting equa- 
tion to confirm your result in part (a). 
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2 
60. y= x= SoS 


In Exercises 61-64, (a) use a 


dyke 
? x te: 3x 

ieee 
3 gear Il 3% 
Ora eA 

9 

ee 
»y F. 68. 
Concentration of a Mixture A 1000-liter tank 


contains 50 liters of a 25% brine solution. You add 
x liters of a 75% brine solution to the tank. 


(a) Show that the concentration C, the proportion of 
brine to total solution, in the final mixture is 


Sore 50 
A(x + 50) 


(b) Determine the domain of the function based on 


the physical constraints of the problem. 69. 
(c) Sketch a graph of the concentration function. 
(d) As the tank is filled, what happens to the rate at 70. 


which the concentration of brine is increasing? 
What percent does the concentration of brine a 71. 
appear to approach? 


Geometry A rectangular region of length x and 
width y has an area of 500 square meters. 


(a) Write the width y as a function of x. 


(b) Determine the domain of the function based on 
the physical constraints of the problem. 


(c) Sketch a graph of the function and determine the 
width of the rectangle when x = 30 meters. 


67. 


Minimum Area A page that is x inches wide and y 
inches high contains 30 square inches of print. The 
top and bottom margins are | inch deep and the 
margins on each side are 2 inches wide (see figure). 


(a) Show that the total area A on the page is 
1» eee + Ad) 
ae) oe 
(b) Determine the domain of the function based on 
the physical constraints of the problem. 


ay, (c) Use a graphing utility to graph the area function 


and approximate the page size for which the 
least amount of paper will be used. 


x 


Minimum Area A rectangular page is designed to 
contain 64 square inches of print. The margins at the 
top and bottom of the page are each | inch deep. The 
margins on each side are 15 inches wide. What 
should the dimensions of the page be so that the least 
amount of paper is used? 


ead In Exercises 69 and 70, use a graphing utility to graph the 
function and locate any relative maximum or minimum 
points on the graph. 


_ pete) 
Cree sen 
CG) ae 

x 


Minimum Cost The ordering and transportation 
cost C (in thousands of dollars) for the components 
used in manufacturing a certain product is 

200 13 
Pe (ead 
ne year sh) ae 
where x is the order size (in hundreds). Use a graph- 
ing utility to graph the cost function. From the graph, 
estimate the order size that minimizes cost. 


72. Minimum Cost The cost C of producing x units is 
C= 0257 + 10x +5 
and the average cost per unit is 


C 0.2x2 + 10x + 5 
x X 


C= 


58 Saal) 


Sketch the graph of the average cost function and 
estimate the number of units that should be produced 
to minimize the average cost per unit. 


> Model It 


73. Average Speed A driver averaged 50 miles per | 
hour on the round trip between Akron, Ohio and 
Columbus, Ohio, 100 miles away. The average 
speeds for going and returning were x and y miles 
per hour, respectively. 


25x 
Xi— 2) 
(b) Determine the vertical and horizontal asymp- 
totes of the function. 


(a) Show that y = 


ad (c) Use a graphing utility to graph the function. 
(d) Complete the table. 


y 301 35 40 | 45 50 | 55 | 60 
y ia 


(e) Are the results in the table unexpected? 
Explain. 

(f) Is it possible to average 20 miles per hour in 
one direction and still average 50 miles per 
hour on the round trip? Explain. 


74. Medicine The concentration C of a chemical in the 
bloodstream t hours after injection into muscle tissue 
is 

Bit t 


— ’ ip Se Oy 
c t? + 50 


(a) Determine the horizontal asymptote of the 
function and interpret its meaning in the context 
of the problem. 

ay (b) Use a graphing utility to graph the function and 
approximate the time when the bloodstream 
concentration is greatest. 
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Synthesis 


True or False? \n Exercises 75-78, determine whether 
the statement is true or false. Justify your answer. 


75. If the graph of a rational function f has a vertical 
asymptote at x = 5, it is possible to sketch the graph 
without lifting your pencil from the paper. 


76. The graph of a rational function can never cross one 
of its asymptotes. 


77. The graph of 


one 
sr Il 


F(x) 


has a slant asymptote. 


78. Every rational function has a vertical asymptote. 


Bad Think About It \n Exercises 79 and 80, use a graphing 


utility to graph the function. Explain why there is no 
vertical asymptote when a superficial examination of the 
function may indicate that there should be one. 


6a 
79. h(x) = = 
3- 
le 9 
80. Bey 


81. Think About It Write a rational function satisfying 
the following criteria. 


Vertical asymptote: x = 2 
Slant asymptote: y = x + 1 
Zero of the function: x = —2 


82. Think About It Write a rational function satisfying 
the following criteria. 


Vertical asymptote: x = — 1 
Slant asymptote: y = x + 2 


Zero of the function: x = 3 
Review 


In Exercises 83-86, completely factor the expression. 


83. x? — 15x + 56 84. 3x2 + 23x — 36 
85. x3 — 5x2 + 4x — 20 86. x? + 6x2 — 2x — 12 


In Exercises 87-90, solve the inequality and graph the 
solution on the real number line. 


87. 10 — 3x < 0 88. 5 — 2x > 5(x + 1) 
89. |4(x — 2)| < 20 90. 3|2x + 3| => 5 
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4.3 Beene 


> What you should learn 


* How to recognize partial frac- 


Introduction 


tion decompositions of rational —_Jp this section, you will learn to write a rational expression as the sum of two or 


expressions 


more simpler rational expressions. For example, the rational expression 
* How to find partial fraction 


decompositions of rational Ket, 
expressions eed amy aks) 
> Why you should learn it can be written as the sum of two fractions with first-degree denominators. That is, 
Partial fractions can help you Partial fraction decomposition 
_ x4+7 

analyze the behavior of a rational of oe, 
function. For instance, in Exercise i ‘ 
57 on page 357 you can analyze Bee ey) a) =| 
the exhaust temperatures of a ati 


eae a = = . 
Y : : : Gps oat dee — Beil ot 4 
diesel engine using partial 

fractions. Partial Partial 


fraction fraction 


Each fraction on the right side of the equation is a partial fraction, and together 
they make up the partial fraction decomposition of the left side. 


| Decomposition of N(x)/D(x) into Partial Fractions 


1. Divide if improper: If N(x)/D(x) is an improper fraction [degree of 
M(x) = degree of D(x)], divide the denominator into the numerator to 
obtain 


Michael Rosenfeld/Tony Stone Images 


N, (x) 
D(x) 


—— = (polynomial) + 
x 


and apply Steps 2, 3, and 4 below to the proper rational expression 
N,(x)/D(x). Note that N,(x) is the remainder from the division of N(x) 
by D(x). 


ed 


Factor the denominator: Completely factor the denominator into factors 
of the form 


(px +q)" and (ax? + bx +c)" 


STUDY TIP 


where (ax? + bx + c) is irreducible. 


In Section P.5, you learned how 
to combine expressions such as 


Se 


Linear factors: For each factor of the form ( px + q)”, the partial frac- 
tion decomposition must include the following sum of m fractions. 


A, A, An 
oa bee 
(px+q@) (px +q) (paar 


ee oT aa Shee? WE 
veo ees We ies 3) 


_ The method of partial fractions 
_ shows you how to reverse this 
_ process. 


4. Quadratic factors: For each factor of the form (ax? + bx + c)", the par- 
tial fraction decomposition must include the following sum of n fractions. 


5 ? ? 


oe) (Ce) ae 


ax* + bx +c (ax2+ bx +c > (ax? + bx +c)" 


eo™a 


echnology 


utility to check graphically the 
decomposition found in 
Example 1.To do this, graph 


ae Xcess 
|e ea meg 
and 
eee go) 
cS RES TES 


in the same viewing window. 
The graphs should be identical, 
as shown below. 


~9 9 


-6 


° 4 You can use a graphing a 
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Partial Fraction Decomposition 


Algebraic techniques for determining the constants in the numerators of partial 
fracticns are demonstrated in the examples that follow. Note that the techniques 
vary slightly, depending on the type of factors of the denominator: linear or 
quadratic, distinct or repeated. 


| Example 1 Distinct Linear Factors ey? 


: A ; s, Sec y) 

Write the partial fraction decomposition of Sa aa 
Ve 

Solution 
The expression is not improper, so factor the denominator. Because 
x? — x — 6 = (x — 3)(x + 2), you should include one partial fraction with a 
constant numerator for each linear factor of the denominator. Write the form of 
the decomposition as follows. 


Zep O/ EA ni B 
x2?-x-6 x-3 x+2 


Write form of decomposition. 


Multiplying each side of this equation by the least common denominator, 


(x — 3)(x + 2), leads to the basic equation 
x+7=A(x + 2) + BO — 3). 


Basic equation 


Because this equation is true for all x, you can substitute any convenient values of 
x that will help determine the constants A and B. Values of x that are especially 
convenient are ones that make the factors (x + 2) and (x — 3) equal to zero. For 
instance, let x = —2. Then 


a = Al 2D) BeeB(= 2 3) 
5 = A(0) + B(—5) 
5 = =SB 
—t="B; 


Substitute —2 for x. 


To solve for A, let x = 3 and obtain 
34+7=A(3 + 2) + BB — 3) 
10 = A(5) + B(O) 
10 =5A 
2=A. 


Substitute 3 for x. 


So, the decomposition is 
5 cae 2 al 
= ~ 
aden Vie Oge®, TAO Die 
as indicated at the beginning of this section. Check this result by combining the 


two partial fractions on the right side of the equation, or by using your graphing 
utility. 


LL OL eee 
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The next example shows how to find the partial fraction decomposition of a 
rational expression whose denominator has a repeated linear factor. 


| Example 2. Repeated Linear Factors @ao> 


x* + 2x9 + 6x? + 20x + 6 
+272 + x ; 


Write the partial fraction decomposition of 


Solution 


This rational expression is improper, so you should begin by dividing the numer- 
ator by the denominator to obtain 


5x? + 20x + 6 
gS SS = 
x9 + 2x7 +x 
Because the denominator of the remainder factors as 

XP AS D2 oe Se eed) ate 


you should include one partial fraction with a constant numerator for each power 
of x and (x + 1) and write the form of the decomposition as follows. 


Di erte 20% Oe B G 


xx+1) x ap xt+1 (x + 1)2 
Multiplying by the LCD, x(x + 1), leads to the basic equation 
5x? + 20x + 6 = A(x + 1)? + Bx(xe + 1) + Cx. Basic equation 
Letting x = —1 eliminates the A- and B-terms and yields 
5(— 1)? + 20(-1) + 6 = A(—1 + 1)? + B(-1)(—1 + 1) + C(-1) 
> 203 6 =0 20 — C 
C= 9. 
Letting x = 0 eliminates the B- and C-terms and yields 
5(0)? + 20(0) + 6 = A(O + 1)? + B(O)(O + 1) + C(O) 
6=A(1)+0+0 
6 =A. 


At this point, you have exhausted the most convenient choices for x, so to find the 
value of B, use any other value for x along with the known values of A and C. So, 
using x = 1, A = 6, andC = 9, 


S(1)? + 20(1) + 6 = 6(1 + 1)? + B()(1 + 1) + 9(1) 
31 = 6(4) + 2B + 9 
—2:=28 
=] = B; 
Therefore, the partial fraction decomposition is 


to Py Gye 20 Oe ne =1 9 
I hed ere iy i x 5p eames 


eee 


Historical Note 

John Bernoulli (1667-1748), a 
Swiss mathematician, introduced 
the method of partial fractions 
and was instrumental in the early 
development of calculus. Bernoulli 
was a professor at the University 
of Basel and taught many 
outstanding students, the most 
famous of whom was Leonhard 
Euler. 
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The procedure used to solve for the constants in Examples 1 and 2 works 
well when the factors of the denominator are linear. However, when the denomi- 
nator contains irreducible quadratic factors, you should use a different procedure, 
which involves writing the right side of the basic equation in polynomial form 
and equating the coefficients of like terms. 


| Example 3. Distinct Linear and Quadratic Factors Gaje> 


Write the partial fraction decomposition of 
3x* + 4x + 4 
boat Ax 
Solution 


This expression is not proper, so factor the denominator. Because the denomina- 
tor factors as 


x? + 4x = x(x? + 4) 


you should include one partial fraction with a constant numerator and one partial 

fraction with a linear numerator and write the form of the decomposition as follows. 
Seat At Ae Ale Bx tC 
Kd 4% b agiee tale 


Multiplying by the LCD, x(x? + 4), yields the basic equation 
3x2 + 44 + 4 = A(x? +4) + (Bx + Cx. Basic equation 
Expanding this basic equation and collecting like terms produces 
BK tT AK tA Ax A AE By th Cx 
= (A.+ B)x? + Cx + 4A: Polynomial form 


Finally, because two polynomials are equal if and only if the coefficients of like 
terms are equal, 


-————_-——_ J 
3x2 + 4x+4=(A+ Bx? +Cx+4A Equate coefficients of like terms. 


eee el 


you obtain the equations 
3) = AL se 1B 4 = C, and 4 = 4A. 


So, A = 1 and C = 4. Moreover, substituting A = | in the equation 3 =A + B 
yields 


31+ 8B 
2=B. 
Therefore, the partial fraction decomposition is 


SA aA 


x3 + 4x Se seek aa 
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The next example shows how to find the partial fraction decomposition of a 
rational function whose denominator has a repeated quadratic factor. 


Example 4 Repeated Quadratic Factors @&e> 


Write the partial fraction decomposition of 
Sx, 13% 
(x2 + 2)? 

Solution 


You need to include one partial fraction with a linear numerator for each power 
of (x2 + 2). 


8x° + 13x _ Ax +B Cx + D 
(x2 + 2)? x2 +2 (x? + 2) 


Multiplying by the LCD, (x? + 2), yields the basic equation 


8x? + 13x = (Ax + B(x? +2) +Cx+D Basic equation 
= Ax” + 2Ax + Bx? +28 + Cae 
= Ax? + Bx? + (2A + C)x + (2B + D). Polynomial form 


Equating coefficients of like terms 


-————————_+———_,_......~...-«&:d 
8x? + Ox? + 13x + 0 = Ax? + Bx? + (2A + C)x + (2B + D) 
aa Sera (peas Rererera a a ee ew | 


produces 
8 =A, 0 =B, 13 = 2A +C, and0 =2B+ D. Equate coefficients. 
Finally, use the values A = 8 and B = 0 to obtain the following. 
13 = 2A a6 
= 2(8) + C 
=o =" 


0=2B+D 
= 2(0) + D 
0=D 
Therefore, 


8x3 + 13x Sees: Fe — 3x 
(2D)? ee ee ete 2)2- 
see acai 6 ated ht 


By equating coefficients of like terms in Examples 3 and 4, you obtained 
several equations involving A, B, C, and D, which were solved by substitution. In 


a later chapter you will study a more general method for solving such systems of 
equations. 
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Guidelines for Solving the Basic Equation 


Linear Factors 
1. Substitute the zeros of the distinct linear factors into the basic equation. 


2. For repeated linear factors, use the coefficients determined in step 1 
above to rewrite the basic equation. Then substitute other convenient 
values of x and solve for the remaining coefficients. 


Quadratic Factors 
1. Expand the basic equation. 


2. Collect terms according to powers of x. 


3. Equate the coefficients of like terms to obtain equations involving A, B, 
C, and so on. y 


4. Use substitution to solve for A,B, C,. . .. 


Keep in mind that for improper rational expressions such as 


NES) WOES Se oe Ee ll 
D(x) xr+x-2 


you must first divide before applying partial fraction decomposition. 


ERE LEA EEE BE IRE IRE I OAS AE IRE Se ads Re 1S ORNs RR OS RA 


— 
— Writing avout marnemarics [a 
Error Analysis Suppose you are tutoring a student in algebra. In trying to find a 


partial fraction decomposition, your student writes the following. 


Ken, A B 
x(x) Ex x = 1 


Kes hy A(X: — 11) Bx 
x(x— 1) x(x-1) x(x - 1) 
x? + 1=A(x --1) + Bx Basic equation 
By substituting x = 0 and x = 1 into the basic equation, your student concludes 
that A = —1 and B = 2. However, in checking this solution, your student obtains 
the following. 
rh . 2 (Seed) 2) 
6 ak ama x(x — 1) 
peek 
x(x=\1) 
Ye aie 


x(x — 1) 


What has gone wrong? 
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4.3 Exercises 


In Exercises 1-4, match the rational expression with the 
form of its decomposition. [The decompositions are 
labeled (a), (b), (c), and (d).] 


ere B A G 
: oF ear 2 se 2 
A B 
+4 
Wis eo al 
A B Gg 
+ 
OMe x x — 4 
AX [bee HBG 
< + 
OS ?+4 
1 ae = II Bye = II 
* x(x — 4) “7k = 4) 
338 = Il jhe = Il 
x(x? + 4) * x(x? — 4) 


In Exercises 5-14, write the form of the partial fraction 
decomposition of the rational expression. Do not solve for 
the constants. 


Peed OS ote eel a 
Z x? = 4x 
Ay? + 2x — 1 

x4(x + 1) 


25. 


27. 


29. 


31. 


a3: 


35. 


x24+5 


ai, (x- +1) (2 — 2x + 3) 


wg PY 
Mx =A) 
2X 3 
ee 
Gr 
x(x — 1)? 
x 
(x — 1)x2+x+4 1) 
£ALG 
x? 35" — aa Ge 
D5? er etass 
(x2 + 4) 
etamel 
xe+x 
A 
(x + 1)(x? — 2x + 3) 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


38. 


In Exercises 39-44, write the partial fraction decomposition 
of the improper rational expression. 


43. 


x? — 4x 
40. 
: x7 +x4+6 
x3 4+ 2x7 -—x4+ 1 
4>: 
x7 + 3x -—4 
16x+ 
44, 
(2x —<1)3 


=> 
araas rae rn 
9, = 10. oe 
11. sa 12. a 
ie ae 14. ap 


In Exercises 15-38, write the partial fraction decomposition 
of the rational expression. Check your result algebraically. 


133 


17: 


19. 


21. 


i 
4x2 — 9 

3 
ex 

5 

x2 +x—6 

Xecteal 
Ke aS 


16. 


18. 


20. 


22. 


In Exercises 45-52, write the partial fraction decomposition 
of the rational expression. Use a graphing utility to check 
your result graphically. 


Sees 8x2 = ee 
ie ieee 
2x7 +x- 1 Ao x>-x 
= || 2 
47. ——— 48. Suse hy 

x? + x? 2x(x + 1)? 
et 
49, ee 
(x? +2)? 
3 
50. z 


(x +2)? — 2)? 

2x2 = 7Ane Se eS 
nig x 38 

5 delet i 25) 

x7 +x—2 


Si 


52. 


Graphical Analysis _\n Exercises 53-56, write the partial 
fraction decomposition of the rational function. Identify 
the graph of the rational function and the graph of each 
term of its decomposition. State any relationship between 
the vertical asymptotes of the rational function and the 
vertical asymptotes of the terms of the decomposition. To 
print an enlarged copy of the graph, go to the website 
www.mathgraphs.com. 


jp = 1? 
) ————_—_— 54, 
x(x — 4) , 


2+ 1)? 


“  x(x2 + 1) 


2(4x2 — 15x + 39) 
56. 3= = 
Big 10 26) 


57. Thermodynamics The magnitude of the range R 
of exhaust temperatures (in degrees Fahrenheit) in 
an experimental diesel engine is approximated by 


2000(4 — 3x) 


ee in See 
(i Tar 4x) © 


where x is the relative load (in foot-pounds). 


(a) Write the partial fraction decomposition of 
the equation. 

(b) The decomposition in part (a) is the differ- 
ence of two fractions. The absolute values of 
the terms give the expected maximum and 
minimum temperatures of the exhaust gases 


for different loads. 
Ymax = |Ist term| Ymin = |2nd term| 


Write the equations for Ymax and Ymin. 
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> Model It (continued) 


ad (c) Use a graphing utility to graph each equation 
from part (b) in the same viewing window. 


(d) Determine the expected maximum and mini- 
mum temperatures for a relative load of 0.5. 


Synthesis 


58. Writing Describe two ways of solving for the 
constants in a partial fraction decomposition. 


True or False? \n_Exercises 59 and 60, determine 
whether the statement is true or false. Justify your answer. 


59. For the rational expression 
PS SS a 
(GerelO) (a1 0) 
the partial fraction decomposition is of the form 


A B 
ele (xe = 10) 


60. When writing the partial fraction decomposition of 
the expression 


xe+x-2 
x? — 5x+ 14 


the first step is to factor the denominator. 


In Exercises 61-64, write the partial fraction decomposition 
of the rational expression. Check your result algebraically. 
Then assign a value to the constant a to check the result 
graphically. 


1 1 
SS = 4 = 
et a* — x? ° x(x + a) 
Poy dtamcaalads Fi eee 
“5(a—4y) “(+ Ila- x 
Review 


In Exercises 65-68, sketch the graph of the function. 


65. fial=— x — 9x +18 66. fX) = 27 9x = 5 
67. f(x) = —x2(x — 3) 68. f(x) = 3x3 - 1 


In Exercises 69 and 70, sketch the graph of the rational 
function. 


aie = I 


<i 
ea 


69. f(x) = eae 70. f(x) = 


Cosmo Condina/Getty Images 
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4.4 


> What you should learn 


* How to recognize the four 
basic conics: circles, ellipses, 
parabolas, and hyperbolas 

* How to recognize, graph, and 
write equations of parabolas 
(vertex at origin) 

* How to recognize, graph, and 
write equations of ellipses 
(center at origin) 

* How to recognize, graph, and 
write equations of hyperbolas 
(center at origin) 


> Why you should learn it 


Conics have been used for 
hundreds of years to model and 
solve engineering problems. For 


Introduction G4» 


Conic sections were discovered during the classical Greek period, 600 to 300 B.c. 
This early Greek study was largely concerned with the geometric properties of 
conics. It was not until the early 17th century that the broad applicability of conics 
became apparent and played a prominent role in the early development of calculus, 


Aap 
w Ww 
ak 
y ‘N oN 
Circle Ellipse Parabola Hyperbola 


FIGURE 4.16 Basic Conics 


A conic section (or simply conic) is the intersection of a plane and a double- 
napped cone. Notice in Figure 4.16 that in the formation of the four basic conics, 
the intersecting plane does not pass through the vertex of the cone. When the 
plane does pass through the vertex, the resulting figure is a degenerate conic, as 
shown in Figure 4.17. 


Point Line Two Intersecting Lines 
FIGURE 4.17 Degenerate Conics 


There are several ways to approach the study of conics. You could begin by 
defining conics in terms of the intersections of planes and cones, as the Greeks 
did, or you could define them algebraically, in terms of the general second-degree 
equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0. 


However, you will study a third approach, in which each of the conics is defined 
as a locus (collection) of points satisfying a certain geometric property. For 
example, in Section 1.1 you saw how the definition of a circle as the collection of 


all points (x, y) that are equidistant from a fixed point (h, k) led easily to the 
standard equation of a circle 


(x — h)? + (y — k)? = r?, Equation of a circle 
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Parabolas Gi&o> 
In Section 3.1, you learned that the graph of the quadratic function 
f(x) = ax? +bx+c 


is a parabola that opens upward or downward. The following definition of a 
parabola is more general in the sense that it is independent of the orientation of 
the parabola. 


ee | T As *. 
Directrix ; 
Definition of a Parabola 


A parabola is the set of all points (x, y) in a plane that are equidistant from 


a fixed line, the directrix, and a fixed point, the focus, not on the line. (See 
Figure 4.18.) The vertex is the midpoint between the focus and the directrix. 
The axis of the parabola is the line passing through the focus and the vertex. 


FIGURE 4.18 Parabola 


Standard Equation of a Parabola (Vertex at Origin) 


The standard form of the equation of a parabola with vertex at (0, 0) and 
directrix y = —pis 


x= Apy, p#0. Vertical axis 
For directrix x = —p, the equation is 
y? = 4px, p # 0. Horizontal axis 


The focus is on the axis p units (directed distance) from the vertex. 


For a proof of the standard form of the equation of a parabola, see Proofs in 
Mathematics on page 385. 

Notice that a parabola can have a vertical or a horizontal axis. Examples of 
each are shown in Figure 4.19. 


(x, y) 


(0,0) \ Focus (p, 0) 


> X 


Directrix: y =—p Directrix: 


(a) Parabola with vertical axis (b) Parabola with horizontal axis 
FIGURE 4.19 
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i | Example 1 Finding the Focus of a Parabola 


x Find the focus of the parabola whose equation is y = —2x?. 


Solution 


Because the squared term in the equation involves x, you know that the axis is 
vertical, and the equation is of the form 


x? = Apy. 


You can write the original equation in this form as follows. 


1 
FIGURE 4.20 Ms) ami 7” 
2 : ; 
xe =4- 8 y Write in standard form. 
y 
So, p = —}. Because p is negative, the parabola opens downward (see Figure 


4.20), and the focus of the parabola is 


1 
(0,p) = (0. -*) Focus 


| Example 2 A Parabola with a Horizontal Axis @ajo> 


Write the standard form of the equation of the parabola with vertex at the origin 
and focus at (2, 0). 


Solution 


pes The axis of the parabola is horizontal, passing through (0, 0) and (2, 0), as shown 


in Figure 4.21. So, the standard form is 


y? = 4px. 
ma ici Gea: Se > Because the focus is p = 2 units from the vertex, the equation is 
~b------------------ ~ y? = 4(2)x 
ee os one > y? = By. 


----------F-------- > a 


Bio) tot eS ee, SE Ls Parabolas occur in a wide variety of applications. For instance, a parabolic 
eiestecietiaieatastasiataataietatatateiatecte ~ reflector can be formed by revolving a parabola about its axis. The resulting 

surface has the property that all incoming rays parallel to the axis are reflected 
Parabolicnetlecton: through the focus of the parabola. This is the principle behind the construction of 
Light is reflected the parabolic mirrors used in reflecting telescopes. Conversely, the light rays 
in parallel rays. emanating from the focus of a parabolic reflector used in a flashlight are all 
FIGURE 4.22 parallel to one another, as shown in Figure 4.22. 


FIGURE 4.23 


FIGURE 4.24 


Exploration 


_ An ellipse can be drawn using 
two thumbtacks placed at the 

_ foci of the ellipse, a string of 
fixed length (greater than the 

_ distance between the tacks), and 
a pencil, as shown in Figure 
4.24. Try doing this. Vary the 

length of the string and the dis- 
tance between the thumbtacks. 

_ Explain how to obtain ellipses 

that are almost circular. Explain 
how to obtain ellipses that are 
long and narrow. 
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Ellipses @ao> 


Definition of an Ellipse 


An ellipse is the set of all points (x, y) in a plane the sum of whose distances 
from two distinct fixed points (foci) is constant. See Figure 4.23. 


The line through the foci intersects the ellipse at two points (vertices). The chord 
joining the vertices is the major axis, and its midpoint is the center of the ellipse. 
The chord perpendicular to the major axis at the center is the minor axis. 

You can visualize the definition of an ellipse by imagining two thumbtacks 
placed at the foci, as shown in Figure 4.24. If the ends of a fixed length of string 
are fastened to the thumbtacks and the string is drawn taut with a pencil, the path 
traced by the pencil will be an ellipse. 

The standard form of the equation of an ellipse takes one of two forms, 
depending on whether the major axis is horizontal or vertical. 


Standard Equation of an Ellipse (Center at Origin) 


The standard form of the equation of an ellipse centered at the origin with 
major and minor axes of lengths 2a and 2b (where 0 < b < a) is 


x2 


or = 
b* © a 


The vertices and foci lie on the major axis, a and c units, respectively, from 
the center, as shown in Figure 4.25. Moreover, a, b, and c are related by the 
equation c* = a* — b’. 


(b, 0) a X 


(a) Major axis is horizontal; (b) Major axis is vertical; 
minor axis is vertical. minor axis is horizontal. 
FIGURE 4.25 


In Figure 4.25(a), note that because the sum of the distances from a point on 
the ellipse to the two foci is constant, 


Sum of distances from (0, b) to foci = sum of distances from (a, 0) to foci 


2/b? +c? =(a+c)+(a-c) 
JP +e=a 


C=a4 —b*. 
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y 


FIGURE 4,26 


meee 
Technology 
- Conics can be graphed 
using a graphing calculator by 
first solving for y For example, 
w= DP = iF 
( - Jen ee 


1 


can be graphed by graphing 
both 


FIGURE 4.27 


| Example 3. Finding the Standard Equation of an Ellipse @¥e> 


Find the standard form of the equation of the ellipse that has a major axis of 
length 6 and foci at (—2, 0) and (2, 0), as shown in Figure 4.26. 


Solution 


Because the foci occur at (—2, 0) and (2, 0), the center of the ellipse is (0, 0) and 
the major axis is horizontal. So, the ellipse has an equation of the form 


2 


—+-=], Standard form 
a b2 


Because the length of the major axis is 6, 2a = 6. This implies that a = 3. 
Moreover, the distance from the center to either focus is c = 2. Finally 


b* = 2 = c? = 37 = 27 =9 —4= §. 


Substituting a? = 3? and b? = (V5 ie yields the following equation in standard 
form. 


This equation simplifies to 
2 
bs 

— + —— 
9 


Example 4 Sketching an Ellipse @§e> 


Sketch the ellipse given by 4x? + y? = 36, and identify the vertices. 


Solution 
Ax? sy? = 36 Write original equation. 
oo ar y? ao Divid h by 36 
sy as Ses ivide each side by 36. 
36 | 3636 : 
2) 2 

ees 1 Write in standard f 

32 62 rite in standard form. 
x2 y? i 

= = Simplify. 

Ns as 


Because the denominator of the y?-term is larger than the denominator of the 
x?-term, you can conclude that the major axis is vertical. Moreover, because 
a = 6, the vertices are (0, —6) and (0, 6). Finally, because b = 3, the endpoints 
of the minor axis (or co-vertices) are (—3, 0) and (3, 0), as shown in Figure 4.27. 
Note that you can sketch the ellipse by locating the endpoints of the two axes. 
Because 3° is the denominator of the x?-term, move three units to the right and 
left of the center to locate the endpoints of the horizontal axis. Similarly, because 
6? is the denominator of the y?-term, move six units up and down from the center 
to locate the endpoints of the vertical axis. 


EE 


d>- dis a positive constant. 


(a) 


Branch 


(b) 
FIGURE 4.28 
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Hyperbolas 


The definition of a hyperbola is similar to that of an ellipse. The difference is that 
for an ellipse the sum of the distances between the foci and a point on the ellipse 
is constant, whereas for a hyperbola the difference of the distances between the 
foci and a point on the hyperbola is constant. 


Definition of a Hyperbola 
A hyperbola is the set of all points (x, y) in a plane the difference of whose 


distances from two distinct fixed points (foci) is a positive constant. See 
Figure 4.28(a). 


The graph of a hyperbola has two disconnected parts (branches). The line 
through the two foci intersects the hyperbola-at two points (vertices). The line 
segment connecting the vertices is the transverse axis, and the midpoint of the 
transverse axis is the center of the hyperbola. See Figure 4.28(b). 


Standard Equation of a Hyperbola (Center at Origin) 


The standard form of the equation of a hyperbola with center at the origin 
(where a # 0 and b # 0) is 
ss 


= = — || Transverse axis is horizontal. 
a wb 


Transverse axis is vertical. 


The vertices and foci are, respectively, a and c units from the center. 
Moreover, a, b, and c are related by the equation b? = c? — a’. See Figure 
4.29. 


Transverse 


\ 
Nah oad} (0, a) 
SS 4 


axis Srl 


pg er a Ae NG Bs x 
(-b, 0) alas (b, 0) 


|, =a) 


(a) (b) 
FIGURE 4.29 
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j | Example 5 Finding the Standard Equation of a Hyperbola__ 
Gao> 


Find the standard form of the equation of the hyperbola with foci at (—3, 0) 
and (3, 0) and vertices at (—2, 0) and (2, 0), as shown in Figure 4.30. 


Solution 


“From the graph, you can determine that c = 3, because the foci are three units 
from the center. Moreover, a = 2 because the vertices are two units from the 
center. So, it follows that 


b2? = (2 —- @ 


=a? = 2 
FIGURE 4.30 ere i 
= 5. 


Because the transverse axis is horizontal, the standard form of the equation is 


= || Write in standard form. 


= 1. Simplify. 


An important aid in sketching the graph of a hyperbola is the determination 
of its asymptotes, as shown in Figure 4.31. Each hyperbola has two asymptotes 
that intersect at the center of the hyperbola. Furthermore, the asymptotes pass 
through the corners of a rectangle of dimensions 2a by 2b. The line segment of 
length 2b joining (0, b) and (0, —b) [or (—b, 0) and (b, 0)] is the conjugate axis 
of the hyperbola. 


Asymptote: 


x 
‘ 


\ 
/ 
/ 
¢ 
/ 


jugate 
4 


Conj 
axis 
Noy 


« 


Asymptote: Asymptote: 
b 
y=- ae y=- Be 
(a) Transverse axis is horizontal; (b) Transverse axis is vertical; 
conjugate axis is vertical. conjugate axis is horizontal. 


FIGURE 4.31 


Exploration 


_ Use a graphing utility to graph 
the hyperbola in Example 6. 
Does your graph look like the 
one shown in Figure 4.33? If 
not, what must you do to obtain 
_ both the upper and lower por- 
tions of the hyperbola? Explain 
your reasoning. 
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Asymptotes of a Hyperbola (Center at Origin) 
The asymptotes of a hyperbola with center at (0, 0) are 


Transverse axis is horizontal. 


Transverse axis is vertical. 


Se «Sketching a Hyperbola @¥o> 


Sketch the graph of the hyperbola whose equation is 


4x2 — ye = 16. 
Solution 

Ay ye = 16 Write original equation. 

axe we i Divid h side by 16 

ae es, Sa SS ivide each side : 

foe 1h a6 ‘ 
sue 2 

m2 — 2 = Write in standard form. 
2 2 

x 

a < at | Simplify. 


Because the x?-term is positive, you can conclude that the transverse axis is 
horizontal and the vertices occur at (—2, 0) and (2, 0). Moreover, the endpoints 
of the conjugate axis occur at (0, —4) and (0, 4), and you can sketch the rectan- 
gle shown in Figure 4.32. Finally, by drawing the asymptotes through the corners 
of this rectangle, you can complete the sketch shown in Figure 4.33. 


FIGURE 4.32 
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Finding the Standard Equation of a Hyperbola 


Find the standard form of the equation of the hyperbola that has vertices at 
(0, —3) and (0, 3) and asymptotes y = —2x and y = 2x, as shown in Figure 4.34. 


Solution 
Because the transverse axis is vertical, the asymptotes are of the forms 


a d a 
= ey, 
lie, an y b 
Using the fact that y = 2x and y = —2x, you can determine that 
“= 2. 
b 


Because a = 3, you can determine that b = 3, Finally, you can conclude that the 
hyperbola has the following equation. 


VE cata es, 
32 = 3\2 1 Write in standard form. 
FIGURE 4,34 (3) 
2 
2 2 
y x hes 
== SS = 1 Simplify. 
9 9 : 
4 


r Writing avout matuematics 


Hyperbolas in Application At the beginning of this section, you learned that each 
type of conic section can be formed by the intersection of a plane anda 
double-napped cone. The figure below shows three examples of how such 
intersections can occur in physical situations. 


Identify the cone and hyperbola (or portion of a hyperbola) in each of the three 
situations. Write a short paragraph describing other examples of physical situa- 
tions in which hyperbolas are formed. 


4.4 Exercises 
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In Exercises 1-10, match the equation with its graph. If the 
graph of an equation is not shown, write “not shown.” [The 
graphs are labeled (a), (b), (c), (d), (e), (f), (g), and (h).] 


(a) y (b) y 


(d) 


(e) y (f) 


(g) y (h) 


1. x* = 2y 2K ay 
3. y? = 2x Axye = —2x 
5, 9x? + y? = Gta Dy = 
7. 9x7 — y? = Spy = 
9, x2 + y2 = 49 10. x2 + y? = 16 


In Exercises 11-16, find the vertex and focus of the 
parabola and sketch its graph. 


11. y = 3x? 12, y= 


1332 =" 6x 
15. x? + 8y =0 


14, y? = 3x 
16.x+y*=0 


In Exercises 17-26, find an equation of the parabola with 
vertex at the origin. 


17. Focus: (2, 0) 

19. Focus: (0, —3) 
21. Directrix: y = —1 
23. Directrix: x = 3 


18. Focus: (—2, 0) 

20. Focus: (0, —2) 

22. Directrix: y = 2 
24. Directtix: x = —2 
25. Passes through the point (4, 6); horizontal axis 
26. Passes through the point (—2, —2); vertical axis 


In Exercises 27-30, find the standard form of the equation of 
the parabola and determine the coordinates of the focus. 


. Flashlight The light bulb in a flashlight is at the 
focus of the parabolic reflector, 1.5 centimeters from 
the vertex of the reflector (see figure). Write an equa- 
tion for a cross section of the flashlight’s reflector 
with its focus on the positive x-axis and its vertex at 
the origin. 
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32. Satellite Antenna Write an equation for a cross 


section of the parabolic television dish antenna 
shown in the figure. 


Receiver @==- == 


> Model It 


33. Suspension Bridge Each cable of the Golden 
Gate Bridge is suspended (in the shape of a 
parabola) between two towers that are 1280 
meters apart. The top of each tower is 152 meters 
above the roadway. The cables touch the roadway 
at the midpoint between the towers. 


(a) Draw a sketch of the bridge. Locate the ori- 
gin of a rectangular coordinate system at the 
center of the roadway. Label the coordinates 
of the known points. 


(b) Write an equation that models the cables. 


(c) Complete the table by finding the height y of 
the suspension cables over the roadway at a 
distance of x meters from the center of the 
bridge. 


Height, y 


,.. Distance, x 


e& 


34. Beam Deflection A simply supported beam (see 
figure) is 64 feet long and has a load at the center. 
The deflection of the beam at its center is 1 inch. The 
shape of the deflected beam is parabolic. 


(a) Find an equation of the parabola. (Assume that 
the origin is at the center of the beam.) 


(b) How far from the center of the beam is the 
deflection 5 inch? 


Not drawn to scale i 


FIGURE FOR 34 


In Exercises 35-42, find the center and vertices of the 
ellipse and sketch its graph. 


y? x2 y? 


Se ee 6. —— +2 24 
7 28 LG z 144 169 
2 y2 x2? 

37. +2 _ =) 39g, 2 42 = 
25/9 16/9 4 1/4 
ay) Pe ee 

>, et 40. 

: ) =) 28 «664 

41. 4x2 + y? =] 42. 4x? + Oy? = 36 


In Exercises 43-52, find an equation of the ellipse with 
center at the origin. 


47. Vertices: (£5, 0); Foci: (+2, 0) 

48. Vertices: (0,+8); Foci: (0, +4) 

49. Foci: (+5, 0); Major axis of length 12 

50. Foci: (+2, 0); Major axis of length 8 

51. Vertices: (0,+5); Passes through the point (4, 2) 


52. Major axis vertical: Passes through the points (0, 4) 
and (2, 0) 


53: 


54. 


56. 


. Architecture 


Architecture A fireplace arch is to be constructed 
in the shape of a semiellipse. The opening is to have 
a height of 2 feet at the center and a width of 6 feet 
along the base (see figure). The contractor draws the 
outline of the ellipse on the wall by the method 
shown in Figure 4.24. Give the required positions of 
the tacks and the length of the string. 


Architecture A semielliptical arch over a tunnel 
for a road through a mountain has a major axis of 
100 feet and a height at the center of 30 feet. 


(a) Draw a rectangular coordinate system on a 
sketch of the tunnel with the center of the road 
entering the tunnel at the origin. Identify the 
coordinates of the known points. 


(b) Find an equation of the semielliptical arch over 
the tunnel. 


(c) Determine the height of the arch 5 feet from each 
edge of the tunnel. 


Repeat Exercise 54 for a semiellipti- 
cal arch with a major axis of 110 feet and a height at 
the center of 40 feet. 


Geometry A line segment through a focus of an 
ellipse with endpoints on the ellipse and perpendicu- 
lar to the major axis is called a latus rectum of the 
ellipse. Therefore, an ellipse has two latera recta. 
Knowing the length of the latera recta is helpful in 
sketching an ellipse because it yields other points on 
the curve (see figure). Show that the length of each 
latus rectum is 2b?/a. 
y 


1 Latera recta 


In Exercises 57-60, sketch the graph of the ellipse, using the 
latera recta (see Exercise 56). 


57. 


x? y? 
| 
see 


2 


2) 
4 1 


59. 
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9x? + 4y? = 36 60. 5x? + 3y? = 15 


In Exercises 61-68, find the center and vertices of the 
hyperbola and sketch its graph, using asymptotes as 
sketching aids. 


61. 


63. 


65. 


67. 


Moe RY, 
5 al 62 ee eal 
lags otic 
2 we 2) 2 
y x Ye ek 
Date ieee Pa ge eae 
6.84 Seas ies 
2 2 2 2 
2 = Fatt 66.7--> =1 
25. 144 eee, 
Aye = yi | 68. 4y? — 9x? = 36 


In Exercises 69-76, find an equation of the hyperbola with 
center at the origin. 


69. 
70. 
71. 
72. 
TBS 
74. 
TY 


il 


Vertices: (0, +2); Foci: (0, +4) 


Vertices: (+3, 0); Foci: (+5, 0) 
Vertices: (+1, 0); Asymptotes: y = +3x 
Vertices: (0, +3); Asymptotes: y = +3x 


Foci: (0, +8); Asymptotes: y = +4x 
Foci: (10,0); Asymptotes: y = +3x 


Optics A hyperbolic mirror (used in some 
telescopes) has the property that a light ray directed 
at the focus will be reflected to the other focus. The 
focus of a hyperbolic mirror (see figure) has coordi- 
nates (24,0). Find the vertex of the mirror if its 
mount at the top edge of the mirror has coordinates 
(24, 24). 


> << 


(24, 24) 


R 
o> 


(24, 0) 


(—24, 0) 
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78. Navigation Long-distance radio navigation for 
aircraft and ships uses synchronized pulses transmit- 
ted by widely separated transmitting stations. These 
pulses travel at the speed of light (186,000 miles per 
second). The difference in the times of arrival of 
these pulses at an aircraft or ship is constant on a 
hyperbola having the transmitting stations as foci. 

Assume that two stations 300 miles apart are 
positioned on a rectangular coordinate system at 
points with coordinates (— 150, 0) and (150, 0) and 
that a ship is traveling on a path with coordinates 
(x, 75), as shown in the figure. Find the x-coordinate 
of the position of the ship if the time difference 
between the pulses from the transmitting stations is 
1000 microseconds (0.001 second). 


Synthesis 


True or False? \n Exercises 79-81, determine whether 
the statement is true or false. Justify your answer. 


79. The equation x* — y? = 144 represents a circle. 


80. The major axis of the ellipse y? + 16x? = 64 is 
vertical. 


81. It is possible for a parabola to intersect its directrix. 


82. Think About It How can you tell if an ellipse is a 
circle from the equation? 


83. Exploration Consider the ellipse 


es 

Ga be 

(a) The area of the ellipse is A = mab. Write the 
area of the ellipse as a function of a. 


=], a+ b= 20. 


(b) Find the equation of an ellipse with an area of 
264 square centimeters. 


(c) Complete the table using your equation from 
part (a), and make a conjecture about the shape 
of the ellipse with maximum area. 


BBCI 
SE 


ae (d) Use a graphing utility to graph the area function 

and use the graph to make a conjecture about the 

shape of the ellipse that yields a maximum area. 

84. Think About It Is the graph of x? + 4y* = 4 an 
ellipse? Explain. 

85. Think About It The graph of x7 — y?=0O isa 

degenerate conic. Sketch this graph and identify the 
degenerate conic. 


86. Writing Write a paragraph discussing the changes 
in the shape and orientation of the graph of the 
ellipse 


as a increases from | to 8. 


87. Use the definition of an ellipse to derive the standard 
form of the equation of an ellipse. 


88. Use the definition of a hyperbola to derive the 
standard form of the equation of a hyperbola. 


Review 


In Exercises 89-92, sketch the graph of the quadratic func- 
tion without using a graphing utility. Identify the vertex. 


89. f(x) = x2 -8 90. f(x) = 25 — x? 

91. f(x) = x? + 8x4 12 92. f(x) = x2 —4x —21 

93. Find a polynomial with integer coefficients that has 
the zeros 3,2 + i, and2 — i. 


94. Find all the zeros of f(x) = 2x3 — 3x2 + 50x — 75 
if one of the zeros is x = 5. 


95. List the possible rational zeros of the function 
g(x) = 6x* + 7x3 — 29x? — 28x + 20. 


acs 96. Use a graphing utility to graph the function 


A(x) = 2x4 + x3 — 19x2\— 049. Tse the graph 
and the Rational Zero Test to find the zeros of h. 


In Exercises 97 and 98, write the partial fraction decompo- 


sition of the rational expression. Check your result 
algebraically. 


gee S 


97, ——______ 
x? + 3x — 18 38. 


= 2 
x* — 6x -—7 


eme Translations of Conics 


> What you should learn 


* How to recognize equations of 
conics that have been shifted 
vertically or horizontally in the 
plane 
How to write and graph equa- 
. tions of conics that have been 
y shifted vertically or horizontally 
in the plane 


> Why you should learn it 


In some real-life applications, it is 
not convenient to use conics 
whose centers or vertices are at 


" > the eee instance, i in 
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Vertical and Horizontal Shifts of Conics 


In Section 4.4 you looked at conic sections whose graphs were in standard 
position. In this section you will study the equations of conic sections that have 
been shifted vertically or horizontally in the plane. 


Standard Forms of Equations of Conics 
Circle: Center = (h, k); Radius = r 


( — WP + (y- WP =P 
Ellipse: Center = (h, k) 


Major axis length = 2a; Minor axis length = 2b 


GENT OS Ge Onna 


Hyperbola: Center = (h, k) 


Transverse axis length = 2a; Conjugate axis length = 2b 


ow em | 
cee | 


Parabola: Vertex = (h, k) 


Directed distance from vertex to focus = 


(x—hy = 4p(y —k) 


Focus: (h, k+p) Co= ky = 4p(x —h) 


' Vertex: (h, k) 
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Example 1 Equations of Conic Sections €3e> 


a. The graph of 


eel Ate (yun) eee 


is a circle whose center is the point (1, —2) and whose radius is 3, as shown 
in Figure 4.35. 


. The graph of 


= 2 eas 2 
(2) Ee, Oa ge 
32 DE: 
is an ellipse whose center is the point (2, 1). The major axis of the ellipse is 


horizontal and of length 2(3) = 6, and the minor axis of the ellipse is vertical 
and of length 2(2) = 4, as shown in Figure 4.36. 


1 


. The graph of 


(x- 3)? (y- 27 _ 


12 82 : 


is a hyperbola whose center is the point (3, 2). The transverse axis is horizontal 
and of length 2(1) = 2, and the conjugate axis is vertical and of length 
2(3) = 6, as shown in Figure 4.37. 


. The graph of 


(582) (1) Gas) 


is a parabola whose vertex is the point (2,3). The axis of the parabola is 
vertical. The focus is one unit above or below the vertex. Moreover, because 
p = —1, it follows that the focus lies below the vertex, as shown in Figure 4.38. 


Me Sa 


3 2 


(x- 1)? + (y+ 2)2= 32 heaal = 2)? = DES 


—6 


FIGURE 4.35 FIGURE 4.36 


CA) OE 2 
of 12 32 a) 


FIGURE 4.37 FIGURE 4.38 


fl 


@- 1? =4-D0- | 


FIGURE 4,39 


STUDY TIP 


Note in Example 2 that p is the. 


directed distance from the 

? vertex to the focus. Because the 
axis of the parabola is vertical 
and p = —1, the focus is one 
unit below the vertex, and the 
parabola opens downward. 


ae os 


22 12 


FIGURE 4.40 
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Equations of Conics in Standard Form Gop 


| Example 2. Finding the Standard Form of a Parabola 


Find the vertex and focus of the parabola x7 — 2x + 4y — 3 = 0. 


Solution 
Complete the square to write the equation in standard form. 


x*—2x + 4y —3 =0 


Write original equation. 


Ko hae 4) 3 


Group terms. 


x? =i LoS Say 4 13ihol Add | to each side. 
ee \2 eee Write in completed 
(x I) ays square form. 
eee \ re a8 <2 Write in standard form, 
(x 1) A( I)\(y 1) (x — h)? = 4p(y - bo. 
From this standard form, it follows that h = 1,k = 1, and p = —1. Because the 


axis is vertical and p is negative, the parabola opens downward. The vertex is 
(h, k) = (1, 1) and the focus is (h, k + p) = (1, 0). (See Figure 4.39.) 


Sketching an Ellipse Gae> 


| Example 3 


Sketch the graph of the ellipse x* + 4y? + 6x — 8y + 9 = 0. 


Solution 


Complete the square to write the equation in standard form. 
x2 + 4y? + 6x — 8y + 9 =0 
) + (4? - By + 1) = - 
(x? + 6x + ) + 4(y? — 2y + )=-9 
(x2 + 6x + 9). 4 4(y? — 2y +4) = -9 +9 4+ 41) 


Write original equation. 


(x? 6x + Group terms. 


Factor 4 out of y -terms. 


Add 9 and 4(1) = 4 
to each side. 


Write i leted 
esp Hay pea 4 Wieincomie 
2 — 72 
e 2) a a ri y =] Divide each side by 4. 
(erase ol) (w= AP (y= ke 
92 + 12 mo a zs ee I 


From this standard form, it follows that the center is (h, k) = (—3, 1). Because 
the denominator of the x-term is a = 27, the endpoints of the major axis lie two 
units to the right and left of the center. Similarly, because the denominator of the 
y-term is b? = 12, the endpoints of the minor axis lie one unit up and down from 
the center. The ellipse is shown in Figure 4.40. 
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Example 4 Sketching a Hyperbola @&o> 


Sketch the graph of the hyperbola given by the equation 
y? — 4x2 + 4y + 24x — 41 = 0. 
Solution 


Complete the square to write the equation in standard form. 


y* — 4x? £ Ay 4245 — 41 = 0) Write original equation. 
Qieaac 3) 5 Vian A eer aes )=41 Group terms. 
(y2 +4y+ ) — 4x2 — 6x + ) = 41 Factor 4 out of x -terms. 
Add 4 and subtract 
(yi By ioe Ae = ON Pal epee 
Write in completed 
Cyt 2) eA 3 ae square form. 
2 ey 
wt os ot = 1 Divide each side by 9. 
2 Bae 7 
ree): = Gaal =] Change 4 to 
9 2 4 
4 
Sie) cela) =e. ee 
32 (3) i me ke 
2 


From this standard form, it follows that the transverse axis is vertical and the 
center lies at (h, k) = (3, —2). Because the denominator of the y-term is a2 = 32, 
you know that the vertices occur three units above and below the center. 


(3, —5) and (3, 1) Vertices 

To sketch the hyperbola, draw a rectangle whose top and bottom pass through the 

4 1 H es ; ‘ %, ‘ . 2 = 3 3 
1//(3, -5)\1 vertices. Because the denominator of the x-term is D (3) , locate the sides of 
(3, -2 ~$/5) 7 en the rectangle ; units to the right and left of the center, as shown in Figure 4.41. 
a ’ . Finally, sketch the asymptotes by drawing lines through the opposite corners of 
: : the rectangle. Using these asymptotes, you can complete the graph of the 

FIGURE 4.41 hyperbola, as shown in Figure 4.41. 


Lee 


To find the foci in Example 4, first find c. 


Ct deaths 


Because the transverse axis is vertical, the foci lie c units above and below the 
center. 


(3; 252 2/5) seandia (omer =e 


Foci 
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} Example 5 Writing the Equation of an Ellipse ¥o> 


Write the standard form of the equation of the ellipse whose vertices are (2, —2) 
and (2, 4). The length of the minor axis of the ellipse is 4, as shown in Figure 
4.42. 


Solution 
The center of the ellipse lies at the midpoint of its vertices. So, the center is 
Ge Os): Center 


Because the vertices lie on a vertical line and are six units apart, it follows that the 
major axis is vertical and has a length of 2a = 6. So, a = 3. Moreover, because 
the minor axis has a length of 4, it follows that 2b = 4, which implies that b = 2. 


ee Therefore, the standard form of the ellipse is as follows. 
Done = 9 
( re ) oe ly 2 =] Major axis is vertical. 
a) 2 =] 2 
aso) + Wea = 1 Write in standard form. 
2 32 


An interesting application of conic sections involves the orbits of comets in 
our solar system. Of the 610 comets identified prior to 1970, 245 have 
elliptical orbits, 295 have parabolic orbits, and 70 have hyperbolic orbits. For 
example, Halley’s comet has an elliptical orbit, and reappearance of this comet 

i can be predicted every 76 years. The center of the sun is a focus of each of these 
orbits, and each orbit has a vertex at the point where the comet is closest to the 
sun, as shown in Figure 4.43. 

If p is the distance between the vertex and the focus, and v is the speed of the 

comet at the vertex, then the orbit is: 


; 2GM 
an ellipse if ve< = 


2GM 
a parabola if v= 20M 


/2GM 
a hyperbola if v> is 


where M is the mass of the sun and G is the universal gravitational constant, 
which is approximately equal to 6.67 x 10~* cm3/(kg + sec’). 


ate 


Writing ABOUT MATHEMATICS 


identifying Equations of Conics Use the Internet to research information about the 
orbits of comets in our solar system. What can you find about the orbits of comets 
that have been identified since 1970? Write a summary of your results. Identify 

bo FIGURE 4.43 your source. Does it seem reliable? 
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4.5 Exercises 


In Exercises 1-6, identify the center and radius of the circle. 
2. Vo el 
16 
= 36 
6.47 +i ae 12 24 


1x sy 49 

3. (x + 3)? + (y — 8) 
4. (x + 9)? + (y 
5. (x — 1)? + y? = 10 


ll 


+ 

2 

— 
N 
| 


In Exercises 7-10, write the equation of the circle in 
standard form, and then identify its center and radius. 


ee Py ie 1 Oar Osa) 
Sy — 10x 6y 25 — 0 
9. 4x2 + dy? + 12x — 24y + 41 =0 
10) 0x2 Oy? 4+ 54, = 36) 6 17 =] 0 


In Exercises 11-18, find the vertex, focus, and directrix of 
the parabola, and sketch its graph. 


11. (x — 1)2 + 8(y + 2) =0 
L2G ey 2) a) 

13. (y +4) =2—5) 14 (x +4) = 4K - 3) 
15 y= a2 — Oy 5) 16s ay yy 9 6 
I We Sar cke a. es) 0) 

18. y? — 4y — 4, =0 


In Exercises 19-22, find the vertex, focus, and directrix of 
the parabola, and use a graphing utility to graph the 
parabola. 


19. y = —G(x? + 4x — 2)20. x? - 2x + By + 9 =0 
21. ye txty=0 22 y?-4x-4=0 


In Exercises 23-28, find an equation of the parabola. 


23s Vertex: (3,2); Focus: (1, 2) 

24. Vertex: (— 1, 2); Focus: (— 1, 0) 

25. Vertex: (0, 4); Directrix: y = 2 

26. Vertex: (—2, 1); Directrix: x = 1 

27. Focus: (2, 2); Directrix: x = —2 

28. Focus: (0, 0); Directrix: y = 4 

29. Satellite Orbit An Earth satellite ina 100-mile-high 
circular orbit around Earth has a velocity of approxi- 
mately 17,500 miles per hour (see figure). If this 
velocity is multiplied by ./2, the satellite will have 


the minimum velocity necessary to escape Earth’s 
gravity and it will follow a parabolic path with the 


center of Earth as the focus. 
(a) Find the escape velocity of the satellite. 


(b) Find an equation of its path (assume that the 
radius of Earth is 4000 miles). 


y 


Circular , 
Parabolic 


path 


> Model It 


30. Maximum Revenue The revenues R (in mil- 
lions of dollars) for Manpower, Inc. for the years 
1997 through 2001 are shown in the table. 
(Source: Manpower, Inc.) 


10,842.8 
10,483.8 


Ee (a) Use a graphing utility to find an equation of 
the parabola y = at? + bt + c that models 
the data. Let t represent the year, with t = 7 
corresponding to 1997. 


(b) Find the coordinates of the vertex and inter- 
pret its meaning in the context of the problem. 
Pe (c) Use a graphing utility to graph the function. 
ox (d) Use the trace feature of the graphing utility 
to approximate graphically the year in which 

revenue was maximum. 


(e) Use a table to approximate numerically the 
year in which revenue was maximum. 


(f) Compare the results of parts (b), (d), and (e). 


What did you learn by using all three 
approaches? 


31. 


Z 32. 


Projectile Motion A bomber is flying at an altitude 
of 30,000 feet and a speed of 540 miles per hour 
(792 feet per second). How many feet will a bomb 
dropped from the plane travel horizontally before it 
hits the target if the path of the bomb is modeled by 


x* = —39,204(y — 30,000)? 


Path of a Projectile The path of a softball is 

modeled by —12.5(y — 7.125) = ( — 6.25)?. The 

coordinates x and y are measured in feet, with x = 0 

corresponding to the position from which the ball 

was thrown. 

(a) Use a graphing utility to graph the trajectory of 
the softball. 

(b) Use the trace feature of the graphing utility to 
approximate the highest point and the range of 
the trajectory. 


In Exercises 33-40, find the center, foci, and vertices of the 
ellipse, and sketch its graph. 


53. 


34. 


35. 


36. 


37. 
38. 
39. 
40. 


ey 5) 
2 25 
(= 6) , (y+ 7P 
4 16 


» + 4) 
+22 + 08 =, 


4 


(x — + ( 
9 

Ox? + -4y2 + 36x — 24y + 36 =0 

Ox? + 4y? — 36x + 8y + 31 =0 

16x? + 25y2 — 32x + SO0y + 16 =0 

Ox? + 25y” — 36x — 50y + 61 = 0 


a eee 


in Exercises 41-50, find an equation of the ellipse. 


, 41. 


43. 
44. 


y 42. 


Vertices: (0, 2), (4, 2); Minor axis of length 2 
Foci: (0, 0), (4, 0); Major axis of length 8 


45. 
46. 


47. 
48. 
49. 


50. 
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Foci: (0, 0), (0, 8); Major axis of length 16 
Center: (2, — 1); Vertex: (2, 1). 

Minor axis of length 2 

Center: (0, 4); a = 2c; Vertices: (—4, 4), (4, 4) 
Center: (3, 2); a,="3c; Foci: (1)-2), (3; 2) 
Vertices: (0, 2), (4, 2); 

Endpoints of the minor axis: (2, 3), (2, 1) 
Vertices: (5, 0), (5, 12); 

Endpoints of the minor axis: (0, 6), (10, 6) 


In Exercises 51 and 52, use the eccentricity of the ellipse, 
which is defined by e.= c/a. The eccentricity measures the 
flatness of the ellipse. 


i 


52. 


53. 


54. 


Find an equation of the ellipse with vertices (+5, 0) 
and eccentricity e = - 
Find an equation of the ellipse with vertices (0, +8) 
and eccentricity e = 3. 


Distance from the Sun The planet Pluto moves in 
an elliptical orbit with the sun at one of the foci, as 
shown in the figure. The length of half of the major 
axis, a, is 3.666 x 10° miles, and the eccentricity is 
(0.248. Find the smallest distance (perihelion) and the 
greatest distance (aphelion) of Pluto from the center 
of the sun. 


Australian Football In Australia, football by 
Australian Rules (or rugby) is played on elliptical 
fields. The field can be a maximum of 170 yards 
wide and a maximum of 200 yards long. Let the 
center of a field of maximum size be represented by 
the point (0, 85). Write an equation of the ellipse that 
represents this field. (Source: Oxford Companion 
to World Sports and Games) 


In Exercises 55-64, find the center, foci, and vertices of the 
hyperbola, and sketch its graph. Sketch the asymptotes as 
an aid in obtaining the graph of the hyperbola. 


Shy 


(= 1? W+#_, 
+ 1 
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Cer Or 
Ramee VER oi a yy 
57. (y+ 62 —(x-2) =1 

OS DP saw 
2 1/4 1/9 =) 


59 9x2 — y2 = 36x — by + 18 =10 
600%" — 9y2 = 36y— 72. =.0 

Ol? = 9) 2x = 54y 180 =10 
62. l6y2 = x7 2x 64) + 63 =.0 
63.59)" — 4x2 + 8x 8yer 41 = 0 
64. lly? — 3x? + 12x + 44y + 48 =0 


In Exercises 65-74, find an equation of the hyperbola. 


65. y 66. y 


(5, 2)/(6, 2) 
hoa 


67. Vertices: (2, 0), (6, 0); Foci: (0, 0), (8, 0) 
68. Vertices: (2, 3), (2, —3); Foci: (2, 5), (2, —5) 
69. Vertices: (4, 1), (4, 9); Foci: (4, 0), (4, 10) 
70. Vertices: (—2, 1), (2, 1); Foci: (—3, 1), (3, 1) 
71. Vertices: (2, 3), (2, —3); 

Passes through the point (0, 5) 
72. Vetticess(—2)1) (ein: 

Passes through the point (4, 3) 
73. Vertices: (0, 2), (6, 2); 

Asymptotes: y = ox, y=4- ox 
74. Vertices: (3, 0), (3, 4); 

Asymptotes: y = 2, y=4- oy 


In Exercises 75-82, identify the conic by writing its equation 
in standard form. Then sketch its graph. 


75. x7 + y? — 6x + 4y4+9=0 
76. x? + 4y? — 6x + 16y + 21 = 0 
77. 4x? — y2-— 4x -3=0 

78. y? — 4y — 4x = 0 

79. 4x? + 3y? + 8x — 24y + 51 =0 


80. 4y2:= 2x7) 14y =r V5 S00 
81. 25x? — 10x — 200y — 119 =0 
$2. 4x* + 4y? — loy.t+ 15 =0 


Synthesis 


True or False? In Exercises 83 and 84, determine 
whether the statement is true or false. Justify your answer. 


83. The conic represented by the equation 
3x? + 2y? — 18x — 1l6y + 58 = O is an ellipse. 


84. The graphs of x? + 10y — 10x + 5 = O and 
x? + 16y? + 10x — 32y — 23 = 0 do not intersect. 
Exploration _\n Exercises 85 and 86, consider the ellipse 


x2 y? 


a pea 


85. Show that the equation of the ellipse can be written as 


Gib Ayaeke Tl 


— 


1 
ae a*(1 — e?) 


where e is the eccentricity. 


hii 86. Use a graphing utility to graph the ellipse 


(x= 2) ee 
4 4(1 — e?) 
for e = 0.95, 0.75, 0.5, 0.25, and 0. Make a conjec- 


ture about the change in the shape of the ellipse as e 
approaches 0). 


= 1 


Review 


In Exercises 87-90, identify the rule of algebra that is 
illustrated. 


87. (a+ 4) —- (a+ 4) =0 
88. u + (v + 10) = (ut v) + 10 
89. (x + 3)(a + b) = x(a + b) + 3(a + dD) 
1 
tS 


90. (7573) ere 


In Exercises 91 and 92, determine whether f and g are 
inverse functions. If g is not the inverse function of f, find 
the correct inverse function. 


91.7@) = 10 9x" 2G) =— = 4 


92. f(x) = Vx +8, g(x) = x2 +8 


Chapter Summary 


& Chapter Summary 
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> What did you learn? 


Section 4.1 
LC) How to find the domains of rational functions 


OO) How to find the horizontal and vertical asymptotes of graphs of 
rational functions 


O How to use rational functions to model and solve real-life problems 


Section 4.2 
1 How to analyze and sketch graphs of rational functions 


O How to sketch graphs of rational functions that have slant asymptotes 
CO How to use graphs of rational functions to model and solve real-life problems 


Section 4.3 
O How to recognize partial fraction decompositions of rational expressions 


QO How to find partial fraction decompositions of rational expressions 


Section 4.4 
CX How to recognize the four basic conics: circles, ellipses, parabolas 
and hyperbolas 


0 How to recognize, graph, and write equations cf parabolas (vertex at origin) 
0 How to recognize, graph, and write equations of ellipses (center at origin) 
0 How to recognize, graph, and write equations of hyperbolas (center at origin) 


Section 4.5 

1 How to recognize equations of conics that have been shifted vertically or 
horizontally in the plane 

0 How to write and graph equations of conics that have been shifted vertically 
or horizontally in the plane 


Review Exercises 
1-4 
5-8 


910 


1t-22 
23-26 
27-30 


31-34 
35-42 


43-50 


51-56 
57-64 
65-68 


69-76 


77-100 
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Review Exercises 


4.1 | In Exercises 1-4, find the domain of the rational 
function. 


on PPE 
Ue ae 12 ZHAI Lt 3% 
8 ek ee 
AG Some try, | eet) ory 


In Exercises 5-8, identify any horizontal or vertical asymp- 
totes. 


Mee eae aim & 
5. f(:) = 6. fe) = 
2 1 
rh SOU eran 8. g(x) Ge) 


9. Average Cost A business has a production cost of 
C = 0.5x + 500 for producing x units of a product. 
The average cost per unit is 

C0 Sys 500 


C= 6 
x x 


ie > ©, 


Determine the average cost per unit as x increases 
without bound. (Find the horizontal asymptote.) 


10. Seizure of Illegal Drugs The cost C (in millions of 
dollars) for the federal government to seize p% of an 
illegal drug as it enters the country is 


~28p 
100° sp" 


Orssp = 100: 


(a) Find the cost of seizing 25% of the drug. 
(b) Find the cost of seizing 50% of the drug. 
(c) Find the cost of seizing 75% of the drug. 


(d) According to this model, would it be possible to 
seize 100% of the drug? 


4.2 | In Exercises 11-22, identify intercepts, check for 
symmetry, identify any vertical or horizontal asymptotes, 
and sketch the graph of the rational function. 


=a) 4 
Ibs GAR has ae 12. f(x) =— 
gf i 
oes z 
13. g(x) =— aij 
ees cae 
KE 2K 
1 e = a — 
Sp) ae 16. f(x) Eee 


4 
x eS 
V7) tee 18. h(x) = G — 1? 
— 6x" A, HO 
19 eer 20. a ae 
=2 
X — <*> 
DAE y = 2 = ; 22 g(x) at (x ue 3)2 


In Exercises 23-26, state the domain of the function and 
identify any vertical and slant asymptotes. Then sketch the 
graph of the rational function. 


Te Beer 
23. f(x) = 35 24. Ciara 

Kk See fed Pep 
25. f(x) = ae 26. f(x) es 


27. Average Cost The cost of producing x units of a 
product is C, and the average cost per unit is 
rae C _ 100,000 + 0.9x 


Xx Xx 


eersse() 


(a) Graph the average cost function. 


(b) Find the average cost of producing x = 1000, 
10,000, and 100,000 units. 

(c) By increasing the level of production, what is the 
smallest average cost per unit you can obtain? 
Explain your reasoning. 

28. Minimum Area A page that is x inches wide and y 
inches high contains 30 square inches of print. The top 
and bottom margins are 2 inches deep and the margins 
on each side are 2 inches wide. 


(a) Draw a diagram that gives a visual representa- 
tion of the problem. 


(b) Show that the total area A on the page is 


_ 2x(2x + 7) 
Xe a 


A 


(c) Determine the domain of the function based on 
the physical constraints of the problem. 


ow (d) Use a graphing utility to graph the area function 
and approximate the page size for which the 
least amount of paper will be used. 


z 29. Photosynthesis The amount y of CO, uptake in 
milligrams per square decimeter per hour at optimal 
temperatures and with the natural supply of CO, is 
approximated by the model 


_ 18.47x — 2.96 


0.23x + 1 Tae 


where x is the light intensity (in watts per square 
meter). Use a graphing utility to graph the function 
and determine the limiting amount of CO, uptake. 


4 30. Medicine The concentration C of a medication in 
the bloodstream t hours after injection into muscle 
tissue is given by 


Ay ae Il 
PbA 


Cn= i> 0: 

Use a graphing utility to graph the function and 
approximate the time when the bloodstream concen- 
tration is greatest. 


In Exercises 31-34, write the form of the partial 
fraction decomposition for the rational expression. Do not 
solve for the constants. 


3 ao 
ef x2 + 20x ae x? — 3x — 28 
Sa 4: fe Dy 
Sg x3 — 5x? a x(x2 + 2)? 


In Exercises 35-42, write the partial fraction decomposition 
for the rational expression. 


ees 60 
XA -On.4+15 i oes 2 
A oo mie ee 
te x? ee —1 a re i - 
4 ws, 
41. ie z s 42. — Ne Aa 


4.4 | In Exercises 43-50, identify the conic. 


43. y? = —12x 44. 16x? + y* = 16 
x? yy? Lor es aed 
Es eS ~—-+—=1 

45. 9 1 1 46 1 9 

47. x2 + 20y = 0 48. x2 + y? = 100 

2 ps 2 2 

oe 49 14 : =f. 49 144 


> Review Exercises 381 


In Exercises 51-54, write the equation of the specified 
parabola. 


53. Vertex: (0,0); Focus: (—6, 0) 
54. Vertex: (0, 0); Focus: (0, 3) 
55. Satellite Antenna A cross section of a large para- 
bolic antenna (see figure) is modeled by 
2 
x 
Ss = 100%" = 100: 
45200 ‘ 


The receiving and transmitting equipment is posi- 
tioned at the focus. Find the coordinates of the focus. 


56. Suspension Bridge Each cable of a suspension 
bridge is suspended (in the shape of a parabola) 
between two towers (see figure). An equation that 
models the cables is given by 


x2 


ial 30 


where x and y are measured in meters. Find the coor- 
dinates of the focus. 
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In Exercises 57-62, write the equation of the specified 
ellipse whose center is the origin. 


58. 


59. Vertices: (0, +6); Passes through the point (2, 2) 

60. Vertices: (+7, 0); Foci: (+6, 0) 

61. Foci: (+6, 0); Minor axis of length 10 

62. Foci: (+3, 0); Major axis of length 12 

63. Architecture A semielliptical archway is to be 
formed over the entrance to an estate (see figure). The 
arch is to be set on pillars that are 10 feet apart and is 


to have a height (atop the pillars) of 4 feet. Where 
should the foci be placed in order to sketch the arch? 


64. Wading Pool You are building a wading pool that 
is in the shape of an ellipse. Your plans give an equa- 
tion for the elliptical shape of the pool measured in 
feet as 

2 2 
sie LEG 


324 * 196 


Find the longest distance across the pool, the short- 
est distance, and the distance between the foci. 


In Exercises 65-68, write the equation of the specified 
hyperbola whose center is the origin. 


67. Vertices: (0, +1); Foci: (0, +3) 
68. Vertices: (+4, 0); Foci: (+6, 0) 


4.5 | In Exercises 69-76, identify the conic by writing its 
equation in standard form. Then sketch its graph. 

69. x? —6x + 2yvy+9=0 

Wy? Al 2y = 8x4 492010 

Tl X24 bry? 25 = 4y 45 

72. 16x” + 16y? — 16x + 24y —3 =0 

73. x7 + 9y* + 10x — T8y +225 = 0 

74. 4x? + y* — 16-4 15=0 

15 OX — ye im] Deed: Sy 19 =p 

76. x* — Sy” + 10x + 18y +7 =0 


In Exercises 77 and 78, identify the center and radius of the 
circle. 


71. (x — 2)" + (y+ 6)? =2 
78. (x + 8)? + (y — 3)? = 64 


In Exercises 79-82, write the equation of the circle in stan- 
dard form, and then identify its center and radius. 


19 gam ay? oes 

$0) x y= On Sy 9 = 0 

81. 4x? + 4y? + 40x + l6y + 80 =0 
82. 2x° + 2y? — 4x — 28y + 66 = 0 


In Exercises 83-86, find an equation of the specified 
parabola. 


84. 


85. Vertex: (4, 2); Focus: (4, 0) 
86. Vertex: (2, 0); Focus: (0, 0) 
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In Exercises 87-90, find an equation of the ellipse. 98. Architecture A church window (see figure) is 
87. bounded above by a parabola and below by the arc 
of a circle. 

(a) Find equations for the parabola and the circle. 


(b) Complete the table by filling in the vertical 
distance d between the circle and the parabola 
for each given value of x. 


89. Vertices: (—3, 0), (7, 0); Foci: (0, 0), (4, 0) 


0 
90. Vertices: (2, 0), (2, 4); Foci: (2, 1), (2, 3) 
In Exercises 91-96, find an equation of the hyperbola. 2 ‘ 
; y 3 


99. Heating and Plumbing Find the diameter d of 
the largest water pipe that can be placed in the 
corner behind the ventilation duct in the figure. 


100. Eccentricity of Orbit Saturn moves in an ellipti- 
cal orbit with the sun at one of the foci. The small- 
est distance and the greatest distance of the planet 

93. Vertices: (— 10, 3), (6, 3); Foci: (— 12, 3), (8, 3) from the sun are 1.3495 x 10° and 1.5045 x 10° 

94. Vertices: (2, 2), (—2, 2); Foci: (4, 2), (—4, 2) kilometers, respectively. Find the eccentricity of the 

95. Foci: (0, 0), (8, 0); Asymptotes: y = +2(x — 4) orbit, defined by e = c/a. The eccentricity meas- 


ures the flatness of an ellipse. 
96. Foci: (3, +2); Asymptotes: y = +2(x — 3) 


97. Architecture A parabolic archway (see figure) is Synthesis 


12 meters high at the vertex. At a height of 10 
meters, the width of the archway is 8 meters. How 
wide is the archway at ground level? 


True or False? \n Exercises 101 and 102, determine 
whether the statement is true or false. Justify your answer. 


101. The domain of a rational function can never be the 
set of all real numbers. 


102. The graph of the equation 
Ax? + Bxy + Cy? + Dx +Ey+ F=0 


can be a single point 
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Chapter Test 


Take this test as you would take a test in class. When you are finished, check your 


Thevnteraciive SD-ROMand internet work against the answers given in the back of the book. 


versions of this text offer Chapter 


Pre-Tests and Chapter Post-Tests, both In Exercises 1-3, find the domain of the function and identify any asymptotes. 
of which have randomly generated 
sas PES: 2 = 
exercises with diagnostic capabilities. Te Z ee Sh 5% ne B aie, eae 
eae qe i 34+ x? x me 


In Exercises 4-6, graph the function. Check for symmetry and identify any intercepts 
and asymptotes. 


4 Biles a) ra 1 
4. h(x) = 5 — | 33 80)> ae, 6.50) = ae 


7. A rectangular page is designed to contain 36 square inches of print. The 
margins at the top and bottom of the page are 2 inches deep. The margins on 
each side are | inch wide. What should the dimensions of the page be so that 
the least amount of paper is used? 


8. A triangle is formed by the coordinate axes and a line through the point (2, 1), 
as shown in the figure. 


2 
(a) Verity thaty = 1-- —_—_- 
a 
(b) Write the area A of the triangle as a function of x. Determine the domain 
of the function in the context of the problem. 


(c) Graph the area function. Estimate the minimum area of the triangle from 
FIGURE FOR 8 the graph. 


In Exercises 9-12, write the partial fraction decomposition for the rational expression. 


9 2x+ 5 3x2 —-2x +4 Brags) i x*-4 
2—x-2 “x22 — x) es hr: "9324 OM 


Xx 


In Exercises 13-18, graph the conic and identify any centers, vertices, and foci. 


13... y7a-a8%8=0 14, x? + y? — 10x + 4y + 4=0 
2 
15, 29 10x, 2 +19 0 16. x? - = 1 
175 1 ye = 18. x2 + 3y? — 2x + 36y + 100 =0 


19. Find an equation of the ellipse with vertices (0, 2) and (8, 2) and minor axis 
of length 4. 


20. Find an equation of the hyperbola with vertices (0,43) and asymptotes 
eae 

21. The moon orbits Earth in an elliptical path with the center of Earth at one 
focus, as shown in the figure. The major and minor axes of the orbit have 
lengths of 768,806 kilometers and 767,746 kilometers, respectively. Find the 


smallest distance (perigee) and the greatest distance (apogee) from the center 
FIGURE FOR 21 of the moon to the center of Earth. 


Perigee Apogee 
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Proofs in Mathematics 


Parabolic Patterns 


There are many natural occur- 
rences of parabolas in real life. 
For instance, the famous 
astronomer Galileo discovered 
in the 17th century that an object 
that is projected upward and 
obliquely to the pull of gravity 
travels in a parabolic path. ~ 
Examples of this are the center 
of gravity of a jumping dolphin 
and the path of water molecules 
of a drinking water fountain. 


~ Parabola with horizontal axis 


You can use the definition of a parabola to derive the standard form of the equa- 
tion of a parabola whose directrix is parallel to the x-axis or to the y-axis. 


Standard Equation of a Parabola (Vertex at Origin) (p. 359) 
The standard form of the equation of a parabola with vertex at (0, 0) and 
directrix y = —p is 


x? = Apy, p #0. Vertical axis 


| For directrix x = —p, the equation is 


ve = 4px, p #0. Horizontal axis 


The focus is on the axis p units (directed distance) from the vertex. 


Proof 


For the first case, suppose the directrix (y = —p) is parallel to the x-axis. In the 
figure, you assume that p > 0, and because p is the directed distance from the 
vertex to the focus, the focus must lie above the vertex. Because the point (x, y) is 


equidistant from (0, p) and y = —p, you can apply the Distance Formula to obtain 
J(x - 0? + (y-p?=yt+p Distance Formula 
x2 + (y — p)? = (y + p)? Square each side. 
x2 + y2 — Ipy + p? = y? + 2py + p’ Expand. 
x? = Apy. Simplify. 


A proof of the second case is similar to the proof of the first case. Suppose the 
directrix (x = —p) is parallel to the y-axis. In the figure, you assume that p > 0, 
and because p is the directed distance from the vertex to the focus, the focus must 
lie to the right of the vertex. Because the point (x, y) is equidistant from (p, 0) and 


x = —p, you can apply the Distance Formula as follows. 
Ja — pr +(y- 02 =x+p Distance Formula 
(x — p)?? + y2 = (x + p)?? Square each side. 
x2 — 2px + p? + y? =x? + 2px + p? Expand. 
y? = 4px Simplify. 


ae eRe 


& 


1. Match the graph of the rational function 


ax +b 
FG) = Chee 
(a) 


oe 


with the given conditions. 


(b) 


GQee>0 @a>0 (mn) a@<0 Gv) a>0 
b <0 be 0 b> 0 b<0 
ce 0 e<€Q es 0 C0 
d=0 d= 0 A<(0 d>0O 


2. Consider the function 


Re ie, 


FO) Wesel 


by, (a) Use a graphing utility to graph the function. Does 
the graph have a vertical asymptote at x = —1? 

(b) Complete the table. What value is f approaching 

as x approaches —1 from the left and from the 


right? 
ee —-11!| -101 | ~1.001 |=1 
f(x) | | 
lx | —0.999 | —0.99 | 09 
f(x) 


ey (c) Use the zoom and trace features to determine the 
value of the graph near x = — 1. 
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(d) Use the following viewing window to adjust your 
graph in part (a). 


Xmin: —9.4 
Ymin: —6.2 


xScl i 
Ysclo 4 


Xmax: 9.4 
Ymaxe 62 


What happens at the point (— 1, —3)? 

(e) Rewrite the function in simplified form. Evaluate 
the simplified function for x = —1. 

Oe a Se 


12 
x-4 f 


(f) Sketch the graph of g(x) = 


. Consider the function 


ax 

(1.27 b 

(a) Determine the effect on the graph of f if b #0 
and a is varied. Consider cases in which a is 
positive and a is negative. 


(b) Determine the effect on the graph of f if a # 0 
and b is varied. 


f(x) = 


- The table shows the world record times for running 1 


mile, where y represents the year, with y = 0 
corresponding to 1900, and f is the time in minutes 
and seconds. 


A model for the data is 

» 3.35ly? + 42.46ly — 543.730 

= ‘ 

where the seconds have been converted to decimal 
parts of a minute. 


t 


(a) Use a graphing utility to plot the data and graph 
the model in the same viewing window. 


(b) Does there appear to be a limiting time for running 
1 mile? Explain. 


5. Statuary Hall is an elliptical room in the United States 


Capitol in Washington D.C. The room is also called 
the Whispering Gallery because a person standing at 
one focus of the room can hear even a whisper spoken 
by a person standing at the other focus. This occurs 
because any sound that is emitted from one focus of 
an ellipse will reflect off the side of the ellipse to the 
other focus. Statuary Hall is 46 feet wide and 97 feet 
long. 


(a) Find an equation that models the shape of the room. 
(b) How far apart are the two foci? 


(c) What is the area of the floor of the room? (The 
area of an ellipse is A = zrab.) 


. Use the figure to show that |d, — d,| = 2a. 


. Find an equation of a hyperbola such that for any 
point on the hyperbola, the difference between its dis- 
tances from the points (2, 2) and (10, 2) is 6. 


. The filament of a lightbulb is a thin wire that glows 
when electricity passes through it. The filament of a 
car headlight is at the focus of a parabolic reflector, 
which sends light out in a straight beam. Given that 
the filament is 1.5 inches from the vertex, find an 
equation for the cross section of the reflector. A reflec- 
tor is 7 inches wide. How deep is it? 


1 1n. 


9. Consider the parabola x? = 4py. 


(a) Use a graphing utility to graph the parabola for 
p= 1, p = 2, p = 3, and p = 4. Describe the 
effect on the graph when p increases. 

(b) Locate the focus for each parabola in part (a). 


(c) For each parabola in part (a), find the length of 
the chord passing through the focus and parallel 
to the directrix. How can the length of this chord 
be determined directly from the standard form of 
the equation of the parabola? 


(d) Explain how the result of part (c) can be used as 
a sketching aid when graphing parabolas. 


. A tour boat travels between two islands that are 12 


miles apart (see figure). For each trip between the 
islands, there is enough fuel for a 20-mile trip. 


(a) Explain why the region in which the boat can 
travel is bounded by an ellipse. 


(b) Let (0, 0) represent the center of the ellipse. Find 
the coordinates of the center of each island. 


(c) The boat travels from one island, straight past 
the other island to the vertex of the ellipse, and 
back to the second island. How many miles does 
the boat travel? Use your answer to find the 
coordinates of the vertex. 


(d) Use the results of parts (b) and (c) to write an 


equation of the ellipse that bounds the region in 
which the boat can travel. 


. Prove that the graph of the equation 


Ane Cy? + Di By f= 0 


is one of the following (except in degenerate cases). 


Conic Condition 
(a) Circle A=C 
(b) Parabola A = Oor C = 0 (but not both) 


(c) Ellipse AC > 0 
(d) Hyperbola AG <0 
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How to study Chapter 5 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


* How to recognize and evaluate exponential and logarithmic functions 


* How to graph exponential and logarithmic functions 


* How to use the change-of-base formula to rewrite and evaluate logarith- 


mic expressions 


* How to use properties of logarithms to evaluate, rewrite, expand, or 


condense logarithmic expressions 


* How to solve exponential and logarithmic equations 


* How to use exponential growth models, exponential decay models, 
Gaussian models, logistic growth models, and logarithmic models to solve 


real-life problems 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Algebraic functions (p. 390) 
Transcendental functions (p. 390) 
Exponential function f with base a (p. 390) 
Natural base e (p. 394) 

Natural exponential function (p. 394) 
Continuous compounding (p. 395) 
Logarithmic function with base a (p. 401) 
Common logarithmic function (p. 402) 
Natural logarithmic function (p. 405) 


Study Tools 


Learning objectives in each section 
Chapter Summary (p. 441) 

Review Exercises (pp. 442-445) 
Chapter Test (p. 446) 

Cumulative Test for Chapters 3-5 
(pp. 447, 448) 


Exponential growth model (p. 428) 
Exponential decay model (p. 428) 
Gaussian model (p. 428) 

Logistic growth model (p. 428) 
Logarithmic models (p. 428) 
Bell-shaped curve (p. 432) 

Logistic curve (p. 433) 

Sigmoidal curve (p. 433) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 5 
College Algebra Website 
Student Success Organizer 


SS ETS 


Bill Ross/Corbis 
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Exponential Functions and Their Graphs 
Logarithmic Functions and Their Graphs 
Properties of Logarithms 

Exponential and Logarithmic Equations 


Exponential and Logarithmic Models 
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eye ~Exponential Functions and Their Graphs 


> What you should learn 


* How to recognize and evaluate 
exponential functions with 
base a 

How to graph exponential 
functions 

How to recognize and evaluate 
exponential functions with 
base e 

How to use exponential 
functions to model and solve 
real-life applications 


° 


> Why you should learn it 


Exponential functions can be 
used to model and solve real-life 
problems. For instance, in 
Exercise 59 on page 399, an 


_ exponential function is used to — 
_ Model the amount of defoliation 
_ caused by the gypsymoth. 


Exponential Functions 


So far, this book has dealt only with algebraic functions, which include polyno- 
mial functions and rational functions. In this chapter you will study two types of 
nonalgebraic functions—exponential functions and logarithmic functions. These 
functions are examples of transcendental functions. 


Definition of Exponential Function 
The exponential function f with base a is denoted by 


UAC 


where a > 0, a # 1, and x is any real number. 


The base a = 1 is excluded because it yields f(x) = 1* = 1. This is a constant 
function, not an exponential function. 

You already know how to evaluate a* for integer and rational values of x. For 
example, you know that 47 = 64 and 4'/2 = 2. However, to evaluate 4* for any 
real number x, you need to interpret forms with irrational exponents. For the 
purposes of this book, it is sufficient to think of 


av? (where /2 ~ 1.41421356) 


as the number that has the successively closer approximations 


4142 2 
as qi4l, qi4l4 ql.4142, qi41421 fh 


Example | shows how to use a calculator to evaluate exponential expressions. 


| Example 1 Evaluating Exponential Functions 


Use a calculator to evaluate each function at the indicated value of x. 


Function Value 
a. f(x) = 2* S381 
biG) X= 7 
Cory (ole 12% 5 2 
d. f(x) = 0.6" as 
Solution 

Function Value Graphing Calculator Keystrokes Display 

a. f(—=3.1) = 2-23 2) ©)3.1 (ENTER) 0.1166291 
b. f(a) = 2-7 2) ©) a Enter) 0.1133147 
c. fG) = 1257 2AOse7o 5.8998877 
d. f(:) = (0.6) 60382 0.4647580 


ene 


=! 1 2 


FIGURE 5.1 


STUDY TIP 


The table in Example 2 was 
_ evaluated by hand. You could, of 
_ course, use a graphing utility to 
construct tables with even more 
_ values. 


FIGURE 5.2 
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Graphs of Exponential Functions 


The graphs of all exponential functions have similar characteristics, as shown in 
Examples 2, 3, and 4. 


In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2* b. g(x) = 4 
Solution 


The table below lists some values for each function, and Figure 5.1 shows the 
graphs of the two functions. Note that both graphs are increasing. Moreover, the 
graph of g(x) = 4* is increasing more rapidly than the graph of f(x) = 2*. 


xe: De ae 
a ri i6 
a | 2 i 
2 | 4 
Neral 
i 
1 y) 4 
p—__} _}_ 
2 4 16 
al yy = 
B 3 8 64 


In the same coordinate plane, sketch the graph of each function. 
a. Fa 2 b. G(x) = 47 
Solution 


The table below lists some values for each function, and Figure 5.2 shows the 
graphs of the two functions. Note that both graphs are decreasing. Moreover, the 
graph of G(x) = 4~* is decreasing more rapidly than the graph of F (x) = 27. 


x | -3[-2|-1| 0 | 1 2 | 
fe s| 4) 2) 13 [4 
A-*| 641 16] 4 ep i 


In Example 3, note that the functions F (x) = 2-* and G(x) = 4-* can be 
rewritten with positive exponents. 


CS) ae (3) and G(x) =4* = (1) 


The icon Grito > identifies examples and concepts related to features of the Learning Tools CD-ROM 


and the Interactive and Internet versions of this text. For more details see the chart on pages xix-Xxxlil. 
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STUDY TIP 


Notice that the range of an 
exponential function is (0, co), 
which means that a* > 0 for all 
values of x. 


FIGURE 5.5 


Comparing the functions in Examples 2 and 3, observe that 
F(x) = 2>* = f(—x) and G(x) = 4-* = g(—2). 


Consequently, the graph of F is a reflection (in the y-axis) of the graph of f. The 
graphs of G and g have the same relationship. The graphs in Figures 5.1 and 5.2 
are typical of the exponential functions y = a* and y = a~*. They have one 
y-intercept and one horizontal asymptote (the x-axis), and they are continuous. 
The basic characteristics of these exponential functions are summarized in 
Figures 5.3 and 5.4. 


y Graph of y = a*,a > 1 
* Domain: (— 00, oo) 

¢ Range: (0, co) 

* Intercept: (0, 1) 


* Increasing 
(0, 1) * x-Axis is a horizontal asymptote 


(a*>0 as x —co) 


— 
¢ Continuous 


FIGURE 5.3 


y Graph of y=a™~*,a > 1 
| * Domain: (— co, co) 
* Range: (0, co) 


¢ Intercept: (0, 1) 


* Decreasing 


* x-Axis is a horizontal asymptote 
(a *->0 as x00) 


¢ Continuous 


FIGURE 5.4 


Exploration 


Use a graphing utility to graph 
Yona 


for a = 3, 5, and 7 in the same viewing window. (Use a viewing window in 
which —2 <= 1 and 0.< y =< 2.) For instance, the graph of 


Vents 


is shown in Figure 5.5. How do the graphs compare with each other? Which 
graph is on the top in the interval (—00, 0)? Which is on the bottom? Which 
graph is on the top in the interval (0, 00)? Which is on the bottom? 

Repeat this experiment with the graphs of y = b* for b = . , and 7 
(Use a viewing window in which —1 < x < 2 and Q < y < 2.) What can 


you conclude about the shape of the graph of y = b* and the value of b? 


The Interactive CD-ROM and Internet 
versions of this text offer a Try It for 
each example in the text. 
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In the following example, notice how the graph of y = a* can be used to 


sketch the graphs of functions of the form f(x) = b + a**°. 


Example 4 Transformations of Graphs of Exponential Functions 


Ger 


Each of the following graphs is a transformation of the graph of f(x) = 3*. 


a. 


Because g(x) = 3**! = f(x + 1), the graph of g can be obtained by shifting 
the graph of f one unit to the /eft, as shown in Figure 5.6. 


. Because h(x) = 3% — 2 = f(x) — 2, the graph of h can be obtained by shifting 


the graph of f downward two units, as shown in Figure 5.7. 


. Because k(x) = —3* = —f (x), the graph of k can be obtained by reflecting the 


graph of f in the x-axis, as shown in Figure 5.8. 


. Because j(x) = 3-* = f(—x), the graph of j can be obtained by reflecting the 
graph of f in the y-axis, as shown in Figure 5.9. 


74 
ee . Ss 


FIGURE 5.8 Reflection in x-axis FIGURE 5.9 Reflection in y-axis 


Notice that the transformations in Figures 5.6, 5.8, and 5.9 keep the x-axis 


as a horizontal asymptote, but the transformation in Figure 5.7 yields a new 
horizontal asymptote of y = —2. Also, be sure to note how the y-intercept is 
affected by each transformation. 
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FIGURE 5.10 


—+—+—+--+—}+ +++ > « 
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FIGURE 5.11 


eA eaeeDiat 


FIGURE 5.12 


The Natural Base e 


In many applications, the most convenient choice for a base is the irrational 
number 


€ = 2718281828) 


This number is called the natural base. The function f(x) = e* is called the 
natural exponential function. Its graph is shown in Figure 5.10. Be sure you see 
that for the exponential function f(x) = e*, e is the constant 2.718281828. . ., 
whereas x is the variable. 


| Example 5 Evaluating the Natural Exponential Function &@je> 


Use a calculator to evaluate the function f(x) = e* at each indicated value of x. 


a y= 2 b x= -1 c. x = 025 d. x = —0.3 
Solution 

Function Value Graphing Calculator Keystrokes Display 
a. f(—2) =e” 2 0.1353353 
b. f(—1) =e"! l 0.3678794 
c. f(0.25) = 25 0.25 1.2840254 
d. f(—0.3) = e°3 0.3 0.7408182 


Example 6 Graphing Natural Exponential Functions 


Sketch the graph of each natural exponential function. 
a. f(x) = 26°24 b. 2(x) = 1-058 
Solution 


To sketch these two graphs, you can use a graphing utility to construct a table of 
values, as shown below. After constructing the table, plot the points and connect 
them with smooth curves, as shown in Figures 5.11 and 5.12. Note that the graph 
in Figure 5.11 is increasing whereas the graph in Figure 5.12 is decreasing. 


_ Swen 
=3 ee 2.849 
= [ L238 | 1.595 


1-573 0.893 : 


ee! 
ai 2.000 | 0.500 


2.542 0.280 


Exploration 


Use the formula 


nt 
A = (1 +2) 


n 


to calculate the amount in an 
account when P = $3000, 

r = 6%,t = 10 years, and 
compounding is done (1) by the 
day, (2) by the hour, (3) by the 
minute, and (4) by the second. 
Does increasing the number of 
compoundings per year result in 
unlimited growth of the amount 
in the account? Explain. 
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Applications o> 


One of the most familiar examples of exponential growth is that of an investment 
earning continuously compounded interest. On page 136 in Section 1.6, you were 
introduced to the formula for the balance in an account that is compounded 
n times per year. Using exponential functions, you can now develop that formula 
and show how it leads to continuous compounding. 

Suppose a principal P is invested at an annual interest rate r, compounded 
once a year. If the interest is added to the principal at the end of the year, the new 
balance P, is 


PES eeter 
—JQeo an 


This pattern of multiplying the previous principal by 1 + r is then repeated each 
successive year, as shown below. 


Year Balance After Each Compounding 
0 P=P 
1 P, =P +7) 
y) Po =P +n) =P +04 4) = PU +r)? 
3 Po= PA + 1) eae) ar) = Pr) 


t P, = P(1 + 


To accommodate more frequent (quarterly, monthly, or daily) compounding 
of interest, let n be the number of compoundings per year and let t be the number 
of years. Then the rate per compounding is r/n and the account balance after t 
years is 


r\t 
a= p+)" 
nN 


If you let the number of compoundings n increase without bound, the process 
approaches what is called continuous compounding. In the formula for n 
compoundings per year, let m = n/r. This produces 


r\ 
A=P(1 +2) 
n 


Amount (balance) with n compoundings per year 


Amount with n compoundings per year 
Substitute mr for n. 
Simplify. 


1 m |rt 
= Al (1 ae =) é Property of exponents 

m 
As m increases without bound, it can be shown that [1 + (1/m)]” approaches e. 
(Try the values m = 10, 10,000, and 10,000,000.) From this, you can conclude 
that the formula for continuous compounding is 


A = Pe". Substitute e for (1 + 1/m)"". 
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STUDY TIP 


Be sure you see that the annual 
interest rate must be expressed 
in decimal form. For instance, 


6% should be expressed as 0.06. 


Formulas for Compound Interest 


After t years, the balance A in an account with principal P and annual 
interest rate r (in decimal form) is given by the following formulas. 


1. For n compoundings per year: A 


2. For continuous compounding: A = 


Example 7 Compound Interest a) emo > 


A total of $12,000 is invested at an annual interest rate of 9%. Find the balance 
after 5 years if it is compounded 

a. quarterly. 

b. monthly. 


c. continuously. 


Solution 


a. For quarterly compoundings, you have n = 4. So, in 5 years at 9%, the 
balance is 


t nt 
A= Pi 45 4 Formula for compound interest 
n 
0.09\40) 
= 12, 000(10-5 a Substitute for P, r, n, and tf. 
= $18,726.11. Use a calculator. 


b. For monthly compoundings, you have n = 12. So, in 5 years at 9%, the 
balance is 


r nt 
A= P(t + *) Formula for compound interest 
n 
0.09\!?©) 
= 12,000( aR rs Substitute for P, r, n, and t. 
= $18,788.17. Use a calculator. 
¢c. For continuous compounding, the balance is 
A = Pe” Formula for continuous compounding 
= 12.0029 ?2>) Substitute for P, r, and ¢, 
= $18,819.75. Use a calculator. 


SUR 


In Example 7, note that continuous compounding yields more than quarterly 
or monthly compounding. This is typical of the two types of compounding. That 
is, for a given principal, interest rate, and time, continuous compounding will 
always yield a larger balance than compounding n times a year. 


Radioactive Decay 


P 
10% 
aa 
2 8 
Q, Hi 
& 67 
B44 
§ 37 
Ss 27 
me 44 
Years of decay 
FIGURE 5.13 


The Interactive CD-ROM and /nternet 
versions of this text offer a Quiz for 
every section of the text. 
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Example 8 Radioactive Decay 3 GoD 


In 1986, a nuclear reactor accident occurred in Chernobyl in what was then the 
Soviet Union. The explosion spread highly toxic radioactive chemicals, such as 
plutonium, over hundreds of square miles, and the government evacuated the city 
and the surrounding area. To see why the city is now uninhabited, consider the 
model 


1 \1/24,360 
P= 10\=- 

a(3) 
which represents the amount of plutonium P that remains (from an initial amount 
of 10 pounds) after t years. Sketch the graph of this function over the interval 
from t = 0 to t = 100,000, where t = 0 represents 1986. How much of the 10 
pounds will remain in the year 2005? How much of the 10 pounds will remain 
after 100,000 years? 


Solution 


The graph of this function is shown in Figure 5.13. Note from this graph that 
plutonium has a half-life of about 24,360 years. That is, after 24,360 years, half 
of the original amount will remain. After another 24,360 years, one-quarter of the 
original amount will remain, and so on. In the year 2005 (t = 19), there will still 
be 


a ro)” Os wo pro" ~ 9,995 pounds 


of plutonium remaining. After 100,000 years, there will still be 


(sige ro} orn is ro)" me ssieound 


of plutonium remaining. 


identifying Exponential Functions Which of the following functions generated the 
two tables below? Discuss how you were able to decide. What do these functions 
have in common? Are any of them the same? If so, explain why. 


a. f,(x) = 243) b. f,(x) = 3(4)° c £x) = (3) 
def s |, aa7 e. f(xy =7 + 2 ffx) = (8) 


2 


x a UG ee) 
woe 7.5 |8| 9) 11) 15 i 167 S42 


Create two different exponential functions of the forms y = a(b)* and y = c* + d 
with y-intercepts of (0, —3). 
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5.1 Exercises 


The Interactive CD-ROM and /nternet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


In Exercises 1-6, evaluate the function at the indicated id In Exercises 19-32, use a graphing utility to construct a 


value of x. Round your result to three decimal places. 


Function Value 
1. f(x) = 3.4 x = 5.6 
2. f(x) = 2.3* t=s 
3. 6G) = 5" X= — 7 
4. g(x) = 5000(2*) x= 15 
B(x) er" x= 3 
Aipac ¥ 239 


In Exercises 7-10, match the exponential function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) y 


(c) (d) y 


2+ 
7. f(x) = 2 8. f(x) = 2° +1 
IS 10. f(x) = 2*-2 


In Exercises 11-18, use the graph of f to describe the 
transformation that yields the graph of g. 


1) (GQ) =3% ee) = 34 

12. f(x)=4, g(x) = 4 +1 
135,f(x) = —2% ae) = 5 = 

14. f(x) = 10*, g(x) = 10-*+3 

15. f(x) = G), ea) = -@)" 
16. f®)=G), a@) =-@) °° 
17s f= 03) 46) = 204" 5 
183) = 3:65, er) slo ee 


table of values for the function. Then sketch the graph of 
the function. 
1 


20. f(x) = 4)” 


21.-f(x) = 6-* 22. fi) = 6 
23x) = 2 24, f(x) =A 

25 fie — "ex 26. fixy =e > 

QT. Uf (ura 3eF 1A 28. f(x) = 22 
29: f(x) = 267-7 +4 30. f(x) = 2 + e*-> 


31. f(x) = 4*-3 + 3 32. f(x) = —4°-3-3 


—W In Exercises 33-42, use a graphing utility to graph the 


exponential function. 


a3: plone 34, y = 3-H 
35s = eon tel 36. y= 4t1—] 2 
S708 = 38. y = 1.08>* 
39. s(t) = 2¢9-12 40. s(t) = 3e-9- 
41. g(x) =1+e>7 42. h(x) = e*-2 


Compound Interest \n Exercises 43-46, complete the 
table to determine the balance A for P dollars invested at 
rate r for t years and compounded n times per year. 


fn [1 3) 4 | 12 | 365 | Continuous 


eee 


43. P = $2500, r = 8%, t = 10 years 
44. P = $1000, r = 6%, t = 10 years 
45. P = $2500, r = 8%, t = 20 years 
46. P = $1000, r = 6%, t = 40 years 


Compound Interest \n Exercises 47-50, complete the 
table to determine the balance A for $12,000 invested at 
rate r for t years, compounded continuously. 


me 10 |} 20'| 30 | 40 | 50 
A 
47. r = 8% 48. r = 6% 
49. r = 6.5% 50. r = 7.5% 


51. 


52. 


53. 


54. 


Section 5.1 


Trust Fund On the day of a child’s birth, a deposit 
of $25,000 is made in a trust fund that pays 8.75% 
interest, compounded continuously. Determine the 
balance in this account on the child’s 25th birthday. 


Trust Fund A deposit of $5000 is made in a trust 
fund that pays 7.5% interest, compounded continu- 
ously. It is specified that the balance will be given to 
the college from which the donor graduated after the 
money has earned interest for 50 years. How much 
will the college receive? 


Inflation If the annual rate of inflation averages 
4% over the next 10 years, the approximate cost C of 
goods or services during any year in that decade will 
be modeled by C(t) = P(1.04)', where f is the time in 
years and P is the present cost. The price of an oil 
change for your car is presently $23.95. Estimate the 
price 10 years from now. 


Demand _ The demand equation for a product is 


4 
= 5000( 1 © eh. 00 =a} 


Oy (a) Use a graphing utility to graph the demand 


function for x > 0 and p > 0. 


(b) Find the price p for a demand of x = 500 units. 


ae (c) Use the graph in part (a) to approximate the 


D5. 


56. 


DI. 


greatest price that will still yield a demand of at 
least 600 units. 


Population Growth A certain type of bacterium 
increases according to the model P(t) = 100e°?!?”, 
where f is the time in hours. Find (a) P(0), (b) P(5), 
and (c) P(10). 

Population Growth The population of a town 
increases according to the model P(t) = 2500e°?*, 
where ¢ is the time in years, with t = 0 correspon- 
ding to 2000. Use the model to estimate the popula- 
tion in (a) 2010 and (b) 2020. 


Radioactive Decay Let Q represent a mass of 
radioactive radium (?7°Ra) (in grams), whose half- 
life is 1620 years. The quantity of radium present 
after t years is 


1 \1/1620 
Ave) (to : 
2 = (5) 


(a) Determine the initial quantity (when t = 0). 


(b) Determine the quantity present after 1000 years. 


-4 (c) Use a graphing utility to graph the function over 


the interval t = 0 to t = 5000. 


> Exponential Functions and Their Graphs 399 


58. Radioactive Decay Let Q represent a mass of 


carbon 14 ('4C) (in grams), whose half-life is 5730 
years. The quantity of carbon 14 present after t years 
is 


il t/5730 
= 10|= : 
o= 10(5) 


(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 2000 years. 


(c) Sketch the graph of this function over the interval 
t = Otot = 10,000. 


> Model It 


59. Data Analysis To estimate the amount of defo- 


liation caused by the gypsy moth during a given 
year, a forester counts the number x of egg 
masses on * of an acre (circle of radius 18.6 feet) 
in the fall. The percent of defoliation y the next 
spring is shown in the table. (Source: USDA, 
Forest Service) 


A model for the data is 


100 


YT Je — 0.069% * 


ay (a) Use a graphing utility to create a scatter plot 
of the data and graph the model in the same 
viewing window. 


(b) Create a table that compares the model with 
the sample data. 


(c) Estimate the percent of defoliation if 36 egg 
masses are counted on 6 acre. 


acd (d) You observe that 4 of a forest is defoliated 


the following spring. Use the graph in part 
(a) to estimate the number of egg masses per 
a acre. 
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60. Data Analysis A meteorologist measures the AY 69. Use a graphing utility to graph each function. Use 


atmospheric pressure P (in pascals) at altitude / (in 
kilometers). The data is shown in the table. 


Pressure, P 


101,293 
54,735 
23,294 
12157 

5,069 


A model for the data is given by 

Pig 4102303 eR913%4, 

(a) Sketch a scatter plot of the data and graph the 
model on the same set of axes. 


(b) Estimate the atmospheric pressure at a height of 
8 kilometers. 


Synthesis 


True or False? \n Exercises 61 and 62, determine 
whether the statement is true or false. Justify your answer. 


61. The line y = —2 is an asymptote for the graph of 
fC) 21022. 
271,801 


62. e = ; 
99,990 

Think About It \n Exercises 63-66, use properties of 

exponents to determine which functions (if any) are the 

same. 


63. ife(x) = 93"? 64. f(x) = 4* + 12 
gee 9 o(%) =) 22746 
h(x) = §(3*) h(x) = 64(4*) 

65. f(x) = 16(4-*) 66. f(x) =5-* +3 
g(x) = (4) g(x) = 59-* 
h(x) = 16(2-2%) A(x) = —5*-3 


67. Graph the functions y = 3* and y = 4* and use the 
graphs to solve the inequalities. 


(a) 4° < 3 (b) 4° > 3* 


68. Graph the functions y = (4)* and y = (Gy and use 
the graphs to solve the inequalities. 


Guiecaleg): Oriel 


the graph to find any asymptotes of the function. 
8 


(b) s(x) = 7 oar 


8 
ON Res vonrprrs 


&Z 70. Use a graphing utility to graph each function. Use 


the graph to find where the function is increasing and 
decreasing, and approximate any relative maximum 
or minimum values. 


(a) f(x) = x7e™ (b) g(x) = x23-* 


& 71. Graphical Analysis Use a graphing utility to graph 


f= ( +: =) and g(x) = e®° 


in the same viewing window. What is the relation- 
ship between f and g as x increases and decreases 
without bound? 


72. Conjecture Use the result of Exercise 71 to make a 
conjecture about the value of [1 + (r/x)F as x 
increases without bound. Create a table that illustrates 
your conjecture for r = 1. 


73. Think About It Which functions are exponential? 
(a)i 3x (b) 3x? 
(ojm3” (dl) 2 


74. Writing Explain why 2v? is greater than 2, but less 
than 4. 


Review 


In Exercises 75-78, solve for y. 
TS. 20 ye G 
de hay oes y 


10. Sy 4 
13. x=" |yf 2 


In Exercises 79-82, sketch the graph of the rational 
function. 


2 Ay 5 
79. = = 
f(x) ge 80. f(x) - 
2 
81. ae pee ragdegaey 12 
f(x) Sem y et 2c an 


In Exercises 83-86, identify the conic and sketch its graph. 
$3. 16x24 2 — 64 
ae 2 = 2 
seine = BE Sn 
9 36 


Gen eae 
oo: 25 i 40° 


Sao x2 ey nd 


5.2 


> What you should learn 


* How to recognize and evaluate 
logarithmic functions with 
base a 

* How to graph logarithmic 
functions 

* How to recognize and evaluate 
natural logarithmic functions 

* How to use logarithmic 
functions to model and solve 
real-life applications 


> Why you should learn it 


You can use logarithmic 
functions to model and solve 
real-life problems. For instance, in 

_ Exercise 57 on page 409, you can 
use a logarithmic function to 

- approximate the length of a 

_ home mortgage. 


STUDY TIP 


_ Remember that a logarithm is an 
exponent. So, to evaluate the 

i logarithmic expression log, x, 

i you need to ask the question, 

_ “To what power must a be 

_ raised to obtain x?” 
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Logarithmic Functions and Their Graphs 


Logarithmic Functions 


In Section 2.7, you studied the concept of an inverse function. There, you learned 
that if a function is one-to-one—that is, if the function has the property that no 
horizontal line intersects the graph of the function more than once—the function 
must have an inverse function. By looking back at the graphs of the exponential 
functions introduced in Section 5.1, you will see that every function of the form 


f(x) = a* 


passes the Horizontal Line Test and therefore must have an inverse function. This 
inverse function is called the logarithmic function with base a. 


Definition of Logarithmic Function with Base a 
For x > OandO <a Fl, 


y = log, x if and only if x = a’. 
The function given by 


f(x) = log, x 


is called the logarithmic function with base a. 


The equations 


y = log, x and = a 


are equivalent. The first equation is in logarithmic form and the second is in 
exponential form. 

When evaluating logarithms, remember that a logarithm is an exponent. This 
means that log,x is the exponent to which a must be raised to obtain x. For 
instance, log, 8 = 3 because 2 must be raised to the third power to get 8. 


| Example 1 Evaluating Logarithms ¥e> 


Use the definition of logarithmic function to evaluate each logarithm at the indi- 
cated value of x. 


a. f(x) = log, x, x = 32 b. f(x) = log,x, x= 1 
c. f(x) = log,x, x =2 aM) = logit, x = 46 
Solution 
a. f(32) = log, 32 = 5 because 2° = 32. 
b. f(i) = log, 1 = 0 because 3° = 1. 
Efe lon => because 41/2 = /4 = 

& 1 1 
d. Alcoa) = logio Wie? because 107% = 7p: = ino 
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Exploration 


Complete the table for 
f(x) = 10°. 


Complete the table for 
f(x) = logyg x. 


Compare the two tables. What is 
the relationship between 
f(x) = 10* and f(x) = log,, x? 


The logarithmic function can be one of 
the most difficult concepts for students 
to understand. Remind students that a 
logarithm is an exponent. Converting 
back and forth from logarithmic form to 
exponential form supports this concept. 


The logarithmic function with base 10 is called the common logarithmic 
function. On most calculators, this function is denoted by (LOG). Example 2 
shows how to use a calculator to evaluate common logarithmic functions. You 
will learn how to use a calculator to calculate logarithms to any base in the next 
section. 


| Example 2 Evaluating Common Logarithms on a Calculator 
ier 


Use a calculator to evaluate the function f(x) = log, x at each value of x. 


aver 10 Dra : 
Coz) d. x = —2 
Solution 
Function Value Graphing Calculator Keystrokes Display 
a. f(10) = log,, 10 10 (ENTER) 1 
b. f(3) = logo 3 18 3 ~0.4771213 
Cry (2 a l0gg 25 25 0.3979400 
d. f(—2)) = logio(=2) 2 (ENTER) ERROR 


Note that the calculator displays an error message (or a complex number) when 
you try to evaluate log,)(—2). The reason for this is that there is no real number 
power to which 10 can be raised to obtain — 2. 


The following properties follow directly from the definition of the logarith- 
mic function with base a. 


Properties of Logarithms 


1. log, 1 = 0 because a® = 1. 
2. log, a = 1 because a! = a. 


3. log a* =x and g°2* =x Inverse Properties 


4. If log, x = log, y, then x = y. One-to-One Property 


| Example 3. Using Properties of Logarithms 

a. Solve for x: log, x = log, 3 b. Solve for x: log, 4 = x 
c. Simplify: log, 5* d. Simplify: 6!°%02 
Solution 


a. Using the One-to-One Property (Property 4), you can conclude that x = 3. 
b. Using Property 2, you can conclude that x = 1. 

c. Using the Inverse Property (Property 3), it follows that log; 5* = x. 

d. Using the Inverse Property (Property 3), it follows that 6!°820 = 20. 


- A 


FIGURE 5.14 


Vertical asymptote: x = 0 | 


FIGURE 5.15 


Section 5.2 ® Logarithmic Functions and Their Graphs 403 


Graphs of Logarithmic Functions 


To sketch the graph of y = log, x, you can use the fact that the graphs of inverse 
functions are reflections of each other in the line y = x. 


Example 4 Graphs of Exponential and Logarithmic Functions 
Gio > 

In the same coordinate plane, sketch the graph of each function. 
a. f(x) = 2* 


Solution 


b. g(x) = log, x 


a. For f(x) = 2*, construct a table of values. 


By plotting these points and connecting them with a smooth curve, you obtain 
the graph shown in Figure 5.14. 


b. Because g(x) = log, x is the inverse of f(x) = 2%, the graph of g is obtained 
by plotting the points (f(x), x) and connecting them with a smooth curve. The 
graph of g is a reflection of the graph of f in the line y = x, as shown in Figure 
5.14. 


| Example 5 Sketching the Graph of a Logarithmic Function 


Sketch the graph of the common logarithmic function f(x) = logy, x. Identify the 
x-intercept and the vertical asymptote. 


Solution 


Begin by constructing a table of values. Note that some of the values can be 
obtained without a calculator by using the Inverse Property of Logarithms. Others 
require a calculator. Next, plot the points and connect them with a smooth curve, 
as shown in Figure 5.15. The x-intercept of the graph is (1, 0) and the vertical 
asymptote is x = 0 (y-axis). 


Without calculator With calculator 


1 
aero | 1042 5 8 
—2|-11]0] 1 | 0.301 | 0.699 | 0.903 
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STUDY TIP 


You can use your understanding 
of transformations to identify 
vertical asymptotes of logarith- 
mic functions. For instance, in 
Example 6(a) the graph of 
g(x) = f(x — 1) shifts the graph 
of f(x) one unit to the right. So 
the vertical asymptote of g(x) is 
x = 1, one unit to the right of 

_ the asymptote of the graph of 

_ f(x). 


The nature of the graph in Figure 5.15 is typical of functions of the form 
f(x) = log, x,a > 1. They have one x-intercept and one vertical asymptote. 
Notice how slowly the graph rises for x > 1. The basic characteristics of loga- 
rithmic graphs are summarized in Figure 5.16. 


y Graph of y = log,x,a > 1 


¢ Domain: (0, co) 


¢ Range: (— 00, oo) 


¢ x-Intercept: (1, 0) 


Increasing 

¢ One-to-one, therefore has an 
inverse function 

¢ y-Axis is a vertical asymptote 

(log, x > —coasx— 07). 


Continuous 


e 


Reflection of graph of y = a* 
about the line y = x 


FIGURE 5.16 


The basic characteristics of the graph of f(x) = a* are shown below to illus- 


trate the inverse relation between the functions f(x) = a* and g(x) = log, x. 
* Domain: (—00, 00) +~* Range: (0, co) 


¢ y-Intercept: (0,1) ¢ x-Axis is a horizontal asymptote (a* > 0 as x 4 — 00). 


In the next example, the graph of y = log, x is used to sketch the graphs of 
functions of the form f(x) = b + log,(x + c). Notice how a horizontal shift of 
the graph results in a horizontal shift of the vertical asymptote. 


Example 6 Shifting Graphs of Logarithmic Functions ¥e> 


The graph of each of the functions is similar to the graph of f(x) = 10g 10 x. 

a. Because g(x) = log,o(x — 1) = f(x — 1), the graph of g can be obtained by 
shifting the graph of f one unit to the right, as shown in Figure 5.17. 

b. Because h(x) = 2 + log,)x = 2 + f(x), the graph of h can be obtained by 
shifting the graph of f two units upward, as shown in Figure 5.18. 


y 


eyes 


h(x) =2 + logigx 


g(x) = logo G1) 


FIGURE 5.17 


FIGURE 5.18 


een 


eal 
/ 


Ly 


77 y=x 


e(.e) PN 
/ 7 


# 


f 


J tee 1) 


Reflection of graph of f(x) = e* about 
the line y = x 
FIGURE 5.19 


y STUDY TIP 


Notice that as with every other 
logarithmic function, the domain 
of the natural logarithmic func-_ 
tion is the set of positive real 
numbers—be sure you see that 
In x is not defined for zero or for 
negative numbers. 


Se 
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The Natural Logarithmic Function 


By looking back at the graph of the natural exponential function introduced 
in Section 5.1, you will see that f(x) = e* is one-to-one and so has an inverse 
function. This inverse function ts called the natural logarithmic function and is 
denoted by the special symbol In x, read as “the natural log of x” or “el en of x.” 


The Natural Logarithmic Function 
The function defined by 


f(x) = log,x =Inx, x>0 


is called the natural logarithmic function. 


The definition above implies that the natural logarithmic function and the 
natural exponential function are inverse functions of each other. So, every 
logarithmic equation can be written in an equivalent exponential form and every 
exponential equation can be written in logarithmic form. That is, y = In x and 
xX = e” are equivalent equations. 

Because the functions f(x) = e* and g(x) = Inx are inverse functions of 
each other, their graphs are reflections of each other in the line y = x. This reflec- 
tive property is illustrated in Figure 5.19. 

The four properties of logarithms listed on page 402 are also valid for 
natural logarithms. 


Properties of Natural Logarithms 


17 in t= O because ce? = 1! 


2. Ine = 1 because e! = e. 


3. Ine? = x and e"? =x Inverse Properties 


4. If Inx = Iny, then x = y. One-to-One Property 


Example 7 Using Properties of Natural Logarithms o> 


Use the properties of natural logarithms to simplify each expression. 


1 In | 


ag ines bites? Cpe a IIc 
e 3 
Solution 
| = 
a. in ie += 1 Inverse Property 
€. 
b. ePF =5 Inverse Property 
fivike AW 
ec. — = ==0 Property 1 
4 3 


d.2 Ine = 2(1) =.2 Property 2 
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STUDY TIP 


Some graphing utilities display 
a complex number instead of an 
ERROR message when evaluat- 
ing an expression such as 

In(— 1). 


FIGURE 5.20 FIGURE 5.21 


On most calculators, the natural logarithm is denoted by (LN), as illustrated 
in Example 8. 


Example 8 Evaluating the Natural Logarithmic Function @§e> 


Use a calculator to evaluate the function f(x) = In x for each value of x. 


Ae bax03 Caxe= —1 d. pH=Hete 2 
Solution 

Function Value Graphing Calculator Keystrokes Display 
a. f(2) = (LN) 2 (ENTER) 0.6931472 
b. f(0. ioe In 0.3 3 (ENTER) ~1.2039728 
f(s) = in 1) (LN) (()) 1 (ENTER) ERROR 
d. f(1 + V2) = Inti + V2) 1 2D)(ENTER)  0.8813736 


In Example 8, be sure you see that In(— 1) gives an error message on most 
calculators. This occurs because the domain of In x is the set of positive real 
numbers (see Figure 5.19). So, In(— 1) is undefined. 


| Example 9 Finding the Domains of Logarithmic Functions 


Find the domain of each function. 
a. f(x) = In — 2) 

b. g(x) = In(2 — x) 

Cae) =a xe 

Solution 


a. Because In(x — 2) is defined only if x — 2 > 0, it follows that the domain of 
f is (2, 00). The graph of f is shown in Figure 5.20. 


b. Because In(2 — x) is defined only if 2 — x > 0, it follows that the domain of 
g is (—00, 2). The graph of g is shown in Figure 5.21. 


c. Because In x? is defined only if x? > 0, it follows that the domain of h is all 
real numbers except x = 0. The graph of h is shown in Figure 5.22. 


| £00 = In@x = 2) 


FIGURE 5.22 


— 


Memory Model 
fO Ee 


Average score 


Deere Go 8. 10) 12 
Time (in months) 


FIGURE 5.23 
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Application 


Example 10 Human Memory Model 3 Gait > 


Students participating in a psychology experiment attended several lectures on a 
subject and were given an exam. Every month for a year after the exam, the 
students were retested to see how much of the material they remembered. The 
average scores for the group are given by the human memory model 


ff) =75-—6int+ 1), O<ts 12 


where ¢ is the time in months. The graph of f is shown in Figure 5.23. 
a. What was the average score on the original (t = 0) exam? 

b. What was the average score at the end of t = 2 months? 

c. What was the average score at the end of t = 6 months? 
Solution 


a. The original average score was 


f(0) = 75 — 6In(0 + 1) Substitute 0 for . 
=) Olnt Simplify. 
= 75 — 6(0) Property of natural logarithms 
= 75, Solution 


b. After 2 months, the average score was 


Fi2)= 75 — 6 In? +1) Substitute 2 for t. 
=a) 6 Ins Simplify. 
= 75 — 6(1.0986) Use a calculator. 
= 68.4. Solution 


c. After 6 months, the average score was 


f(6) = 75 — 6In@ + 1) Substitute 6 for ¢. 
= 75 — 6In7 Simplify. 
= 75 — 6(1.9459) Use a calculator. 
= 63.3. Solution 


_Weiting sour waruemarics 


Analyzing a Human Memory Model Use a graphing utility to determine the time in 
months when the average score in Example 10 was 60. Explain your method of 

solving the problem. Describe another way that you can use a graphing utility to 
determine the answer. 
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5.2 Exercises 


In Exercises 1-8, write the logarithmic equation in 
exponential form. For example, the exponential form of 


log, 25 = 2is 5? = 25. 
1. log, 64 = 3 


3. log, 8 = 


—2 
5, log, 4 = 4 


7. Ins = —0.693... 


2. log, 81 = 4 


4. 10819 7500 
6. log, 8 = 
eae ee GIG. 


BIW || 


In Exercises 9-18, write the exponential equation in 
logarithmic form. For example, the logarithmic form of 


23 = 8is log, 8 = 3. 


Oe 52.—= 125 
134 =3 
1836a. — == 


15m = 200855: 


17. e« =4 


10. 8° = 64 

12. 93/2 = 27 

14. 10-3 = 0.001 

16. e!/? = 1.6487... 


18. uv’ = w 


In Exercises 19-26, evaluate the function at the indicated 
value of x without using a calculator. 


Function 


19. f(x) = log, x 


20. f(x) = logig x 
21. f(x) = log, x 
22. f(x) = logy x 
23. 2lx) = Inx 


24. g(x) = Inx 
25. g(x) = log, x 
26. g(x) = log, x 


Value 
= 116 


Sah tae Say tad Ray Sat tah Se 
II II 
g — 
t a) 


T 
- 
i 


ay In Exercises 27-32, use a calculator to evaluate the function 
at the indicated value of x. Round your result to three deci- 


mal places. 


Function 
ifs lea) 
28. f(x) = log, x 
7 TAG ilps 
30. f(x) = 3Inx 
31 G) = an 
B27 ee) = 


log} x 


= Ili 56 


Value 
= 
18 = 5 
36 = 12.5 
x = 18.42 
3 = (0) 2 
x OMS 
he 


In Exercises 33-38, use the graph of y = log, x to match the 
given function with its graph. [The graphs are labeled (a), 
(b), (c), (d), (e), and (f).] 

(a) y (b) y 


(d) y 


33. f(x) =log, x +2 34. f(x) = —log, x 
35. f@)= log, +2)" 36. 7a) — log,(x — 1) 
Si. ne = log,(1 — x) 38. f(x) = —log,(—2x) 


In Exercises 39-50, find the domain, x-intercept, and 
vertical asymptote of the logarithmic function and sketch 
its graph. 


39. f(x) = log, x 40. g(x) = log. x 

41. y= —log,x +2 42. h(x) = log,(x — 3) 

43. f(x) = —log,(x+ 2) 44, y= log.(x — 1) +4 
x 

45. y= los 2] 46. y = log,.(—x) 

47. f(x) = In(x — 2) 48. h(x) = In(x + 1) 

49, 9(x) = In(—x) 50. f(x) = In(3 — x) 


In Exercises 51-56, use a graphing utility to graph the 
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function. Be sure to use an appropriate viewing window. 


51. f(x) = log, (x + 1) 
53. fix) = Inf — 1) 
55. f(x) = nx +2 


52. f(x) = logio(x — 1) 
54. fix) = In(x + 2) 
56. f(x) = 3inx— 1 


> Model It 


Sie 


(0) 
jot) 
S 
oD 
= 
° 
= 
oo 
° 
Ss 
_— 
on 
=) 
o 
4 


Monthly Payment The model 


t = 12.542 in| x > 1000 


i 
x — 1000/’ 
approximates the length of a home mortgage of 
$150,000 at 8% in terms of the monthly payment. 
In the model, ¢ is the length of the mortgage in 
years and x is the monthly payment in dollars 
(see figure). 


t 


(in years) 


2,000 4,000 6,000 8,000 
Monthly payment (in dollars) 


10,000 


(a) Use the model to approximate the length of a 
$150,000 mortgage at 8% when the monthly 
payment is $1100.65 and when the monthly 
payment is $1254.68. 


Approximate the total amount paid over the 
term of the mortgage with a monthly payment 
of $1100.65 and with a monthly payment of 
$1254.68. 


Approximate the total interest charge for a 
monthly payment of $1100.65 and for a 
monthly payment of $1254.68. 

What is the vertical asymptote for the 
model? Interpret its meaning in the context 
of the problem. 


58. 


SEN 


60. 
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Compound Interest A principal P, invested at 95% 
and compounded continuously, increases to an 
amount K times the original principal after ¢ years, 
where f is given by 


aglug.© 
0.095 


t 


(a) Complete the table and interpret your results. 


(b) Sketch a graph of the function. 


Population The time ¢ in years for the world popu- 
lation to double if it is increasing at a continuous rate 
of r is given by 

In 2 
(= 


r 


(a) Complete the table. 


(b) Sketch a graph of the function. 


(c) Use a reference source to decide which value of 
r best approximates the actual rate of growth for 
the world population. 


Sound Intensity The relationship between the 
number of decibels 6 and the intensity of a sound / 
in watts per square meter is 


I 
B = 10 lotio( a3). 


(a) Determine the number of decibels of a sound 
with an intensity of 1 watt per square meter. 


(b) Determine the number of decibels of a sound 
with an intensity of 10~? watt per square meter. 

(c) The intensity of the sound in part (a) is 100 times 
as great as that in part (b). Is the number of 
decibels 100 times as great? Explain. 
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61. Human Memory Model Students in a mathematics oy 69. Graphical Analysis Use a graphing utility to graph 


class were given an exam and then retested monthly 
with an equivalent exam. The average scores for the 
class are given by the human memory model 


f(t) = 80 —17log,(t+ 1), Osts 12 


where f is the time in months. 
heed (a) Use a graphing utility to graph the model over 
the specified domain. 


(b) What was the average score on the original exam 
(f=0)? 


(c) What was the average score after 4 months? 
(d) What was the average score after 10 months? 
62. (a) Complete the table for the function 


In x 


fly) = 2. 
Xx 


ou 1 | 5 | 10} 107) 10* | 10° 
f(x) 


(b) Use the table in part (a) to determine what value 
f(x) approaches as x increases without bound. 


(c) Use a graphing utility to confirm the result of 
part (b). 


Synthesis 
True or False? \n Exercises 63 and 64, determine 


whether the statement is true or false. Justify your answer. 


63. You can determine the graph of f(x) = log,x by 
graphing g(x) = 6* and reflecting it about the x-axis. 


64. The graph of f(x) = log, x contains the point (27, 3). 


In Exercises 65-68, describe the relationship between the 
graphs of f and g. What is the relationship between the 
functions f and g? 


65. f(x) = 3% 
g(x) = log, x 
66. f(x) = 5 
g(x) = log, x 
67. f(x) = e& 
g(x) = Inx 
68. f(x) = 10° 
a) = Ways 


f and g in the same viewing window and determine 
which is increasing at the greater rate as x approaches 
+oo. What can you conclude about the rate of growth 
of the natural logarithmic function? 


(a) f@)=Inx, g@) = Vx 
(b) f(x) =Inx, = gx) = Yx 
70. Think About It The table of values was obtained 


by evaluating a function. Determine which of the 
statements may be true and which must be false. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 


In Exercises 71-73, answer the question for the function 
f(x) = log, x. Do not use a calculator. 


71. What is the domain of f? 
72.. Whatis fas? 


73. If x is a real number between 1000 and 10,000, in 
which interval will f(x) be found? 


74. Writing Explain why log, x is defined only for 
0 case ivandiar =k 


In Exercises 75 and 76, (a) use a graphing utility to graph 
the function, (b) use the graph to determine the intervals in 
which the function is increasing and decreasing, and 
(c) approximate any relative maximum or minimum values 
of the function. 


75. f(x) = |In x| 76. h(x) = In(x? + 1) 


Review 


In Exercises 77 and 78, translate the statement into an 
algebraic expression. 


77. The total cost for auto repairs if the cost of parts was 


$83.95 and there were t hours of labor at $37.50 per 
hour 


78. The area of a rectangle if the length is 10 units more 
than the width w 


5.3 


> What you should learn 


» How to use the change-of-base 
formula to rewrite and evaluate 
logarithmic expressions 

* How to use properties of 
logarithms to evaluate or 
rewrite logarithmic expressions 

+ How to use properties of 
logarithms to expand or 
condense logarithmic 
expressions 


+ How to use logarithmic 
functions to model and solve 
real-life applications 


) > Why you should learn it 


Logarithmic functions are often 
__used to model scientific DDSI: 


Gary Conner/PhotoEdit 
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Properties of Logarithms 


Change of Base 


Most calculators have only two types of log keys, one for common logarithms 
(base 10) and one for natural logarithms (base e). Although common logs and 
natural logs are the most frequently used, you may occasionally need to evaluate 
logarithms to other bases. To do this, you can use the following change-of-base 
formula. 


| Change-of-Base Formula 


Let a, b, and x be positive real numbers such that a # 1 and b # 1. Then 
log, x can be converted to a different base as follows. 


Base b 
log, x 
log, a 


Base 10 
logi9 x In iG 


l = 
log) @ Oba Sina 


Base e 


toe a= los. = 


One way to look at the change-of-base formula is that logarithms to base a 
are simply constant multiples of logarithms to base b. The constant multiplier is 
1/(log,a). 


| Example 1 Changing Bases Using Common Logarithms Gao > 


— logig 30 a logio x 
a. log, 30 = ieee 4 log, x = ae 
1.47712 
e= Use a calculator. 
0.60206 
= 2.4534 Simplify. 
logig 14 _ 1.14613 
: 14 = = 3.8074 
plore logip2 0.30103 


| Example 2 Changing Bases Using Natural Logarithms @¥je> 


it In 30 mein 
a. log, 30 = in4 log, x Ae 
3.40120 
= Use a calculator. 
1.38629 
= 2.4535 Simplify. 
In 14 2.63906 
= — = 3.8073 
ete 1 1069315 
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STUDY TIP 


There is no general property 
that can be used to rewrite 
log, (u + v). Specifically, 
log (x + y) is not equal to 
log, x + log, y. 


Historical Note 

John Napier, a Scottish mathemati- 
cian, developed logarithms as a 
way to simplify some of the 
tedious calculations of his day. 
Beginning in 1594, Napier worked 
about 20 years on the invention of 
logarithms. Napier was only 
partially successful in his quest to 
simplify tedious calculations. 
Nonetheless, the development of 
logarithms was a step forward and 
received immediate recognition. 
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Properties of Logarithms 


You know from the preceding section that the logarithmic function with base a is 
the inverse function of the exponential function with base a. So, it makes sense 
that the properties of exponents should have corresponding properties involving 
logarithms. For instance, the exponential property a® = 1 has the corresponding 
logarithmic property log, 1 = 0. 


Properties of Logarithms 

Let a be a positive number such that a # 1, and let n be a real number. If u 

and v are positive real numbers, the following properties are true. 
Logarithm with Base a Natural Logarithm 


1. log (uv) = log, u + log, v 1. In(wv) = Inu + Inv 


Pee Peseen Bey soa aye 
v 


2. log, — = log, u — log, v 


3. log, u” = nlog,u 3. Inu” = nInu 


For a proof of the properties listed above, see Proofs in Mathematics on page 
449, 


| Example 3. Using Properties of Logarithms 


Write each logarithm in terms of In 2 and In 3. 


a. In 6 b. Ree 
20 
Solution 
a. In6 = In(2 : 3) Rewrite 6 as 2 + 3. 
= In2 + In3 Property 1 
b. ee = In2 — In27 Property 2 
27 . 
SSW ike Rewrite 27 as 3°, 
SSOP Se SS Property 3 


| Example 4 Using Properties of Logarithms @ijo> 


Use the properties of logarithms to verify that —logio = = log, 100. 
Solution 

AS en = —log, (10053) 
—= (= 1 log eal 00 
= log,, 100 


Rewrite at; as 1007!. 


ll 


Property 3 
Simplify. 


Try checking this result on your calculator. 


RSE 
URN Se 


Exploration 


Use a graphing utility to graph 
the functions 


y, = Inx — In(x — 3) 
and 


5e 
Ets g lo) 


yz = In 


in the same viewing window. 
Does the graphing utility show 
the functions with the same 
domain? If so, should it? 
Explain your reasoning. 
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Rewriting Logarithmic Expressions 


The properties of logarithms are useful for rewriting logarithmic expressions in 
forms that simplify the operations of algebra. This is true because these proper- 
ties convert complicated products, quotients, and exponential forms into simpler 
sums, differences, and products, respectively. 


| Example 5 Expanding Logarithmic Expressions @§je> 


Expand each logarithmic expression. 


a. log, 5x*y b. In <2 

Solution 

a. log, 5x°y = log, 5 + log, x3 + log, y Property 1 
= log, 5 + 3 log,x + log,y Property 3 


Rewrite using rational 


5k 5 (3x — 5)!/2 


b. In 7 n 7 exponent. 
= In(3x — 5)!/2 — In7 Property 2 

1 
_ 5 InGx = 5) = In7 Property 3 


In Example 5, the properties of logarithms were used to expand logarithmic 
expressions. In Example 6, this procedure is reversed and the properties of loga- 
rithms are used to condense logarithmic expressions. 


Example 6 Condensing Logarithmic Expressions @3e> 


Condense each logarithmic expression. 


a. 4 1log,)x + 3 logi(x + 1) WB BAINES a2 2A) i a 


c. 5[log, x + log,(x + 1)] 


Solution 
a. 4 log, x + 3 logio(x + 1) = logiyx!/? + logio(x + 1)? — Property 3 
= logo Vx (x af 1)3] Property 1 
b. 2 In(x + 2) — Inx = In(x + 2)? — Inx Property 3 
2 

= In ewes Property 2 

i 
c. 5[log, x + log,(x + 1)] = + {log,[x(x + 1)]} Property 1 
= log, xt. 1) |? Property 3 


Rewrite with a radical. 


Slog, </ x0 1) 
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Application 


One method of determining how the x- and y-values for a set of nonlinear data are 
related begins by taking the natural log of each of the x- and y-values. If the points 
are graphed and fall on a straight line, then you can determine that the x- and 
y-values are related by the equation 


Iny = minx 


where m is the slope of the straight line. 


Example 7 Finding a Mathematical Model a) 


Planets Near the Sun The table shows the mean distance x and the period (the time it takes a planet to 
orbit the sun) y for each of the six planets that are closest to the sun. In the table, 
menos Satu fio the mean distance is given in terms of astronomical units (where Earth’s mean 
distance is defined as 1.0), and the period is given in terms of years. Find an 
z equation that expresses y as a function of x. 
Ss 
A= | : 
8 j Planet Mean Period, y 
S distance, x 
Mercury 
Paes Ore S) 10 Venus 
Mean distance Earth 
(in astronomical units) Mars 
FIGURE 5.24 


Jupiter 
Saturn 


Solution 


The points in the table are plotted in Figure 5.24. From this figure it is not clear 
how to find an equation that relates y and x. To solve this problem, take the natural 
log of each of the x- and y-values in the table. This produces the following results. 


Mercury 


Saturn Venus 
Jupiter Earth 
Mars 

Jupiter 


Saturn 


Now, by plotting the points in the second table, you can see that all six of the 
points appear to lie in a line (see Figure 5.25). You can use a graphical approach 
or the algebraic approach discussed in Section 3.5 to find that the slope of this 
line is You can therefore conclude that In y = 3In x. 


Sa SEenee 


FIGURE 5.25 


5.3 Exercises 
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In Exercises 1-8, rewrite the logarithm as a ratio of (a) com- 
mon logarithms and (b) natural logarithms. 


1. logs x 2. log,x 
3. logy); x 4. log, /3 x 
5. log, i 6. log, 3 
7. logs 6X 8. log, , x 


In Exercises 9-16, evaluate the logarithm using the 
change-of-base formula. Round your result to three 
decimal places. 


9. log,7 10. log, 4 
11. log,/.4 12. log, 45 
13. log, 0.4 14. log,, 0.125 


15. log,; 1250 16. log, 0.015 


In Exercises 17-38, use the properties of logarithms to 
expand the expression as a sum, difference, and/or 
constant multipie of logarithms. (Assume all variables are 
positive.) 


17. log, 5x 18. log, 10z 
19. log, x4 20. logo 
5 1 
21. logs 22. log. 
23. In Vz 24. In 3/t 
| 25e In xyz" 26. logs, 4x7 y 
eae 
27..In az — 1)*sz > 1 28. in| 3 ) ES 
=i 6 
ig ee 30, i —— 
9 “/ Kees 
2 
31. age 32. In. / = 
y y 
4 4 
hee 34. log, 2 
ee fal 
x2 


65 10° 
85 y223 


xy! 
36. logio Ts 
37. In 4/x3(x2 + 3) 


38. In /x2(x + 2) 


In Exercises 39-56, condense the expression to the 
logarithm of a single quantity. 


392 In Ing 40. Iny + Int 
41. log,z — log,y 42. log; 8 — log; t 
43. 2 log,(x + 4) 44. $ log,(z — 2) 
45. 4 log, 5x 46. —4 log, 2x 


ATi ned) 

48. 2In8 + 5In(z— 4) 

49. logio x — 2 logigy + 3 logigz 

50. 3 log, x + 4 log; y — 4 log, z 

51. Inx — 4[In(x + 2) + In@ — 2)] 

§2. 4[in z + In(z + 5)] — 2 In(z — 5) 

53. 4[2 In(x + 3) + Inx — In(? — 1)] 

54. 2[3 Inx — In(x + 1) — In(x — 1)] 

55. 3Llogs y + 2 logs(y + 4)] — logs(y — 1) 
56. 4[log,(x + 1) + 2 log,(x — 1)] + 6 log, x 


In Exercises 57 and 58, compare the logarithmic quantities. 
If two are equal, explain why. 


log, 32 


32 
Si. , log, Te log, 32 — log, 4 


log, 4 
58. log,/70, log, 35, 3 + log, /10 
In Exercises 59-74, find the exact value of the logarithm 


without using a calculator. (If this is not possible, state the 
reason.) 


59. log, 9 60. logs 7s 
61. log, 4/8 62. log, 3/6 
63. log, 16'? 64. log, 81-°? 
65. log,(—9) 66. log,(— 16) 
67. In e+ 

68. 3 In e* 

1 
69. In 
70. In 4/e3 


Tip ine Ine 
722 ine? — ie 
73. log, 75 — log; 3 
74. log, 2 + log, 32 
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In Exercises 75-80, use the properties of logarithms to 
rewrite and simplify the logarithmic expression. 


75. log, 8 76. log,(4? - 34) 
77. log, 555 78. logi aan 

6 
79. In(Se°) 80. In 


> Model It 


81. Human Memory Model Students participating 
in a psychology experiment attended several lec- 
tures and were given an exam. Every month for a 
year after the exam, the students were retested to 
see how much of the material they remembered. 
The average scores for the group can be modeled 
by the human memory model 


Ors tr 4 12 


f(t) = 90 — 15 log,,(t + 1), 


where f is the time in months. 

(a) What was the average score on the original 
exam (t = 0)? 

(b) What was the average score after 6 months? 

(c) What was the average score after 12 months? 

(d) When will the average score decrease to 75? 


(e) Use the properties of logarithms to write the 
function in another form. 


(f) Sketch the graph of the function over the 
specified domain. 


82. Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound / 
in watts per square meter is 


Use the properties of logarithms to write the formula 
in simpler form, and determine the number of 
decibels of a sound with an intensity of 10~° watt per 
square meter. 


Synthesis 


True or False? \n Exercises 83-88, determine whether 
the statement is true or false given that f(x) = In x. Justify 
your answer. 
83. f(0) = 0 


84. f(ax) = f(a) + f(x), 


GS Owes © 


85. f(x — 2) = f(x) — F(2); xD 
86. /f(x) = 3f(x) 
87. If f(u) = 2f(v), then v = v2. 


88. If f(x) < 0, then0 < x < 1. 


u 
89. Proof Prove that log, — = log, u — log, v. 
Vv 


90. Proof Prove that log, u" = n log, u. 


ae In Exercises 91-96, use the change-of-base formula to 


rewrite the logarithm as a ratio of logarithms. Then use a 
graphing utility to graph both functions in the same view- 
ing window to verify that the functions are equivalent. 


91. f(x) = log, x 92. f(x) = log, x 
93. f(x) = log, x 94. f(x) = logy j4x 
95. f(x) = logy, x 96. f(x) = logyy4x 


97. Think About It Consider the functions below. 


x In x 
Set = 
f(x) = In 5 g(x) ie 


Which two functions should have identical graphs? 
Verify your answer by sketching the graphs of all 
three functions on the same set of coordinate axes. 


h(x) = Inx — In2 


98. Exploration For how many integers between 1 
and 20 can the natural logarithms be approximated 
given that In2 ~ 0.6931, In3 ~ 1.0986, and 
In 5 ~ 1.6094? Approximate these logarithms (do 
not use a calculator). 


Review 


In Exercises 99-102, simplify the expression. 
24xy~? 
16x>>y 
2; 2\—3 
100. ( = 
3y 
101. (18x3y*)-3(18x3y4)3 
102. xy(x! + y)71 


99. 


In Exercises 103-106, solve the equation. 
103. 3x7 + 2x --1=0 
104. 4x7 —-5x+1=0 


105. — 


106. 


David Woods/The Stock Market 
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omaa Exponential and Logarithmic Equations 


> What you should learn 


* How to solve simple exponen- 
tial and logarithmic equations 

* How to solve more complicated 
exponential equations 

* How to solve more complicated 
logarithmic equations 

* How to use exponential and 
logarithmic equations to model 
and solve real-life applications 


> Why you should learn it 


Applications of exponential and 
logarithmic equations are fourid 
- in consumer safety testing. For 
instance, in Exercise 119, on page 
426, a logarithmic function is 
used to model crumple zones for 
automobile crash tests. 


Introduction 


So far in this chapter, you have studied the definitions, graphs, and properties of 
exponential and logarithmic functions. In this section, you will study procedures 
for solving equations involving these exponential and logarithmic functions. 

There are two basic strategies for solving exponential or logarithmic 
equations. The first is based on the One-to-One Properties and the second is based 
on the Inverse Properties. For a > 0 and a # 1, the following properties are true 
for all x and y for which log, x and log, y are defined. 


One-to-One Properties 
a* = a?’ if and only if x = y. 
log, x = log, y if and only if x = y. 


Inverse Properties 


q'©8a* =x 

log yar Xx 
| Example 1 Solving Simple Equations @§e> 

Original Rewritten 

Equation Equation Solution Property 
a. 2* = 32 27 =) x=5 One-to-One 
b. Inx —1In3 =0 Inx = In3 x= 3 One-to-One 
c. (¢) = Sta 8¢ x=-2 One-to-One 
d. 27 = Ine* = In7 x =|n7 Inverse 
é- ins "3 eo Aer a Inverse 
L x= 10! =, Inverse 


logioX = 1 10 !°&10*% = 107! 


The strategies used in Example | are summarized as follows. 


Strategies for Solving Exponential and Logarithmic 
Equations 


1. Rewrite the original equation in a form that allows the use of the 
One-to-One Properties of exponential or logarithmic functions. 


2. Rewrite an exponential equation in logarithmic form and apply the 
Inverse Property of logarithmic functions. 


3. Rewrite a logarithmic equation in exponential form and apply the Inverse 
Property of exponential functions. 
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oe" 
echnology 
A When solving an expo- 
nential or logarithmic equation, 
remember that you can check 
your solution graphically by 
“graphing the left and right 
sides separately” and using 

the intersect feature of your 
graphing utility to determine 
the point of intersection. For 
instance, to check the solution 
of the equation in Example 2(a), 
you can graph 


VA) Gs me clare be YS yp) 


in the same viewing window, 
as shown below. Using the 
intersect feature of your graph- 
ing utility, you can determine 
that the graphs intersect when 
X ~ 3.085, which confirms the 
solution found in Example 2(a). 


100 


Intersection 
O|#=3.0B496e5 yar _ 
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Solving Exponential Equations 


| Example 2 Solving Exponential Equations @§e> 


Solve each equation and approximate the result to three decimal places. 


a. 4* = 72 b..3@7)i=42 
Solution 
a. 4* = 72 Write original equation. 
log, 4* = log, 72 Take logarithm (base 4) of each side. 
x = log, 72 Inverse Property 
In 72 : 
= Change-of-base formula 
In 4 
= 31085 Use a calculator. 


The solution is x = log, 72 ~ 3.085. Check this in the original equation. 
ba 3@2) 
2* = 14 


lI 


42 Write original equation. 
Divide each side by 3. 


log, 2* = log, 14 


Take log (base 2) of each side. 


x = log, 14 Inverse Property 
In 14 ‘ : 

16 = Change-of-base formula 
In 2 

x ~ 3.807 Use a calculator. 


The solution is x = log, 14 ~ 3.807. Check this in the original equation. 


In Example 2(a), the exact solution is x = log, 72 and the approximate 
solution is x ~ 3.085. An exact answer is preferred when the solution is an 
intermediate step in a larger problem. For a final answer, an approximate solution 


is easier to comprehend. 


} Example 3. Solving an Exponential Equation @§e> 


Solve e* + 5 = 60 and approximate the result to three decimal places. 


Solution 
Oar 5) = G0) Write original equation. 
e~= 55 Subtract 5 from each side. 
In e* = In 55 Take natural log of each side, 
X= DS Inverse Property 
x ~ 4,007 Use a calculator, 


The solution is x = In 55 ~ 4.007. Check this in the original equation. 


EEE 


STUDY TIP 


Remember that to evaluate a 
logarithm such as log; 7.5, you 
need to use the change-of-base 
formula. 

In 7.5 


log 1 = nee = 1.834 
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Example 4 Solving an Exponential Equation @¥e> 


Solve 2(32‘-5) — 4 = 11 and approximate the result to three decimal places. 


Solution 
238s?) -4— 11 
2(3%-5) = 15 
15 
Dt) — 
= D 
log, 377° = log, ° 
20, = log, = 


2t = 5 + log,7.5 


ey! 
= ’ 
Bee 7 108s 7.5 
t ~ 3.417 


Write original equation. 


Add 4 to each side. 


Divide each side by 2. 


Take log (base 3) of each side. 


Inverse Property 


Add 5 to each side. 


Divide each side by 2. 


Use a calculator. 


The solution is t = 3 a + log, 7.5 ~ 3.417. Check this in the original equation. 


When an equation involves two or more exponential expressions, you can 
still use a procedure similar to that demonstrated in Examples 2, 3, and 4. 
However, the algebra is a bit more complicated. 


Solve e — 3e* + 2 = 0. 
Solution 

ee; 2 — 0) 

(e7)? — 3e7 +2 =0 

(ex — 2)(e* — 1) = 0 


ex-2=0 
x=I1n2 

Cae == 0) 
x=0 


Solving an Exponential Equation of Quadratic Type 


Gor 


Write original equation. 
Write in quadratic form. 
Factor. 

Set Ist factor equal to 0. 
Solution 

Set 2nd factor equal to 0. 


Solution 


The solutions are x = In 2 and x = 0. Check these in the original equation. 


A 


In Example 5, use a graphing utility to graph y = e — 3e*% + 2. The graph 
should have two x-intercepts: one at x = In 2 ~ 0.693 and one at x = 0. 
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Solving Logarithmic Equations 
To solve a logarithmic equation such as 
Inx = 3 Logarithmic form 
write the equation in exponential form as follows. 
ent = ¢4 Exponentiate each side. 
x=e3 Exponential form 


This procedure is called exponentiating each side of an equation. 


Example 6 Solving a Logarithmic Equation §o> 


as Solve Inng— 2» 
b. Solve log,(5x — 1) = log,(x + 7). 


Solution 
a. Inx =2 Write original equation. 
ene? Exponentiate each side. 
x=e? Inverse Property 


The solution is x = e?. Check this in the original equation. 


Dolo. Gy) = log,(x + 7) Write original equation. 
SX ed Yay One-to-One Property 
4x = 8 Add —x and | to each side. 
x=2 Divide each side by 4. 


The solution is x = 2. Check this in the original equation. 


| Example 7 & Solving a Logarithmic Equation Kato > 


Solve 5 + 2 In x = 4 and approximate the result to three decimal places. 


Solution 
a 2 ln y= "4 Write original equation. 
2Inx = -1 Subtract 5 from each side. 
1 
Ini 5 Divide each side by 2. 
ent Seeal/2 Exponentiate each side. 
x=e 12 Inverse Property 
x = 0.607 Use a calculator, 


The solution is x = e~!/2 ~ 0.607. Check this in the original equation. 


i, ee 


STUDY TIP- 


Notice in Example 9 that the 
logarithmic part of the equation 
is condensed into a single loga- 

rithm before exponentiating 
each side of the equation. 


Technology 


A You can use a graphing 
utility to verify that the equa- 

tion in Example 9 has x = 5 as 
its only solution. Graph 


y, = log, 5x + log,o(x — 1) 


and 
s ple? 


in the same viewing window. 
From the graph shown below, it 
appears that the graphs of the 
two equations intersect at one 
point. Use the intersect feature 
or the zoom and trace features 
to determine that x = 5 is an 
approximate solution. You can 
verify this algebraically by sub- 
stituting x = 5 into the original 
equation. 


5 


y, = logyy 5x + logy) (@— 1) | 


ees 


es / 9 


OJ Intersection 
n= 
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Example 8 Solving a Logarithmic Equation &¥e> 


Solve 2 log; 3x = 4. 


Solution 
2 log, 3x = 4 
logs 3x —Z 
Slogs 3x = §2 
3x = 2) 
ces 
6) 


Write original equation. 
Divide each side by 2. 
Exponentiate each side (base 5). 


Inverse Property 


Divide each side by 3. 


The solution is x = oa Check this in the original equation. 


Because the domain of a logarithmic function generally does not include all 
real numbers, you should be sure to check for extraneous solutions of logarithmic 


equations. 


Example 9 Checking for Extraneous Solutions 


Solve log,, 5x +.log,9(x — 1) = 2. 
Solution 
bog, ox log gt — 1) = 92 


YON Peco arent ol 
10 !o8:0(5x? — 5x) = 102 


II 
i) 


5x2 — 5x = 100 
x7 -x-20=0 
(x — 5)(x + 4) =0 


i — 50 
x=5 
x+4=0 
x=-4 


The solutions appear to be x = 5 and x = 


Write original equation. 

Product Property of Logarithms 
Exponentiate each side (base 10). 
Inverse Property 

Write in general form. 

Factor. 

Set Ist factor equal to 0. 
Solution 

Set 2nd factor equal to 0. 
Solution 


—4, However, when you check these 


in the original equation, you can see that x = 5 is the only solution. 


ere 


In Example 9, the domain of log, 5x is x > 0 and the domain of log,(x — 1) 
is x > 1, so the domain of the original equation is x > 1. Because the domain is 
all real numbers greater than 1, the solution x = —4 is extraneous. 
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Sc Exploration 


The effective yield of a savings 
plan is the percent increase in 
the balance after 1 year. Find 
the effective yield for each 
savings plan when $1000 is 
deposited in a savings account. 


a. 7% annual interest rate, 
compounded annually 


b. 7% annual interest rate, 
compounded continuously 


c. 7% annual interest rate, 
compounded quarterly 


d. 7.25% annual interest rate, 
compounded quarterly 


Which savings plan has the 
greatest effective yield? Which 
savings plan will have the 
highest balance after 5 years? 
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Applications 


Example 10 Doubling an Investment C3 Gor 


You have deposited $500 in an account that pays 6.75% interest, compounded 
continuously. How long will it take your money to double? 


Solution 


Using the formula for continuous compounding, you can find that the balance in 
the account is 


A = Pe" 
A = 500e2-9975#, 


To find the time required for the balance to double, let A = 1000 and solve the 
resulting equation for f. 


500e°-9975* = 1000 Let A = 1000. 
eo OSI SI Divide each side by 500. 
Ineo ee =n Take natural log of each side. 
0.0675t = In 2 Inverse Property 
In2 ; 
f= Divide each side by 0.0675. 
0.0675 


i FS NOW Use a calculator. 


The balance in the account will double after approximately 10.27 years. This 
result is demonstrated graphically in Figure 5.26. 


y Doubling an Investment 
1100+ oe 

D 
& 900 | 
ie) 
qe} 
= 
= 700 
oO 
1S) 
E 
rq 200 
) 
r= 
S 300 
oO 
< 

100 

_ . 
2 4 6 8 10 
Time (in years) 

FIGURE 5.26 


ee 


In Example 10, an approximate answer of 10.27 years is given. Within the 


context of the problem, the exact solution, (In 2)/0.0675 years, does not make 
sense as an answer. 
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ver. 
ey ee age Salary for Secondary Teachers 


For selected years from 1980 to 2000, the average salary for secondary teachers 
y (in thousands of dollars) for the year ¢ can be modeled by the equation 


2 
ae) 
as y == 36.8 + 23.7 Int, 1LO°Sar S30 
SS where t = 10 represents 1980 (see Figure 5.27). During which year did the 
® 2 average salary for secondary teachers reach 2.5 times its 1980 level of $16.5 
< = thousand? (Source: National Education Association) 
= 
c Solution 
Felons 2025930885 So. + 25.) Intay Write original equation. 
Year (10 <> 1980) 390 239 Int 405 Let y = (2.5)(16.5) = 41.25. 
FIGURE 5.27 ; 
23.7 Int = 80.05 Add 38.8 to each side. 
Int ~ 3.378 Divide each side by 23.7. 


elnt ~ 93.378 


Exponentiate each side. 


fax eooss Inverse Property 
[= 29 Use a calculator. 


The solution is t ~ 29 years. Because t = 10 represents 1980, it follows that the 
average salary for secondary teachers reached 2.5 times its 1980 level in 1999. 


——— nanan nan 


Writing spout mat HEMATICS 


Comparing Mathematical Models The table shows the U.S. 
Postal Service rates y for sending an express mail pack- 
age for selected years from 1985 through 2001, where 

x = 5 represents 1985. (Source: U.S. Postal Service) 


a. Create a scatter plot of the data. Find a linear model for 
the data, and add its graph to your scatter plot. 
According to this model, when will the rate for sending 
an express mail package reach $17.50? 


Rate, y 


b. Create a new table showing values for In x and In y and 
create a scatter plot of this transformed data. Use the 
method illustrated in Example 7 in Section 5.3 to find a 
model for the transformed data, and add its graph to 
your scatter plot. According to this model, when will 
the rate for sending an express mail package reach 
$17.50? 

c. Solve the model in part (b) for y, and add its graph to 
your scatter plot in part (a). Which model better fits 
the original data? Which model will better predict 
future shipments? Explain. 
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5.4 Exercises 


In Exercises 1-6, determine whether each x-value is a 
solution (or an approximate solution) of the equation. 


1, 44-7 = 64 
(a) x =5 
(b) x =2 

3. 3677? = 75 


(a) x = —2 + @ 
(())) ye = SD FE IDs 
(c) x = 1.219 


5. log,(3x) = 3 


(a) x ~ 20.356 
(0) x= —4 
Chan = 


2. 


6. 


In Exercises 7-26, solve for x. 


7, 4* = 16 
955" = 625 

Wh. WP 

13, (4) = 32 

15. (i) = % 

17 ine nee 
19. er =2 

21. Inx = — 

23. log, x = 3 


Q3x+1 = 39 
(a) x= —-] 
(b) x =2 

Be nae hn) 
(a) 7 = —3 + log, /812 
(b) x ~ 0.581 
Orne Boe 

In 5 

In = 1) S338 
(a) x= 1+ 38 
(b) x ~ 45.701 


©@) se = il 32 in 3383 


In Exercises 27-30, approximate the point of intersection of 
the graphs of f and g. Then solve the equation f(x) = g(x) 


algebraically. 
PAT AG Oy 
g(x) = 8 


28. 


f(x) = 27° 
g(x) = 9 
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In Exercises 31-68, solve the exponential equation 
algebraically. Approximate the result to three decimal 


places. 


iB 
33; 
35; 
37. 
39, 
41. 
43. 
45. 
47. 
49, 
ro I 
Sos 
Ss 
52: 
Sh 


61. 


63. 


65. 


67. 


e—9= 19 
37% 20 
Sate =30)90 
eee | 
22 =a 565 
8(10*) = 12 
3682) S201 
er = 12 
500e-* = 300 
P= 26 = 
6027s) = = 9 
CP Ae 50 
6 Be 
500 
OOF re. 
3000 
2+ 
( =)" 
Ih se 
365 


(: a) 
+——] = 
2 : 


= 20 


32. 
34. 
36. 
38. 
40. 
42. 
44. 
46. 
48. 
50. 
52. 
54. 
56. 
58. 
60. 


62. 


64. 


66. 


68. 


2(5*) = 32 

4e* = 91 

6° +10 = 47 

6" = 3000 

4-3" = 0.10 

2-3 = 32 

g-2-* = 43] 
5(10*-6) = 7 
8(3°-») = 40 

e* = 50 

1000e-* = 75 
-14 + 3e%= 11 
8445-2) + 13 = 41 
erase +60) 
e + 9eX + 36 = 0 


ZAI 
2g =a 


Section 5.4 Exponential and Logarithmic Equations 425 


z, In Exercises 69-76, use a graphing utility to solve the equa- 
tion. Approximate the result to three decimal places. Verify 
your result algebraically. 


69. 6e!—* = 25 70. —4e°-*-1+ 15=0 
71. 3e7/* = 962 72. 8e-2%/3 = 11 
Teo = 3 74, -—e!®+7=0 

75. 05 — § = 0 76. e274 = 29 


In Exercises 77-104, solve the logarithmic equation alge- 
braically. Approximate the result to three decimal places. 


77. nx = —3 78. Inx = 2 
79. In 2x = 2.4 80. In 4x = 1 
81. log,,x = 6 82. log.) 3z = 2 


83. 6 log,(0.5x) = 11 
$4. 5 log, o(x — 2) = 11 


85. 3In 5x = 10 
86. 2Inx =7 
S7alnyc 42 = 1 
88. In/x — 8 =5 


89. 7+ 3Inx=5 

90. 2 — 6Inx = 10 

91. Inx —In@ + 1) =2 

92. Inx + In(x+ 1) =1 

93. Inx + In(x — 2) = 1 

94. Inx + In@+ 3)=1 

95. In(x + 5) = In(x — 1) — In@ + 1) 

96. In(x + 1) — In(x — 2) = Inx 

97. log,(2x — 3) = log,(x + 4) 

98. log, (x — 6) = log,9(2x + 1) 

99. log,o(x + 4) — logyox = logy(x + 2) 
100. log, x + log,(x + 2) = log,(x + 6) 
fol wloe, x log (x: T= ; 

102. log, x +logy(x —'8) = 2 
103. log,,8x — logy(1 + Vx) = 2 
104. log,, 4x — log, (12 + Vx) = 2 


In Exercises 105-108, use a graphing utility to solve the 
equation. Approximate the result to three decimal places. 
Verify your result algebraically. 


105. 7 = 2* 106. 500 = 1500e~*/? 
107-2 — inx = 0 108. 10 — 4In( — 2) =0 


Compound Interest \n Exercises 109 and 110, find the 
time required for a $1000 investment to double at interest 
rate r, compounded continuously. 


109. r = 0.085 
110. r = 0.12 


Compound Interest \n Exercises 111 and 112, find the 
time required for a $1000 investment to triple at interest 
rate r, compounded continuously. 


111. r = 0.085 
112. r = 0.12 


113. Demand The demand equation for a microwave 
oven is 


a=. 500). Urs (eles). 
Find the demand x for a price of (a) p = $350 and 
(b) p = $300. 


114. Demand The demand equation for a hand-held 
electronic organizer is 


4 
p= 5000( 1 = ——e.} 


Find the demand x for a price of (a) p = $600 and 
(b) p = $400. 


115. Forest Yield The yield V (in millions of cubic feet 
per acre) for a forest at age f years is 


V = 6.Je—421/", 


bcd (a) Use a graphing utility to graph the function. 
(b) Determine the horizontal asymptote of the 
function. Interpret its meaning in the context of 
the problem. 


(c) Find the time necessary to obtain a yield of 1.3 
million cubic feet. 


116. Trees per Acre The number of trees per acre N of 
a species is approximated by the model 


N = 68(107°%), 5 <x < 40 


where x is the average diameter of the trees 3 feet 
above the ground. Use the model to approximate 
the average diameter of the trees in a test plot when 
N = 21. 
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117. Average Heights The percent of American males 


between the ages of 18 and 24 who are no more 
than x inches tall is 


100 


1 + @70.6114(¢— 69.71) 


m(x) = 


and the percent of American females between the 
ages of 18 and 24 who are no more than x inches 
tall is 


7 100 
f(x) = 1 + e@70-66607(x— 64.51) 


where m and f are the percents and x is the height 

in inches. (Source: U.S. National Center for 

Health Statistics) 

(a) Use the graph to determine any horizontal 
asymptotes of the functions. Interpret the 
meaning in the context of the problem. 


(b) What is the average height of each sex? 


— 
ao oe 
Sa = 


Percent of 
population 
an 
=) 


Height (in inches) 


118. Learning Curve In a group project in learning 


theory, a mathematical model for the proportion P 
of correct responses after n trials was found to be 


pies 0.83 
{pie on 


a (a) Use a graphing utility to graph the function. 


(b) Use the graph to determine any horizontal 
asymptotes of the function. Interpret the mean- 
ing of the upper asymptote in the context of this 
problem. 


(c) After how many trials will 60% of the responses 
be correct? 


> Model It 


119. Automobiles Automobiles are designed with 
crumple zones that help protect their occupants 
in crashes. The crumple zones allow the occu- 
pants to move short distances when the automo- 
biles come to abrupt stops. The greater the 
distance moved, the fewer g’s the crash victims 
experience. (One g is equal to the acceleration 
due to gravity. For very short periods of time, 
humans have withstood as much as 40 g’s.) In 
crash tests with vehicles moving at 90 kilome- 
ters per hour, analysts measured the numbers of 
g’s experienced during deceleration by crash 
dummies that were permitted to move x meters 
during impact. The data is shown in the table. 


x g’s 
02 | 158 

a 
0.4 
06 53 


0.8 
4 
1.0 
= 


A model for this data is 


36.94 
x 


Y= —300+ 1188 ine + 


where y is the number of g’s. 
(a) Complete the table using the model. 


& (b) Use a graphing utility to graph the data 
points and the model in the same viewing 
window. How do they compare? 


(c) Use the model to estimate the distance trav- 
eled during impact if the passenger deceler- 
ation must not exceed 30 os 


(d) Do you think it is practical to lower the 


number of g’s experienced during impact to 
fewer than 23? Explain your reasoning. 
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120. Data Analysis An object at a temperature of 
160°C was removed from a furnace and placed in a 
room at 20°C. The temperature T of the object was 
measured each hour / and recorded in the table. A 
model for this data is T = 20[1 + 7(2~")]. The 
graph of this model is shown in the figure. 


h .~° Temperature, T 


(a) Use the graph to identify the horizontal asymp- 
tote of the model and interpret the asymptote in 
the context of the problem. 


(b) Use the model to approximate the time when 
the temperature of the object was 100°C. 


Temperature 
(in degrees Celsius) 


Synthesis 


True or False? \n Exercises 121-124, rewrite each verbal 
statement as an equation. Then decide whether the 
statement is true or false. Justify your answer. 


121. The logarithm of the product of two numbers is 
equal to the sum of the logarithms of the numbers. 

122. The logarithm of the sum of two numbers is equal 
to the product of the logarithms of the numbers. 

123. The logarithm of the difference of two numbers 1s 
equal to the difference of the logarithms of the 
numbers. 


124. The logarithm of the quotient of two numbers is 
equal to the difference of the logarithms of the 
numbers. 


125. Think About It Is it possible for a logarithmic 
equation to have more than one extraneous solu- 
tion? Explain. 


126. Finance You are investing P dollars at an annual 
interest rate of r, compounded continuously, for 
t years. Which of the following would result in the 
highest value of the investment? Explain your 
reasoning. 


(a) Double the amount you invest. 
(b) Double your interest rate. 
(c) Double the number of years. 


127. Think About It Are the times required for the 
investments in Exercises 109 and 110 to quadruple 
twice as long as the times for them to double? Give 
a reason for your answer and verify your answer 
algebraically. 


128. Writing Write two or three sentences stating the 
general guidelines that you follow when solving 
(a) exponential equations and (b) logarithmic 
equations. 


Review 


In Exercises 129-132, simplify the expression. 


129. /48x7y° 13025/,32. 2 2 25 


6 
131/25, 2/15 132 3-—sae 
w/ 10 2 


In Exercises 133-136, find a mathematical model for the 
verbal statement. 


133. M varies directly as the cube of p. 
134. ¢ varies inversely as the cube of s. 
135. d varies jointly as a and b. 


136. x is inversely proportional to b — 3. 


In Exercises 137-140, evaluate the logarithm using the 
change-of-base formula. Approximate your result to three 
decimal places. 


137. log, 9 
139. logs 45 


138. log, 4 
140. log, 22 


Vittoriano Rastelli/Corbis 
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> What you should learn 


* How to recognize the five most 
common types of models 
involving exponential and 
logarithmic functions 

How to use exponential growth 
and decay functions to model 
and solve real-life problems 


How to use Gaussian functions 
to model and solve real-life 
problems 

How to use logistic growth 
functions to model and solve 
real-life problems 

How to use logarithmic 
functions to model and solve 
real-life problems 


> Why you should learn it 


Exponential growth and decay 
models are often used to model 
the population of a country. For 
instance, in Exercise 36 on page 
436, you will use exponential 
growth and decay models to 
compare the populations of 
several countries. 
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Introduction 


Exponential and Logarithmic Models 


The five most common types of mathematical models involving exponential 
functions and logarithmic functions are as follows. 


1. Exponential growth model: 
2. Exponential decay model: 
3. Gaussian model: 


4. Logistic growth model: 


5. Logarithmic models: 


y=ae™*, b>0O 


y=ae™*, b>0O 
y == ae —»)*/c 

a a 
» hese yg 


y=atbinx, y=a+tblog,x 


The graphs of the basic forms of these functions are shown in Figure 5.28. 


FIGURE 5.28 


You can often gain quite a bit of insight into a situation modeled by an 
exponential or logarithmic function by identifying and interpreting the function’s 
asymptotes. Use the graphs in Figure 5.28 to identify the asymptotes of each 


function. 


Population Increase 


8000 eR a i St iE a ee ee 


Population (in millions) 


56.37 08) 9, 1041 12 43 
Year (5 < 1995) 


FIGURE 5.29 


Population Increase 
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at 

Technology 
ae 4 Some graphing utilities 
have curve-fitting capabilities 
that can be used to find models 
that represent data. If you have 
such a graphing utility, try using 
it to find a model for the data 
given in Example 1. How does 
your model compare with the 
model given in Example 1? 


1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 | 2003 
Population | 5691 | 5769 | 5847 | 5925 | 6003 | 6080 | 6157 | 6234 | 6311 
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Exponential Growth and Decay 


| Example 1 Population Increase © Grioy 


Estimates of the world population (in millions) from 1995 through 2003 are 
shown in the table. The scatter plot of the data is shown in Figure 5.29. (Source: 
U.S. Census Bureau) 


Population 


Population 


An exponential growth model that approximates this data is 
P5340 PRs Sisitesid3 


where P is the population (in millions) and t = 5 represents 1995. Compare the 
values given by the model with the estimates given by the U.S. Census Bureau. 
According to this model, when will the world population reach 6.8 billion? 


Solution 


The following table compares the two sets of population figures. The graph of the 
model is shown in Figure 5.30. 


5696 | 5771 | 5846 | 5922 | 5999 6077 | 6156 | 6236 | 6317 


To find when the world population will reach 6.8 billion, let P = 6800 in the 
model and solve for t. 


534 (je 0122226 == P Write original model. 
5340¢9.012922" = 6800 Let P = 6800. 

ALOE LD IH a 3 Divide each side by 5340. 
[n° =~ In 1.27341 Take natural log of each side. 
0.012922t ~ 0.241698 Inverse Property 

t ~ 18.7 Divide each side by 0.012922. 


According to the model, the world population will reach 6.8 billion in 2008. 
OE a ak ere ne Ene 
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In Example 1, you were given the exponential growth model. But suppose 
this model were not given; how could you find such a model? One technique for 
doing this is demonstrated in Example 2. 


| Example 2 Modeling Population Growth @ Gor 


In a research experiment, a population of fruit flies is increasing according to the 
law of exponential growth. After 2 days there are 100 flies, and after 4 days there 
are 300 flies. How many flies will there be after 5 days? 


Solution 


Let y be the number of flies at time ¢. From the given information, you know that 
y = 100 when ¢ = 2 and y = 300 when ¢ = 4. Substituting this information into 


the model y = ae” produces 
100 = ae» ~— and 300 = ae*?. 


To solve for b, solve for a in the first equation. 


100 
100 = ae’ Op ages Solve for a in the first equation. 
€ 
Then substitute the result into the second equation. 
300 = ae?” Write second equation. 
100 
300 =|=,,Je*? Substitute 100/e?? for a. 
é 
SCOmmnen 
100 = Divide each side by 100. 
In 3 = 2b Take natural log of each side. 
1 
5 In3 =b Solve for b. 
é ri : : 
Using b = 3 In 3 and the equation you found for a, you can determine that 
100 
ee ~ GA/2)in 3] Substitute (1/2) In 3 for b. 
Fruit Flies 
_ 100 PI. 
> ens Simplify. 
— 100 
§ = Ax Inverse Property 
& 
3 
= = 33) Simplify. 
aw 


So, with a ~ 33 and b = Sin 3 = 0.5493, the exponential growth model is 


y= 336 0.5493r 


t . . > ace! . 
ee ace eee as shown in Figure 5.31. This implies that, after 5 days, the population will be 
Time (in days) y = 33¢994930) = 514 flies, 


FIGURE 5.31 
Eee ee Se Ae 
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Carbon Dating In living organic material, the ratio of the number of radioactive carbon 
isotopes (carbon 14) to the number of nonradioactive carbon isotopes (carbon 12) 
is about 1 to 10!2. When organic material dies, its carbon 12 content remains 
fixed, whereas its radioactive carbon 14 begins to decay with a half-life of about 
5700 years. To estimate the age of dead organic material, scientists use the 
following formula, which denotes the ratio of carbon 14 to carbon 12 present at 
any time f (in years). 


1 
— —— g~t/8223 


10!2 


Carbon dating model 


The graph of R is shown in Figure 5.32. Note that R decreases as ¢ increases. 


ie Time (in years) 


_ FIGURE 5.32 Example 3 Carbon Dating @ Gale > 


The ratio of carbon 14 to carbon 12 in a newly discovered fossil is 
"Yes 
Sie 1013 ; 
Estimate the age of the fossil. 


Solution 


In the carbon dating model, substitute the given value of R to obtain the 
following. 


1 
1022 | Bea Write original model. 
et /8223 7 1 . 1 
1012 ~ 108 Be gia 
1 
(Bir a Multiply each side by 10!2. 
1 
Ine 722. = In To Take natural log of each side. 
t 
~ 3003 = —2.3026 Inverse Property 
t ~ 18,934 Multiply each side by — 8223. 


So, to the nearest thousand years, you can estimate the age of the fossil to be 
19,000 years. 


enn ENS aeeeneunneeeeaal 


The carbon dating model in Example 3 assumed that the carbon 14/carbon 
12 ratio was one part in 10,000,000,000,000. Suppose an error in measurement 
occurred and the actual ratio was only one part in 8,000,000,000,000. The fossil 
age corresponding to the actual ratio would then be approximately 17,000 years. 
Try checking this result. 
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Gaussian Models 
As mentioned at the beginning of this section, Gaussian models are of the form 
y = ae~%~4)7/c, 


This type of model is commonly used in probability and statistics to represent 
populations that are normally distributed. One model for this situation takes 
the form 


1 


e* 2/( 2@2) 
o/ 27 


BA 


where a is the standard deviation (a is the lowercase Greek letter sigma). The 
graph of a Gaussian model is called a bell-shaped curve. 

The average value for a population can be found from the bell-shaped curve 
by observing where the maximum y-value of the function occurs. The x-value 
corresponding to the maximum y-value of the function represents the average 
value of the independent variable—in this case, x. 


Example 4 SAT Scores @ 


In 2001, the Scholastic Aptitude Test (SAT) math scores for college-bound seniors 
roughly followed a normal distribution 


y = 0.0035e7 624" 538-2200"<' x =. 800 


where x is the SAT score for mathematics. Sketch the graph of this function. From 
the graph, estimate the average SAT score. (Source: College Board) 


Solution 


The graph of the function is shown in Figure 5.33. From the graph, you can see 
that the average mathematics score for college-bound seniors in 2001 was 514. 


SAT Math Scores 
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Logistic Growth Models 


Some populations initially have rapid growth, followed by a declining rate of 
growth, as indicated by the graph in Figure 5.34. One model for describing this 
type of growth pattern is the logistic curve given by the function 


¥ a 
fl sh (agri: 


by 


Increasing 
rate of 
growth 


where y is the population size and x is the time. An example is a bacteria culture 
that is initially allowed to grow under ideal conditions, and then under less 
favorable conditions that inhibit growth. A logistic growth curve is also called a 
sigmoidal curve. 


| Example 5 Spread of a Virus 3 Gato 


On a college campus of 5000 students, one student returns from vacation with a 
contagious and long-lasting flu virus. The spread of the virus is modeled by 
= 5000 
YT + 4999¢-080” 


FIGURE 5.34 


20 


where y is the total number of students infected after t days. The college will 
cancel classes when 40% or more of the students are infected. 
a. How many students are infected after 5 days? 


b. After how many days will the college cancel classes? 


Solution 

a. After 5 days, the number of students infected is 

Bg 5000 eet ood 5000 bere 

~ 1 + 4999e~-980) 1 + 4999e~4 

b. Classes are canceled when the number infected is (0.40)(5000) = 2000. 
5000 

1 + 4999e-°* 

1 + 4999e-°* = 2.5 


y 


2000 = 


Flu Virus 4999 


Students infected 


, J 
2th, 6up8 «AO: 1214 meee 


Time (in days) So, after 10 days, at least 40% of the students will be infected, and classes will be 
FIGURE 5.35 canceled. The graph of the function is shown in Figure 5.35. 
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Logarithmic Models 


Example 6 Magnitude of Earthquakes @ Kimo > 


On the Richter scale, the magnitude R of an earthquake of intensity / is 


I 
g R = log,o re 
5 0) 
) 
& <y where J, = 1 is the minimum intensity used for comparison. Find the intensities 


an January 13, 2001 A ber Atos per unit of area for the following earthquakes. (Intensity is a measure of the wave 
of magnitude 7.7 in El Salvador energy of an earthquake.) 
caused 185 landslides and killed a. Tokyo and Yokohama, Japan in 1923: R = 8.3. 


COTE b. El Salvador in 2001: R = 7.7. 
Solution 
a. Because J, = 1 and R = 8.3, you have 
i 
oo log i ‘i Substitute 1 for J) and 8.3 for R. 
10®3 = 10!8i0! Exponentiate each side. 
I = 108? = 199,526,000. Inverse property of exponents and logs 
b. For R = 7.7, you have 
I 
71.7 = logioy Substitute 1 for J, and 7.7 for R. 
1077 = 10!8:0! Exponentiate each side. 
I = 1077 = 50,119,000. Inverse property of exponents and logs 


Note that an increase of 0.6 unit on the Richter scale (from 7.7 to 8.3) represents 
an increase in intensity by a factor of 

199,526,000 _ 

50,119,000 


In other words, the earthquake in 1923 had an intensity about 4 times greater than 


Year that of the 2001 earthquake. 


Population 


1 Sn NS ee Sees Ur Sed! ile 

Ms 

2) 1930 122.78 

Mealteern ae r Writing ABOUT MATHEMATICS 

5 1950 151233 : : oe Mee 

, ox OD Comparing Population Models The population (in millions) of the United States from 

: 1910 to 2000 is shown in the table at the left. (Source: U.S. Census Bureau) 

7 1970 203.30 Least squares regression analysis gives the best quadratic model for this data as 

8 1980 226.54 P = 1.0317t? + 9,.668t + 81.38 and the best exponential model for this data as 

9 1990 248.72 P = 82.367e°'?5". Which model better fits the data? Describe the method you used 
| 10 2000 281.42 to reach your conclusion. 
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5.5 Exercises 


In Exercises 1-6, match the function with its graph. [The Compound Interest \n Exercises 15 and 16, determine 
graphs are labeled (a), (b), (c), (d), (e), and (f).] the principal P that must be invested at rate r, compounded 
(a) y (b) y monthly, so that $500,000 will be available for retirement in 
: t years. 
15. r = 75%, t = 20 
F 16. r = 12%, t = 40 
z 


Compound Interest \n Exercises 17 and 18, determine 
-4 eS the time necessary for $1000 to double if it is invested 
at interest rate r compounded (a) annually, (b) monthly, 
(c) daily, and (d) continuously. 

17. r= 11% 


18. r = 105% 


19. Compound Interest Complete the table for the 
time ft necessary for P dollars to triple if interest is 
compounded continuously at rate r. 


4% | a 10% ee 


. Modeling Data Draw a scatter plot of the data in 
Exercise 19. Use the regression feature of a graphing 
utility to find a model for the data. 


. Compound Interest Complete the table for the 
time t necessary for P dollars to triple if interest is 
compounded annually at rate r. 


way — 2e7/4 
3. y = 6 + log, (x + 2) 


in| 290 


6% = i 12% | 
a | ion 


22. Modeling Data Draw a scatter plot of the data in 
Exercise 21. Use the regression feature of a graphing 
utility to find a model for the data. 


5. y = In(x + 1) 


Compound Interest _\n Exercises 7-14, complete the table 
for a savings account in which interest is compounded ~~ 
continuously. 


Initial Annual Time to Amount After 


Tite simont Cae Double WO Yours 23. Comparing Models If $1 is invested in an account 
over a 10-year period, the amount in the account, 
7. $1000 ae where t represents the time in years, is 
8. $20,000 103% , A=1+ 0.075] t]] or = e9-07t 
9. $750 Ty depending on whether the account pays simple 
10. $10,000 12 yr interest at 73% or continuous compound interest at 
11. $500 $1505.00 7%. Graph each function on the same set of i 
Which grows at the faster rate? (Remember that |[¢l] is 
i 19,205.00 : aaah 3 
ges 8000 nee . 000.00 the greatest integer function discussed in Section 2.4.) 
13. S% ,000. 


14. 8% $20,000.00 
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ae 24. Comparing Models If $1 is invested in an account 


Radioactive Decay 


over a 10-year period, the amount in the account, 
where f represents the time in years, is 


uae 


A=1+0.06[+] or a= (1+5% 


depending on whether the account pays simple inter- 
est at 6% or compound interest at 55% compounded 
daily. Use a graphing utility to graph each function in 
the same viewing window. Which grows at the faster 
rate? 


In Exercises 25-30, complete the 


table for the radioactive isotope. 


25. 
26. 
27. 
28. 
29. 
30. 


Half-life Initial Amount After 
Isotope (years) Quantity 1000 Years 
22°Ra 1620 10g 
226Ra 1620 (Ney 
ue 5730 2g 
iC 5730 one, 
239Py 24,360 2.1¢ 
Pu 24,360 0.4 ¢ 


In Exercises 31-34, find the exponential model y = ae™ 
that fits the points in the graph or table. 


31. 


y 32. y 


35. Population The population P of Texas (in thou- 


sands) from 1991 through 2000 can be modeled by 
P = 16,968e°-1% 
where t = | represents the year 1991. According to 


this model, when will the population reach 22 mil- 
lion? (Source: U.S. Census Bureau) 
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> Model It 


STs 


38. 


. Population The table shows the populations (in 
millions) of five countries in 2000 and the 
projected populations (in millions) for the year 
2010. (Source: U.S. Census Bureau) 


2000 2010 


if Country 


Canada 

China 

Italy 

United Kingdom 
United States 


Find the exponential growth or decay model 
y = ae” or y = ae” for the population in 
each country by letting t = 0 correspond to 
2000. Use the model to predict the popula- 
tion of each country in 2030. 


You can see that the populations of the United 
States and the United Kingdom are growing 
at different rates. What constant in the equa- 
tion y = ae?" is determined by these different 
growth rates? Discuss the relationship 
between the different growth rates and the 
magnitude of the constant. 


You can see that the population of China is 
increasing while the population of Italy is 
decreasing. What constant in the equation 
y = ae” reflects this difference? Explain. 


Population The population P of Charlotte, North 
Carolina (in thousands) is 


P = 548e* 


where t = 0 represents the year 2000. In 1970, the 
population was 241,000. Find the value of k, and use 
this result to predict the population in the year 2010. 
(Source: U.S. Census Bureau) 


Population The population P of Lincoln, Nebraska 
(in thousands) is 


P = 2240! 


where t = 0 represents the year 2000. In 1980, the 
population was 172,000. Find the value of k, and use 
this result to predict the population in the year 2020. 
(Source: U.S. Census Bureau) 


39. 
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Bacteria Growth The number N of bacteria in a 
culture is modeled by 


N = 100e" 


where f is the time in hours. If N = 300 when t = 5, 
estimate the time required for the population to 
double in size. 


. Bacteria Growth The number JN of bacteria in a 


culture is modeled by N = 250e*', where f is the 
time in hours. If V = 280 when t = 10, estimate the 
time required for the population to double in size. 


. Radioactive Decay The half-life of radioactive 


radium (?7°Ra) is 1620 years. What percent of a 
present amount of radioactive radium will remain 
after 100 years? 


. Radioactive Decay Carbon 14 dating assumes that 


the carbon dioxide on Earth today has the same 
radioactive content as it did centuries ago. If this is 
true, the amount of !*C absorbed by a tree that grew 
several centuries ago should be the same as the 
amount of '4C absorbed by a tree growing today. A 
piece of ancient charcoal contains only 15% as much 
radioactive carbon as a piece of modern charcoal. 
How long ago was the tree burned to make the 
ancient charcoal if the half-life of '*C is 5730 years? 


. Depreciation A car that cost $22,000 new has a 


book value of $13,000 after 2 years. 
(a) Find the straight-line model V = mt + b. 


(b) Find the exponential model V = ae*’. 


ay (c) Use a graphing utility to graph the two models in 


the same viewing window. Which model depre- 
ciates faster in the first 2 years? 


(d) Find the book values of the car after 1 year and 
after 3 years using each model. 


(e) Interpret the slope of the straight-line model. 


44. Depreciation A computer that costs $2000 new 


has a book value of $500 after 2 years. 
(a) Find the straight-line model V = mt + b. 
(b) Find the exponential model V = ae”. 


(c) Use a graphing utility to graph the two models in 
the same viewing window. Which model depre- 
ciates faster in the first 2 years? 

(d) Find the book values of the computer after 1 year 
and after 3 years using each model. 


(e) Interpret the slope of the straight-line model. 


45. 


46. 


47. 


48. 


49. 
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Sales The sales S (in thousands of units) of a new 
CD burner after it has been on the market t years are 
modeled by S(t) = 100(1 — e*‘). Fifteen thousand 
units of the new product were sold the first year. 


(a) Complete the model by solving for k. 
(b) Sketch the graph of the model. 


(c) Use the model to estimate the number of units 
sold after 5 years. 


Sales After discontinuing all advertising for a tool 
kit in 1998, the manufacturer noted that sales began 
to drop according to the model 


500,000 
1 + 0.6e* 


where S represents the number of units sold and 
t = 0 represents 1998. In 2000, the company sold 
300,000 units. 


(a) Complete the model by solving for k. 
(b) Estimate sales in 2005. 


Sales The sales S (in thousands of units) of a 
cleaning solution after x hundred dollars is spent on 
advertising are modeled by S = 10(1 — e**). When 
$500 is spent on advertising, 2500 units are sold. 


(a) Complete the model by solving for k. 


(b) Estimate the number of units that will be sold if 
advertising expenditures are raised to $700. 


Profit Because of a slump in the economy, a 
department store finds that its annual profits have 
dropped from $742,000 in 2000 to $632,000 in 2002. 
The profit follows an exponential pattern of decline. 
What is the expected profit for 2005? (Let t = 0 
represent 2000.) 


Learning Curve The management at a plastics fac- 
tory has found that the maximum number of units a 
worker can produce in a day is 30. The learning 
curve for the number N of units produced per day 
after a new employee has worked t days is 


N = 30(1 — e*). 
After 20 days on the job, a new employee produces 
19 units. 


(a) Find the learning curve for this employee (first, 
find the value of k). 


(b) How many days should pass before this employee 
is producing 25 units per day? 
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50. Population Growth A conservation organization 
releases 100 animals of an endangered species into a 
game preserve. The organization believes that the 
preserve has a carrying capacity of 1000 animals and 
that the growth of the herd will be modeled by the 
logistic curve 


_ 1000 
a 1 + 9e-0.1656+ 


p(t) 


where ¢ is measured in months (see figure). 


Endangered 
species population 


2, A Oe OM 2 A Gas: 
Time (in months) 


(a) Estimate the population after 5 months. 


(b) After how many months will the population be 
500? 


acd (c) Use a graphing utility to graph the function. Use 
the graph to determine the horizontal asymp- 
totes, and interpret the meaning of the larger 
p-value in the context of the problem. 


Geology \n Exercises 51 and 52, use the Richter scale for 
measuring the magnitudes of earthquakes. 


51. Find the magnitude R of an earthquake of intensity / 
det, = i). 
(a) J = 80,500,000 
(b) J = 48,275,000 
(c) J = 251,200 


52. Find the intensity / of an earthquake measuring R on 
the Richter scale (let J, = 1). ; 


(a) Chile in 1906, R = 8.2 
(b) Los Angeles in 1971, R = 6.7 
(c) India in 2001, R = 7.7 


Intensity of Sound _\n Exercises 53-56, use the following 
information for determining sound intensity. The level of 
sound 8, in decibels, with an intensity of / is 


/ 
B = 10log,,— 
Io 


where |, is an intensity of 10~'? watt per square meter, 
corresponding roughly to the faintest sound that can be 
heard by the human ear. In Exercises 53 and 54, find the 
level of sound, B. 


53. (a) J = 10~!° watt per m? (faint whisper) 
(b) J = 10~> watt per m? (busy street corner) 
(c) 1 = 10-25 watt per m? (air hammer) 
(d) J = 10° watt per m? (threshold of pain) 

54. (a) J = 10-° watt per m? (whisper) 
(b) J = 10~+° watt per m? (jet 4 miles from takeoff) 
(c) I = 1073 watt per m? (diesel truck at 25 feet) 
(d) J = 10~°° watt per m? (auto horn at 3 feet) 


55. Due to the installation of noise suppression materials, 
the noise level in an auditorium was reduced from 
93 to 80 decibels. Find the percent decrease in the 
intensity level of the noise as a result of the installa- 
tion of these materials. 


56. Due to the installation of a muffler, the noise level of 
an engine was reduced from 88 to 72 decibels. Find 
the percent decrease in the intensity level of the noise 
as a result of the installation of the muffler. 


PH Levels \n Exercises 57-62, use the acidity model 
given by pH = —log,,(H*], where acidity (pH) is a measure 
of the hydrogen ion concentration [H*] (measured in moles 
of hydrogen per liter) of a solution. 


57. Find the pH if [H+] = 2.3 x 107°. 

58. Find the pH if [H+] = 11.3 x 10-°. 

59. Compute [H*] for a solution in which pH = 5.8. 
60. Compute [H* ] for a solution in which pH = 3.2. 


61. A fruit has a pH of 2.5 and an antacid tablet has a pH 
of 9.5. The hydrogen ion concentration of the fruit is 
how many times the concentration of the tablet? 


62. The pH of a solution is decreased by one unit. The 
hydrogen ion concentration is increased by what 
factor? 
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63. Forensics At 8:30 A.M., acoroner was called to the ee 65. Home Mortgage The total interest u paid on a 


. Home Mortgage 


home of a person who had died during the night. In 
order to estimate the time of death, the coroner took 
the person’s temperature twice. At 9:00 A.M. the 
temperature was 85.7°F, and at 11:00 A.M. the 
temperature was 82.8°F. From these two tempera- 
tures, the coroner was able to determine that the time 
elapsed since death and the body temperature were 
related by the formula 


f= 70 


ee 10h 
"98.6 — 70 


where ¢ is the time in hours elapsed since the person 
died and T is the temperature (in degrees Fahrenheit) 
of the person’s body. Assume that the person had a 
normal body temperature of 98.6°F at death, and that 
the room temperature was a constant 70°F. (This 
formula is derived from a general cooling principle 
called Newton’s Law of Cooling.) Use the formula to 
estimate the time of death of the person. 


A $120,000 home mortgage for 
35 years at 7% has a monthly payment of $809.39. 
Part of the monthly payment goes for the interest 
charge on the unpaid balance, and the remainder of 
the payment is used to reduce the principal. The 
amount that goes toward the interest is 


( Pr r \12t 
ag ee | rea 
| a 5) 


and the amount that goes toward the reduction of the 
principal is 


Pr r \12! 
eye — \ 1 |. 
y “al = 


In these formulas, P is the size of the mortgage, r is 

the interest rate, M is the monthly payment, and t is 

the time in years. 

(a) Use a graphing utility to graph each function in 
the same viewing window. (The viewing window 
should show all 35 years of mortgage payments.) 


(b) In the early years of the mortgage, the larger part 
of the monthly payment goes for what purpose? 
Approximate the time when the monthly 
payment is evenly divided between interest and 
principal reduction. 

(c) Repeat parts (a) and (b) for a repayment period 
of 20 years (M = $966.71). What can you 
conclude? 


. Data Analysis 


home mortgage of P dollars at interest rate r for ¢ 
years is 


er | 4 = il | 


Walter) 


Consider a $120,000 home mortgage at 75%. 


(a) Use a graphing utility to graph the total interest 
function. 


(b) Approximate the length of the mortgage for 
which the total interest paid is the same as the 
size of the mortgage. Is it possible that some 
people are paying twice as much in interest 
charges as the size of the mortgage? 


The table shows the time ¢ (in 
seconds) required to attain a speed of s miles per 
hour from a standing start for a car. 


Time, ¢ 


Two models for this data are as follows. 
t, = 40.757 + 0.556s — 15.817 Ins 
t, = 1.2259 + 0.002352 


(a) Use a graphing utility to fit a linear model t, and 
an exponential model ft, to the data. 

(b) Use a graphing utility to graph the data points 
and each model in the same viewing window. 

(c) Create a table comparing the data with estimates 
obtained from each model. 


(d) Use the results of part (c) to find the sum of the 
absolute values of the differences between the 
data and estimated values given by each model. 
Based on the four sums, which model do you 
think better fits the data? Explain. 
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Synthesis 72. Writing Use your school’s library, the Internet, or 
some other reference source to write a paper describ- 
True or False? \n Exercises 67-70, determine whether ing John Napier’s work with logarithms. 


the statement is true or false. Justify your answer. 


uy. Review 
67. The domain of a logistic growth function cannot be 


the set of real numbers. In Exercises 73-76, determine the right-hand and left-hand 


68. A logistic growth function will always have an behavior of the polynomial function. 


-int Us 
X-intercep a2. f(x) = 2x3 — 3x2 ++x-1 
69. The graph of : 
TAS) = So ee 
fe os as 75. g(x) = —1.6x5 + 4x? — 2 
ob —2Xx 

i 76. 9(x) = 7x6 + 9.15 — 3.2x4 + 25x3 
is the graph of 
a Nie Shas 
le Gee. ani ax? + Aye — 307. S36 

; kos 


In Exercises 77-80, divide using synthetic division. 
g(x) 


shifted to the right five units. 


70. The graph of a Gaussian model will never have an 78. 8x2 = 36x? + 54x = 27 
x-intercept. x= ; 
71. Identify each model as linear, logarithmic, exponen- TI AQIS Rectan cae) Oe |e ay 
tial, logistic, or none of the above. Explain your 80. (x4 — 3x + 1) + (x + 5) 
reasoning. 
(a) » (b) In Exercises 81-90, sketch the graph of the equation. 
81. y = 10 — 3x 
82. y= —4x — 1 
83. y = —2x? —3 


84. y = 2x? — 7x — 30 
$5. 3X" = y= 
$6. —x2 —=8y = 


(c) (d) 


y 
4 
phe oew ee | = she 
6 2 
Xx 
ps . 88. y = er 
27 89. x2 + (y — 8)? = 25 


90. (x42? +(y+7) =4 


=) 
(e) (f) In Exercises 91-94, graph the exponential function. 

n+ 7 91. f(x) = 27-1 4-5 
10 6 nd esi 

8+ ° 5 92) = eI 

plastceetes : ‘ 93. f(x) = 3* —4 

at Ae 94. fle) = 3° +4 
pa i : 

+99 + 
Lee eee ious 
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> What did you learn? 


Section 5.1 Review Exercises 

L) How to recognize and evaluate exponential functions with base a 1-10 

L) How to graph exponential functions 11-22, 27-30 

L) How to recognize and evaluate exponential functions with base e 23-26 

L) How to use exponential functions to model and solve real-life applications 31-36 

Section 5.2 

L] How to recognize and evaluate logarithmic functions with base a 37-42 

L) How to graph logarithmic functions 43-48, 55-58 

C1 How to recognize and evaluate natural logarithmic functions 49-54 

(1) How to use logarithmic functions to model and solve real-life applications 59,60 

Section 5.3 

1) How to rewrite logarithmic functions with a different base 61-64 

C1 How to use properties of logarithms to evaluate or rewrite and expand 65-80 
or condense logarithmic expressions 

1 How to use logarithmic functions to model and solve real-life applications 81,82 

Section 5.4 

1 How to solve simple exponential and logarithmic equations 83-92 

1 How to solve more complicated exponential equations 93-106 

1 How to solve more complicated logarithmic equations 107-122 

C1 How to use exponential and logarithmic equations to model and solve 123,124 
real-life applications 

Section 5.5 

1 How to recognize the five most common types of models involving exponential 125-130 
and logarithmic functions 

1 How to use exponential growth and decay functions to model and solve 131-136 
real-life problems 

— How to use Gaussian functions to model and solve real-life problems 137 

O How to use logistic growth functions to model and solve real-life problems 138 

CO How to use logarithmic functions to model and solve real-life problems 139, 140 


442 Chapter5 &® Exponential and Logarithmic Functions 


Review Exercises 


5.1 | In Exercises 1-6, evaluate the expression. Approx- 
imate your result to three decimal places. 


1. (6.1)24 2. —14(5-°8) 
3, 2-057 4. 3/1278 
5. 60%3 6.77. 


In Exercises 7-10, match the function with its graph. [The aed 


graphs are labeled (a), (b), (c), and (d).] 
(a) (b) 


5 
4 
3 
2 
1 


=3.=2 =) Lee 3 


7. f(x) = 4 
oie 


Sos 
10. f(x) = 4° +1 


In Exercises 11-14, use the graph of f to describe the 
transformation that yields the graph of g. 


MW NCR Se 6) ary 

1235 ia ee 8 
13. fe) =), s@) = -G)” 
14. f(x) = GY, g@) =8 - GY 


Z In Exercises 15-22, use a graphing utility to construct a 
table of values. Then sketch the graph of the function. 


15. f(x) = 4-7 + 4 16. f(x) = —4* — 3 
172 f GQ) =.= 2165 2 18. f(x) = 2.65*-! 
19. f(x) = 57-2 +4 20. f(x) = 27-6 — 5 
21. f(x) = (3) * +3 22. f(x) = 5)" - 5 


In Exercises 23-26, evaluate the function f(x) = e* for 
the indicated value of x. Approximate your result to three 
decimal places. 


23. x = 8 


253 XH1eh 26. x = 
In Exercises 27-30, use a graphing utility to construct a 
table of values. Then sketch the graph of the function. 
27. h(x) = e/2 28. h(x) = 2 — e7*/? 
29. f(x) = e**? 30. s(t) =4e-7/5 fe 
Compound Interest _\n Exercises 31 and 32, complete the 


table to determine the balance A for P dollars invested at 
rate r for t years and compounded n times per year. 


ee) 1 | 2'[ 4 | 12 365 - Continuous | 
eee 


31. P = $3500, r = 6.5%, t = 10 years 
32. P = $2000, r = 5%, t = 30 years 


33. Waiting Times The average time between incoming 
calls at a switchboard is 3 minutes. The probability F 
of waiting less than f minutes until the next incoming 
call is approximated by the model F(t) = 1 — e7*/3, 
A call has just come in. Find the probability that the 
next call will be within 


(a) + minute. (b) 2 minutes. (c) 5 minutes. 


34. Depreciation After t years, the value V of a car 
that cost $14,000 is V(r) = 14,000(3)'. 

hae (a) Use a graphing utility to graph the function. 

(b) Find the value of the car 2 years after it was 
purchased. 

(c) According to the model, when does the car depre- 
ciate most rapidly? Is this realistic? Explain. 

35. Trust Fund On the day a person was born, a 
deposit of $50,000 was made in a trust fund that pays 
8.75% interest, compounded continuously. 

(a) Find the balance on the person’s 35th birthday. 


(b) How much longer would the person have to wait 
to get twice as much? 


36. Radioactive Decay Let Q represent a mass of plu- 
tonium 241 (?4'Pu) (in grams), whose half-life is 13 
years. The quantity of plutonium 241 present after t 
years is 


100(5)" 
= ape 


(a) Determine the initial quantity (when t = 0). 
(b) Determine the quantity present after 10 years. 


(c) Sketch the graph of this function over the interval 
= Otor = 100. 


In Exercises 37 and 38, write the exponential 
equation in logarithmic form. 


37. 4 = 64 38. 25°/2 = 125 


in Exercises 39-42, evaluate the function at the indicated 
value of x without using a calculator. 


Function Value 
39. f(x) = logy x x = 1000 
40. g(x) = log, x x=3 
41. g(x) = log, x os 
42. f(x) = log, x Le5 


In Exercises 43-48, find the domain, x-intercept, and verti- 
cal asymptote of the logarithmic function and sketch its 
graph. 


43. g(x) = log, x 44. 2(x) = log, x 


45. f(x) = lozso(] 


a7. f(x) = 4 — log,o(x + 5) 
48. f(x) = log,.(x — 3) + 1 


46. f(x) = 6 + logiyx 


In Exercises 49-54, use your calculator to evaluate the func- 
tion f(x) = Inx for the indicated value of x. Approximate 
your result to three decimal places if necessary. 


49, x = 22.6 50. x = 0.98 
ae xtc, 2 52x =e! 

3 
ix = /7 +5 s4.x= 7-3 


In Exercises 55-58, find the domain, x-intercept, and verti- 
cal asymptote of the logarithmic function and sketch its 
graph. 

55. f(x) =Inx + 3 
57. h(x) = In(x’) 


56. f(x) = In — 3) 
BSP (clr nx 
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59. Antler Spread The antler spread a (in inches) and 
shoulder height A (in inches) of an adult male 
American elk are related by the model 


h = 116 log,o(a + 40) — 176. 


Approximate the shoulder height of a male American 
elk with an antler spread of 55 inches. 


60. Snow Removal The number of miles s of roads 
cleared of snow is approximated by the model 


13 In(h/12) 


5 
i ind 


DEEN oS IS) 
where h is the depth of the snow in inches. Use this 
model to find s when h = 10 inches. 


In Exercises 61-64, evaluate the logarithm using the 
change-of-base formula. Do each problem twice, once with 
common logarithms and once with natural logarithms. 
Approximate the results to three decimal places. 


61. log, 9 62. log,, 200 
63. log, /.5 64. log, 0.28 


In Exercises 65-72, use the properties of logarithms to 
expand the expression as a sum, difference, and/or multiple 
of logarithms. 


65. logs 5x? 66. log,, 7x* 
6 

67. Bsa 68. log, 4 

69. In x?y’z 70. In 3xy? 


vik in? a ;) 
xy 

In Exercises 73-80, condense the expression to the loga- 

rithm of a single quantity. 

73. 10g, daa; logs x 

74. log. y — 2 log, z 

75. Inx —+Iny 

76. 3inx + 2In(x + 1) 

77. 5 logs(x + 4) + 7 logg y 

78e. 210845 Xameo LOS ioe 0) 

79. + 1n(2x — 1) — 2In(x + 1) 

80. 5 In(x — 2) — In(x + 2) — 3 Inx 
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81. Climb Rate The time f¢ (in minutes) for a small 
plane to climb to an altitude of h feet is modeled by 


18,000 


t= 3010810 78 000 — A 


where 18,000 feet is the plane’s absolute ceiling. 
(a) Determine the domain of the function appropri- 
ate for the context of the problem. 
Be (b) Use a graphing utility to graph the time 
function and identify any asymptotes. 
(c) As the plane approaches its absolute ceiling, 


what can be said about the time required to 
increase its altitude further? 


(d) Find the time for the plane to climb to an 
altitude of 4000 feet. 


82. Human Memory Model Students in a sociology 
class were given an exam and then were retested 
monthly with an equivalent exam. The average score 
for the class was given by the human memory model 


f() = 85 — 14log,,(t + 1), O< t <4 


where f is the time in months. How did the average 
score change over the four-month period? 


ees In Exercises 83-92, solve for x. 


83. 8% = 512 84. 3% = 729 
85. 6* = 5 86. 5* = x 

87. et = 88. e* = 6 

89. log, x = 2 90. log, x = —1 
91. Inx =4 92. Inx = —3 


In Exercises 93-102, solve the exponentia! equation. 
Approximate your result to three decimal places. 


93. ex = 12 94, e* = 25 

OS 36m —1132 96. 1462%"2 =560 
O75 22> 13135 98. 6% — 28 = —8 
99. —4(5*) = —68 100. 2(12*) = 190 


101. e — 7e*x + 10 =0 102. e** — 6e*+ 8 =0 


In Exercises 103-106, use a graphing utility to graph and 
solve the equation. Approximate the result to two decimal 
places. 


MOS e223 x r= 0 
105. 25e~°** = 12 


104, 4-927 + xy =0 
106. 4e!2* = 9 


In Exercises 107-118, solve the logarithmic equation. 
Approximate the result to three decimal places. 

107. In 3x = 8.2 108. In Sx = 7.2 

109. 21n 4x = 15 110. 4 In 3x = 15 

111. Inx —In3 = 2 112. n/x +8 =3 

113. in/x + 1 =2 114. nx —In5 =4 

115. log}, @¢°= 1) = log {j= 2) = loge 2) 

116. log, o(x + 2) — log,) x = logy (x + 5) 
17log (le ay = 

118. log,,.(—x — 4) = 2 


In Exercises 119-122, use a graphing utility to graph and 


solve the equation. Approximate the result to two decimal 
places. 


119. 2In(x + 3) + 3x =8 

120. 6 log,.(x* + 1) -x =0 

121. 4In(x + 5) —x = 10 

122. x — 2 log,.(x + 4) =0 

123. Compound Interest $7550 is deposited in an 


account that pays 7.25% interest, compounded con- 
tinuously. How long will it take the money to triple? 


124. Demand The demand equation for a 32-inch 
television is modeled by p = 500 — 0.5e9-4*, 
Find the demand x for a price of (a) p = $450 and 
(b) p = $400. 


In Exercises 125-130, match the function with its 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) y (b) 


(d) y 


(e) 


a5, y= 3e 2/5 
7. y= n(x + 3) 


126. y = 4¢2*/3 


128.y — 7 osx: 3) 


EN ies 
1 + 2e-* 


029. y = 2e°&+4)7/3 130. y = 

131. Population The population P of Phoenix, Arizona 
(in thousands) from 1970 through 2000 can be 
modeled by P = 590e°-°*"", where t¢ represents the 
year, with t = 0 corresponding to 1970. According 
to this model, when will the population reach 1.5 
million? (Source: U.S. Census Bureau) 

132. Radioactive Decay The half-life of radioactive 
uranium II (7*4U) is 250,000 years. What percent of 
a present amount of radioactive uranium II will 
remain after 5000 years? 

133. Compound Interest A deposit of $10,000 is made 
in a savings account for which the interest is 
compounded continuously. The balance will double 
in 5 years. 

(a) What is the annual interest rate for this account? 
(b) Find the balance after | year. 

134. Bacteria Growth The number N of bacteria in a 
culture is given by the model N = 200e*", where t is 
the time in hours. If N = 350 when t = 5, estimate 
the time required for the population to triple in size. 


In Exercises 135 and 136, find the exponential function 
y = ae’* that passes through the points. 


135. (0, 2), (4, 3) 136. (0,4), (5, 5) 

137. Test Scores The test scores for a biology test 
follow a normal distribution modeled by 
y = 0.0499e-&— 77/128, 40 < x < 100 
where x is the test score. 
(a) Use a graphing utility to graph the equation. 
(b) From the graph, estimate the average test score. 


138. Typing Speed In a typing class, the average 
number of words per minute typed after t weeks of 
lessons was found to be 
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| way 


Nee. 
1 + 5.4e~9-12# 


Find the time necessary to type (a) 50 words per 
minute and (b) 75 words per minute. 

139. Sound Intensity The relationship between the 
number of decibels B and the intensity of a sound / 
in watts per square centimeter is 


I 
B = 10 lose). 


Determine the intensity of a sound in watts per 
square centimeter if the decibel level is 125. 


140. Geology On the Richter scale, the magnitude R of 
an earthquake of intensity J is 


R=1 : 
1G) — 

S10 I, 
where J, = 1 is the minimum intensity used for 
comparison. Find the intensity per unit of area for 
each value of R. 
(a) R= 84 


(b) PR =*6.85" (c)) Re= et 


Synthesis 


True or False? \n Exercises 141 and 142, determine 
whether the equation or statement is true or false. Justify 
your answer. 


141. log, b** = 2x 142. In(x + y) = Inx + Iny 


143. The graphs of y = e*' are shown for k = a, b, c, 
and d. Use the graphs to order a, b, c, and d. Which 
of the four values are negative? Which are positive? 


(a) (b) y 


(d) 
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Chapter Test 


The /nteractive CD-ROM and Internet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 
of which have randomly generated 
exercises with diagnostic capabilities. 


Exponential Growth 


(9, 11,277) 


FIGURE FOR 21 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1-4, evaluate the expression. Approximate your result to three decimal 
places. 


| nae 2. 42 3. ewe 4, e3! 


In Exercises 5-7, construct a table of values. Then sketch the graph of the function. 


5. f(x) = 107 6. f(x) = -6*-? 7. f(x) =1—- e 
8. Evaluate (a) log, 7~°*? and (b) 4.6 In e?. 


In Exercises 9-11, construct a table of values. Then sketch the graph of the function. 
Identify any asymptotes. 


9. f(x) = —logyyx-6 10. f(@) =Ine—-4) 11. f%) =1+In + 6) 


In Exercises 12-14, evaluate the expression. Approximate your result to three 
decimal places. 


12. log, 44 13. log,,; 0.9 14. log,, 68 


In Exercises 15 and 16, use the properties of logarithms to expand the expression as 
a sum, difference, and/or multiple of logarithms. 


15. Dog, 3a 16. In ae 


In Exercises 17 and 18, condense the expression to the logarithm of a single quantity. 


17. log; 13 + log, y 18. 4Inx — 4Iny 


In Exercises 19 and 20, solve the equation algebraically. Approximate your result to 
three decimal places. 
1025 


he rae 


= 5 20. logi) x — log,)(8 — Sx) = 2 


21. Find an exponential growth model for the graph shown in the figure. 


22. The half-life of radioactive actinium (227Ac) is 22 years. What percent of a 
present amount of radioactive actinium will remain after 19 years? 


23. A model that can be used for predicting the height H (in centimeters) of a 
child based on his or her age is H = 70.228 + 5.104x + 9.222 Ing 


4 <x S 6, where x is the age of the child in years. (Source: Snapshots of 
Applications in Mathematics) 


(a) Construct a table of values. Then sketch the graph of the model. 


(b) Use the graph from part (a) to estimate the height of a four-year-old 
child. Then calculate the actual height using the model. 
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Cumulative Test for Chapters 3-5 


Take this test to review the material from earlier chapters. When you are finished, 
check your work against the answers given in the back of the book. 


1. Find the quadratic function whose graph has a vertex at (— 8, 5) and passes 
through the point (—4, —7). 
In Exercises 2-4, sketch the graph of the function without the aid of a graphing 
utility. 
2. h(x) = —(x? + 4x) 3. f(t) =4t(t-— 2)? 4. g(s) = 5? + 45 + 10 


In Exercises 5 and 6, find all the zeros of the function. 


5. fix) = x° box? + 4x48 6. ff) = 4 = 21 
Sires 4 2 
7. Divide: eae . 
2x? + 1 


8. Use synthetic division to divide 2x* + 3x3 — 6x + 5 by x + 2. 
ma 9. Use a graphing utility to approximate the real zero of the function 
g(x) = x3 + 3x? — 6 to the nearest hundredth. 


10. Find a polynomial with integer coefficients that has —5, —2, and 2 + x/ Bi 
as its zeros. 


In Exercises 11-13, sketch the graph of the rational function by hand. Be sure to 
identify all intercepts and asymptotes. 


2 
Fach (i) = = 12. f(x) = os ; 13. f(x) = 5 


In Exercises 14 and 15, write the partial fraction decomposition of the rational 
expression. Check your result algebraically. 


8 5x 
. > 15. —— 
Le x? — Ax — 21 (x — 4)? 


In Exercises 16 and 17, sketch a graph of the conic. 


(ores ol we yited) pa (ae 2a lee 


H ab 1 
Ag 16 25 : 4 9 
FIGURE FOR 18 18. Find an equation of the parabola shown in the figure. 
19. Find an equation of the hyperbola with foci (0, 0) and (0, 4) and asymptotes 
y= +3x ae 


ay, In Exercises 20 and 21, use the graph of f to describe the transformation that yields 
the graph of g. Use a graphing utility to graph both equations in the same viewing 
window. 


20. fx) = 2), ex) = -@ 


We 21 fn) 2 ee on) 22 
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22,850 

22,800 
1996 PLAS 
1907, 22,700 
1998 22,600 
1999 22,400 
2000 | D2) 


In Exercises 22-25, use a calculator to evaluate each expression. Approximate your 
result to three decimal places. 


22. log,, 98 23. log,o(°) 24. In/31 25. In(/40 — 5) 


In Exercises 26-28, evaluate the logarithm using the change-of-base formula. 
Approximate your answer to three decimal places. 


26. log, 1.8 27. log, 0.149 28. log, /2 17 


; 5-16 
29. Use the properties of logarithms to expand In ha where x > 4. 


30. Write 2 In x — 4 In(x + 5) as a logarithm of a single quantity. 


In Exercises 31-34, solve the equation. 


31.66 = "72 32. 47-5 + 21 = 30 
33. log, x + log, 5 = 6 34. In4x — In2 = 8 
35. Use a graphing utility to graph 
fG) = 1000 
lpr deg?* 


and determine the horizontal asymptotes. 


36. Let x be the amount (in hundreds of dollars) that an online stock-trading 
company spends on advertising, and let P be the profit (in thousands of 
dollars), where P = 230 + 20x — x What amount of advertising will 
yield a maximum profit? 


. The numbers D of new car dealerships in the United States from 1994 through 
2000 are shown in the table. (Source: National Automobile Dealers 
Association) 


(a) Use a graphing utility to create a scatter plot of the data. Let t represent 
the year, with t = 4 corresponding to 1994. 


(b) Use the regression feature of the graphing utility to find a quadratic 
model for the data. 


(c) Use the graphing utility to graph the model in the same viewing window 
used for the scatter plot. 


(d) Do you think this model could be used to predict the numbers of new car 
dealerships in the future? Explain. 


38. On the day a grandchild is born, a grandparent deposits $2500 in a fund 
earning 7.5%, compounded continuously. Determine the balance in the 
account at the time of the grandchild’s 25th birthday. 


39. The number AN of bacteria in a culture is given by the model N = 175e#?, 
where ¢ is the time in hours. If N = 420 when t = 8, estimate the time 
required for the population to double in size. 


40. The population P of Florida (in thousands) from 1991 through 2000 can be 
modeled by P = 12,976e°°1% where t = 1 represents the year 1991. 
According to this model, when will the population reach 17 million? 
(Source: U.S. Census Bureau) 
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Proofs in Mathematics 


Slide Rules 


_The slide rule was invented by 
William Oughtred (1574-1660) 
in 1625. The slide rule is a 

- computational device with a 

sliding portion and a fixed 

portion. A slide rule enables 
you to perform multiplication 
by using Property 1 of the 

Properties of Logarithms. There 

are other slide rules that allow 

- for the calculation of roots and 

trigonometric functions. Slide 

_ rules were used by mathemati- 

cians and engineers until the 
_ invention of the handheld 

calculator in 1972. 


Each of the following three properties of logarithms can be proved by using prop- 
erties of exponential functions. 


Properties of Logarithms (p. 412) 
Let a be a positive number such that a # 1, and let n be a real number. If u 
and v are positive real numbers, the following properties are true. 


Logarithm with Base a Natural Logarithm 


1. log (uv) = log,u + log,v 1. In(uv) = Inu + Inv 


2. log, — = log, u — log, v 
v 


Dr nena? 
Vv 


3. log, u” = nlog,u 3. Inu" =ninu 


Proof 
Let 


x=log,u and y= log,v. 
The corresponding exponential forms of these two equations are 
a=u and @ =v. 
To prove Property 1, multiply u and v to obtain 
uv = aa =a**?, 
The corresponding logarithmic form of uv = a**? is log,(uv) = x + y. So, 
log,(uv) = log, u + log, v. 
To prove Property 2, divide u by v to obtain 


Vee a 
Vie 


The corresponding logarithmic form of u/v = a*~? is log,(u/v) = x — y. So, 
log ,(u/v) = log, u — log, v. 
To prove Property 3, substitute a* for u in the expression log, u", as follows. 


log, u” = log,(a*)" Substitute a* for w. 


=log,a™ Property of exponents 
=X Inverse Property of Logarithms 
= nlog,u Substitute log, u for x. 


So, log, u" = n log, u. 


Problem Solving 


ie 


Graph the exponential function y = a* for a = 0.5, 
1.2, and 2.0. Which of these curves intersects the line 
y = x? Determine all positive numbers a for which 
the curve y = a* intersects the line y = x. 


. Use a graphing utility to graph y, = e* and each of the 


functions y, = x’, y, = x°, y, = /x, and y, = |z|. 
Which function increases at the fastest rate as x 
approaches +00? 


. Use the result of Exercise 2 to make a conjecture 


about the rate of growth of y, = e* and y = x", where 
n is a natural number and x approaches +00. 


. Use the results of Exercises 2 and 3 to describe what 


is implied when it is stated that a quantity is growing 
exponentially. 


. Given the exponential function 


fo i 

show that 

(a) flu + v) = flu) - fl). 
(b) f(2x) = [f@)P. 


- Given that 


x — e * 


fle) = TS and g(x) = 


show that 


PE = (ga)? = 1. 


. Use a graphing utility to compare the graph of 


the function y = e* with the graph of each given 
function. [n! (read “n factorial”) is defined as 
mie le 293% n= 1) <n] 


x 
Use a eee 
a ee 
Pe so: 
Ss Re a 
re a 


. Identify the pattern of successive polynomials given 


in Exercise 7. Extend the pattern one more term and 
compare the graph of the resulting polynomial func- 
tion with the graph of y = e*. What do you think this 
pattern implies? 
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o 


10. 


Lt, 


12. 


Graph the function 
f(x) = e* — e*. 


From the graph, the function appears to be one-to- 
one. Assuming that the function has an inverse 
function, find f~!(x). 


Find a pattern for f~!(x) if 
We se | 
1 inet 


where a > 0, a # 1. 


By observation, identify the equation that corre- 
sponds to the graph. Explain your reasoning. 


6 


a = 6e7*7/2 
(a) y oe 


(b). y= 


(Cy yi Geter) 

There are two options for investing $500. The first 
earns 7% compounded annually and the second 
earns 7% simple interest. The figure shows the 
growth of each investment over a 30-year period. 


(a) Identify which graph represents each type of 
investment. Explain your reasoning. 


) 

& 
S 
23} 
o 


Investment 
(in dollars 
nN 
j=) 
S 
(=) 


(b) Verify your answer in part (a) by finding the 
equations that model the investment growth and 
graphing the models. 


E 13. 


14. 


te. Sea 


SEL Cee RRS 


16. Show that 


Two different samples of radioactive isotopes are 
decaying. The isotopes have initial amounts of c, and 
Cy, as well as half-lives of k, and k,, respectively. 
Find the time required for the samples to decay to 
equal amounts. 


A lab culture initially contains 500 bacteria. Two 
hours later, the number of bacteria has decreased to 
200. Find the exponential decay model of the form 


B= Boa“ 


that can be used to approximate the number of 
bacteria after ¢ hours. 


. The table shows the colonial population estimates of 


the American colonies from 1700 to 1780. 
(Source: U.S. Census Bureau) 


331,700 


1720 466,200 
1730 629,400 
1740 905,600 
1750 1,170,800 


1,593,600 
2,148,100 
2,780,400 


In each of the following, let y represent the popula- 

tion in the year ft, with t = 0 corresponding to 1700. 

(a) Use the regression feature of a graphing utility to 
find an exponential model for the data. 

(b) Use the regression feature of the graphing utility 
to find a quadratic model for the data. 

(c) Use the graphing utility to plot the data and the 
models from parts (a) and (b) in the same view- 
ing window. 

(d) Which model is a better fit for the data? Would 
you use this model to predict the population of the 
United States in 2010? Explain your reasoning. 


log,.x 


= }{+lo A 
log, 6X Ea p 


17. Solve (In x)? = In x’. 


Ae 18. Use a graphing utility to compare the graph of 
the function y = Inx with the graph of each given 
function. 


(a) y= x4 
ee il rly 
(c) y; = (x — 1) -3@ - 1% + 4 - 13 

19. Identify the pattern of successive polynomials given 
in Exercise 18. Extend the pattern one more term and 
compare the graph of the resulting polynomial func- 
tion with the graph of y = In x. What do you think 
the pattern implies? 


20. Using 
y = ab* and y = ax? 


take the natural logarithm of each side of each equa- 
tion. What are the slope and y-intercept of the line 
relating x and In y for y = ab*? What are the slope 
and y-intercept of the line relating In x and In y for 
y = ax’? 


In Exercises 21 and 22, use the model 
y = 80.4—11Inx, 100 < x < 1500 


which approximates the minimum required ventilation 
rate in terms of the air space per child in a public school 
classroom. in the model, x is the air space per child in cubic 
feet and y is the ventilation rate in cubic feet per minute. 


oy, 21. Use a graphing utility to graph the function and 
approximate the required ventilation rate if there is 
300 cubic feet of air space per child. 


22. A classroom is designed for 30 students. The air 
conditioning system in the room has the capacity 
of moving 450 cubic feet of air per minute. 

(a) Determine the ventilation rate per child, assum- 
ing that the room is filled to capacity. 

(b) Estimate the air space required per child. 

(c) Determine the minimum number of square feet 
of floor space required for the room if the ceiling 
height is 30 feet. 
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> What you should learn 


In this chapter you will learn the following skills and concepts: 


* How to solve systems of equations by substitution, by elimination, by 


Gaussian elimination, and by graphing 


* How to recognize linear systems in row-echelon form and to use 


back-substitution to solve the systems 


* How to solve nonsquare systems of equations 


* How to sketch the graphs of inequalities in two variables and to solve 


systems of inequalities 


* How to solve linear programming problems 


* How to use systems of equations and inequalities to model and solve 


real-life problems 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and 


its definition to your notebook glossary. 


System of equations (p. 454) 


Solution of a system of equations (p.454) 


Solving a system of equations 
(p.454) 
Method of substitution (p. 454) 
Graphical method (p. 458) 
Points of intersection (p. 458) 
Break-even point (p. 459) 
Method of elimination (p. 465) 
Equivalent systems (p. 466) 
Consistent system (p. 468) 
Inconsistent system (p. 468) 
Row-echelon form (p. 477) 
Ordered triple (p. 477) 
Row operations (p. 478) 


Study Tools 


Learning objectives in each section 
Chapter Summary (p.511) 

Review Exercises (pp. 512-515) 
Chapter Test (p. 516) 


Gaussian elimination (p. 478) 
Nonsquare system of equations 
(p. 482) 
Position equation (p. 483) 
Solution of an inequality (p. 490) 
Graph of an inequality (p. 490) 
Linear inequalities (p. 491) 
Solution of a system of inequalities (p. 492) 
Consumer surplus (p. 495) 
Producer surplus (p. 495) 
Optimization (p. 501) 
Linear programming (p. 501) 
Objective function (p. 501) 
Constraints (p. 501) 
Feasible solutions (p. 501) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 6 
College Algebra Website 
Student Success Organizer 


Anthony Boccaccio/Getty Images 


Systems of Equations 


and Inequalities 


6.1 Solving Systems of Equations 
6.2 Two-Variable Linear Systems 
6.3 Multivariable Linear Systems 
6.4 Systems of Inequalities 


6.5 Linear Programming 
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> What you should learn 


* How to use the method of 
substitution to solve systems of 
equations in two variables 

How to use a graphical 
approach to solve systems of 
equations in two variables 

How to use systems of 
equations to model and solve 
real-life problems 


> Why you should learn it 


Graphs of systems of equations 
help you solve real-life problems. 
For instance, in Exercise 75 on 
page 463, you can use the graph 
of a system of equations to 
_ approximate the points of _ 
_ intersection of two equations 
that model the number of 


-departme 


tohospitalemergency = 


The Method of Substitution 


Up to this point in the book, most problems have involved either a function of one 
variable or a single equation in two variables. However, many problems in| 
science, business, and engineering involve two or more equations in two or more : 
variables. To solve such problems, you need to find solutions of a system of’ 
equations. Here is an example of a system of two equations in two unknowns. 


2x oy. = 5 Equation | 

3x — 2yi=4 Equation 2 
A solution of this system is an ordered pair that satisfies each equation in the 
system. Finding the set of all solutions is called solving the system of equations. 


For instance, the ordered pair (2, 1) is a solution of this system. To check this, you 
can substitute 2 for x and | for y in each equation. 


Check (2, 1) in Equation 1 and Equation 2: 


2ax+y=5 Write Equation 1. 
? 
2D) aT 5 Substitute 2 for x and 1 for y. 
4+1=5 Solution checks in Equation 1. / 
3X yee Write Equation 2. 
s)) 
3(2) - 2) 4 Substitute 2 for x and 1 for y. 
6 214 Solution checks in Equation 2. 4 


In this chapter you will study four ways to solve equations, beginning with 
the method of substitution. 


Method Section Type of System 
1. Substitution 6.1 Linear or nonlinear, two variables 
2. Graphical method 6.1 Linear or nonlinear, two variables 
3. Elimination 6.2 Linear, two variables 
4. Gaussian elimination 6.3 Linear, three or more variables 


| Method of Substitution 


1. Solve one of the equations for one variable in terms of the other. 


2. Substitute the expression found in Step | into the other equation to obtain 
an equation in one variable. 


3. Solve the equation obtained in Step 2. 


| 4. Back-substitute the value obtained in Step 3 into the expression obtained 
in Step | to find the value of the other variable. 


- Check that the solution satisfies each of the original equations. 


Use a graphing utility to graph 
y, = 4-—xand y, =x — 2in 
the same viewing window. Use 
the zoom and trace features to 
find the coordinates of the point 
of intersection. Are the coordi- 
nates the same as the solution 
found in Example 1? Explain. 


STUDY TIP 


Because many steps are required 
to solve a system of equations, 
it is very easy to make errors in 
arithmetic. So, you should 
always check your solution by 
substituting it into each equation 
_ in the original system. 


Section 6.1 ® Solving Systems of Equations 455 


| Example 1 Solving a System of Equations by Substitution _ 
Gio> 


Solve the system of equations. 


xt+ty=4 Equation 1 
Y— yz Equation 2 
Solution 


Begin by solving for y in Equation 1. 
y=4-x Solve for y in Equation 1. 


Next, substitute this expression for y into Equation 2 and solve the resulting 
single-variable equation for x. 


x-y=2 Write Equation 2. 
x—(4-x)=2 Substitute 4 — x for y. 
je = AD Se 5p = Distributive Property 
2x = 6 Combine like terms. 
x=3 Divide each side by 2. 


Finally, you can solve for y by back-substituting x = 3 into the equation 
y = 4 — x, to obtain 


y=4-x Write revised Equation 1. 
y=4-3 Substitute 3 for x. 
y=1. Solve for y. 


The solution is the ordered pair (3, 1). You can check this solution as follows. 


Check 
Substitute (3, 1) into Equation 1: 


x+y=4 Write Equation 1. 
QP A 4 Substitute for x and y. 
4=4 Solution checks in Equation 1. J 
Substitute (3, 1) into Equation 2: 
Ka ad Write Equation 2. 
eed z 2 Substitute for x and y. 
=2 Solution checks in Equation 2, Jf 


Because (3, 1) satisfies both equations in the system, it is a solution of the system 
of equations. 


The term back-substitution implies that you work backwards. First you solve 
for one of the variables, and then you substitute that value back into one of the 
equations in the system to find the value of the other variable. 


The icon Gain D identifies examples and concepts related to features of the Learning Tools CD-ROM 


and the Interactive and Internet versions of this text. For more details see the chart on pages XIX-Xxiil. 


¢ 
e 
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Technology 


A One way to check the 
answers you obtain in this 
section is to use a graphing 
utility. For instance, enter the 
two equations in Example 2 


cd 


y, = 12,000 — x 
_ 1180 — 0.09x 
Ye 0.11 


and find an appropriate viewing 
window that shows where the 
two lines intersect. Then use the 
intersect feature or the zoom 
and trace features to find the 
point of intersection. Does this 
point agree with the solution 
obtained at the right? 
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| Example 2. Solving a System by Substitution @ 


A total of $12,000 is invested in two funds paying 9% and 11% simple interest. 
The yearly interest is $1180. How much is invested at each rate? 


Solution 


Verbal 99% i 11% _ Total 


Model: fund fund investment 
9% “1 11% _ Total 
interest interest interest 
Labels: Amount in 9% fund = x (dollars) 
Interest for 9% fund = 0.09x (dollars) 
Amount in 11% fund= y (dollars) 
Interest for 11% fund = 0.11y (dollars) 
Total investment = $12,000 (dollars) 
Total interest = $1,180 (dollars) 
System: Kate y = 12,000 Equation 1 
0.09% = 0145.=" 1.180 Equation 2 


To begin, it is convenient to multiply each side of Equation 2 by 100. This: 
eliminates the need to work with decimals. 


100(0.09x + 0.11y) = 100(1180) Multiply each side by 100. 
9x + 1ly = 118,000 Revised Equation 2 
To solve this system, you can solve for x in Equation 1. 
% = 212 O00 ay Revised Equation 1 


Then, substitute this expression for x into revised Equation 2 and solve the: 
resulting equation for y. | 


9x + 1ly = 118,000 Write revised Equation 2. 
9(12,000 — y) + 1ly = 118,000 Substitute 12,000 — y for x, 
108,000 — 9y + lly = 118,000 Distributive Property 
2y = 10,000 Combine like terms. 
y= 5,000 Divide each side by 2. 


Next, back-substitute the value y = 5000 to solve for x. 


x = 12,000 > Write revised Equation 1. 
x = 12,000 — 5000 Substitute 5000 for y. 
x = 7000 Simplify, 


The solution is (7000, 5000). So, $7000 is invested at 9% and $5000 is invested 
at 11%. Check this in the original problem. 


EE eee 


The Interactive CD-ROM and Internet 
versions of this text offer a Try It for 
each example in the text. 


Exploration 


Use a graphing utility to graph 
the two equations in Example 3 


yy, =x? + 4x-7 
Yo = 2x + 1 


in the same viewing window. 
How many solutions do you 
think this system has? 

Repeat this experiment for the 
equations in Example 4. How 
many solutions does this system 
have? Explain your reasoning. 
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The equations in Examples | and 2 are linear. Substitution can also be used 
to solve systems in which one or both of the equations are nonlinear. 


| Example 3. Substitution: Two-Solution Case ¥e> 


Solve the system of equations. 
2 ea ae ©, mes | Equation 1 
2 Xp yma | Equation 2 
Solution 


Begin by solving for y in Equation 2 to obtain y = 2x + 1. Next, substitute this 
expression for y into Equation | and solve for x. 


ee Ae ye) | Write Equation 1. 
x2+ 4x -(2x+ 1) =7 Substitute 2x + 1 for y. 
1? Al el = 7. Simplify. 
x ox — 8 = 10 General form 
(x + 4(x — 2) =0 Factor. 
= eh Solve for x. 


Back-substituting these values of x to solve for the corresponding values of y 
produces the solutions (—4, —7) and (2, 5). Check these in the original system. 


Example 4 Substitution: No-Real-Solution Case 3o> 


Solve the system of equations. 


—x+y=4 Equation | 
Lora 3 Equation 2 
Solution 


Begin by solving for y in Equation 1 to obtain y = x + 4. Next, substitute this 
expression for y into Equation 2 and solve for x. 


x7+y=3 Write Equation 2. 
x2+(x+ 4) =3 Substitute x + 4 for y. 
x7+x+1=0 Simplify. 
-14 JP = 400) | 
= 5 Use the Quadratic Formula. 
Bh Ei mice eect fee, 
ia oo Simplify. 


Because the discriminant is negative, the equation x? + x + 1 = 0 has no (real) 
solution. So, this system has no (real) solution. 
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Technology 


plate Most graphing calculators 
have built-in features that 
approximate the point(s) of 
intersection of two graphs. 
Typically, you must enter the 
equations of the graphs and 
visually locate a point of 
intersection before using the 
intersect feature. 

Use this feature to find 
the points of intersection for the 
graphs in Figures 6.1 to 6.3. Be 
sure to adjust your viewing 
window so that you see all the 
points of intersection. 


FIGURE 6.4 


Graphical Approach to Finding Solutions 


From Examples 2, 3, and 4, you can see that a system of two equations in two 
unknowns can have exactly one solution, more than one solution, or no solution. 
By using a graphical method, you can gain insight about the number of solutions 


and the location(s) of the 


solution(s) of a system of equations by graphing each 


of the equations in the same coordinate plane. The solutions of the system 
correspond to the points of intersection of the graphs. For instance, the two 
equations in Figure 6.1 graph as two lines with a single point of intersection; the 
two equations in Figure 6.2 graph as a parabola and a line with two points of 
intersection; and the two equations in Figure 6.3 graph as a line and a parabola 
that have no points of intersection. 


One intersection point 
FIGURE 6.1 


- Example 5 


Two intersection points No intersection points 
FIGURE 6.2 FIGURE 6.3 


Solving a System of Equations Graphically @¥e> 


Solve the system of equations. 


y =Inx 
x y— | 


Solution 


Equation | 


Equation 2 


Sketch the graphs of the two equations, as shown in Figure 6.4. From the graphs, 
it is clear that there is only one point of intersection and that (1, 0) is the solution 
point. You can confirm this by substituting 1 for x and 0 for y in both equations. 


Check (1,0) in Equation 1: 


y=Inx 


O= nt 


Write Equation 1, 


Equation | checks. J 


Check (1, 0) in Equation 2: 


x+y=1 
LF Or 1 


Write Equation 2. 


Equation 2 checks. / 


Sy 
SSS 


Example 5 shows the value of a graphical approach to solving systems of 
equations in two variables. Notice what would happen if you tried only the 
substitution method in Example 5. You would obtain the equation x + Inx = 1, 


It would be difficult to 
techniques. 


solve this equation for x using standard algebraic 


bad 


pase i 


Break-Even Analysis 


35,000 FC = 0.65x + 10,000 | 
30,000 - => RES rE 


25,000 +- 
20,000 
15,000 
10,000 

5,000 


Revenue and cost (in dollars) 


5,000 15,000 25,000 
Number of units 


FIGURE 6.5 
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Applications 


The total cost C of producing x units of a product typically has two components— 
the initial cost and the cost per unit. When enough units have been sold so that 
the total revenue R equals the total cost C, the sales are said to have reached the 
break-even point. You will find that the break-even point corresponds to the point 
of intersection of the cost and revenue curves. 


Example 6 Break-Even Analysis @ Gio> 


A small business invests $10,000 in equipment to produce a product. Each unit of 
the product costs $0.65 to produce and is sold for $1.20. How many items must 
be sold before the business breaks even? 


Solution 

The total cost of producing x units is 
Total _ Costper . Number , Initial 
cost unit of units cost 


C = 0.65x + 10,000. Equation | 


The revenue obtained by selling x units is 


Total _ Price per | Number 
revenue unit of units 
R = 1.20x. Equation 2 


Because the break-even point occurs when R = C, you have C = 1.20x, and the 
system of equations to solve is 


C = 0.65x + 10,000 
GH 20% 


Now you can solve by substitution. 


1.20x = 0.65x + 10,000 Substitute 1.20x for C in Equation 1. 
0.55x = 10,000 Subtract 0.65x from each side. 
x =~ 18,182 units Divide each side by 0.55. 


Note in Figure 6.5 that revenue less than the break-even point corresponds to an 
overall loss, whereas revenue greater than the break-even point corresponds to a 
profit. 


Another way to view the solution in Example 6 is to consider the profit 
function 


Berke oC. 


The break-even point occurs when the profit is 0, which is the same as saying that 
R=C. 
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The Interactive CD-ROM and /nternet 
versions of this text offer a Quiz for 
every section of the text. 


State Population 


‘| Tennessee | 


Population (in thousands) 


mend 56728 9.10 
Year (0 © 1990) 


FIGURE 6.6 


Example 7 State Population @ Gao > 


From 1990 to 2000, the population of Tennessee was increasing at a faster rate 
than the population of Missouri. Models that approximate the two populations 
P (in thousands) are 


P = 4866 + 74.5t Tennessee 
P = 5109 + 43.5t Missouri 

where t = 0 represents 1990 (see Figure 6.6). According to these two models, 

when would you expect the population of Tennessee to have exceeded the popu- 

lation of Missouri? (Source: U.S. Census Bureau) 


Solution 


Because the first equation has already been solved for P in terms of tf, substitute 
this value into the second equation and solve for tf, as follows. 


4866 + 74.5t = 5109 + 43.5t Substitute for P in Equation 2. 
74.5t — 43.5t = 5109 — 4866 Subtract 43.5¢ and 4866 from each side. 
31t = 243 Combine like terms. 
t ~ 7.84 Divide each side by 31. 


So, from the given models, you would expect that the population of Tennessee 
exceeded the population of Missouri after t ~ 7.84 years, which was sometime 
during 1997, 


Interpreting Points of Intersection You plan to rent a 14-foot truck for a two-day 
local move. At truck rental agency A, you can rent a truck for $29.95 per day plus 
$0.49 per mile. At agency B, you can rent a truck for $50 per day plus $0.25 per 
mile. The total cost y (in dollars) for the truck from agency A is 


y = ($29.95 per day)(2 days) + 0.49x 
= 59,90 + 0.49x 


where x is the total number of miles the truck is driven. 


a. Write a total cost equation in terms of x and y for the total cost of the truck 
from agency B. 


b. Use a graphing utility to graph the two equations in the same viewing window 
and find the point of intersection. Interpret the meaning of the point of inter- 
section in the context of the problem. 


c. Which agency should you choose if you plan to travel a total of 100 miles 
during the two-day move? Why? 


d. How does the situation change if you plan to drive 200 miles during the 
two-day move? 


a 


y 


6.1 Exercises 


In Exercises 1-4, determine which ordered pairs are 
solutions of the system of equations. 


1 (4x-y= 1 (a).(0, —3) __.(b) (—1, —4) 
re fy == (Oishi a2) teat) al cae) 
2. (42+ y= 3 (a) (2°13) “(by (2; =9) 
ee 1 Cet) Oa) 
3 y = —2e* (a) (—2, 0) (b) (0, —2) 
te ah ees (cy (0; 3) r= 2) 
4. [-logx+3=y (a) (9, 2) (b) (10, 2) 
Bceaye te (ic) (1,3) (d) (2, 4) 


In Exercises 5-14, solve the system by the method of 
substitution. Check your solution graphically. 


Ba) 2c y= 6 
ay 0 


O38 2 mri 4 
ey 5 
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The /nteractive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


11. x7 +y=0 2 Ay 2 
x? — 4¢ — y = 0 y = 24 — 2x2/+ 1) 


yy, 


13. ( y2= in? = 3x2 + 1 
| Sram (ey 


In Exercises 15-28, solve the system by the method of 
substitution. 


Geol ee a? See 16. | x + 2y= 1 
cE; — 3y = 10 fe — 4y = -23 
xy + 2=0 18. [6x — 3y —-4=0 
eee ae ee ae 

19. | 5x O8y = 23 
Fee 

20. (0.5x+3.2y= 9.0 
a1) = 4 

ot ‘a thy= 22. bP +3y = 10 
Kaa tyr 20 ee awe 

23. ( 6x + 5y= 3 24. fe y= 
le br 25 3 

25. (x27 -y=0 ot aoa 
(avi, 9 een ie os 

pF eee sai 
x-y=0 y= een iy 
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In Exercises 29-42, solve the system graphically. 


a pameaeae Ta y= 0 
3 


3x y= 15 be 28) a U0 
S| x)= 2 ae (ee, 
Beear 1 x= y=2 
33. xt+ty=4 
eee 
34, —x+y=3 
{. ar On =e yo = 0 
JSeml evi) a0) 36. [y?-—4x+11= 0 
a aie =o 
37. |7x + 8y = 24 S850) Rea 20 
(eae eee: 
Ook oy 0) 40. Zia ey pe) 
oes coe nae 


41. [2+ y? = 25 = ae 25 
3x 1 6ye—=" 0 (Gi 8) ay 4d 


oy In Exercises 43-50, use a graphing utility to solve the sys- 


tem of equations. Find the solution accurate to two decimal 
places. 


43. y=e* 44, y = —4e-* 
x— y+ = 0 y+3x+8=0 


45. (x +2y=8 
y = log, x 
46. y= -2+1n(x - 1) 
Pea ess 
eee Sioa 
y=x eye 
49. (x2 + y? = 169 50. [x2 + y2 = 
[ae oes eee 


In Exercises 51-62, solve the system graphically or 
algebraically. Explain your choice of method. 


So | y= 2x S25 vet yA 
eee feta 
S30 | OX aay 6 = 0 KAS 
x - yr =4 eee 
55 ee 56. fy = (x + 1)3 
Tag = fe Vell 
37. |y—e*= SS. (02 4 y— 
Nae i —y=0 


59, [y=x4—2x? +1 60 atone! oom 
ieee peepee 3 yl 
61. xy-1=0 62. (x =2y=4 
fase Se YH WK Sel 


Break-Even Analysis \n Exercises 63-66, find the sales 
necessary to break even (R = C) forthe cost C of producing 
xX units and the revenue R obtained by selling x units. 
(Round to the nearest whole unit.) 


63. C = 8650x + 250,000, R = 9950x 
64. C = 2.65x + 350,000, R= 4.15x 
65. C = 5.5\/x + 10,000, R = 3.29x 
66. C = 7.8\/x + 18,500, R= 12.84x 


67. Break-Even Analysis A small software company 
invests $16,000 to produce a software package that 
will sell for $55.95. Each unit can be produced for 
$35.45. 


(a) How many units must be sold to break even? 


(b) How many units must be sold to make a profit of 
$60,000? 


68. Break-Even Analysis A small fast-food restaurant 
invests $5000 to produce a new food item that will 
sell for $3.49. Each item can be produced for $2.16. 


(a) How many items must be sold to break even? 


(b) How many items must be sold to make a profit 
of $8500? 


69. Investment Portfolio A total of $25,000 is invested 
in two funds paying 6% and 8.5% simple interest. 
The 6% investment has a lower risk. The investor 
wants a yearly interest income of $2000 from the 
two investments. 


(a) Write a system of equations in which one 
equation represents the total amount invested 
and the other equation represents the $2000 
required in interest. Let x and y represent the 
amounts invested at 6% and 8.5%, respectively. 


ae (b) Use a graphing utility to graph the two equations 
in the same viewing window. As the amount 
invested at 6% increases, how does the 
amount invested at 8.5% change? How does 
the amount of interest income change? Explain. 


(c) What amount should be invested at 6% to meet 
the requirement of $2000 per year in interest? 
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70. Investment Portfolio A total of $20,000 is invested Ee 74. Supply and Demand The supply and demand 


in two funds paying 6.5% and 8.5% simple interest. 
The 6.5% investment has a lower risk. The investor 
wants a yearly interest check of $1600 from the two 
investments. 


(a) Write a system of equations in which one 
equation represents the total amount invested and 
the other equation represents the $1600 required 
in interest. Let x and y represent the amounts 
invested at 6.5% and 8.5%, respectively. 


Kad (b) Use a graphing utility to graph the two equations 


72. 


BE 


. Choice of Two Jobs 


in the same viewing window. As the amount 
invested at 6.5% increases, how does the 
amount invested at 8.5% change? How does 
the amount of interest change? Explain. 


(c) What amount should be invested at 6.5% to meet 
the requirement of $1600 per year in interest? 


You are offered two jobs 
selling dental supplies. One company offers a 
straight commission of 6% of sales. The other 
company offers a salary of $350 per week plus 3% of 
sales. How much would you have to sell in a week in 
order to make the straight commission offer better? 


Choice of Two Jobs You are offered two different 
jobs selling college textbooks. One company offers 
an annual salary of $25,000 plus a year-end bonus of 
2% of your total sales. The other company offers an 
annual salary of $20,000 plus a year-end bonus of 
3% of your total sales. Determine the annual sales 
required to make the second offer better. 


Log Volume _ You are offered two different rules for 
estimating the number of board feet in a 16-foot log. 
(A board foot is a unit of measure for lumber equal 
to a board 1 foot square and 1 inch thick.) The first 
rule is the Doyle Log Rule and is modeled by 


V,=(D-4%, 5<D<40 


and the other is the Scribner Log Rule and is 
modeled by 
V, = 0.79D? — 2D — 4, Be) 40 


where D is the diameter (in inches) of the log and V 


is its volume in board feet. 


as (a) Use a graphing utility to graph the two log rules 


t 


in the same viewing window. 
(b) For what diameter do the two scales agree? 


(c) You are selling large logs by the board foot. 
Which scale would you use? 


_ 75. Data Analysis 


curves for a business dealing with wheat are 


Supply: p = 1.45 + 0.00014x? 
Demand: p = (2.388 — 0.007x)? 


where p is the price in dollars per bushel and x is the 
quantity in bushels per day. Use a graphing utility to 
graph the supply and demand equations and find the 
market equilibrium. (The market equilibrium is the 
point of intersection of the graphs for x > 0.) 


> Model It 


The table shows the numbers y 

“a (in thousands) of visits to hospital emergency 
departments in the United States for the years 
1996 to 1999. (Source: U.S. National Center 
for Health Statistics) 


Number of visits, y 


Year, t 


| 
90,347 

94,936 

100,384 

102,765 


(a) Use the regression feature of a graphing util- 
ity to find a linear model f and a quadratic 
model g for the data. Let t represent the year, 
with t = 6 corresponding to 1996. 

(b) Use a graphing utility to graph the data and 
the two models in the same viewing window. 

(c) Use your graph from part (b) to approximate 
the points of intersection of the graphs of the 
models. 

(d) Approximate the points of intersection of the 
graphs of the models algebraically. Compare 
this result with the one obtained in part (c). 

(e) Use the models to estimate the number of | 


visits to hospital emergency departments in 
2005. 


(f) Which model do you think gives the more 
accurate estimate? Explain. 
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acd 76. Data Analysis The table shows the average hourly 
earnings y of production workers in manufacturing 
industries in the United States for the years 1993 to 
2000. (Source: U.S. Bureau of Labor Statistics) 


A linear model that represents the data is given 
by 


f(t) = 0.374¢ + 10.55. 

A quadratic model that represents the data is given by 
g(t) = 0.009277 + 0.255t + 10.89. 

For both models, ¢ represents the year, with t = 3 


corresponding to 1993. 


(a) Use a graphing utility to graph the data and the 
two models in the same viewing window. 


(b) Approximate the points of intersection of the 
graphs of the models. 


Geometry _\n Exercises 77-80, find the dimensions of the 
rectangle meeting the specified conditions. 


77. The perimeter is 30 meters and the length is 3 meters 
greater than the width. 


78. The perimeter is 280 centimeters and the width is 20 
centimeters less than the length. 


79. The perimeter is 42 inches and the width is 
three-fourths the length. 


80. The perimeter is 210 feet and the length is iE times 
the width. 


81. Geometry What are the dimensions of a rectangu- 
lar tract of land if its perimeter is 40 kilometers and 
its area is 96 square kilometers? 


82. Geometry What are the dimensions of an isosceles 


right triangle with a 2-inch hypotenuse and an area 
of 1 square inch? 


Synthesis 


True or False? \n Exercises 83 and 84, determine 
whether the statement is true or false. Justify your answer. 


83. In order to solve a system of equations by substitu- 
tion, you must always solve for y in one of the two 
equations and then back-substitute. 


84. If a system consists of a parabola and a circle, then 
the system can have at most two solutions. 


85. Writing List and explain the steps used to solve a 
system of equations by substitution. 


86. Think About It When solving a system of 
equations by substitution, how do you recognize that 
the system has no solution? 


87. Exploration Find an equation of a line whose 
graph intersects the graph of the parabola y = x? at 
(a) two points, (b) one point, and (c) no points. 
(There is more than one correct answer.) 


oe 88. Conjecture Consider the system of equations 


y= bh 
y= xb 
(a) Use a graphing utility to graph the system for 


b = 1, 2, 3, and 4. 


(b) For a fixed even value of b > 1, make a conjec- 
ture about the number of points of intersection of 
the graphs in part (a). 


Review 

In Exercises 89-94, find the general form of the equation of 
the line through the two points. 

89(= 257) o. 5) 90. (3.5, 4), (10, 6) 
91. (6, 3), (10, 3) 2. (4, —2), (4, 5) 
93. (3,0), (4,6) ams 58). am) 


In Exercises 95-98, find the domain of the function and 
identify any horizontal or vertical asymptotes. 


95. f(x) = — 96. f(x) = aot 
972 f Re a = As ee 3-5 
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‘eva Two-Variable Linear Systems 


> What you should learn 
Odi icc sheathed The Method of Elimination 


elimination to solve systems of 
linear equations in two variables 
How to interpret graphically 
the numbers of solutions of 
systems of linear equations in 

7 two variables 3x +5y= 7 Equation 1 
How to use systems of 
equations in two variables to 
_ model and solve real-life a= 96 Add equations. . 


In Section 6.1, you studied two methods for solving a system of equations: 
substitution and graphing. Now you will study the method of elimination. The 
key step in this method is to obtain, for one of the variables, coefficients that 
differ only in sign so that adding the equations eliminates the variable. 


—3% — 2a 1 Equation 2 


Note that by adding the two equations, you eliminate the x-terms and obtain a 
single equation in y. Solving this equation for y produces y = 2, which you can 
then back-substitute into one of the original equations to solve for x. 


| Example 1g Solving a System of Equations by Elimination 
Gio> 


Solve the system of linear equations. 


3x + 2y=4 Equation 1 
5x — 2y = 8 Equation 2 
2 Solution 


Because the coefficients of y differ only in sign, you can eliminate the y-terms by 
adding the two equations. 


3x +2y= 4 Write Equation 1. 
5x = 2y = £8 Write Equation 2. 
8x = 12 Add equations. 


Jeff Greenberg/The Image Works ~ 


- 


So, x = 2, By back-substituting this value into Equation 1, you can solve for y. 


3x + 2y =4 Write Equation 1. 
3 Fee 
3 5 +2y=4 Substitute 5 for x. 
9 nae 
~+2y=4 Simplify. 


= Solve for y. 
The solution is (3, —). Check this in the original system. 
Try using the method of substitution to solve the system given in Example 1. 


Which method do you think is easier? Many people find that the method of 
elimination is more efficient. 
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STUDY TIP 


To obtain coefficients (for one 


of the variables) that differ only 
in sign, you often need to multi- 


- ply one or both of the equations 
by suitably chosen constants. 


| Example 2. Solving a System of Equations by Elimination 


Solve the system of linear equations. 


25 Ve eT Equation 1 
a ye Equation 2 
Solution 


For this system, you can obtain coefficients that differ only in sign by multiplying 
Equation 2 by 3. 


20 3y = —7 > 2x — 3y =f Write Equation 1. 
3x t+ y= —-5 > O€*=x + 3y = —15 Multiply Equation 2 by 3. 
11x = —22 Add equations. 
So, you can see that x = —2. By back-substituting this value of x into Equation 1, 


you can solve for y. 


2c ye — 7 Write Equation 1. 
2 (ea?) eye | Substitute —2 for x. 
eh adm) Combine like terms. 
Vea Solve for y. 


The solution is (—2, 1). Check this in the original system, as follows. 


Check 
PR Vier GN 5 mae Write original Equation 1. 
22) — 3() i atl, Substitute into Equation 1. 
ae a Sey, Equation 1 checks. / 
Bx ty ==) Write original Equation 2. 
8/2) 1 z =5) Substitute into Equation 2. 
= Op ikerz5 


Equation 2 checks. / 


In Example 2, the two systems of linear equations 


ace 
Site Vy = 5 
and 
ear al 
Oxia 3y =i —=15 


are called equivalent systems because they have precisely the same solution set. 
The operations that can be performed on a system of linear equations to produce 
an equivalent system are (1) interchanging any two equations, (2) multiplying an 


equation by a nonzero constant, and (3) adding a multiple of one equation to any 
other equation in the system. 


y 


STUDY TIP 


_ Keep in mind that the terminol- 
_ ogy and methods discussed in 
this section and the following 
section apply only to systems of 


_ linear equations. 


Exploration 


Rewrite each system of equa- 
tions in slope-intercept form and 
sketch the graph of each system. 
What is the relationship 
between the slopes of the two 
lines and the number of points 


of intersection? 
aa ok y= 1 
=e ty = 5 


BY 4x-—3y= 1 
=barh.6y= +2 
ext 2y=..3 
ram 
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Method of Elimination 


1. Obtain coefficients for x (or y) that differ only in sign by multiplying all 
terms of one or both equations by suitably chosen constants. 


. Add the equations to eliminate one variable, and solve the resulting 


equation. 


- Back-substitute the value obtained in Step 2 into either of the original 
equations and solve for the other variable. 


. Check your solution in both of the original equations. 


Example <)> Solving a System of Equations by Elimination 


Solve the system of linear equations. 


{= toy ——9 Equation 1 
2x —4y = 14 Equation 2 
Solution 


You can obtain coefficients that differ only in sign by multiplying Equation 1 by 
4 and multiplying Equation 2 by 3. 


Sx t+3y= 9 E> 20x + 12y = 36 Multiply Equation 1 by 4. 
x-4y=14 ED o- 12y =42 MultiplyEauations) pyre, 
26x = 78 Add equations. 


From this equation, you can see that x = 3. By back-substituting this value of x 
into Equation 2, you can solve for y. 


2x—-4y= 14 Write Equation 2. 

2(3) —4y = 14 Substitute 3 for x. 

—4y= 8 Collect like terms. 
y=-2 Solve for y. 


The solution is (3, — 2). Check this in the original system. 


Remember that you can check the solution of a system 
of equations graphically. For instance, to check the 
solution found in Example 3, solve each equation for y. 
Then use a graphing utility to graph y, = =x + 3and 
Y= x = : in the same viewing window, as shown in 
the figure at the left. Use the intersect feature or the 
zoom and trace features to approximate the point of 
intersection of the graphs. From the graph, the point of 
intersection is (3, —2). 
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Graphical Interpretation of Solutions 


It is possible for a general system of equations to have exactly one solution, two 
or more solutions, or no solution. If a system of /inear equations has two different 
solutions, it must have an infinite number of solutions. To see why this is true, 
consider the following graphical interpretations of a system of two linear 
equations in two variables. 


Graphical Interpretations of Solutions 


For a system of two linear equations in two variables, the number of solutions 
is one of the following. 


Number of Solutions Graphical Interpretation Slopes of Lines 


1. Exactly one solution The two lines intersect at one point. The slopes of the two lines are not equal. 
2. Infinitely many solutions The two lines are coincident (identical). The slopes of the two lines are equal. 


3. No solution The two lines are parallel. The slopes of the two lines are equal. 


A system of linear equations is consistent if it has at least one solution. It is 
inconsistent if it has no solution. 


Example 4 Recognizing Graphs of Linear Systems ajo> 


Match the system of linear equations with its graph in Figure 6.7. State whether 
the system is consistent or inconsistent and describe the number of solutions. 


Pee eee. c 25 “Sy = 3 
—4x + 6y = 6 x+2y=5 —4x + 6y 


STUDY TIP 
FIGURE 6.7 

A comparison of the slopes Solution 
of two lines gives useful infor- 
Maton about thenumbecct a. The graph of system (a) is a pair of parallel lines (ii). The lines have no point 
solutions of the corresponding of intersection, so the system has no solution. The system is inconsistent. 
system of equations. To solve a b. The graph of system (b) is a pair of intersecting lines (iii). The lines have one 
system of equations graphically, point of intersection, so the system has exactly one solution. The system is 
it helps to begin by writing the consistent. 


equations in slope-intercept 
form. Try doing this for the 
systems in Example 4. 


c. The graph of system (c) is a pair of lines that coincide (i). The lines have infi- 
nitely many points of intersection, so the system has infinitely many solutions. 
The system is consistent. 


a 


FIGURE 6.8 


Y Ficure 6.9 
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In Examples 5 and 6, note how you can use the method of elimination to 


determine that a system of linear equations has no solution or infinitely many 
solutions. 


| Example 5 No-Solution Case: Method of Elimination o> 


Solve the system of linear equations. 


x—-—2y=3 Equation 1 
—2x+4y=1 Equation 2 
Solution 


To obtain coefficients that differ only in sign, multiply Equation 1 by 2. 


x—2y=3 2x —4y = 6 Multiply Equation 1 by 2. 
—2x'- ay =I => —2x + 4y=1 Write Equation 2. 
0=7 False statement 


Because there are no values of x and y for which 0 = 7, you can conclude that 
the system is inconsistent and has no solution. The lines corresponding to the two 
equations in this system are shown in Figure 6.8. Note that the two lines are 
parallel and therefore have no point of intersection. 


In Example 5, note that the occurrence of a false statement, such as 0 = 7, 
indicates that the system has no solution. In the next example, note that the 
occurrence of a statement that is true for all values of the variables, such as 0 = 0, 
indicates that the system has infinitely many solutions. 


Example 6 Many-Solution Case: Method of Elimination o> 


Solve the system of linear equations. 


2 | Equation 1 
is —2y=2 Equation 2 
Solution 
To obtain coefficients that differ only in sign, multiply Equation 2 by —t 
Li Ve oh => DX aa aa | Write Equation 1. 
4x-2y=2 E> -2x+y=-1 Multiply Equation 2 by —!. 
O= O Add equations. 


Because the two equations turn out to be equivalent (have the same solution set), 
you can conclude that the system has infinitely many solutions. The solution set 
consists of all points (x, y) lying on the line 2x — y = 1, as shown in Figure 6.9. 
Letting x = a, where a is any real number, you can see that the solutions to the 
system are (a, 2a — 1). 
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eli Example 7 illustrates a strategy for solving a system of linear equations that 
Technology has decimal coefficients. 
ue al The general solution of 


MSMR OTS Example 7 A Linear System Having Decimal Coefficients 
ax + by=c 
dx tey=f Solve the system of linear equations. 
isx = (ce ax! bf )/(ae = db) and 0.02x = 0.05y — —0.38 Equation 1 
y = (af — cd)/(ae — db). If 0.03x + 0.04y = 1.04 Equation 2 
ae — db=0, ats system does Solution 
not have a unique solution. ; 
Graphing utility programs for Because the coefficients in this system have two decimal places, you can begin 
solving such a system can be by multiplying each equation by 100. (This produces a system in which the 


found at our website coefficients are all integers.) 


college.hmco.com. Try using the E: — 5y = —38 Revised Equation 1 


Blogtaun or culate puing 3x + 4y = 104 Revised Equation 2 
utility to solve the system in 


Example 7. Now, to obtain coefficients that differ only in sign, multiply Equation 1 by 3 and 
multiply Equation 2 by —2. 


24 = Sy = =38 ee Oxesildy 
a, 


—114 Multiply Equation 1 by 3. 


3x +4y= 104 oP —-6x— 8y = —208 Multiply Equation 2 by —2. 
= D3 y= = San Add equations. 
So, you can conclude that 
nAEpoee 
aii 3s 
= 14. 


Back-substituting this value into Equation 2 produces the following. 


3x + 4y = 104 Write revised Equation 2. 
3x + 4(14) = 104 Substitute 14 for y. 
3x = 48 Combine like terms. 
x = 16 Solve for x. 


The solution is (16, 14). Check this in the original system, as follows. 


Check 
0.02x — 0.05y = =038 Write original Equation 1. 
0.02(16) — 0.05(14) ts —0.38 Substitute into Equation 1. 
0323=10:70 ="=0.38 Equation 1 checks, / 


0.03x + 0.04y = 1.04 
? 
0.03(16) + 0.04(14) = 1.04 Substitute into Equation 2. 
0.48 + 0.56 = 1.04 Equation 2 checks. / 


en 


Write original Equation 2. 


1 


Original flight 


> 


FIGURE 6.10 
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Applications &%o> 


At this point, you may be asking the question “How can I tell which application 
problems can be solved using a system of linear equations?” The answer comes 
from the following considerations. 


1. Does the problem involve more than one unknown quantity? 


2. Are there two (or more) equations or conditions to be satisfied? 


If one or both of these situations occur, the appropriate mathematical model for 
the problem may be a system of linear equations. Example 8 shows how to 
construct such a model. 


Ss clij (se An Application of a Linear System 


An airplane flying into a headwind travels the 2000-mile flying distance between 
Chicopee, Massachusetts and Salt Lake City, Utah in 4 hours and 24 minutes. On 
the return flight, the same distance is traveled in 4 hours. Find the airspeed of the 
plane and the speed of the wind, assuming that both remain constant. 


Solution 


The two unknown quantities are the speeds of the wind and the plane. If r, is the 
speed of the plane and r, is the speed of the wind, then 


Ir, — Tr) = speed of the plane against the wind 

r, + r, = speed of the plane with the wind 
as shown in Figure 6.10. Using the formula distance = (rate)(time) for these two 
speeds, you obtain the following equations. 


2000 = (r, — r(4 + >) 


2000 = (r, + r,)(4) 
These two equations simplify as follows. 
an = 117, — 11r, Equation 1 
S00 =) 7, st 7) Equation 2 
To solve this system by elimination, multiply Equation 2 by 11. 
5000 = l11r, — 117, => 5000 = 11r, — L1r, — Write Equation 1. 
500= 7r,+ 7 WED 5500=11r, + 117, Multiply Equation 2 by 11. 


10,500 = 22r, Add equations. 

So, 
n= = = = =~ 477.27 miles per hour Speed of plane 
r, = 500 = = = ~~ 22.73 miles per hour. Speed of wind 


Check this solution in the original statement of the problem. 
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Equilibrium 


Price per unit (in dollars) 


1,000,000 3,000,000 
Number of units 


FIGURE 6.11 


In a free market, the demands for many products are related to the prices of 
the products. As the prices decrease, the demands by consumers increase and the 
amounts that producers are able or willing to supply decrease. 


Example 9 Finding the Equilibrium Point a) Kio > 


The demand and supply functions for a new type of calculator are 


II 


p = 150 — 0.00001x Demand equation 
= 60 + 0.00002x Supply equation 
where p is the price in dollars and x represents the number of units. Find the equi- 
librium point for this market. The equilibrium point is the price p and number of 
units x that satisfy both the demand and supply equations. 
Solution 


Begin by substituting the value of p given in the supply equation into the demand 
equation. 


p = 150 — 0.00001x Write demand equation. 
60 + 0.00002x = 150 — 0.00001x Substitute 60 + 0.00002x for p. 
0.00003x = 90 Combine like terms. 
x = 3,000,000 Solve for x. 


So, the equilibrium point occurs when the demand and supply are each 3 million 
units. (See Figure 6.11.) The price that corresponds to this x-value is obtained by 
back-substituting x = 3,000,000 into either of the original equations. For 
instance, back-substituting into the demand equation produces 


p = 150 — 0.00001(3,000,000) 


= 150 — 30 
= $120. 
The solution is (3,000,000, 120). You can check this as follows. 
Check 
Substitute (3,000,000, 120) into the demand equation. 
p = 150 — 0.00001x Write demand equation. 
120 = 150 — 0.00001(3,000,000) Substitute 120 for p and 3,000,000 for x. 
120° = 120 Solution checks in demand equation. / 


Substitute (3,000,000, 120) into the supply equation. 


p = 60 + 0.00002x Write supply equation. 
120 = 60 + 0.00002(3,000,000) Substitute 120 for p and 3,000,000 for x. 
120 = 120 Solution checks in supply equation. / 


SE eee 
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6.2 Exercises 


SS SSS SSS PSS SSE 


In Exercises 1-10, solve by elimination. Label each line with 9. (9x + 3y = 1 10. [5x + 3y = -18 
its equation. To print an enlarged copy of the graph, go to | E | = 
the website www.mathgraphs.com. Oia) aaa pa Ap ; 


ik loin’) 5 2. x+ 3y=1 
—x+2y=4 


xX —y=— | 


In Exercises 11-30, solve the system by elimination and 
check any solutions algebraically. 


-=3.|xt+ y=0 420 —weye= 3 apie ee 
iets teehee REE ty eet 
13. [eae theta 
Sti yal 3x — Sy = 10 
15. [3x + 2y = 10 Kis || Brae “hy. 5 
pe 3 ama 
17. |Su + 6v = 24 18. 3x + lly =4 
| : basen ewer bests Sy =9 
19, }1.8x + 1.2y = 20. | 3.1x—_ 29 y= 102 
5. Xa =2 651 3x ee 6y = Isat P| 
ee: pees) palaae as fn Ly 2 
y y 4 6 
ga) a 4x+ y=4 
23, (25x= 3y 15 24) (6.3% 49727 = 54 
22 Ay 2 peat 


25. (0.05x — 0.03y = 0.21 
emer nee 
O2% 0.) = 21.8 
Feteanena 68.7 
2 be 3m = 3 28. ae 8 


26. 


5x + 8y = 10 


29. 


30. 
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In Exercises 31-34, match the system of linear equations 47. Airplane Speed An airplane flying into a headwind 
with its graph. [The graphs are labeled (a), (b), (c) and (d).] travels the 1800-mile flying distance between 
(b) Pittsburgh, Pennsylvania and Phoenix, Arizona in 
3 hours and 36 minutes. On the return flight, the 
distance is traveled in 3 hours. Find the airspeed of 
the plane and the speed of the wind, assuming that 
both remain constant. 


48. Airplane Speed Two planes start from Los Angeles 
International Airport and fly in opposite directions. 
The second plane starts ; hour after the first plane, 

(d) y but its speed is 80 kilometers per hour faster. Find 
the airspeed of each plane if 2 hours after the first 
plane departs the planes are 3200 kilometers apart. 

49. Acid Mixture Ten liters of a 30% acid solution is 


obtained by mixing a 20% solution with a 50% 
solution. 


(a) Write a system of equations in which one 
equation represents the amount of final mixture 

31. (2x — Sy =0 32. (-7x + b6y=—-4 required and the other represents the percent of 
; acid in the final mixture. Let x and y represent 


Ber Bp) 1a 2 yes the amounts of the 20% and 50% solutions, 
33. Fs —ova= a 0 34. | 1X =Oy = 6 respectively. 
DORON Maa ee OV as (b) Use a graphing utility to graph the two equations 
in part (a) in the same viewing window. As the 
In Exercises 35-42, use any method to solve the system. amount of the 20% solution increases, how does 
35. (3x —5y =7 36. {—x + 3y = 17 the amount of the 50% solution change? 
xt y=9 4x +3y = 7 (c) How much of each solution is required to obtain 
the specified concentration of the final mixture? 
Sion We 0 pace bo) 38. | 7x + 3y = 16 7 i 
ewe a aS 50. Fuel Mixture Five hundred gallons of 89 octane 
bs eae: gasoline is obtained by mixing 87 octane gasoline 
39. | ty = 21 40. .? Boies with 92 octane gasoline. 
6x + Sy = 21 Vp eee (a) Write a system of equations in which one 
41. (2 + ee 1S) 42. 4x -3y= 6 equation represents the amount of final mixture 
y=x-3 —5x+¢7y=-1 required and the other represents the amounts of 
87 and 92 octane gasolines in the final mixture. 
Supply and Demand \n Exercises 43-46, find the equi- Let x and y represent the numbers of gallons of 
librium point of the demand and supply equations. 87 octane and 92 octane gasolines, respectively. 
Deas Srdathy ae (b) Use a graphing utility to graph the two equations 
me 28 ee eee in part (a) in the same viewing window. As the 
ee leas IX p = 0.125x amount of 87 octane gasoline increases, how 
44. p = 100 — 0.05x p=25 + 0.1x does the amount of 92 octane gasoline change? 
45. p = 140 — 0.00002x p = 80 + 0.00001x (c) How much of each type of gasoline is required to 
46. p = 400 — 0,0002x p = 225 + 0.0005x obtain the 500 gallons of 89 octane gasoline? 


51. Investment Portfolio A total of $12,000 is invested 
in two corporate bonds that pay 7.5% and 9% simple 
interest. The investor wants an annual interest 
income of $990 from the investments. What amount 
should be invested in the 7.5% bond? 


52. Investment Portfolio A total of $32,000 is invested 
in two municipal bonds that pay 5.75% and 6.25% 
simple interest. The investor wants an annual interest 
income of $1900 from the investments. What amount 
should be invested in the 5.75% bond? 


53. Ticket Sales At a local high school city champi- 
onship basketball game, 1435 tickets were sold. A 
student admission ticket cost $1.50 and an adult 
admission ticket cost $5.00. The total ticket receipts 
for the basketball game were $3552.50. How many 
of each type of ticket were sold? 


54. Consumer Awareness A department store held a 
sale to sell all of the 214 winter jackets that remained 
after the season ended. Until noon, each jacket in the 
store was priced at $31.95. At noon, the price of the 
jackets was further reduced to $18.95. After the last 
jacket was sold, total receipts for the clearance sale 
were $5108.30. How many jackets were sold before 
noon and how many were sold after noon? 


id Fitting a Line to Data \n Exercises 55-60, find the least 


squares regression line y = ax + b for the points 
(X11 V1), Kas Ya)re + +1 Xn Yn) 
by solving the system for a and b. 


nb + (3 x)a= Sy, 
i=1 i=1 


jS 


(S xb ~ (S x2) = y XV, 


i=1 i=1 


Then use a graphing utility to confirm the result. (If you are 
unfamiliar with summation notation, look at the discussion 
in Section 8.1 or in Appendix A at the website for this text at 
college.hmco.com.) 


55. | 5b + 10a = 20.2 
10b + 30a = 50.1 


56. | 5b + 10a = 11.7 
10b + 30a = 25.6 
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lI 


85c1 
114.2 


STM Diste21G 
21b + 9la 


58. | 6b + 15a = 23.6 
15b + 55a = 48.8 


595)(04) 61.43) Set) (De) 
602 .(1;,0), (2,:0);,G;.0); (35, 1), (45.4) 5(4,2), (5) 26, 2) 


> Model It 


61. Data Analysis The table shows the average 
room rates y for a hotel room in the United States 
for the years 1995 through 1999. (Source: 
American Hotel & Motel Association) 


ee : 2 
mo Year, ¢ Average room rate, y 
$66.65 
$70.93 
$7531 
$78.62 
$81.33 


(a) Use the technique demonstrated in Exercises 
55-60 to find the least squares regression 
line y = at + b. Let t represent the year, 
with t = 5 corresponding to 1995. 


“y (b) Use the regression feature of a graphing util- 
ity to find a linear model for the data. How 
does this model compare with the model 
obtained in part (a)? 


(c) Use the linear model to create a table of esti- 
mated values of y. Compare the estimated 
values with the actual data. 


(d) Use the linear model to predict the average 
room rate in 2005. 

(e) Use the linear model to predict when the 
average room rate will be $100.00. 
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62. Data Analysis A farmer used four test plots to 
determine the relationship between wheat yield in 
bushels per acre and the amount of fertilizer in 
hundreds of pounds per acre. The results are shown 
in the table. 


Yield, y 


Fertilizer, x 
3) 
4] 
48 
53 


(a) Use the technique demonstrated in Exercises 
55-60 to find the least squares regression line 
y=axt+b. 

(b) Use the linear model to predict the yield for a 
fertilizer application of 160 pounds per acre. 


Synthesis 
True or False? \n Exercises 63 and 64, determine 


whether the statement is true or false. Justify your answer. 


63. If two lines do not have exactly one point of 
intersection, then they must be parallel. 


64. Solving a system of equations graphically will 
always give an exact solution. 


Think About It _\n Exercises 65 and 66, the graphs of the 
two equations appear to be parallel. Yet, when the system is 
solved algebraically, you find that the system does have a 
solution. Find the solution and explain why it does not 
appear on the portion of the graph that is shown. 


65. |100y -x= 200 665/217 —20y = 0 
yx == 198 


eke SA IPAY 


120 


67. Writing Briefly explain whether or not it is possi- 
ble for a consistent system of linear equations to 
have exactly two solutions. 

68. Think About It Give examples of (a) a system of 
linear equations that has no solution and (b) a system 
that has an infinite number of solutions. 


In Exercises 69 and 70, find the value of k such that the 
system of linear equations is inconsistent. 


69. |4x — 8y = -3 70. 15x + 3y = 6 
2x + ky = 16 —10x +ky =9 
Review 


In Exercises 71-78, solve the inequality and graph the 
solution on the real number line. 


(hk SN Cie Se Be 

72. 2(x — 3) > —5x+1 
73—8x — 15's —42e ad) 
14.-— 63% =10%<46 
75. |x — 8] < 10 

76. \x £10) = —3 

71. 2x7 F 3x 35a 
180 33°F 10 


In Exercises 79 and 80, write the partial fraction 
decomposition for the rational expression. 


Cal 80 3 
* x2 + 1x + 30 * x(x2 — 1) 


79 


In Exercises 81-84, write the expression as the logarithm of 
a single quantity. 

81. Inx + In6 

82. In x — 5 In(x + 3) 

83. log, 12 — log, x 

84. ; log, 3x 


In Exercises 85 and 86, solve the system by the method of 
substitution. 


85. a= y= 4 
ps + 2y = -12 

86. |30x — 40y — 33 = 0 
Fs sre ee) lea) 
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‘eee ~Multivariable Linear Systems 


> What you should learn 
Be hy cuhetincion Row-Echelon Form and Back-Substitution 
to solve linear systems in 
row-echelon form 
How to use Gaussian 
elimination to solve systems 
of linear equations 
How to solve nonsquare 
systems of linear equations 
How to use systems of linear System of Three Linear Equations in Three Variables: (See Example 3.) 
equations in three or more ; 
variables to model and solve 
application problems 


The method of elimination can be applied to a system of linear equations in more 
than two variables. In fact, this method easily adapts to computer use for solving 
linear systems with dozens of variables. 

When elimination is used to solve a system of linear equations, the goal is to 
rewrite the system in a form to which back-substitution can be applied. To see 
how this works, consider the following two systems of linear equations. 


II 
Xo 


Ne ey SZ 
SNotaay, 
2G — Syets oa. 17, 


—4 


> Why you should learn it ; 
Equivalent System in Row-Echelon Form: (See Example 1.) 
Systems of linear equations in 
three or more variables can be Pye s Lo 
used to model and solve real-life y+ 3z=5 
problems. For instance, in Exercise z=2 


71 on page 488, a system of linear note: 
: be u The second system is said to be in row-echelon form, which means that it 


has a “stair-step” pattern with leading coefficients of 1. After comparing the two 
systems, it should be clear that it is easier to solve the system in row-echelon 
- form, using back-substitution. 


Example 1 Using Back-Substitution in Row-Echelon Form 


Solve the system of linear equations. 


Jeanne Drake/Tony Stone Images 


[* —2y+ 3z=9 Equation 1 

Vt 32>) Equation 2 

| z=2 Equation 3 
Solution 


From Equation 3, you know the value of z. To solve for y, substitute z = 2 into 
Equation 2 to obtain 


y + 3(2) =5 Substitute 2 for z. 
y= sl, Solve for y. 
Finally, substitute y = —1 and z = 2 into Equation | to obtain 
x — 2(-1) + 3(2) =9 Substitute — 1 for y and 2 for z. 
x=1. Solve for x. 
The solution is x = 1, y = —1, and z = 2, which can be written as the ordered 


triple (1, — 1, 2). Check this in the original system of equations. 


Christopher Lui/China Stock 


Historical Note 

One of the most influential 
Chinese mathematics books was 
the Chui-chang suan-shu or Nine 
Chapters on the Mathematical Art 
(written in approximately 250 B.c.). 
Chapter Eight of the Nine Chapters 
contained solutions of systems of 
linear equations using positive 
and negative numbers. One such 
system was as follows. 


3x + 2y+ z= 39 

2x + 3y+ z= 34 

xX + 2y + 3z = 26 
This system was solved using 
column operations on a matrix. 


Matrices (plural for matrix) will be 
discussed in the next chapter. 


‘STUDY TIP 


As demonstrated in the first step 
in the solution of Example 2, 
interchanging rows is an easy 
way of obtaining a leading 

_ coefficient of 1. 
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Gaussian Elimination 


Two systems of equations are equivalent if they have the same solution set. To 
solve a system that is not in row-echelon form, first convert it to an equivalent 
system that is in row-echelon form by using the following operations. 


Operations That Produce Equivalent Systems 


Each of the following row operations on a system of linear equations 
produces an equivalent system of linear equations. 


1. Interchange two equations. 
2. Multiply one of the equations by a nonzero constant. 


3. Add a multiple of one of the equations to another equation to replace the 
latter equation. 


To see how this is done, take another look at the method of elimination, as 
applied to a system of two linear equations. 


Example 2 Using Gaussian Elimination to Solve a System 


Solve the system of linear equations. 


fe = Pl 
0 any e.0 
Solution 


There are two strategies that seem reasonable: eliminate the variable x or 
eliminate the variable y. The following steps show how to use the first strategy. 


Koay = 10) 
Interchange two equations in the system. 
31 = 2) = — | 
OY Gey ee) Multiply the first equation by —3. 
eka ch ees a) Add the multiple of the first equation to the 
second equation to obtain a new equation. 
3x — 2y = -1 
saat! 
x-y= 0 
1 New system in row-echelon form 
ae 
Now, using back-substitution, you can determine that the solution is y = —1 and 
Xx = —1, which can be written as the ordered pair (— 1, — 1). Check this solution 


in the original system of equations. 
er 


As shown in Example 2, rewriting a system of linear equations in 
row-echelon form usually involves a chain of equivalent systems, each of which 
is obtained by using one of the three basic row operations listed above. This 


process is called Gaussian elimination, after the German mathematician Carl 
Friedrich Gauss (1777-1855), 


kw 


we F 
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| Example 3. Using Gaussian Elimination to Solve a System 


Solve the system of linear equations. 


Key 5247 9 Equation 1 

Sah Sy =-4 Equation 2 

2x5 Sy, +025, 17 Equation 3 
Solution 


Because the leading coefficient of the first equation is 1, you can begin by saving 
the x at the upper left and eliminating the other x-terms from the first column. 


x 2y 37 = "19 Write Equation 1. 
siete By =-4 Write Equation 2. 
yorsz= 05 “Add Equation 1 to Equation 2. 
iWon Spa AS) Adding the first equation to 


Vite the second equation produces 
2x — Sy + 5z= 17 a new second equation. 
oxo 4) = 67-—7— 18 Multiply Equation 1 by —2. 
2 Oye Se 1 Write Equation 3. 
ayers == Add revised Equation 1 to Equation 3. 
gO Adding —2 times the first 
WA SZ iS equation to the third equation 
-y- z=-l produces a new third equation. 


Now that all but the first x have been eliminated from the first column, go to work 
on the second column. (You need to eliminate y from the third equation.) 


oe Ly boa Adding the second equation to 
y+ 3z= the third equation produces 
AA a new third equation. 


Finally, you need a coefficient of 1 for z in the third equation. 


ager 7) bec pera inated Multiplying the third equation 
y+ 3z=5 by 4 produces a new third 
z=2 equation. 


This is the same system that was solved in Example 1, and, as in that example, 
you can conclude that the solution is 


50 Ihe y= 1, and z=2. 


In Example 3, you can check the solution by substituting x = 1, y = —1, 
and z = 2 into each original equation, as follows. 


Bquaones othnai2(- Lire 32) 9/7 
Pavano 2; 1 3(—1) -4J7 
Equation 3: 2(1) — 5(—1) + 522) = 177 
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a 


FIGURE 6.12 Solution: one point 


hy 


FIGURE 6.13 Solution: one line 


=> 


FIGURE 6.14 Solution: one plane 


a 


FIGURE 6.15 Solution: none 


S 


FIGURE 6.16 Solution: none 


The next example involves an inconsistent system—one that has no solution. 
The key to recognizing an inconsistent system is that at some stage in the elimi- 
nation process you obtain a false statement such as 0 = —2. 


‘Example 4 An Inconsistent System @§o> 


Solve the system of linear equations. 


aa) ee Equation | 
2h VI 2 Equation 2 
Bry S71 Equation 3 
Solution 
bey Mas bea all Adding —2 times the first 


equation to the second equation 
produces a new second equation. 


Sy-4z= 0 
Xo yz Seal 


bt) dang ease | Adding — 1 times the first 
Sy 47 equation to the third equation 
Sy Avera) produces a new third equation. 
Ai OV (Cea Adding — | times the second 
Sy 4a) equation to the third equation 
0 =D produces a new third equation. 


Because the third “equation” is impossible, you can conclude that this system is 
inconsistent and so has no solution. Moreover, because this system is equivalent to 
the original system, you can conclude that the original system also has no solution. 


Se 


As with a system of linear equations in two variables, the solution(s) of a 
system of linear equations in more than two variables must fall into one of three 
categories. 


The Number of Solutions of a Linear System 


For a system of linear equations, exactly one of the following is true. 


1. There is exactly one solution. 


2. There are infinitely many solutions. 


3. There is no solution. 


In Section 6.2, you learned that a system of two linear equations in two 
variables can be represented graphically as a pair of lines that are intersecting, 
coincident, or parallel. A system of three linear equations in three variables has a 
similar graphical representation—it can be represented as three planes in space 
that intersect in one point (exactly one solution) [see Figure 6.12], intersect in a 
line or a plane (infinitely many solutions) [see Figures 6.13 and 6.14], or have no 
points common to all three planes (no solution) [see Figures 6.15 and 6.16]. 


ae al 


4 


i 


STUDY TIP 


In Example 5, x and y are 
solved in terms of the third 
variable z. To write a solution to 
the system that does not use any 
of the three variables of the 
system, let a represent any real 
number and let z = a. Then 
solve for x and y. The solution 


can then be written in terms of. 
a, which is not one of the 
_ variables of the system. 


STUDY TIP 


_ When comparing descriptions of 
an infinite solution set, keep in 

- mind that there is more than one 
_ way to describe the set. 
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| Example 5 A System with Infinitely Many Solutions 


Solve the system of linear equations. 


pat sea Equation 1 
i easinned Sia att Equation 2 
=o rey = 1 Equation 3 
Solution 
SO Mice a Adding the first equation to 
Vere tl) the third equation produces 
3y —3z= 0 a new third equation. 
se YS OL al Adding —3 times the second — 
ve =a () “equation to the third equation 
Ora produces a new third equation. 


This means that Equation 3 depends on Equations | and 2 in the sense that it gives 
us no additional information about the variables. So, the original system is 
equivalent to the system 


(" ats Oe, eo 

yee 7/0: 
In this last equation, solve for y in terms of z to obtain y = z. Back-substituting 
for y in the previous equation produces x = 2z — 1. Finally, letting z = a, where 


a is areal number, you can see that the solutions to the given system are all of the 
form 
Ge 201, y=a, and 
So, every ordered triple of the form 
(2a — 1, a, a), ais areal number 


is a solution of the system. 


In Example 5, there are other ways to write the same infinite set of solutions. 
For instance, letting x = b, the solutions could have been written as 


(b,4(b + 1),4(b + 1), 


To convince yourself that this description produces the same set of solutions, con- 
sider the following. 


b is areal number. 


Substitution Solution 
a=0 (2(0) — 1, 0, fae (—1, 0, 0) Same 
b=-1 (—1,4(-1 + 1),4(-1 + 1)) = (-1,0,0) sotbes 
Q= 1 AW ea gs he 1) = (, U1) Same 
pe (1,30 + 0,30 + D) =G,1,0 oe 
Of (2(2) am L 2, 2) = (3; £5 2) Same 
(3, solution 


13 + 1),4G6 + 1)) = G, 2, 2) 
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Nonsquare Systems o> 


So far, each system of linear equations you have looked at has been square, which 
means that the number of equations is equal to the number of variables. In a 
nonsquare system, the number of equations differs from the number of variables. 
A system of linear equations cannot have a unique solution unless there are at 
least as many equations as there are variables in the system. 


Example 6 A System with Fewer Equations than Variables 


Solve the system of linear equations. 


K=2y hz =2 Equation | 
x= y=z—1 Equation 2 
Solution 


Begin by rewriting the system in row-echelon form. 
XS 2 yee ee 8D 
O) eedera a) 


Adding —2 times the first 
equation to the second equation 
produces a new second equation. 


Multiplying the second equation 
by ; produces a new second 
equation. 


i aan 2 
Vas 


Solve for y in terms of z, to obtain 
= %— Il. 


By back-substituting into Equation 1, you can solve for x, as follows. 


X= Lyle eee Write Equation 1. 
(ee Substitute for y in Equation 1. 
BS As aia 5 aie Distributive Property 
ah = Solve for x. 


Finally, by letting z = a, where a is a real number, you have the solution 
x =a, y =a — Il. and Z=a. 

So, every ordered triple of the form 
(a,a — 1,a), a is areal number 


is a solution of the system. Because there were originally three variables and only 
two equations, the system cannot have a unique solution. 


a ee 


In Example 6, try choosing some values of a to obtain different solutions of 


the system, such as (1, 0, 1), (2, 1, 2), and!(3, 2,3). ‘Thenscheck each of the 
solutions in the original system. 


’ 


7 
P 
* 


~~ 
ll 
— 


™ 


FIGURE 6.17 


(=) 


Se dt 
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Applications G@io> 


Example 7 Vertical Motion C3 iho > 


The height at time ¢ of an object that is moving in a (vertical) line with constant 
acceleration a is given by the position equation 


= Sat? FP Wot So: 
The height s is measured in feet, the acceleration a is measured in feet per second 
squared, ft is measured in seconds, vo is the initial velocity (at t = 0), and sp is the 


initial height. Find the values of a, vo, and sy if s = 52 att = 1,5 = 52 att = 2, 
and s = 20 at t = 3. (See Figure 6.17.) 


Solution 


By substituting the three values of ¢ and s into the position equation, you can 
obtain three linear equations in a, Vo, and So. 


When t = 1: $a(1)? + v,(1) + 55 = 52 a + 2vy + 2sy = 104 
When t = 2: 4a(2)? + v,(2) + 5 = 52 2a + 2+ so = 52 
il 
2 


When t = 3: $a(3)? + v3) + 59 = 20 9a + 6vy + 2s, = 40 
Solving this system yields a = —32, vy = 48, and sy) = 20. This solution results 
in a position equation of s = —16t* + 48t + 20 and implies that the object was 


thrown upward at a velocity of 48 feet per second from a height of 20 feet. 


Example 8 Partial Fractions @§jo> 


: ; ; an Bx a 
Write the partial fraction decomposition of —=——_——_ - 
bats Phi nek 


Solution 
Because x3 — 2x — 4 = (x — 2)(x? + 2x + 2), you can write 
3x +4 2 A be ByciaG. 
BO) SN hac Pes eh Oh 
3x + 4 = A(x2 + 2x + 2) + (Bx + C)(x — 2) 
3x +4=(A + B)x? + (2A — 2B + C)x + (2A — 20). 


By equating coefficients of like powers on each side of the expanded equation, 
you obtain the following system in A, B, and C. 


Nar ey =0 
DA=— 2B = C=3 
2A —-2C=4 
You can solve this system to find that A = 1,B = —1, and C = —1. So, the 


partial fraction decomposition is 


Seo fi oie ee 5! ees 
On ee a ee, ex 2 ae) 
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(2, 6) 


FIGURE 6.18 


Example 9 Data Analysis: Curve-Fitting @§e> 


Find a quadratic equation, 
ye ox + bx +c 
whose graph passes through the points (—1, 3), (1, 1), and (2, 6). 


Solution 


Because the graph of y = ax? + bx + c passes through the points (—1, 3), 
(1, 1), and (2, 6), you can write the following. 


When x = —1, y = 3: a(—1)? + b(—1) +e =3 
Whenx= l,y=1: a(l)?+ bdb()+c=1 
Whenx= 2,y=6: a(2)*+ b(2)+c=6 


This produces the following system of linear equations. 


Gis = Date —3 Equation 1 
Gt tbs esl Equation 2 
AMG: Se Qo see = & Equation 3 
The solution of this system is a = 2,b = —1, andc = 0. So, the equation of the 


parabola is y = 2x? — x, as shown in Figure 6.18. 


Example 10 Investment Analysis a) Gamo > 


An inheritance of $12,000 was invested among three funds: a money-market fund 
that paid 5% annually, municipal bonds that paid 6% annually, and mutual funds 
that paid 12% annually. The amount invested in mutual funds was $4000 more 
than the amount invested in municipal bonds. The total interest earned during the 
first year was $1120. How much was invested in each type of fund? 


Solution 


Let x, y, and z represent the amounts invested in the money-market fund, 
municipal bonds, and mutual funds, respectively. From the given information, 
you can write the following equations. 


x+y + z= 12,000 Equation 1 

z= y+ 4000 Equation 2 

0.05x + 0.06y + 0.12z = 1120 Equation 3 
Rewriting this system in standard form without decimals produces the following. 

Xo WE ee 1-000 Equation | 

—-y+ z= 4,000 Equation 2 

Ot + Oy ID 119000 Equation 3 


Using Gaussian elimination to solve this system yields x = 2000, y = 3000, and 
z = 7000. So, $2000 was invested in the money-market fund, $3000 was invested 
in municipal bonds, and $7000 was invested in mutual funds. 


SS eee 


; 


) 


6.3 Exercises 
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In Exercises 1-4, determine which ordered triples are 
solutions of the system of equations. 


13x ye. = 


| 
pe 


DBs — oc = — 14 
Sy + 2z = 8 
(a) (2,0, —3) (b)i,(—2, 0,8) 
(c) (0, —1, 3) = 10044) 
Z \3x+4y—' z= I7 
Mayer 27 2 
Eke et IZ — 2h 
(a) (3, —1, 2) (b) (1, 3, —2) 
(c) (4, 1, —3) (d) (1, —2, 2) 
3 AL y= 20 
aaa SKYE ac) — -t 
ae = —2 
(a) (3, -3, —3) (b) (3,4, -4) 
OD Gee ews) (d) (—3,4, -4) 
Ree ee (Viz Sze 6 
ta Senin 
4x — Ty = 6 
(a) (—2, —2, 2) (b) (—#2, — 10, 10) 
COM era) Oyalemrrerasincy) 


In Exercises 5-10, use back-substitution to solve the system 
of linear equations. 


Seow yy +, 5z =)24 6., |Axar Gy azz 21 


yt+2z= 6 6y — 52-='—8 

z= 4 Yel =) 

7. | 2x + y-— 37 = 10 Bett, Wet ee 

Wie 2 = 12 ye 8 aD 

| Lae z=-—3 
9. 4x — 2yv +z=8 
-y+z=4 
aoe 
nese | ks (8222 
3y — 5z = 10 
z=—4 


In Exercises 11 and 12, perform the row operation and 
write the equivalent system. 


11. Add Equation | to Equation 2. 


x— Dy +°3z = 5 Equation 1 
=X st Sy > 52,.=.4 Equation 2 
2X — 3z=0 Equation 3 


What did this operation accomplish? 
12. Add —2 times Equation | to Equation 3. 


p= Dp ae SS Equation 1 
=Net Syl = 4 Equation 2 
2x = 32 = 0 Equation 3 


What did this operation accomplish? 


In Exercises 13-38, solve the system of linear equations and 
check any solution algebraically. 


13.. | x42 = 6 14 ee 
PE Sess see) x—2y+4z=5 
3x —z=0 3y + 42 = 5 
15552 eee 16. [2x + 4y+ z= 1 
fs =4 fries us 
3y — 42 =4 Net ye eer aoe 
17. 6y +4z = 12. 18 (24) 4 
fa = 9 pinay 
2x -—3z= 10 x ay = 0 
19, (oe y= 2 = te 20.4|oM=) Sy 
perce pe 4y— 27> 7 
Avnaae Jig Weis) Ot Maildly B42 43 
21 Bie oy O72 S41 22 Dia? ky B37 FP 
fae eee 8z = 3 
Til oyise = 0 6x + 8y + 18z = 5 
23 |x wy I2— —4 
bs year bz eS 
BX Oy = 1302. — = 33 
24. Deeley a SE a ch 
| + 2z= 10 
SO Oy Lor a 8 
25-150 — sy + 67— 6726. | oy aT ote — 
ee z=5 ON Rae eS Al 


Sc 1oy + 13m 
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DN Ra LY te 28. | X=" Oye 2215 
4x > oe SX Sy eel Zee OU) 
29. 2x Sy 
—4x + 9y = 7 
S020 Sy sr 7 
4x + 18y + 15z = 44 
Sik || se se yp == Al 
Dye ei y= |) 
3y —2w=1 
25 aye ay =5 
a2; x ys z+ w= 6 
Dae Shy — w=0 
out 4y. + ier 2w= 4 
mata Vat amy a=. () 
Ske |p ge + 47= 1 


war war lOz<S 10 
PE a i a ie Nee 
34. 24 — 2y = 62 — —4 
ot ely Or |) 
aan 
36. | 4x 3y + 17z— 0 
Ox ede 07 () 
4x 2ye- 197-0) 
37. pl2n a: Sy = ZO 38. Qx- y- z= 
23x + 4y—z=0 = OV ae—n 


4x + 3y —- z=0 


Sf = 0 
Ne Gy oh Pare 10) 


In Exercises 39-42, find the equation of the parabola 


y =ax*+ bx +c 


that passes through the points. To verify your result, use a 
graphing utility to plot the points and graph the parabola. 


39. (0, 0), (2, —2), (4, 0) 40. (0, 3), (1, 4), (2, 3) 
41. (2, 0), (3, —1), (4, 0) 42. (1, 3), (2, 2), (3, —3) 


In Exercises 43-46, find the equation of the circle 
x? + y? + Dx + Ey+F=0 


that passes through the points. To verify your result, use a 
graphing utility to plot the points and graph the circle. 


43. (0, 0), (2, 2), (4, 0) 44. (0, 0), (0, 6), (3, 3) 
a5 n(=35 1), (2,4) (—6.8) 
46. (0, 0), (0, —2), (3, 0) 


Vertical Motion \n Exercises 47-50, an object moving 
vertically is at the given heights at the specified times. Find 
the position equation s = }at? + vot + s, for the object. 
47. Att = 1 second, s = 128 feet 
At t = 2 seconds, s = 80 feet 
At t = 3 seconds, s = 0 feet 
48. Att 
At t = 2 seconds, s = 64 feet 
At t = 3 seconds, s = 48 feet 
49. Att = 1 second, s = 452 feet 
At t = 2 seconds, s = 372 feet 
At t = 3 seconds, s = 260 feet 
50. At t = 1 second, s = 132 feet 
100 feet 
36 feet 


1 second, s = 48 feet 


At t = 2 seconds, s 


At t = 3 seconds, s 


51. Sports The University of Michigan and the 
University of Tennessee scored a total of 62 points 
during the 2002 Florida Citrus Bowl. The points 
came from a total of 18 different scoring plays, 
which were a combination of touchdowns, extra- 
point kicks, and field goals, worth 6, 1, and 3 points, 
respectively. The same number of extra points and 
touchdowns were scored. How many touchdowns, 
extra-point kicks, and field goals were scored? 
(Source: National Collegiate Athletic Association) 


52. Sports During the second game of the 2002 Western 
Conference finals, the Los Angeles Lakers scored a 
total of 90 points, resulting from a combination of 
three-point baskets, two-point baskets, and one-point 
free-throws. There were 11 times as many two-point 
baskets as three-point baskets and five times as many 
free-throws as three-point baskets. What combination 
of scoring accounted for the Lakers’ 90 points? 
(Source: National Basketball Association) 


53. Finance A small corporation borrowed $775,000 
to expand its clothing line. Some of the money was 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual interest 
owed was $67,500 and the amount borrowed at 8% 
was four times the amount borrowed at 10%? 


54. Finance A small corporation borrowed $800,000 
to expand its line of toys. Some of the money was 
borrowed at 8%, some at 9%, and some at 10%. How 
much was borrowed at each rate if the annual inter- 
est owed was $67,000 and the amount borrowed at 
8% was five times the amount borrowed at 10%? 


)) 


Investment Portfolio _\n Exercises 55 and 56, consider an 
investor with a portfolio totaling $500,000 that is invested 
in certificates of deposit, municipal bonds, blue-chip stocks, 
and growth or speculative stocks. How much is invested in 
each type of investment? 


55. The certificates of deposit pay 10% annually, and the 
municipal bonds pay 8% annually. Over a five-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
13% annually. The investor wants a combined annual 
return of 10% and also wants to have only one-fourth 
of the portfolio invested in stocks. 


56. The certificates of deposit pay 9% annually, and the 
municipal bonds pay 5% annually. Over a five-year 
period, the investor expects the blue-chip stocks to 
return 12% annually and the growth stocks to return 
14% annually. The investor wants a combined annual 
return of 10% and also wants to have only one-fourth 
of the portfolio invested in stocks. 


57. Truck Scheduling A small company that manufac- 
tures two models of exercise machines has an order 
for 15 units of the standard model and 16 units of the 
deluxe model. The company has trucks of three 
different sizes that can haul the products, as shown in 
the table. 


Truck Standard Deluxe 


Large 


Medium 
Small 


How many trucks of each size are needed to deliver 
the order? Give two possible solutions. 


58. Agriculture A mixture of 12 liters of chemical A, 
16 liters of chemical B, and 26 liters of chemical C 
is required to kill a destructive crop insect. 
Commercial spray X contains 1, 2, and 2 parts, 
respectively, of these chemicals. Commercial spray 
Y contains only chemical C. Commercial spray Z 
contains only chemicals A and B in equal amounts. 
How much of each type of commercial spray is 
needed to get the desired mixture? 

59. Acid Mixture A chemist needs 10 liters of a 25% 
acid solution. The solution is to be mixed from three 
solutions whose concentrations are 10%, 20%, and 
50%. How many liters of each solution should the 
chemist use so that as little as possible of the 50% 
solution is used? 
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60. Electrical Network Applying Kirchhoff’s Laws to 
the electrical network in the figure, the currents 
I,, 1,, and J, are the solution of the system 


L- L+ &=0 
31, +21, zu 
2A ens. 


Find the currents. 


3Q 


7 volts 


61. Pulley System A system of pulleys is loaded with 
128-pound and 32-pound weights (see figure). The 
tensions ¢, and ¢, in the ropes and the acceleration a 
of the 32-pound weight are found by solving the 
system of equations 


be 2, = 0 
ty = 2a =\128 
Go see 


where f, and ¢, are measured in pounds and a is 
measured in feet per second squared. Solve this 
system. 


62. Pulley System The 32-pound weight in the pulley 
system in Exercise 61 is replaced by a 64-pound 
weight. The new pulley system will be modeled by 
the following system of equations. 


t, — 2t, ser) 
t, — 2a = 128 
t+2la= 64 


Solve this system and use your answer for the 
acceleration to describe what (if anything) is 
happening in the pulley system. 
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Partial Fraction Decomposition \n Exercises 63-66, lit 
write the partial fraction decomposition of the rational > Mode 
expression. 71. Data Analysis A wildlife management team 
1 A B C studied the reproduction rates of deer in three 
63. | =e 1 tracts of a wildlife preserve. Each tract contained 
ae ee) ee 5 acres. In each tract, the number of females, and 
64 3 a A B the percent of females that had offspring the 
cee ee eee | following year, were recorded. The results are 
oa 3 A B C shown in the table. 
hh = ar 
XK — 2) te3) ex ee ae 8 
12 A B C i) Number, x Percent, y 
Oh ge CeO) ee ee 
ce = x 
sab x Sf 3 100 
Fitting a Parabola_\n Exercises 67-70, find the least 120 
squares regression parabola y = ax? + bx +c for the 140 
points (x,,y,), (XY), «+ «1 (Xp Y,) by solving the following 
system of linear equations for a, b, and c. Then use the (a) Use the technique demonstrated in Exercises 


regression feature of a graphing utility to confirm the result. 
(If you are unfamiliar with summation notation, look at the 
discussion in Section 8.1 or in Appendix A at the website for 
this text at college.hmco.com.) 


67-70 to find a least squares regression 
parabola that models the data. 


ied (b) Use a graphing utility to graph the parabola 
and the data in the same viewing window. 
nco+ (S xo i (S x2) = 5) y; (c) Use the model to create a table of estimated 
i=1 values of y. Compare the estimated values 
with the actual data. 


aS 
Ms 
x 
—S 
(a) 
+ 
oe 
Ms 
a, 
SS 
> 
+ 
a 
Ms 
= 
Dat’) 
4 
9 
Il 
Ms 
x 
<< 


Use the model to estimate the percent of 
females that had offspring when there were 
170 females. 


Use the model to estimate the number of 
females when 40% of the females had 
offspring. 


I 
= 
= 

i 
=a 


(S va) + (S$ x3) + (S x)q = Sy x?y, 


Il 
os 
i 
= 


72. Data Analysis In testing a new automobile braking 
system, the speed in miles per hour and the stopping 
distance in feet were recorded in the table. 


~s 


2 Speed, x Stopping distance, y 


30 55 
40 105 
50 188 


(a) Use the technique demonstrated in Exercises 
67-70 to find a least squares regression parabola 
that models the data. 


(b) Graph the parabola and the data on the same set 
of axes. 


(c) Use the model to estimate the stopping distance 
when the speed is 70 miles per hour. 


Advanced Applications \n Exercises 73-76, find x, y, 
and A satisfying the system. These systems arise in certain 
optimization problems in calculus, and A is called a 
Lagrange multiplier. 


Se y+A=0 
x+rA=0 

x+y —10=0 

74, 2x +A=0 
2y+rA=0 
xt+y-4=0 

oo 12x — 2xA = 0 
—2y tA = 0 
yx? =0 


76. (2+ 2y+2A=0 

2x cel A= 0 

2x + y — 100 =0 
Synthesis 


True or False? \n Exercises 77 and 78, determine 
whether the statement is true or false. Justify your answer. 


77. The system 


is in row-echelon form. 


78. If a system of three linear equations is inconsistent, pad 


then its graph has no points common to all three 
equations. 


79. Think About It Are the following two systems of 
equations equivalent? Give reasons for your answer. 


wey — 2<—6 Sle eS et ee 6 
Die tee = | alt Py a yd 1 
Bide Ly = ly —~Ag= 16 


80. Writing When using Gaussian elimination to solve 
a system of linear equations, explain how you can 
recognize that the system has no solution. Give an 
example that illustrates your answer. 


In Exercises 81-84, find two systems of linear equations 
that have the ordered triple as a solution. (The answers are 
not unique.) 
e411 
1 


72) $245.21) 
83. (3, 2,4) 


84. (-3,4, -7) 
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Section 6.3 ® Multivariable Linear Systems 
Review 


In Exercises 85-88, solve the percent problem. 


85. What is 75% of 85? 

86. 225 is what percent of 150? 
87. 0.5% of what number is 400? 
88. 48% of what number is 132? 


In Exercises 89-94, perform the operation and write the 
result in standard form. 


89..(7 — i) + (4 + 23) 
90. (—6 + 31) — (1 + 61) 
91. (4 — i)(5 + 23) 

92. (1 + 21)(3 — 4i) 


i 6 
eerie 

i 2i 
STS ei wey 


In Exercises 95-98, (a) determine the real zeros of f and (b) 
sketch the graph of f. 


OR) ey 

96. (2) = — 8x oF ola 

OT F(x) > 5 nO 
98> f(x) = 6x> — 29x Onet 


In Exercises 99-102, use a graphing utility to construct a 
table of values for the equation. Then sketch the graph of 
the equation by hand. 


99, y= 4-4-5 
100. y= (3) *"' -4 
OVE gee Eton ae 
102. y = 3.5-**2 + 6 


In Exercises 103 and 104, solve the system by elimination. 


103. F + y= 120 


x + 2y = 120 
104. | 6x -— Sy=3 
10x — 12y =5 


AP Photo/The Register-Guard, David Friedman 
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(Rae Systems of Inequalities 


> What you should learn 


* How to sketch the graphs of 
inequalities in two variables 

* How to solve systems of 
inequalities 

* How to use systems of 
inequalities in two variables to 
model and solve real-life 
problems 


> Why you should learn it 


You can use systems of inequali- 
ties in two variables to model 
and solve real-life problems. 

For instance, in Exercise 73 on 
page 499, you will use a system 
of inequalities to analyze the 
number of electric-powered 
vehicles in the United States. 


The Graph of an Inequality o> 


The statements 3x — 2y < 6 and 2x? + 3y* > 6 are inequalities in two variables. 
An ordered pair (a, b) is a solution of an inequality in x and y if the inequality is 
true when a and b are substituted for x and y, respectively. The graph of an 
inequality is the collection of all solutions of the inequality. To sketch the graph 
of an inequality, begin by sketching the graph of the corresponding equation. The 
graph of the equation will normally separate the plane into two or more regions. 
In each such region, one of the following must be true. 


1. All points in the region are solutions of the inequality. 


2. No point in the region is a solution of the inequality. 


So, you can determine whether the points in an entire region satisfy the inequality 
by simply testing one point in the region. 


Sketching the Graph of an Inequality in Two Variables 
| 1. Replace the inequality sign by an equal sign, and sketch the graph of 


the resulting equation. (Use a dashed line for < or > and a solid line for 
S@r2,) 


| 2. Test one point in each of the regions formed by the graph in Step 1. If the 
point satisfies the inequality, shade the entire region to denote that every 
point in the region satisfies the inequality. 


| Example 1 Sketching the Graph of an Inequality @a@je> 


To sketch the graph of y > x? — 1, begin by graphing the corresponding equation 
y = x? — 1, which is a parabola, as shown in Figure 6.19. By testing a point 
above the parabola (0, 0) and a point below the parabola (0, —2), you can see that 
the points that satisfy the inequality are those lying above (or on) the parabola. 


Test point 
above parabola 


Test point 
pbelow parabola 


a To. =) 


FIGURE 6.19 


/ 


e™s 
echnology 

ae A graphing utility can 
be used to graph an inequality 
or a system of inequalities. 
Consult the user’s guide for your 
graphing utility for the required 
keystrokes. The graph of the 
inequality in Example 3 is shown 
below. 


FIGURE 6,22 
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The inequality in Example 1 is a nonlinear inequality in two variables. Most 
of the following examples involve linear inequalities such as ax + by < c (a 
and b are not both zero). The graph of a linear inequality is a half-plane lying on 
one side of the line ax + by = c. 


| Example 2. Sketching the Graph of a Linear Inequality 


Sketch the graph of each linear inequality. 


ace 2 Dyes 8 
Solution 
a. The graph of the corresponding equation x = —2 is a vertical line. The points 


that satisfy the inequality x > —2 are those lying to the right of this line, as 
shown in Figure 6.20. 


b. The graph of the corresponding equation y = 3 is a horizontal line. The points 
that satisfy the inequality y < 3 are those lying below (or on) this line, as 
shown in Figure 6.21. 


—2 =I 


FIGURE 6.20 FIGURE 6.21 


| Example 3. Sketching the Graph of a Linear Inequality 


Sketch the graph of x — y < 2. 


Solution 


The graph of the corresponding equation x — y = 2 is a line, as shown in Figure 
6.22. Because the origin (0, 0) satisfies the inequality, the graph consists of the 
half-plane lying above the line. (Try checking a point below the line. Regardless 
of which point you choose, you will see that it does not satisfy the inequality.) 


To graph a linear inequality, it can help to write the inequality in 
slope-intercept form. For instance, by writing x — y < 2 in the form 
y Saye 


you can see that the solution points lie above the line x — y = 2 (ory = x — 2), 
as shown in Figure 6.22. 
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STUDY TIP 


Using different colored pencils 
to shade the solution of each 
_ inequality in a system will make 
_ identifying the solution of the 
_ system of inequalities easier. 


Systems of Inequalities 


Many practical problems in business, science, and engineering involve systems of 
linear inequalities. A solution of a system of inequalities in x and y is a point 
(x, y) that satisfies each inequality in the system. 

To sketch the graph of a system of inequalities in two variables, first sketch 
the graph of each individual inequality (on the same coordinate system) and then 
find the region that is common to every graph in the system. For systems of linear 
inequalities, it is helpful to find the vertices of the solution region. 


Example 4 Solving a System of Inequalities je> 


Sketch the graph (and label the vertices) of the solution set of the system. 


LV ae Inequality | 

eS =? Inequality 2 

ys 3 Inequality 3 
Solution 


The graphs of these inequalities are shown in Figures 6.20 to 6.22. The triangular 
region common to all three graphs can be found by superimposing the graphs on 
the same coordinate system, as shown in Figure 6.23. To find the vertices of the 
region, solve the three systems of corresponding equations obtained by taking 
pairs of equations representing the boundaries of the individual regions. 


Vertex A: (—2, —4) 


i —tyi= iD Boundary of Inequality 1 
x= -2 Boundary of Inequality 2 
Vertex B: (5, 3) 
" =i =) Boundary of Inequality 1 
y=3 Boundary of Inequality 3 
VertexiC? (=-273) 
E — =), Boundary of Inequality 2 
y= 3 Boundary of Inequality 3 


C=(-2,3)) B=(5,3 
\ Se 


Solution set 


A = (-2, -4) 


FIGURE 6.23 


FIGURE 6.25 
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For the triangular region shown in Figure 6.23, each point of intersection of 
a pair of boundary lines corresponds to a vertex. With more complicated regions, 
two border lines can sometimes intersect at a point that is not a vertex of the 
region, as shown in Figure 6.24. To keep track of which points of intersection are 
actually vertices of the region, you should sketch the region and refer to your 
sketch as you find each point of intersection. 


FIGURE 6.24 


| Example 5 Solving a System of Inequalities G§e> 


Sketch the region containing all points that satisfy the system of inequalities. 


py S| Inequality 1 
=f y S 1 Inequality 2 
Solution 


As shown in Figure 6.25, the points that satisfy the inequality 
Fe ot | Inequality 1 
are the points lying above (or on) the parabola given by 
bcm oc oan Parabola 
The points satisfying the inequality 
axtty 01 Inequality 2 
are the points lying below (or on) the line given by 
yer 1, Line 


To find the points of intersection of the parabola and the line, solve the system of 
corresponding equations. 


ye Mite i 

aX ey =) | 
Using the method of substitution, you can find the solutions to be (—1, 0) and 
(2, 3), as shown in Figure 6.25. 
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FIGURE 6,27 
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When solving a system of inequalities, you should be aware that the system 
might have no solution or it might be represented by an unbounded region in the 
plane. These two possibilities are shown in Examples 6 and 7. 


Example 6 A System with No Solution 


Sketch the solution set of the system of inequalities. 


Xe yess Inequality 1 
beg h aCe | Inequality 2 
Solution 


From the way the system is written, it is clear that the system has no solution, 
because the quantity (x + y) cannot be both less than —1 and greater than 3. 
Graphically, the inequality x + y > 3 is represented by the half-plane lying 
above the line x + y = 3, and the inequality x + y < —1 is represented by the 
half-plane lying below the line x + y = —1, as shown in Figure 6.26. These two 
half-planes have no points in common. So, the system of inequalities has no 
solution. 


FIGURE 6.26 


Example 7 An Unbounded Solution Set 


Sketch the solution set of the system of inequalities. 


Pratt ai Inequality 1 
Xare2yr ses Inequality 2 
Solution 


The graph of the inequality x + y < 3 is the half-plane that lies below the line 
x + y = 3, as shown in Figure 6.27. The graph of the inequality x + 2y > 3 is 
the half-plane that lies above the line x + 2y = 3. The intersection of these two 


half-planes is an infinite wedge that has a vertex at (3, 0). So, the solution set of 
the system of inequalities is unbounded. 


eee 


_ | Consumer surplus 


Demand curve 
ae 

Equilibrium 

point 


Price 


Number of units 


FIGURE 6.28 


: Supply vs. Demand 


175 F) p = 150 — 0.00001x f~ 


> 150 See ~-s Consumer: 
5 

re 125 eee 

32 Producer 

100 

75 Ge | 

3 

wi 

my | p= 60 + 0.00002x 
3) 

= 2 Yn sess ; 

Qu 


3,000,000 
Number of units 


1,000,000 


FIGURE 6.29 
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Applications 


Example 9 in Section 6.2 discussed the equilibrium point for a system of demand 
and supply functions. The next example discusses two related concepts that econ- 
omists call consumer surplus and producer surplus. As shown in Figure 6.28, the 
consumer surplus is defined as the area of the region that lies below the demand 
curve, above the horizontal line passing through the equilibrium point, and to the 
right of the p-axis. Similarly, the producer surplus is defined as the area of the 
region that lies above the supply curve, below the horizontal line passing through 
the equilibrium point, and to the right of the p-axis. The consumer surplus is a 
measure of the amount that consumers would have been willing to pay above what 
they actually paid, whereas the producer surplus is a measure of the amount that 
producers would have been willing to receive below what they actually received. 


Example 8 Consumer Surplus and Producer Surplus a) 


The demand and supply functions for a new type of calculator are given by 


P= 150 — .0.,00001x 
p= 60 + 0.00002x 


Demand equation 

Supply equation 

where p is the price in dollars and x represents the number of units. Find the 
consumer surplus and producer surplus for these two equations. 

Solution 

Begin by finding the equilibrium point (when supply and demand are equal) by 
solving the equation 


60 + 0.00002x = 150 — 0.00001x. 


In Example 9 in Section 6.2, you saw that the solution is x = 3,000,000 units, 
which corresponds to an equilibrium price of p = $120. So, the consumer surplus 
and producer surplus are the areas of the following triangular regions. 


Consumer Surplus Producer Surplus 


p < 150 — 0.00001x p = 60 + 0.00002x 
p = 120 ps 120 
pee o en () 


In Figure 6.29, you can see that the consumer and producer surpluses are defined 
as the areas of the shaded triangles. 


Consumer _ | 
== ht 
areius Rr ) 
1 
= 3 (3,000,000)(30) = $45,000,000 
Producer _ 1), (height) 
surplus ve 


= 5 (3.000,000}(60) = $90,000,000 


496 


Chapter6 B® Systems of Equations and Inequalities 


Example 9 Nutrition @ Gio> 


The minimum daily requirements from the liquid portion of a diet are 300 
calories, 36 units of vitamin A, and 90 units of vitamin C. A cup of dietary drink 
X provides 60 calories, 12 units of vitamin A, and 10 units of vitamin C. A cup 
of dietary drink Y provides 60 calories, 6 units of vitamin A, and 30 units of 
vitamin C. Set up a system of linear inequalities that describes how many cups of 
each drink should be consumed each day to meet the minimum daily require- 
ments for calories and vitamins. 


Solution 
Begin by letting x and y represent the following. 


x = number of cups of dietary drink X 
y = number of cups of dietary drink Y 


To meet the minimum daily requirements, the following inequalities must be 
satisfied. 


60x + 60y = 300 Calories 
12x 6y= 236 Vitamin A 
LOx ei S0y 7 390. Vitamin C 
ieee IY) 
ye 


The last two inequalities are included because x and y cannot be negative. The 
graph of this system of inequalities is shown in Figure 6.30. (More is said about 
this application in Example 6 in Section 6.5.) 


FIGURE 6.30 


Writing apout matuematics: 


Creating a System of Inequalities Plot the points (0, 0), (4, 0), (3, 2), and (0, 2) ina 
coordinate plane. Draw the quadrilateral that has these four points as its vertices. 
Write a system of linear inequalities that has the quadrilateral as its solution. 
Explain how you found the system of inequalities. 
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6.4 Exercises 
een hes silencer to voltulos oils uiilinsetncss olay ati obadd anlar 


In Exercises 1-12, sketch the graph of the inequality. 30. (—2x + 5y >3 
ix 22 2..% 1S 4 y<4 
3.y>-1 4, y <3 Ax Zy <7 
Da x 6.2) S2e, 4 (a) (0, 2) (b) (—6, 4) 
7. 2y—-x2>4 8. 5x + 3y > —15 (c) (~8, —2) (d) (—3, 2) 
9. (x + 1)? + (y — 2? <9 31. Byecc ye 
ep) 
10. y?>-x <0 Se Seay 
1 15 =15x+24y.> 0 
i. ys 2. yo > as 
eee - ieee (a) (0, 10) (b) (0, —1) 
(c) (2,9) (d) (-1,6) 
iy In Exercises 13-24, use a graphing utility to graph the 32. ( x2 + y? > 36 
inequality. Shade the region representing the solution. aay 0 
13. y < Inx 14. y > 6 — Inv + 5) fx —y> 5 
isy< 3 * 4 16, 9500 i (a) (—1,7) ME eel @) 
17. y>3x-1 18. y < 6 — 3x (c) (6, 0) (d) (4, -8) 
mere eS 20K) + 11 2020207 4 2.66% 
21. 7 + 5y-10 <0 22. 2x? nal 3 > - eee eaneietystenn or eee et a 
aay — 31 — 6 20 At = ey ag 
C 33; Kayes. | 344 | 3554 Dy 26 
In Exercises 25-28, write an inequality for the shaded Ea vace| x > 0 
region shown in the figure. sy aw) y>0O 
25. SS Aree WS 36. (2x2 ye 
Sa A | Dees, 22 
ee Veael 
RY shiar Aye Wie 38.0 = ye — 36 
| Lay Sa 2 [3 5 
PRB Nee ah 6x Sy > 6 
39. 254 y= 2 40. | «=2y=—=6 
27. ie yea) Ee Sr 
4 eye AZ |x y? 0 
( <NVet Ny Sa 
AB et + ys 9 44, [x2 + y? < 25 
ee oe. 
45, (3x e4 2 y- AG kt <e2y ey 
| i yo <0 fF Soe ey) 


In Exercises 29-32, determine which ordered pairs are 
solutions of the system of linear inequalities. 
m2). |x = —4 
ee) (a) (0, 0) (3) (ea o}) 
ya a8 — 3 (jul 450): -@): (=3,.11) 
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ay In Exercises 47-52, use a graphing utility to graph the Supply and Demand In Exercises 63-66, find the 


inequalities. Shade the region representing the solution of consumer surplus and producer surplus for the demand 
the system. and supply equations. 
AT a eo te 48. [ye ne ts Demand Supply 
y 2x2 +1 Yar ate ranier (3 63. p = 50 — 0.5x p = 0.125x 
a } . p = 100 — 0.05 = 25 + OAs 
49. jy <x PO 50 RES Worries 64. p x p 
y > —2x eat ; 65. p = 140 — 0.00002x p = 80 + 0.00001x 
Sele 
xsl ‘i 66. p = 400 — 0.0002x p = 225 + 0.0005x 
Si veces | 
Zr a 67. Production A furniture company can sell all the 
<4 tables and chairs it produces. Each table requires 
4 pares p 1 hour in the assembly center and 13 hours in the 
7 Te finishing center. Each chair requires 15 hours in 
ysa0 the assembly center and 15 hours in the finishing 
as NE Sad 


center. The company’s assembly center is available 
12 hours per day, and its finishing center is available 
15 hours per day. Find and graph a system of 
inequalities describing all possible production levels. 
68. Inventory A store sells two models of computers. 
Because of the demand, the store stocks at least 
twice as many units of model A as of model B. The 
costs to the store for the two models are $800 and 
$1200, respectively. The management does not want 
more than $20,000 in computer inventory at any one 
time, and it wants at least four model A computers 
and two model B computers in inventory at all times. 


In Exercises 53-62, derive a set of inequalities to describe 
the region. 


53. 


ay, y Find and graph a system of inequalities describing 
‘ all possible inventory levels. 
6 69. Investment Analysis A person plans to invest up to 
> $20,000 in two different interest-bearing accounts. 


Each account is to contain at least $5000. Moreover, 
the amount in one account should be at least twice 
the amount in the other account. Find and graph a 
system of inequalities to describe the various 
amounts that can be deposited in each account. 


37. 


70. Ticket Sales For a concert event, there are $30 
reserved seat tickets and $20 general admission 
tickets. There are 2000 reserved seats available, and 
fire regulations limit the number of paid ticket 
holders to 3000. The promoter must take in at least 
$75,000 in ticket sales. Find and graph a system of 
inequalities describing the different numbers of 
tickets that can be sold. 


59. Rectangle: Vertices at (2, 1), (5, 1), (5, 7), (2, 7) 

60. Parallelogram: Vertices at (0, 0), (4, 0), (1, 4), (5, 4) 
61. Triangle: Vertices at (0, 0), (5, 0), (2, 3) 

62. Triangle: Vertices at (— 1, 0), (1, 0), (0, 1) 


71. 


72. 


Shipping A warehouse supervisor is told to ship at 
least 50 packages of gravel that weigh 55 pounds 
each and at least 40 bags of stone that weigh 70 
pounds each. The maximum weight capacity in the 
truck he is loading is 7500 pounds. Find and graph a 
system of inequalities describing the numbers of 
bags of stone and gravel that he can send. 


Nutrition A dietitian is asked to design a special 
dietary supplement using two different foods. Each 
ounce of food X contains 20 units of calcium, 15 
units of iron, and 10 units of vitamin B. Each ounce 
of food Y contains 10 units of calcium, 10 units of 
iron, and 20 units of vitamin B. The minimum daily 
requirements of the diet are 300 units of calcium, 150 
units of iron, and 200 units of vitamin B. Find and 
graph a system of inequalities describing the different 
amounts of food X and food Y that can be used. 


> Model It 


73. Data Analysis The table shows the numbers y 
of electric-powered vehicles in the United States | 
for the years 1996 through 2000. (Source: U.S. | 


Energy Information Administration) 


~ Vear, t Number of vehicles, y 


(a) Use the regression feature of a graphing 
utility to find a linear model for the data. Let 
t represent the year, with t = 6 correspon- 
ding to 1996. 


(b) The total number of electric-powered vehi- 
cles in the United States during this five-year 
period can be approximated by finding the 
area of the trapezoid bounded by the linear | 
model you found in part (a) and the lines 
y = 0,t = 5.5, andt = 10.5. Use a graphing 
utility to graph this region. 

(c) Use the formula for the area of a trapezoid to 
approximate the total number of electric- 
powered vehicles. 
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74, Physical Fitness Facility An indoor running track 
is to be constructed with a space for body-building 
equipment inside the track (see figure). The track must 
be at least 125 meters long, and the body-building 
space must have an area of at least SOO square meters. 


(a) Find a system of inequalities describing the 
requirements of the facility. 


(b) Graph the system from part (a). 


Synthesis 


True or False? \n Exercises 75 and 76, determine 
whether the statement is true or false. Justify your answer. 


75. The area of the figure defined by the system 


ae) 
6 
5 
=e) 


SS SS Sh 
IV IA IA IV 


is 99 square units. 
76. The graph below shows the solution of the system 


ys 6 
aN ee Ver 0, 
By, engi ease) 


77. Writing Explain the difference between the graphs 
of the inequality x < 4 on the real number line and 
on the rectangular coordinate system. 

78. Think About It After graphing the boundary of an 
inequality in x and y, how do you decide on which 
side of the boundary the solution set of the inequality 
lies? 
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79. Graphical Reasoning Two concentric circles have Review 


radii x and y, where y > x. The area between the 


circles must be at least 10 square units. In Exercises 85-90, find the equation of the line passing 


(a) Find a system of inequalities describing the 
constraints on the circles. 85 
ey (b) Use a graphing utility to graph the system of 87 
inequalities in part (a). Graph the line y = x in 

the same viewing window. 


(c) Identify the graph of the line in relation to the 


boundary of the inequality. Explain its meaning ead 91. 


in the context of the problem. 


80. The graph of the solution of the inequality 
x + 2y < 6 is shown in the figure. Describe how the 
solution set would change for each of the following. 


(ayia 2y. 566 (OR Gey =) 6 


In Exercises 81-84, match the system of inequalities with 
the graph of its solution. [The graphs are labeled (a), (b), (c), 
and (d).] 


(b) 


io) 
os 
(A 
ao 
ee 
7 SS 
SS iS) 
IV IV 
— 
aD 
io) 
> 
aN 
s 
tw 
+ 
<= 
Ss) 
IV 
—_ 
(o> 


92. 


through the two points. 

. (—2, 6), (4, —4) 86. (—8, 0), G,—D) 
» G2 ee) 88. (—3,0), (4, 12) 
89. 
90. 


(3.4, —5.2), (—2.6, 0.8) 
(—4.1, —3.8), (2.9, 8.2) 


Data Analysis The table shows the amount y (in 
trillions of dollars) of personal expenditures for med- 
ical care in the United States for the years 1994 
through 1999. (Source: U.S. Bureau of Economic 
Analysis) 


I, ; 7 i 
i) Year, f Expenditures, y 


(a) Use the regression feature of a graphing utility to 
find a linear model and a quadratic model for the 
data. Let ft represent the year, with t= 4 
corresponding to 1994. 


(b) Use a graphing utility to plot the data and the 
models in the same viewing window. 
(c) How closely do the models represent the data? 


Compound Interest Determine the amount after 5 
years if $4000 is invested in an account earning 6% 
interest compounded monthly. 


(d) y 
A In Exercises 93-96, evaluate the function at the indicated 
ap value of x. Round your result to three decimal places. 
\ Function Value 
{$—» x 
~6 933 fix) 27" x = 3.99 
me 94. f(x) = 1.5 x= 37 
95. fx) =e x= — 
82. (x2 + y? < 16 96. f(x) =e x= /13 
Myvi 
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What you should learn 


* How to solve linear 
programming problems 

* How to use linear programming 
to model and solve real-life . 
problems 


Why you should learn it 


Linear programming is often use- 
ful in making real-life economic 
decisions. For example, Exercise 
35 on page 508 shows how a 
merchant can use linear 
programming to analyze the 


profitability of two models of 


compact disc players. 
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Linear Programming 


Linear Programming: A Graphical Approach 


Many applications in business and economics involve a process called 
optimization, in which you are asked to find the minimum or maximum of a 
quantity. In this section you will study an optimization strategy called linear 
programming. 

A two-dimensional linear programming problem consists of a linear 
objective function and a system of linear inequalities called constraints. The 
objective function gives the quantity that is to be maximized (or minimized), and 
the constraints determine the set of feasible solutions. For example, suppose you 
are asked to maximize the value of 


Z = ax + by Objective function 


subject to a set of constraints that determines the shaded region in Figure 6.31. 


Feasible 
solutions 


FIGURE 6.31 


Because every point in the shaded region satisfies each constraint, it is not clear 
how you should find the point that yields a maximum value of z. Fortunately, it 
can be shown that if there is an optimal solution, it must occur at one of the 
vertices. This means that you can find the maximum value of z by testing z at each 
of the vertices. 


Optimal Solution of a Linear Programming Problem 


If a linear programming problem has a solution, it must occur at a vertex of 
the set of feasible solutions. If there is more than one solution, at least one 
of them must occur at such a vertex. In either case, the value of the objective 
function is unique. 


Some guidelines for solving a linear programming problem in two variables are 
listed at the top of the next page. 
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FIGURE 6.33 
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Solving a Linear Programming Problem 


1. Sketch the region corresponding to the system of constraints. (The points 
inside or on the boundary of the region are feasible solutions.) 


2. Find the vertices of the region. 


3. Test the objective function at each of the vertices and select the values of 
the variables that optimize the objective function. For a bounded region, 
both a minimum and a maximum value will exist. (For an unbounded 
region, if an optimal solution exists, it will occur at a vertex.) 


| Example 1 Solving a Linear Programming Problem o> 


Find the maximum value of 


z= 3x + 2y Objective function 


subject to the following constraints. 


x 2 
> 
eas Constraints 
xi yi 4 
Xt yess 
Solution 


The constraints form the region shown in Figure 6.32. At the four vertices of this 
region, the objective function has the following values. 


At (0,0): z= 3(0) + 2(0) =0 
At (1,0): z= 3(1) + 2(0) =3 
AGA)" z= 3(2) +20) S38 Maximum value of z 
AtL(Or2)= 2 =SO0) 2Q)=A4 


So, the maximum value of z is 8, and this occurs when x = 2 and y=1. 


LL LLCO 


In Example 1, try testing some of the interior points in the region. You will 
see that the corresponding values of z are less than 8. Here are some examples. 


At(1,1): 2=3()+20)=5 aAt(3): z= 3()) 4+ 2) =2 


To see why the maximum value of the objective function in Example | must 
occur at a vertex, consider writing the objective function in slope-intercept form 


3 % 
y= Ty UF > Family of lines 


where z/2 is the y-intercept of the objective function. This equation represents a 
family of lines, each of slope —}. Of these infinitely many lines, you want the one 
that has the largest z-value while still intersecting the region determined by the 
constraints. In other words, of all the lines whose slope is = you want the one 
that has the largest y-intercept and intersects the given region, as shown in Figure 


6.33. From the graph you can see that such a line will pass through one (or more) 
of the vertices of the region. 


=e 


Edward W. Souza/News Service/Stanford University 


FIGURE 6.34 


Historical Note 


George Dantzig (1914- ) was 
the first to propose the simplex 
method, or linear programming, in 
1947. This technique defined the 
steps needed to find the optimal 
solution to a complex multivari- 
able problem. 
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The next example shows that the same basic procedure can be used to solve 
a problem in which the objective function is to be minimized. 


| Example 2 Minimizing an Objective Function 


Find the minimum value of 

z= 5x + Ty Objective function 
where x = 0 and y 2 0, subject to the following constraints. 

2X OY > 6 

3x => ys 
se a li satel 
Dy nT, 


Constraints 


Solution 


The region bounded by the constraints is shown in Figure 6.34. By testing the 
objective function at each vertex, you obtain the following. 


At (0,2): 2 = 510). 72) —14 Minimum value of z 
At (0,4): z= 5(0) + 7(4) = 28 
At (1,5): z= 5(1) + 7(5) = 40 
At (6, 3): z= 5(6) + 7(3) = 51 
At (5,0): <¢ = 5(5) +°7(0) = 25 
At (3,0): z= 5(3) + 7(0) = 15 


NAN 


So, the minimum value of z is 14, and this occurs when x = 0 and y = 2. 


| Example 3. Maximizing an Objective Function @§e> 


Find the maximum value of 


zZ=5x + Ty Objective function 


where x = 0 and y = 0, subject to the following constraints. 


Zt y 20 
Shiga) EtelS 
Constraints 
oo a Aaa ee 
DN ed Via od, 
Solution 


This linear programming problem is identical to that given in Example 2 above, 
except that the objective function is maximized instead of minimized. Using the 
values of z at the vertices shown above, you can conclude that the maximum value 
of 


z = 5(6) + 7(3) = 51 


occurs when x = 6 and y = 3. 


FIGURE 6.35 


FIGURE 6.36 
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z= 12 for any 
point along 
this line. 


It is possible for the maximum (or minimum) value in a linear programming 
problem to occur at two different vertices. For instance, at the vertices of the 
region shown in Figure 6.35, the objective function 


z= 2x+ 2y Objective function 
has the following values. 


At (0,0): z= 2(0) + 2(0) = 0 

At (0,4): z= 2(0) + 244) = 8 

AtQ}4)02 = 22) 24) = 12 Maximum value of z 
AtG; 1): z=26) + 20) = 12 Maximum value of z 
At (5,0): z= 2(5) + 2(0) = 10 


In this case, you can conclude that the objective function has a maximum value 
not only at the vertices (2, 4) and (5, 1); it also has a maximum value (of 12) at 
any point on the line segment connecting these two vertices. Note that the 
objective function in slope-intercept form y = —x + $z has the same slope as the 
line through the vertices (2, 4) and (5, 1). 

Some linear programming problems have no optimal solutions. This can 
occur if the region determined by the constraints is unbounded. Example 4 
illustrates such a problem. 


Serica An Unbounded Region Gas > 


Find the maximum value of 
z= 4x+ 2y Objective function 


where x = 0 and y = 0, subject to the following constraints. 


x+y 24 
Gye. ayers i Constraints 
= e2yese 
Solution 


The region determined by the constraints is shown in Figure 6.36. For this 
unbounded region, there is no maximum value of z. To see this, note that the point 
(x, 0) lies in the region for all values of x > 4. Substituting this point into the 
objective function, you get 


z= A(x) + 210) = 4x. 
By choosing x to be large, you can obtain values of z that are as large as you want. 
So, there is no maximum value of z. 
TREE a ee eG Se 


Although the objective function in Example 4 has no maximum, there is a 
minimum value of z. 


At 4)s 2 = 40) 242 
At(2. 1s 22 = 42) 21) 10 Minimum value of z 
At (4,0): z= 4(4) + 2(0) = 16 


So, the minimum value of z is 10, and this occurs when x =2andy=1. 


Boxes of chocolate 
covered nuts 


FIGURE 6.37 


Maximum Profit 


(800, 400) 


400 800 1200 
Boxes of chocolate 
covered creams 
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Applications 


Example 5 shows how linear programming can be used to find the maximum 
profit in a business application. 


| Example 5 Maximum Profit 3 Grito > 


A candy manufacturer wants to maximize the profit for two types of boxed 
chocolates. A box of chocolate covered creams yields a profit of $1.50 per box, 
and a box of chocolate covered nuts yields a profit of $2.00 per box. Market tests 
and available resources have indicated the following constraints. 

1. The combined production level should not exceed 1200 boxes per month. 


2. The demand for a box of chocolate covered nuts is no more than half the 
demand for a box of chocolate covered creams. 


3. The production level of a box of chocolate covered creams should be less than 
or equal to 600 boxes plus three times the production level of a box of chocolate 
covered nuts. 


Solution 


Let x be the number of boxes of chocolate covered creams and let y be the number 
of boxes of chocolate covered nuts. So, the objective function (for the combined 
profit) is given by 


P= 15x + 2y. Objective function 
The three constraints translate into the following linear inequalities. 
1.x+y < 1200 > j.«+ ys 1200 
2. ys bx [> -x+2y< 0 
3. x<600+3y => x-3ys 600 


Because neither x nor y can be negative, you also have the two additional 
constraints of x > 0 and y = 0. Figure 6.37 shows the region determined by the 
constraints. To find the maximum profit, test the values of P at the vertices of the 
region. 


At (0, 0): P = 1.5(0) + 2(0) = 0 

At (800, 400): P = 1.5(800) + 2(400) = 2000 Maximum profit 
At (1050, 150): P = 1.5(1050) + 2(150) = 1875 
At (600, 0): P = 1.5(600) + 2(0) = 900 


So, the maximum profit is $2000, and it occurs when the monthly production 
consists of 800 boxes of chocolate covered creams and 400 boxes of chocolate 
covered nuts. 


In Example 5, the manufacturer improved the production of chocolate covered 
creams so that it yielded a profit of $2.50 per unit. The maximum profit can then 
be found using the objective function P = 2.5x + 2y. By testing the values of P 
at the vertices of the region, you find the maximum profit is $2925 and that it now 
occurs when x = 1050 and y = 150. 
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Example 6 Minimum Cost 3 Kio > 


The minimum daily requirements from the liquid portion of a diet are 300 
calories, 36 units of vitamin A, and 90 units of vitamin C. A cup of dietary drink 
X costs $0.12 and provides 60 calories, 12 units of vitamin A, and 10 units of 
vitamin C. A cup of dietary drink Y costs $0.15 and provides 60 calories, 6 units 
of vitamin A, and 30 units of vitamin C. How many cups of each drink should be 
consumed each day to minimize the cost and still meet the daily requirements? 


Solution 


As in Example 9 on page 496, let x be the number of cups of dietary drink X and 
let y be the number of cups of dietary drink Y. 


For calories: 60x + 60y = 300 
For vitamin A: 12x + 6y = 36 
For vitamin C: 10x + 30y => 90 Constraints 
eg 1) 
ye 0 
The cost C is given byC = 0.12x + 0.15y. Objective function 


The graph of the region corresponding to the constraints is shown in Figure 6.38. 
FIGURE 6.38 To determine the minimum cost, test C at each vertex of the region. 


At (0,6): C= 0.12(0) + 0.15(6) = 0.90 
At (1, 4): C= 0.12(1)-+.0.15(4) = 0.72 
At (3, 2): C = 0.12() + 0.15(2) = 0.66 Minimum value of C 
At (9,0): C= 0.12(9) + 0.15(0) = 1.08 


So, the minimum cost is $0.66 per day, and this occurs when three cups of drink 
X and two cups of drink Y are consumed each day. 


Creating a Linear Programming Problem Sketch the region determined by the 
following constraints. 
Xe 2a 
Xe Vase 
x20 


y>0 


Constraints 


Find, if possible, an objective function of the form z = ax + by that has a maxi- 
mum at the indicated vertex of the region. 


a. (0, 4) ba(243) 
¢a(5;10) d. (0,0) 


Explain how you found each objective function. 


6.5 Exercises 
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In Exercises 1-12, find the minimum and maximum values 
of the objective function and where they occur, subject to 
the indicated constraints. (For each exercise, the graph of 
the region determined by the constraints is provided.) 


i: 


Objective function: 
z= 4x + 3y 
Constraints: 
ea 
y2>0 
Vie 


1026 45.6 


. Objective function: 


z= 3x + 8y 
Constraints: 
(See Exercise 1.) 


. Objective function: 


“i=. 3x + Qy 
Constraints: 
sp ce AV 


. Objective function: 


z= 5x + 0.5y 


Constraints: 
(See Exercise 5.) 


2. Objective function: 


z= 2x + By 
Constraints: 
x1270 
y20 
2X ys 4 


. Objective function: 


Z= 7x + 3y 


Constraints: 
(See Exercise 2.) 


. Objective function: 


z=4x+ 5y 
Constraints: 

vee 
PI es PP ONE 
3 ise i Vins 29. 
x+4y < 16 


8. Objective function: 


z=2x+y 
Constraints: 
(See Exercise 6.) 


9. Objective function: 10. Objective function: 
z= 10x + Ty zZ = 25x + 35y 
Constraints: Constraints: 

Oses CO ee 0 
Orssyisinas y2 0 
5x + 6y s 420 8x + 9y < 7200 
8x + 9y = 3600 


400450, 0) 


20 40 60 
11. Objective function: 12. Objective function: 
z = 25x + 30y z= 15x + 20y 
Constraints: Constraints: 
(See Exercise 9.) (See Exercise 10.) 


In Exercises 13-20, sketch the region determined by the 
constraints. Then find the minimum and maximum values 
of the objective function and where they occur, subject to 
the indicated constraints. 


13. Objective function: 14. Objective function: 
z= 6x + 10y z= 7x + 8y 
Constraints: Constraints: 

x2 0 ee 0 
vaee 0 y20 
2x + 5y < 10 x+jy<4 

15. Objective function: 16. Objective function: 
z= 9x + 24y LeaIX ALY 
Constraints: Constraints: 

(See Exercise 13.) (See Exercise 14.) 

17. Objective function: 18. Objective function: 
z= 4x + Sy z= 4x + Sy 
Constraints: Constraints: 

2 Y ore () 
vee yey 0 
ope pyran Me) 2x 2y.s 10 


30 ey 6 


1S) 
s 
Me 
Nn 
NS 
IV 
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19. Objective function: 20. Objective function: 
z= 2x + Ty 
Constraints: 
(See Exercise 17.) 


Ye ie — 
Constraints: 
(See Exercise 18.) 


Z In Exercises 21-24, use a graphing utility to graph the 
region determined by the constraints. Then find the 
minimum and maximum values of the objective function 
and where they occur, subject to the constraints. 


21. Objective function: 22. Objective function: 


z=4cxt+y B= 3 
Constraints: Constraints: 
veal 6 pear tli) 
yee .0 ya 0 
way S40 2S TOY S160. 
2 sya 12 DXtE RY S028 
4x ey s.48 
23. Objective function: 24. Objective function: 
Ziaex ty, a, 
Constraints: Constraints: 


(See Exercise 21.) (See Exercise 22.) 


In Exercises 25-28, find the maximum value of the objective 
function and where it occurs, subject to the constraints 
x20, y20, 3x + y < 15, and 4x + 3y < 30. 


DS Oxy 
27. =k 


26. z= S5x+y 
28. z= 3x+y 


In Exercises 29-32, find the maximum value of the objective 
function and where it occurs, subject to the 
constraints x > 0, y > 0, x + 4y < 20, x +y< 18, and 
2x + 2y < 21. 

29. z=x + Sy 


31. z = 4x + 5y 


30. z = 2x + 4y 
32.z=4x+y 


33. Maximum Profit A manufacturer produces two 
models of bicycles. The times (in hours) required for 
assembling, painting, and packaging each model are 
shown in the table. 


Hours, 


Hours, 
_ model A model B 
Assembling 2 25 


4 1 
0.75 


Painting 


Packaging 


The total times available for assembling, painting, 
and packaging are 4000 hours, 4800 hours, and 1500 
hours, respectively. The profits per unit are $45 for 
model A and $50 for model B. How many of each 
type should be produced to maximize profit? What is 
the maximum profit? 


34. Maximum Profit A manufacturer produces two 
models of bicycles. The times (in hours) required for 
assembling, painting, and packaging each model are 
shown in the table. 


Hours, 
model B 


Hours, 


model A 


Assembling 25 


Painting 


Packaging 


The total times available for assembling, painting, 
and packaging are 4000 hours, 2500 hours, and 1500 
hours, respectively. The profits per unit are $50 for 
model A and $52 for model B. How many of each 
type should be produced to maximize profit? What is 
the maximum profit? 


> Model It 


35. Maximum Profit A merchant plans to sell two 
models of compact disc players at costs of $150 
and $200. The $150 model yields a profit of $25 
per unit and the $200 model yields a profit of $40 
per unit. The merchant estimates that the total 
monthly demand will not exceed 250 units. The 
merchant does not want to invest more than 
$40,000 in inventory for these products. 


(a) Write an objective function that models the 
profit for the compact disc players. 


(b) Determine the constraints for the objective 
function. 


(c) Sketch a graph of the region determined by 
the constraints from part (b). 


(d) Find the number of units of each model that 
should be stocked in order to maximize profit. 


(e) What is the maximum profit? 


| 


36. Maximum Profit A fruit grower has 150 acres of 


sf 


38. 


“Ee 


40. 


land available to raise two crops, A and B. It takes 
1 day to trim an acre of crop A and 2 days to trim an 
acre of crop B, and there are 240 days per year avail- 
able for trimming. It takes 0.3 day to pick an acre of 
crop A and 0.1 day to pick an acre of crop B, and 
there are 30 days available for picking. The profit is 
$140 per acre for crop A and $235 per acre for crop 
B. Find the number of acres of each fruit that should 
be planted to maximize profit. What is the maximum 
profit? 


Minimum Cost A farming cooperative mixes two 
brands of cattle feed. Brand X costs $25 per bag and 
contains two units of nutritional element A, two units 
of element B, and two units of element C. Brand Y 
costs $20 per bag and contains one unit of nutritional 
element A, nine units of element B, and three units of 
element C. The minimum requirements of nutrients 
A, B, and C are 12 units, 36 units, and 24 units, 
respectively. Find the number of bags of each brand 
that should be mixed to produce a mixture having a 
minimum cost. What is the minimum cost? 


Minimum Cost Two gasolines, type A and type B, 
have octane ratings of 87 and 93, respectively. Type 
A costs $1.13 per gallon and type B costs $1.28 per 
gallon. Determine the blend of minimum cost with 
an octane rating of at least 89. What is the minimum 
cost? Is the cost cheaper than the advertised cost of 
$1.20 per gallon for gasoline with an octane rating of 
89? (Hint: Let x be the fraction of each gallon that 
is type A and let y be the fraction that is type B.) 


Maximum Revenue An accounting firm has 800 
hours of staff time and 96 hours of reviewing time 
available each week. The firm charges $2000 for an 
audit and $300 for a tax return. Each audit requires 
100 hours of staff time and 8 hours of review time. 
Each tax return requires 12.5 hours of staff time and 
2 hours of review time. What numbers of audits and 
tax returns will yield the maximum revenue? What is 
the maximum revenue? 


Maximum Revenue The accounting firm in 
Exercise 39 lowers its charge for an audit to $1000. 
What numbers of audits and tax returns will yield the 
maximum revenue? What is the maximum revenue? 


41. Investment Portfolio An investor has up to 


$250,000 to invest in two types of investments. Type 
A pays 8% annually and type B pays 10% annually. 
To have a well-balanced portfolio, the investor 
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imposes the following conditions. At least one-fourth 
of the total portfolio is to be allocated to type A 
investments and at least one-fourth of the portfolio is 
to be allocated to type B investments. How much 
should be allocated to each type of investment to 
obtain a maximum return? 


42. Investment Portfolio An investor has up to 


$450,000 to invest in two types of investments. Type 
A pays 6% annually and type B pays 10% annually. 
To have a well-balanced portfolio, the investor 
imposes the following conditions. At least one-half 
of the total portfolio is to be allocated to type A 
investments and at least one-fourth of the portfolio is 
to be allocated to type B investments. How much 
should be allocated to each type of investment to 
obtain a maximum return? 


In Exercises 43-48, the linear programming problem has an 
unusual characteristic. Sketch a graph of the solution 
region for the problem and describe the unusual character- 
istic. Find the maximum value of the objective function and 
where it occurs. 


43. 


45. 


47. 


Objective function: 44. Objective function: 


Z= 250+ y Z=Exry 
Constraints: Constraints: 
wee nO 2-0 
y= 0 ea 
oka oy 15 =X Vise 
Stites 10 =H yes -4 
Objective function: 46. Objective function: 
C= =x Dy Z=— XY 
Constraints: Constraints: 
vie 0 gers 18) 
mee AY) y20 
er 0) it Ve S20) 
Naty Se of ee teers 5) 
Objective function: 48. Objective function: 
z= 3x + 4y Gas XY 
Constraints: Constraints: 
Aen Geel) 
y20 y20 
Mayers al x+2y<4 
2xt+ty<4 2X yd 
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Synthesis 


True or False? \n Exercises 49 and 50, determine 
whether the statement is true or false. Justify your answer. 


49. If an objective function has a maximum value at the 
vertices (4, 7) and (8,3), you can conclude that it 
also has a maximum value at the points (4.5, 6.5) and 
ES, .2). 

50. When solving a linear programming problem, if the 
objective function has a maximum value at more 
than one vertex, you can assume that there are an 
infinite number of points that will produce the 
maximum value. 


In Exercises 51 and 52, determine values of t such that the 
objective function has maximum values at the indicated 
vertices. 


Review 


In Exercises 57-60, simplify the compound fraction. 


51. Objective function: 


52. Objective function: 


La ONLY z= 3x + ty 
Constraints: Constraints: 
Kees al) parent) 
ye) 0 y20 
Lats S 15 x+2y<s4 
ZOE PAKS) ie oy KS 
(a) (0, 5) (a) (2, 1) 
(b) (3, 4) (b) (0, 2) 


( 4 ys ( 1 *) 
+ += 
Re ene 4 te diene 
oS ee 0S 
exec) Foevres) 
+ po +s 
e355 3h 3 2x? + Axe 
In Exercises 61-66, identify the conic and sketch its graph. 
61. y? = 6x 62. 3x7 --4=y 
x2 y? y? x2 
Re S ji 
is 9 49 ; . 16 169 ; 
(e+ 5)? y? | 
65. itr daa 1 
(x<— 37" (y= 6) 
—— SS 
66 Zs 36 : 


Think About It \n Exercises 53-56, find an objective 
function that has a maximum or minimum value at the 
indicated vertex of the constraint region shown below. 
(There are many correct answers.) 


53. The maximum occurs at vertex A. 
54. The maximum occurs at vertex B. 
55. The maximum occurs at vertex C. 


56. The minimum occurs at vertex C. 


In Exercises 67-72, solve the equation algebraically. Round 
the result to three decimal places. 


67. e% + 2e* - 15 =0 
68. e* — 10e* + 24=0 
69. 8(62 — e*/4) = 192 


150 
70. Se 75 
MA Wily sso = iY 


72. lino Q) a) 
In Exercises 73 and 74, solve the system of linear equations 
and check any solution algebraically. 


ISS | =X 32) 323 
2d IOV nT, 


Sy sho 8 

14.0 | 13 syed 8 
4x + 4z= —-16 
(ere DA ee 0 
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> What did you learn? 


Section 6.1 
C1) How to use the method of substitution to solve systems of equations 
in two variables 


C) How to use a graphical approach to solve systems of equations in two variables 
L} How to use systems of equations to model and solve real-life problems 


Section 6.2 
LJ How to use the method of elimination to solve systems of linear equations in 
two variables 


(1) How to interpret graphically the numbers of solutions of systems of linear 
equations in two variables 


L) How to use systems of equations in two variables to model and solve real-life 
problems 


Section 6.3 
1 How to recognize linear systems in row-echelon form and use back-substitution 
to solve the systems 


1 How to use Gaussian elimination to solve systems of linear equations 
1 How to solve nonsquare systems of linear equations 


OX How to use systems of linear equations in three or more variables to model and 
solve application problems 


Section 6.4 
O How to sketch the graphs of inequalities in two variables 


O How to solve systems of inequalities 


1 How to use systems of inequalities in two variables to model and solve real-life 
problems 


Section 6.5 
OC How to solve linear programming problems 


1 How to use linear programming to model and solve real-life problems 


Review Exercises 
1-4 


5-10 
11-14 


15-22 
23-26 


27,28 


29,30 


31-34 
35,36 
37-48 


49-52 
53-60 
61-64 


65-70 
71-74 
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Review Exercises 


6.1 | In Exercises 1-4, solve the system by the method of 
substitution. 


1. (x? = 7 =9 2. [x2 + y? = 169 
hes (ae 39 
32 | y= 2x7 4, (x=y+3 


In Exercises 5-8, solve the system graphically. 


5. (2x - y= 10 ee 
(th aes x+y=0 
Valve 2x7 — 4 8. [y = 2(6 — x) 
ies ie ND ae ie 


cs In Exercises 9 and 10, use a graphing utility to solve the sys- 


tem of equations. Find the solution accurate to two decimal 
places. 


9. y = —2e-* 10. f = In(x — 1) — 3 
p) 


e~+y=0 y=4-3x 


11. Break-Even Analysis You set up a business and 
make an initial investment of $50,000. The unit cost 


of the product is $2.15 and the selling price is $6.95. 
How many units must you sell to break even? 


12. Choice of Two Jobs You are offered two sales jobs. 
One company offers an annual salary of $22,500 
plus a year-end bonus of 1.5% of your total sales. 
The other company offers an annual salary of 
$20,000 plus a year-end bonus of 2% of your total 
sales. What amount of sales will make the second 
offer better? Explain. 


13. Geometry The perimeter of a rectangle is 480 
meters and its length is 150% of its width. Find the 
dimensions of the rectangle. 


14. Geometry The perimeter of a rectangle is 68 feet 
and its width is g times its length. Find the dimensions 
of the rectangle. 


6.2 | In Exercises 15-22, solve the system by elimination. 
eh Pye =) 16. (40x + 30y = 24 
ls + 8y = 39 ee — 50y = —-14 
17. pe + 0.3y = 0.14 18. (12x + 42y = —17 
(0.4x% + 0.5y = 0.20 le — 18y= 19 


19. 3x -—2y= 0 20. Tx + 12y = 63 
ee cn steak Heedinss = 

21) NL 23xe y= 22. | U5x +25) =e 
5x — 8y = 14 a aa 


In Exercises 23-26, match the system of linear equations 
with its graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) y (b) 


(c) 


4 
2 
x 
6 
= 
23. |x + Sy =4 24. |-3x+ y=—-T 
Sy "6 Ox — 3y =s004 
25. BX yaa] 26.125 = ye 
—6x% 42y=8 ey et 


Supply and Demand In Exercises 27 and 28, find the 
equilibrium point. 
Demand Function 
27. p = 37 — 0.0002x 
28. p = 120 — 0.0001x 


Supply Function 
p = 22 + 0.00001x 
p = 45 + 0.0002x 


6.3 | In Exercises 29 and 30, use back-substitution to solve 
the system. 

29.) |= aye = 2385 30: x Ty 8z = ees 

ae RS werd ot 1) y > 9e = 35 

L= 2, =i eee 


| 
n 


In Exercises 31-34, use Gaussian elimination to solve the 
system of equations. 


31. xo 2y+ oc = 4 
SON Vey OCs ma 


4x + 2z= 16 
exe Sy 02 = 1370133. HALA es HG 
2x 02 S23 2x = "Sy =-—7 
Ax ime 14 ies 32) 11 
4. | 2x teohOzs_ 9 


Sx ey te Ld z=2=— 16 
Meee ve eZ — — Tt) 


In Exercises 35 and 36, solve the nonsquare system of 
equations. 


BS. fox — 12y + 7z = 16- 36. |2x + Sy — 19z = 34 
ax Jyar 4z— 9 3x + OY — 312 — 94 
In Exercises 37 and 38, find the equation of the parabola 


y = ax? + bx + c that passes through the points. Use a 
graphing utility to verify your result. 


pi. 


In Exercises 39 and 40, find the equation of the circle 
x2 + y2+ Dx +£Ey+F=0 that passes through the 
points. Use a graphing utility to verify your result. 


In Exercises 41-44, write the partial fraction decomposition 
of the rational expression. 


Ak = 3% A B 
= Se ee aE 
ee: e+6xt+8 «+4 xt+2 
A B 
42, =~. - 4, + 


1-9, 43 x =-3 
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38 A B 
43. = 
xo Bx DET x 2 
2 
44, ad Z Z 


= + 
xe>+2x-15 x+5 x-3 


45. Data Analysis The table shows the numbers y (in 
thousands) of DVD players sold in the United States 
for the years 1998 through 2000. (Source: 
Electronics Industries Association) 


DVD players sold, y 
1998 al. 1079 | 
1999 4072 


2000 8258 
(a) Use the technique demonstrated in Exercises 
67-70 in Section 6.3 to find a least squares 
regression parabola that models the data. Let x 


represent the year, with x = 8 corresponding to 
1998. 


& (b) Use a graphing utility to graph the parabola and 
the data in the same viewing window. How well 
does the model fit the data? 


(c) Use the model to estimate the number of DVD 
players sold in 2005. Does your answer seem 
reasonable? 


46. Agriculture A mixture of 6 gallons of chemical A, 
8 gallons of chemical B, and 13 gallons of chemical 
C is required to kill a destructive crop insect. 
Commercial spray X contains 1, 2, and 2 parts, 
respectively, of these chemicals. Commercial spray 
Y contains only chemical C. Commercial spray Z 
contains chemicals A, B, and C in equal amounts. 
How much of each type of commercial spray is 
needed to get the desired mixture? 


47. Investment Analysis An inheritance of $40,000 
was divided among three investments yielding $3500 
in interest per year. The interest rates for the three 
investments were 7%, 9%, and 11%. Find the 
amount placed in each investment if the second and 
third were $3000 and $5000 less than the first, 
respectively. 
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48. Vertical Motion An object moving vertically is at 
the given heights at the specified times. Find the 
position equation s = Sat? + Vot + So for the object. 


(a) Att = 1 second, s = 134 feet 
At t = 2 seconds, s = 86 feet 
At t = 3 seconds, s = 6 feet 

(b) Att = 1 second, s = 184 feet 
At t = 2 seconds, s = 116 feet 


At t = 3 seconds, s = 16 feet 


6.4 | In Exercises 49-52, sketch the graph of the 
inequality. 


49. y<5-—4x 50. 3y —x >7 
3 
= 2, a < 
Oley 4x > — St. YS a5 


In Exercises 53-60, sketch a graph and label the vertices of 
the solution set of the system of inequalities. 


Dose yi 2y 2160 S45) 20 - oyecee4 
Sx sys 180 DEES SS 165 
eee 40) se ee 1) 
yee 0) Veo 0 
SSan She ye) 2A. 356. |2x + » 2 16 
ual cert LD, x tsyie 18 
BLS @ Saal) Ones 25 
Vesa Ors yise25 
os Fecal 58. [y < 6 — 2x — x? 
oe eel eee 
Sh ae (Pe ee hy Ps (0) 60. [ ie Soin i ©) 
Ox aay S58 liG@raus \zeeeyene no 
y2=0 


oy In Exercises 61 and 62, determine a system of inequalities 


that models the description. Use a graphing utility to graph 
and shade the solution of the system. 


61. Fruit Distribution A Pennsylvania fruit grower 
has 1500 bushels of apples that are to be divided 
between markets in Harrisburg and Philadelphia. 
These two markets need at least 400 bushels and 600 
bushels, respectively. 


62. Inventory Costs A warehouse operator has 24,000 
square feet of floor space in which to store two 
products. Each unit of product I requires 20 square 
feet of floor space and costs $12 per day to store. 
Each unit of product II requires 30 square feet of 


floor space and costs $8 per day to store. The total 
storage cost per day cannot exceed $12,400. 


Supply and Demand In Exercises 63 and 64, find the 
consumer surplus and producer surplus for the demand 
and supply equations. Sketch the graph of the equations 
and shade the regions representing the consumer surplus 
and producer surplus. 


Supply 
p = 70 + 0.0002x 
p = 30 + 0.0003x 


Demand 
63. p = 160 — 0.0001x 
64. p = 130 — 0.0002x 


6.5 | In Exercises 65-70, sketch the region determined by 
the constraints. Then find the minimum and maximum val- 
ues of the objective function and where they occur, subject 
to the indicated restraints. 


65. Objective function: 66. Objective function: 


Z = 3x + 4y z = 10x + Ty 
Constraints: Constraints: 

ig ea | |) 

R= 0 yee 
2% + Sy = 50 25 Vee 100 
4x + y < 28 Aon aS 

67. Objective function: 68. Objective function: 

C= Sede 25 y z = 50x + 70y 
Constraints: Constraints: 

oO Si 0 

een | y2 0 
Zeus SiS xt 2p, 1500 
Sx ay eras Ri dig mA no es) WU 

69. Objective function: 70. Objective function: 

Z =x" I1y ey 
Constraints: Constraints: 

ema iO) x 220 

Vaz 0 y 20 
Lt SV eselee 6 ay a oy / 
SvisteZy aS REG Payers JA\N) 


71. Maximum Revenue A student is working part time 
as a hairdresser to pay college expenses. The student 
may work no more than 24 hours per week. Haircuts 
cost $25 and require an average of 20 minutes, and 
permanents cost $70 and require an average of 1 
hour and 10 minutes. What combination of haircuts 
and/or permanents will yield a maximum revenue? 
What is the maximum revenue? 


72. Maximum Profit A shoe manufacturer produces a 
walking shoe and a running shoe yielding profits of 
$18 and $24, respectively. Each shoe must go 
through three processes, for which the required times 
per unit are shown in the table. 


Process 


I Il Ill 


Hours for 
Walking Shoe 


Hours for 2 2 1 
Running Shoe 


Hours Available 24 2) 8 
per Day 


Find the daily production level for each shoe to 
maximize the profit. What is the maximum profit? 


73. Minimum Cost A pet supply company mixes two 
brands of dry dog food. Brand X costs $15 per bag 
and contains eight units of nutritional element A, one 
unit of nutritional element B, and two units of 
nutritional element C. Brand Y costs $30 per bag and 
contains two units of nutritional element A, one unit 
of nutritional element B, and seven units of 
nutritional element C. Each bag of mixed dog food 
must contain at least 16 units, 5 units, and 20 units of 
nutritional elements A, B, and C, respectively. Find 
the numbers of bags of brands X and Y that should 
be mixed to produce a mixture meeting the minimum 
nutritional requirements and having a minimum cost. 
What is the minimum cost? 


74, Minimum Cost Two gasolines, type A and type B, 
have octane ratings of 87 and 92, respectively. Type 
A costs $1.25 per gallon and type B costs $1.55 per 
gallon. Determine the blend of minimum cost with 
an octane rating of at least 89. What is the minimum 
cost? (Hint: Let x be the fraction of each gallon that 
is type A and let y be the fraction that is type B.) 


Process. Precess 
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® Review Exercises 
Synthesis 


True or False? \n Exercises 75 and 76, determine 
whether the statement is true or false. Justify your answer. 


75. The system 


Ves 
yeete2 
y2 x - 9 
y > —4x + 26 


represents the region covered by an isosceles 
trapezoid. 


76. It is possible for an objective function of a linear 
programming problem to have exactly 10 maximum 
value points. 


In Exercises 77-80, find a system of linear equations having 
the ordered pair as a solution. (There is more than one 
correct answer.) 


77. (—6, 8) 
78. (5, —4) 
79. (4,3) 

80. (—1,3) 


In Exercises 81- 84, find a system of linear equations having 

the ordered triple as a solution. (There is more than one 

correct answer.) 

$1. (4, —1, 3) 

82 eon) 

83. (5, 3,2) 

84. (3, 2,8) 

85. Writing Explain what is meant by an inconsistent 
system of linear equations. 


86. How can you tell graphically that a system of linear 
equations in two variables has no solution? Give an 
example. 

87. Writing Write a brief paragraph describing any 
advantages of substitution over the graphical method 
of solving a system of equations. 
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Chapter Test 


Take this test as you would take a test in class. When you are finished, check your 


Stee ute! work against the answers given in the back of the book. 


versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 


of which have randomly generated In Exercises 1-3, solve the system by the method of substitution. 
exercises with diagnostic capabilities. 
‘ 1S ey Ss = 7 “a eee ola wag 
4x + 5y= 8 y=G-— 1) x-y=4 


In Exercises 4-6, solve the system graphically. 
4. (2x -3y= 0 5. fy =9-— x2 oa y= han 2 
2x + 3y = 12 y=xt+3 ix ly + 1 6 


In Exercises 7-10, solve the linear system by elimination. 


Fol Xa oy say LT $. |25%— y=6 

5x — 4y = -15 3x + 4y=2 
9.7 | ey tld 10. | 8k-4+ 2y See 
ox eee 3 ee A oo 
Share yaa XV See SS 


In Exercises 11-13, sketch the graph and label the vertices of the solution of the 
system of inequalities. 


11 | 20 yas 4 12, |y < -x*+x+4 13-71 os, es 
Dx VSO y>4& eee | 


14. Find the maximum value of the objective function z = 20x + 12y and 
where it occurs, subject to the following constraints. 


Constraints 


15. A total of $50,000 is invested in two funds paying 8% and 8.5% simple 
interest. The yearly interest is $4150. How much is invested at each rate? 


— —- ee 16. Find the equation of the Darabols y= ax? + bx +c passing through the 
Model | Model points (0, 6), (—2, 2), and (3, 3), 

ee I itd 17. A manufacturer produces two types of television stands. The amounts of time 

| Assembling 0.5 if 0.75 for assembling, staining, and packaging the two models are shown in the 


table at the left. The total amounts of time available for assembling, staining, 
Z and packaging are 4000, 8950, and 2650 hours, respectively. The profits per 
Packaging | ne | 05 unit are $30 (model I) and $40 (model II). How many of each model should 
za be produced to maximize the profit? What is the maximum profit? 


Staining 2.0 LS) 
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Proofs in Mathematics 


An indirect proof can be useful in proving statements of the form “p implies gq.” 
Recall that the conditional statement p—q is false only when p is true and q is 
false. To prove a conditional statement indirectly, assume that p is true and q is 
false. If this assumption leads to an impossibility, then you have proved that the 
conditional statement is true. An indirect proof is also called a proof by 
contradiction. 

You can use an indirect proof to prove the conditional statement, “If a is a 
positive integer and a? is divisible by 2, then a is divisible by 2,” as follows. 
Assume that p, “a is a positive integer and a? is divisible by 2,” is true and gq, “a 
is divisible by 2,” is false. This means that a is not divisible by 2. If so, a is odd 
and can be written as a = 2n + 1, where n is an integer. 


a=2n+1 - Definition of an odd integer 
a* = An? + 4n + 1 Square each side. 
a? = 2(2n? + 2n) + 1 Distributive Property 


So, by the definition of an odd integer, a is odd. This contradicts the assumption, 
and you can conclude that a is divisible by 2. 


Using an Indirect Proof 


Use an indirect proof to prove that ./2 is an irrational number. 


Solution 


Begin by assuming that 2 is not an irrational number. Then /2 can be written 
as the quotient of two integers a and b (b # 0) that have no common factors. 


a 
ay) = b Assume that \/2 is a rational number. 
a 
2= Rp Square each side. 
2b =a" Multiply each side by b?. 


This implies that 2 is a factor of a2. So, 2 is also a factor of a, and a can be written 
as 2c, where c is an integer. 


2b? = (2c)* Substitute 2c for a. 
2b? = 4c? Simplify. 
P= 2c" Divide each side by 2. 


This implies that 2 is a factor of b? and also a factor of b. So, 2 is a factor of both 
a and b. This contradicts the assumption that a and b have no common factors. 
So, you can conclude that ./2 is an irrational number. 


a enna 


1. A theorem from geometry states that if a triangle is 


inscribed in a circle such that one side of the triangle 
is a diameter of the circle, then the triangle is a right 
triangle. Show that this theorem is true for the circle 


x? + y? = 100 
and the triangle formed by the lines 
y=0,y=5x+5,andy= 2 rN. 


. Find k, and k, such that the system of equations has an 
infinite number of solutions. 


3x = Sy. =.8 
2x + ky =k, 


. Consider the following system of linear equations in x 
and y. 


ax + by =e 
cx + dy =f 


Under what conditions will the system have exactly 
one solution? 


- Graph the lines determined by each system of linear 
equations. Then use Gaussian elimination to solve 
each system. At each step of the elimination process, 
graph the corresponding lines. What do you observe? 


(a) i a dy = =—3 (b) 2x = 3y = a 

3x — 6y = 13 —4x + by = -14 
. A system of two equations in two unknowns is solved 
and has a finite number of solutions. Determine the 


maximum number of solutions of the system satisfying 
each condition. 


(a) Both equations are linear. 
(b) One equation is linear and the other is quadratic. 
(c) Both equations are quadratic. 


- In the 2000 presidential election, approximately 
104.779 million voters divided their votes among four 
presidential candidates. George W. Bush received 
537,000 votes less than Al Gore. Ralph Nader and Pat 
Buchanan together received 3.18% of the votes. Write 
and solve a system of equations to find the total num- 
ber of votes cast for each candidate. Let B represent 
the total votes cast for Bush, G the total votes cast for 
Gore, and T the total votes cast for Nader and Buchanan 
together. (Source: Congressional Quarterly) 
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The Vietnam Veterans Memorial (or “The Wall’’) in 
Washington, D.C., was designed by Maya Ying Lin 
when she was a student at Yale University. This mon- 
ument has two vertical, triangular sections of black 
granite with a common side (see figure). The top of 
each section is level with the ground. The bottoms of 
the two sections can be approximately modeled by the 
equations 2x + 50y = —505 and 2x — 50y = 505 
when the x-axis is superimposed on the top of the 
wall. Each unit in the coordinate system represents 1 
foot. How deep is the memorial at the point where 
the two sections meet? How long is each section? 


8. 


10. 


Weights of atoms and molecules are measured in 
atomic mass units (u). A molecule of C,H, (ethane) is 
made up of two carbon atoms and six hydrogen atoms 
and weighs 30.07 u. A molecule of C,H, (propane) is 
made up of three carbon atoms and eight hydrogen 
atoms and weighs 44.097 u. Find the weights of a 
carbon atom and a hydrogen atom. 


. To connect a VCR to a television set, a cable with 


special connectors is required at both ends. You buy 
a six-foot cable for $15.50 and a three-foot cable for 
$10.25. Assuming that the cost of a cable is the sum 
of the cost of the two connectors and the cost of the 
cable itself, what is the cost of a four-foot cable? 
Explain your reasoning. 


A hotel 35 miles from the airport runs a shuttle 
service to and from the airport. The 9:00 a.m. bus 
leaves for the airport traveling at 30 miles per hour. 
The 9:15 A.M. bus leaves for the airport traveling at 
40 miles per hour. Write a system of linear equations 
that represents distance as a function of time for each 
bus. Graph and solve the system. How far from the 
airport will the 9:15 a.m. bus catch up to the 9:00 
A.M. bus? 


11. Solve each system of equations by letting X = 1/x, 
Y= 1/y, and-Z = 1/z. 


(ee eA 
() |=-=- 
x Bs 
eee 
x y 
me 
){ =++- 25 4 
Xx ¥y iz 
4 
<a egs e 
x % 
Pee is 
x y Zz 


12. What values should be given to a, b, and c so that the 
linear system shown has (—1, 2, —3) as its only 


solution? 
x+2y-—3z=a 
ae yor 2b 
26 Syo=-22 ='c 


13. The following system has one solution: x = l, 
y = —l, and z = 2. 


4x — 2y + 5z = 16 Equation 1 
Mey = 0 Equation 2 
—xz— 3y + 2z7= 6 Equation 3 


Solve the system given by (a) Equation 1 and 
Equation 2, (b) Equation 1 and Equation 3, and (c) 
Equation 2 and Equation 3. (d) How many solutions 
does each of these systems have? 


14. Each day, an average adult moose can process about 
~ 32 kilograms of terrestrial vegetation (twigs and 
leaves) and aquatic vegetation. From this food, it 
needs to obtain about 1.9 grams of sodium and 
11,000 calories of energy. Aquatic vegetation has 
about 0.15 gram of sodium per kilogram and about 
193 calories of energy per kilogram, whereas 
terrestrial vegetation has minimal sodium and about 
four times more energy than aquatic vegetation. 
Write and graph a system of inequalities that 
describes the amounts ¢ and a of terrestrial and 
aquatic vegetation, respectively, for the daily diet of 
an average adult moose. (Source: Biology by 
Numbers) 


15. For a healthy person who is 4 feet 10 inches tall, the 
recommended minimum weight is about 91 pounds 
and increases by about 3.7 pounds for each additional 
inch of height. The recommended maximum weight is 
about 119 pounds and increases by about 4.9 pounds 
for each additional inch of height. (Source: Dietary 
Guidelines Advisory Committee) 


(a) Let x be the number of inches by which a per- 
son’s height exceeds 4 feet 10 inches and let y be 
the person’s weight in pounds. Write a system of 
inequalities that describes the possible values of 
x and y for a healthy person. 

kad (b) Use a graphing utility to graph the system of 
inequalities from part (a). 

(c) What is the recommended weight range for 

someone 6 feet tall? 


16. The cholesterol in human blood is necessary, but too 
much cholesterol can lead to health problems. A 
blood cholesterol test gives three readings: LDL 
“bad” cholesterol, HDL “good” cholesterol, and total 
cholesterol (LDL + HDL). It is recommended that 
your LDL cholesterol level be less than 130 mil- 
ligrams per deciliter, your HDL cholesterol level be 
at least 35 milligrams per deciliter, and your total 
cholesterol level be no more than 200 milligrams per 
deciliter. (Source: WebMD, Inc.) 


(a) Write a system of linear inequalities for the 
recommended cholesterol levels. Let x represent 
HDL cholesterol and let y represent LDL 
cholesterol. 


(b) Graph the system of inequalities from part (a). 
Label any vertices of the solution region. 


(c) Are the following cholesterol levels within 
recommendations? Explain your reasoning. 


LDL: 120 milligrams per deciliter 
HDL: 90 milligrams per deciliter 
Total: 210 milligrams per deciliter 
(d) Give an example of cholesterol levels in which 
the LDL cholesterol level is too high but the 
HDL and total cholesterol levels are acceptable. 
(e) Another recommendation is that the ratio of total 
cholesterol to HDL cholesterol be less than 4. 
Find a point in your solution region from part (b) 
that meets this recommendation, and show that it 
does. 
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> What you should learn 


In this chapter you will learn the following skills and concepts: 


¢ How to use matrices, Gaussian elimination, and Gauss-Jordan elimination 


to solve systems of linear equations 


¢ How to add and subtract matrices, multiply matrices by scalars, 


and multiply two matrices 


¢ How to find the inverses of matrices and use inverse matrices to solve 


systems of linear equations 


* How to find minors, cofactors, and determinants of square matrices 


* How to use Cramer's Rule to solve systems of linear equations 


* How to use determinants and matrices to model and solve problems 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Matrix (p.522) 

Entry of a matrix (jp. 522) 

Order of a matrix (p. 522) 

Square matrix (p. 522) 

Main diagonal (p. 522) 

Row matrix (p. 522) 

Column matrix (p. 522) 
Augmented matrix (p. 523) 
Coefficient matrix (p. 523) 
Elementary row operations (p. 524) 
Row-equivalent matrices (p. 524) 
Row-echelon form (p. 526) 


Study Tools 


Learning objectives in each section 
Chapter Summary (p. 580) 

Review Exercises (pp. 581-585) 
Chapter Test (p. 586) 


Reduced row-echelon form (p. 526) 
Gauss-Jordan elimination (p. 529) 
Scalars (p. 538) 

Scalar multiple (p. 538) 

Zero matrix (p. 541) 

Matrix multiplication (p. 542) 
Identity matrix of order n (p.544) 
Inverse of a matrix (p. 551) 
Determinant (pp. 555, 560) 
Minors (p. 562) 

Cofactors (p. 562) 

Cramer's Rule (p. 568) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 7 
College Algebra Website 
Student Success Organizer 


Matrices and Systems of Equations 


Operations with Matrices 
The Inverse of a Square Matrix 
The Determinant of a Square Matrix 


Applications of Matrices and 
Determinants 


Layne Kennedy/Corbis. 
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le Matrices and Systems of Equations 


> What you should learn 


* How to write a matrix and 
identify its order 

How to perform elementary 
row operations on matrices 


How to use matrices and 
Gaussian elimination to solve 
systems of linear equations 
How to use matrices and 
Gauss-Jordan elimination to 
solve systems of linear 
equations 


> Why you should learn it 


You can use matrices to solve 
systems of linear equations in 
two or more variables. For 
instance, in Exercise 90 on page 
535, you will use a matrix to find 
a model for the retail sales for 

_ drug stores in the United States. 


Matrices 


In this section you will study a streamlined technique for solving systems of 
linear equations. This technique involves the use of a rectangular array of real 
numbers called a matrix. The plural of matrix is matrices. 


Definition of Matrix 


If m and n are positive integers, an m x n (read “m by n’’) matrix is a 
rectangular array 


Column 1 Column2 Column3 - - - Columnaz 
Row 1 ay; hel is Qi», 
Row 2 


Row 3 


Row m An3 


| in which each entry, a;,, of the matrix is a number. An m x n matrix has m 


rows and n columns. 


ij? 


The entry in the ith row and jth column is denoted by the double subscript 
notation a;,. For instance, a5, refers to the entry in the second row, third column. 
A matrix having m rows and n columns is said to be of order m x n. If m = n, 
the matrix is square of order n. For a square matrix, the entries Bij, Ay5, Qaane oa 
are the main diagonal entries. 


| Example 1 Order of Matrices G@o> 


Determine the order of each matrix. 


a. [2] b [1 -3 0 J 
(Ott carl 
| oer, 

-7 4 
Solution 


a. This matrix has one row and one column. The order of the matrix is bane 
b. This matrix has one row and four columns. The order of the matrix is 1 x 4, 
c. This matrix has two rows and two columns. The order of the mattixs 25¢2. 
d. This matrix has three rows and two columns. The order of the matrix is 3 x 2. 


A matrix that has only one row is called a row matrix, and a matrix that has 
only one column is called a column matrix. 


The icon Gotti > )Y identifies examples and concepts related to features of the Learning Tools CD-ROM 
and the Interactive and Internet versions of this text, For more details see the chart on pages xix-xxiii. 


STUDY TIP 


The vertical dots in an 

_ augmented matrix separate the - 
_ coefficients of the linear system 
| from the constant terms. 


RN. 


The Interactive CD-ROM and Internet 
versions of this text offer a Try It for 
- each example in the text. 
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A matrix derived from a system of linear equations (each written in standard 
form with the constant term on the right) is the augmented matrix of the system. 
Moreover, the matrix derived from the coefficients of the system (but not 
including the constant terms) is the coefficient matrix of the system. 


System Ayer sae 5 
Oe syle ISB 
2x =47=9 46 
Augmented ty 4 3 5 
Matrix = B15 2] alliea 
2 OR = 4 6 
Coefficient Liga 3 
Matrix =] BR =] 
2 0 —-4 


Note the use of 0 for the missing y-variable in the third equation, and also 
note the fourth column of constant terms in the augmented matrix. 

When forming either the coefficient matrix or the augmented matrix of a 
system, you should begin by vertically aligning the variables in the equations and 
using zeros for the missing variables. 


| Example 2 Writing an Augmented Matrix Go> 


Write the augmented matrix for the system of linear equations. 
rH 3y—= w= 9 
—y + 47+ 2w = -2 
aa OW = 1) 


2x+4y-—3z= 4 
What is the order of the augmented matrix? 
Solution 
Begin by rewriting the linear system and aligning the variables. 
oy, -w= 9 
—y +47 +. 2y— —2 
v2 —5z-6w= 0 
Ds lcs I Sake IY) = 4 


Next, use the coefficients as the matrix entries. Include zeros for the missing 
coefficients. 


Piles = J0tse ths 49 
RiliGge 1s ae ONE = 2 
R,|1 0 -5 -6 : 0 
Raloame4hi—3. S022 ond; 4 


The augmented matrix has four rows and five columns, so it is a 4 x 5 matrix. 
The notation R,, is used to designate each row in the matrix. For example, Row | 
is represented by R,. 
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o™a 
Technology 
ae Most graphing utilities 
can perform elementary row 
operations on matrices. 
Consult the user's guide for 
your graphing utility for the 
required keystrokes. 
After performing a 
row operation, the new 
row-equivalent matrix that is 
displayed on your graphing 
utility is stored in the answer 
variable. You should use the 
answer variable and not the 
original matrix for subsequent 
row operations. 


Elementary Row Operations 


In Section 6.3, you studied three operations that can be used on a system of linear 
equations to produce an equivalent system. 

1. Interchange two equations. 

2. Multiply an equation by a nonzero constant. 

3. Add a multiple of an equation to another equation. 

In matrix terminology, these three operations correspond to elementary row 
operations. An elementary row operation on an augmented matrix of a given 
system of linear equations produces a new augmented matrix corresponding to a 


new (but equivalent) system of linear equations. Two matrices are row-equivalent 
if one can be obtained from the other by a sequence of elementary row operations. 


Elementary Row Operations 
1. Interchange two rows. 


2. Multiply a row by a nonzero constant. 


3. Add a multiple of a row to another row. 


Although elementary row operations are simple to perform, they involve a lot 
of arithmetic. Because it is easy to make a mistake, you should get in the habit of 
noting the elementary row operations performed in each step so that you can go 
back and check your work. 


| Example 3. Elementary Row Operations 


a. Interchange the first and second rows. 


Original Matrix New Row-Equivalent Matrix 
0 1 3 4 C Roi 2 0 3 
=] 2 0 3 Ky] 0 1 3 4 
3 4 1 2. as 4 1 
b. Multiply the first row by 4. 
Original Matrix New Row-Equivalent Matrix 
2-4 56 9 oR, S| 1 = 2 
1 Saree 0 1 Sy 3 0 
Dlg gg 1 2 Sine 1 2 
c. Add —2 times the first row to the third row. 
Original Matrix New Row-Equivalent Matrix 
1 2 3) 1 2. =4 3 
0 3 2 0 ex 
2 1 Sy e2Kit R,>10 —3, 13s 


Note that the elementary row operation is written beside the row that is changed. 


a tr ee el 
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In Example 3 in Section 6.3, you used Gaussian elimination with back- 
substitution to solve a system of linear equations. The next example demonstrates 
the matrix version of Gaussian elimination. The two methods are essentially the 
same. The basic difference is that with matrices you do not need to keep writing 


the variables. 


| Example 4 Comparing Linear Systems and Matrix Operations 


Linear System 


ye yer 
ay =-4 
Deyo T= O07 


Add the first equation to the 
second equation. 


¥— 2y P3ze 
Vr 87 =a 
PE Ya SY Hated 


Add —2 times the first equation 
to the third equation. 
gly 3a 9 
vit Sz 5 


Add the second equation to the 
third equation. 


ve 2y ae 37 ='9 
y+ 3z=5 
2z=4 


Multiply the third equation by 5. 


A oy + 379 
y+ 3z=5 
z=2 


Associated Augmented Matrix 


We? 
ae | 3 
2g ea 


3 Seen” 
ee aa 
ae th 


Add the first row to the 
second row. 


1 -2 
R, 4k, SOM 
2 —-5 


3 
5) 


Add —2 times the first row to 
the third row. 


1 -2 
(hee 
-2R,+R,>[0 -1 


3 
3 
=oi 


Add the second row to the 


third row. 
1 -—2 
0 1 


Named e310 0) 


Multiply the third row by 5. 


1 -2 
Oma 
sR,>10 0 


At this point, you can use back-substitution to find x and y. 


3 
3 
2 


3 
3 
1 


y + 3(2) =5 Substitute 2 for z. 
y =—1 Solve for 
x — 2(-1) + 3(2) =9 Substitute — 1 for y and 2 for z. 
x=1 Solve for x. 
The solution is x = 1, y = —1, and z = 2. 


9 
5 
4 


il 

2 
9 
3) 
2 


een nT 


Remember that you can check a solution by substituting the values of x, y, 
and z into each equation in the original system. 
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The last matrix in Example 4 is said to be in row-echelon form. The term 
echelon refers to the stair-step pattern formed by the nonzero elements of the 
matrix. To be in this form, a matrix must have the following properties. 


Row-Echelon Form and Reduced Row-Echelon Form 


A matrix in row-echelon form has the following properties. 


. All rows consisting entirely of zeros occur at the bottom of the matrix. 


. For each row that does not consist entirely of zeros, the first nonzero 
entry is | (called a leading 1). 


. For two successive (nonzero) rows, the leading | in the higher row is 
farther to the left than the leading 1 in the lower row. 


| A matrix in row-echelon form is in reduced row-echelon form if every 
column that has a leading | has zeros in every position above and below its 
leading 1. 


The Interactive CD-ROM and Internet 
versions of this text offer a Quiz for 


every section of the text. | Example 5 Row-Echelon Form Gio > 


The following matrices are in row-echelon form. 


| PI || 4 0 l 0 5 
a. | 0 l 0 3 b. | 0 0 3 
0 0 ef 0 0 0 0 
[pa 5 | 3 I 0 C=] 
0 0 l oe “p 0) l 0 2 
0 0 0 | 4 0 0 l s) 
0 0 0 0 l 0 0 0) 0 


The matrices in (b) and (d) also happen to be in reduced row-echelon form. The 
following matrices are not in row-echelon form. 


lL 22e=3 eta 
I a £0 Oe Oa 
ONG Siless Ont WR ee Ban 


For the matrix in (e), the first nonzero row entry in Row 2 is not 1. For the matrix 
in (f), the row that consists entirely of zeros is not at the bottom of the matrix. 


Se ae a 
ee 


. Every matrix is row-equivalent to a matrix in row-echelon form. For 
instance, in Example 5, you can change the matrix in part (€) to row-echelon form 


by multiplying its second row by . 
I ly 4 
aR 10 1 —} 
0 0 =3 


What elementary row operation could you perform on the matrix in part (f) 
so that it would be in row-echelon form? 
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Gaussian Elimination with Back-Substitution 


Gaussian elimination with back-substitution works well for solving systems of 
linear equations by hand or with a computer. For this algorithm, the order in 
which the elementary row operations are performed is important. You should 
operate from left to right by columns, using elementary row operations to obtain 
zeros in all entries directly below the leading 1’s. 


Example 6 Gaussian Elimination with Back-Substitution 
46> 


Solve the system yet jee wy a3 
Rey = y 
2x + 4y + CEN we 
Mees Sy elZimp Wee — 19 
Solution 
0 1 2 a 
1 | 0 2 
> 4 1 4 9 Write augmented matrix. 
Me eet he sal —19 
ae l 1 et 0 2 
is - Interchange R, and R, so 
Ry 10 I J 2 3 first column TES leading 
2 4 Je eee 2) 2 | in upper left corner. 
1-4" S7ene ©) 19 
eRe A ei ee? ey 
S a ae Perform operations on R, 
> ; : _ ; 3 and R, so first column has 
—Ti a Bs 10 0 30 3 ie!) zeros below its leading 1. 
Sen 10-6) 6 18-21 
| 20 1 0 2 
0 | (mes 3 Perform operations on R, 
so second column has 
0 0 Shae e) =0 zeros below its leading 1. 
6k = 0 113 —39 
l 20 | 0 2 
at So ee Perform operations on R, 
i 0 I 2 : 3 and R, so third and fourth 
33, — | 0 0 met | eae columns have leading 1’s. 
Se Se Oe 0% eee (3 


The matrix is now in row-echelon form, and the corresponding system is 


iM avers = 2 
yt z= lwie,—3 
ua) 

w= 3. 


Using back-substitution, the solution is x = —1, y = 2, z = 1, andw = 3. 
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The procedure for using Gaussian elimination with back-substitution is 
summarized below. 


Gaussian Elimination with Back-Substitution 
. Write the augmented matrix of the system of linear equations. 


. Use elementary row operations to rewrite the augmented matrix in 
row-echelon form. 


. Write the system of linear equations corresponding to the matrix in 
row-echelon form, and use back-substitution to find the solution. 


When solving a system of linear equations, remember that it is possible 
for the system to have no solution. If, in the elimination process, you obtain a 
row with zeros except for the last entry, it is unnecessary to continue the 
elimination process. You can simply conclude that the system has no solution, or 
is inconsistent. 


Example 7 A System with No Solution @je> 


Solve the system [| x —- y+2z=4 
x a2 BSE 
DX Sy Sr 4. 
SE 2y — z=. 1 
Solution 
ert 2 4 
1 0 1 6 
> 3 5 4 Write augmented matrix. 
2) jie | 1 
[eet Z 4 
=Ri ce Rs 0, = 19s 
=O efeeea it Mol I a Perform row operations. 
HSI, Nes) She, -11 
eee 
Oe a eee 
R, + R, Sy 0 0 aan 0) Perform row operations. 
(Pee tae) ace a4 


Note that the third row of this matrix consists of zeros except for the last entry. 
This means that the original system of linear equations is inconsistent. You can 
see why this is true by converting back to a system of linear equations. 


XY ee) ee 
v= ee 
Ors = 2 

SV stzeshe ll 


Because the third equation is not possible, the system has no solution. 


LLL eee 


) 


Technology 


° For a demonstration of 
a graphical approach to 
Gauss-Jordan elimination ona 
2 x 3 matrix, see the graphing 
calculator program available 
for several models of graphing 
calculators at our website 
college.hmco.com. 


STUDY TIP 


The advantage of using Gauss- 

Jordan elimination to solve a 

system of linear equations is 

that the solution of the system is 

easily found without using 
_back-substitution, as illustrated 
_ in Example 8. 
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Gauss-Jordan Elimination 


With Gaussian elimination, elementary row operations are applied to a matrix to 
obtain a (row-equivalent) row-echelon form of the matrix. A second method of 
elimination, called Gauss-Jordan elimination, after Carl Friedrich Gauss and 
Wilhelm Jordan (1842-1899), continues the reduction process until a reduced 
row-echelon form is obtained. This procedure is demonstrated in Example 8. 


Example 8 Gauss-Jordan Elimination @je> 


x= 2y +37 = 9 
See i 
2X = SY iO 


Use Gauss-Jordan elimination to solve the system 


II 
| 
> 


17 
Solution 


In Example 4, Gaussian elimination was used to obtain the row-echelon form of 
the linear system above. 


iG 4 3 : ° 
0 1 é) ) 
0 0 | 2 


Now, apply elementary row operations until you obtain zeros above each of the 
leading 1’s, as follows. 


2R, Be > | 0 9 19 Perform operations on R, 
O \| 3 C 5 so second column has a 
0 0 1 : 2 zero above its leading 1. 
=Ve ak, 1 0 0 1 Perform operations on R, 
—3R, + R, >| 0 1 0) one | and R, so third column has 
: : zeros above its leading 1. 
0 0 1 2 


The matrix is now in reduced row-echelon form. Converting back to a system of 
linear equations, you have 


x= 1 
y=-l1. 
Z = 2 


Now you can simply read the solution. 


The elimination procedures described in this section sometimes result in 
fractional coefficients. For instance, in the elimination procedure for the system 


Zhi DVi te — 4 17 
Bh Bee OR ee mead 11 
a ay. =A) 


II 


you may be inclined to multiply the first row by ; to produce a leading 1, which 
will result in working with fractional coefficients. You can sometimes avoid 
fractions by judiciously choosing the order in which you apply elementary row 
operations. 
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STUDY TIP 


In Example 9, x and y are solved 
for in terms of the third variable 
z. To write a solution to the 
system that does not use any of 
the three variables of the system, 
let a represent any real number 
and let z = a. Then solve for x 

and y. The solution can then be 
written in terms of a, which is 

_ not one of the variables of the 
system. 


A System with an Infinite Number of Solutions 


Example 9 
hoy 


Solve the system. 


ete ote 


Sey = 1 
Solution 
? A ie 2 ee "| 
32 SS eee rer eens 
ae i dN ae A 
5 So ON me eee 
; jes ae, "| 
—3R,+R,-f0 -1 3 =: J 
; Dena 4 
-R,>L0 1-3 : -!1 
Beene Oe Se: " 
ON 1S 3 al 
The corresponding system of equations is 
crew = 2 
Ve Seas 
Solving for x and y in terms of z, you have 
2 aime Vani 24 
and 
ys 3z —i1. 


To write a solution to the system that does not use any of the three variables of 
the system, let a represent any real number and let 


Z=a. 
Now substitute a for z in the equations for x and y. 
x= —52 +2= =5a +2 
=—3Z— | = 3a — ok 
So, the solution set has the form 
(—5a'+ 2, 3a — 1,4) 


where a is any real number. Try substituting values for a to obtain a few solutions. 
Then check each solution in the original equation. 


eee 
It is worth noting that the row-echelon form of a matrix is not unique. That 


is, two different sequences of elementary row operations may yield different 
row-echelon forms. This is demonstrated in Example 10. 


y 
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Example 10 Comparing Row-Echelon Forms 


Compare the following row-echelon form with the one found in Example 4. Is it 
the same? Does it yield the same solution? 


Lay or 9 


= ee y: = -4 
XV 2 4 17, 
ae oe Bee} 9 
Sly ee yO —4 
2) 5 a5 17 
ge = abs: 0 —4 
Ril wads = 303 9 
PE eel 17 
Si 13 0 4 
1 =, -3 9 
20 25 75 17 
1-3 0 4 
—-R,+R,>| 0 1° 3 5 
meReciees> | 0 1 5 9 
1-3 0 4 
Oo itis 5 
=k |' 0-0 2 4 
1-3 0 4 
Omer Ieguss 5 
SPE Aiea areal f) 


Solution 


This row-echelon form is different from that obtained in Example 4. The corre- 
sponding system of linear equations for this row-echelon matrix is 


Kiet OY =4 
y + 3z=5. 
z=2 


Using back-substitution on this system, you obtain the solution 
x=1l,y=-l,andz=2 


which is the same solution that was obtained in Example 4. 


You have seen that the row-echelon form of a given matrix is not unique; 
however, the reduced row-echelon form of a given matrix is unique. Try applying 
Gauss-Jordan elimination to the row-echelon matrix in Example 10 to see that 
you obtain the same reduced row-echelon form as in Example 8. 
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7.1 Exercises 


In Exercises 1-6, determine the order of the matrix. 


wii. 2. (5) = oe Seer 
2 eh) ent 
3. | 36 4.) | Onan OMS 83 
3 1.) else eee 
33 45 -7 6 ‘ 
:: [ee a ‘| 0-5 1 


In Exercises 7-12, write the augmented matrix for the 
system of linear equations. 


Toleaxe eSyi——=15) 8. |7x + 4y = 22 
hee 12 eee 
me Oy = 27 2 
fs 3y + 4z = 0 
DX ay =6 
—x—8y+ 5z= 8 
ac: SWSZ= = 38 
= Wot 82 20 
Ws |) Tes ayy ae Me ae) 
ac — 8z = 10 


Dy Do 37 = 520) 
—Jey + liz=—5 
In Exercises 13-18, write the system of linear equations 


represented by the augmented matrix. (Use variables x, 
y, z, and w.) 


1 a eas] Tee eles () 
Ib E —3 : 1 eb \; 3 ey 
ae es ; = 2 
HH | 6 
(Sule See ok Oem g) 
a 18 
16./-11 0 6 25 
aS ee 0 
Oy 3 0 0 
“6. =) 18 “Same 9 
(inte) 8 = (eee 
Cee Og ae a ees) 
6 Oe | a aS —25 
—] 0 7 3 7 
18. 
4 -1 ~—10 6 3 
0 8 ih. Sit —21 


The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


In Exercises 19-22, fill in the blank(s) using elementary row 
operations to form a row-equivalent matrix. 


1 3 3 6 | 
d 20. 
i k 10 5 fe = 6 


1 1M mee 1 3 
f nA } = 
me ee |: Seas 
1,.| 3 8 Jd0 3) 211 =a ee 
So es Paes lag ee 2.6 4s 
i— “1 +e | 
(as | =1 —3ae ee 
ip 2) “6 ieee 
ioe eet iY ; 
Oo 1-2 & 0 -7 3 
Se = Gi 2 


In Exercises 23-26, identify the elementary row operation(s) 
being performed to obtain the new row-equivalent matrix. 


nae Matrix New Row-Equivalent Matrix 
3 0.=39 
2 
Se S| a 
Original Matrix New Row-Equivalent Matrix 


24. es =v we 3 =] a 
2) UP =5 
Or a Matrix New Row-Equivalent Matrix 
5 =| “3° =7,. ae 
af 6 0.1 See 
3 OM 2 ae 
anes Matrix | New Row-Equivalent Matrix 
a) oe alee PA = 2 ee 
26. 2 EO Ly 7 OS 0-year 
5 A =I) 6 0 6% (See 


In Exercises 27-30, determine whether the matrix is in 


row-echelon form. If it is, determine if it is also in reduced 
row-echelon form. 


1 0 0 0 1 3 0 0 
Pa KY) 1 1 5 28. | 0 0 1 8 
0 0 0 0 0 0 0) 0 
2 0 4 0 | 0 2 1 
29 SNOme=ik 3 6 30. | 0 Li 3 SaelO 
0 0 5 0 0 1 0 


31. Perform the sequence of row operations on the 
matrix. What did the operations accomplish? 


NONE; en v3 
2-1 -4 
Sap pes 


(a) Add —2 times R, to R,. 
(b) Add —3 times R, to R;. 
(c) Add — 1 times R, to R3. 
(d) Multiply R, by —3. 
(e) Add —2 times R, to R,. 
32. Perform the sequence of row operations on the 


matrix. What did the operations accomplish? 


7 
0 
=5 

4 

(a) Add R;, to R,. 

(b) Interchange R, and R,. 

(c) Add 3 times R, to R3. 

(d) Add —7 times R, to R,. 

(e) Multiply R, by 3. 

(f) Add the appropriate multiples of R, to R,, R3, 
and R,. 


Re BPO eR 


In Exercises 33-36, write the matrix in row-echelon form. 
Remember that the row-echelon form of a matrix is not 
unique. 


] 1 0 5 
BS, | 72 —— 1 Zo iO 
3 6 a 14 

1 2k 3 

34. 3 Leas 14 
SO A a: 8 

[= t? = 1 ] 

55. Ce Se 1 8 
5) 8 18 0 
3 Oe. 

eo. 3 ° 10 i 23 
4 -10 2, 2A 


| In Exercises 37-42, use the matrix capabilities of a graphing 
utility to write the matrix in reduced row-echelon form. 


3 D 3 | 3 Z 
7.1.1 0 S4 Sono 9 
Z 4° —2 Z G = 10 
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(2-923. | 5 
Linge paca 0 

sie Py Save 
Aes) theei4 
ee 
Ate) > | 8 

otha ets ERY ar 
3 8 -10 —30 
3 


In Exercises 43-46, write the system of linear equations 
represented by the augmented matrix. Then use back- 
substitution to solve. (Use variables x, y, and z.) 


[>2> 4 eld ad 0 
ae F pias =| aa le {) ope = 
Pr oe © 4 
re | at ee 1 >) 
(pam =) 
Pe = 
46.4 \Ormemeal 1 9 
Or iy wl —3 


In Exercises 47-50, an augmented matrix that represents a 
system of linear equations (in variables x, y,and z) has 
been reduced using Gauss-Jordan elimination. Write the 
solution represented by the augmented matrix. 


(LosO pees 3 (pny 6 
gi: E 1 dea ao f (comes a 
|. *. OvetO-aritayion4 
49./0 1 O —10 
eS a al 4 
[Or tO 5 
50° 0° vines 0 —3 
On Sone 0 


In Exercises 51-70, use matrices to solve the system of 
equations (if possible). Use Gaussian elimination with back- 
substitution or Gauss-Jordan elimination. 


51 ey 7 52. |2x + 6y = 16 
aa y=8 Fre 4 
53.0 | 3x ay = 2). BAS yeas ieyie 4 
eegou 13 peat 
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55: 


We 


61. 


63. 


64. 


65. 


67. 


68. 


69. 


[ 
| 
tt 
| 
| 


| 
| 
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2x Eby 
te ZY, 

iat oy 
2x — 4y = 3 
— 3z 

Sx yy — 22 = 
ax+2y+ zZ= 


ie) 


=e s6: 1 


38 ar pie 


20 Ly 
36 2) 
Ot ie Oo ee 
4y+2z= 
hor Mier B= 
Oia ust ec 
Seas Bawa 
y-—4z= 
bam 3 ies yae— 5) 
2 = eS 
z=0 
Xa 2y + 2 2y 


x- 


—' 


Dey = 


at 
: ‘ 
4 


= 4G, 


Axet 12y = Jz — 20w = 22 


fe een 


2 


14 


5x =Dyl= 5 
24 = 3y= 
i ee 5 
2x + .6y=— 10 
2k =" yest Oz = a24, 
Lys as 
Ti Sy = 6 
2 Vea — 
Xi— Ver 2 = 28 
2K + 32—"3 


4x —3y+ 7z=5 
8x — 9y + 15z = 9 


3% + OY —5z — 28yw = 130 
70. 


SU SO 
3x t+4y= 4 
Ay =8yo= | 32 


x+2y=0 
x+ y=6 
3x 2y = 8 


kad In Exercises 71-76, use the matrix capabilities of a graphing 


utility to reduce the augmented matrix corresponding to 


the system of equations, and solve the system. 


TAN 


72. 


IBS 


Dyee2y 


Sy Sy 4 127 = 
Xt yt 4Z= 
PBS NE DA ye 
—xt2y+ 8z= 
Di OVE eee 
Sear Sia eae 
Gs) an 
3% =" Svea oz 
Xa NS 
3x + 4y 


gar Diy = 
+ w= 


x + 5y + 2z + 6w = 


Z— 


w= 


74, | 2 2y -Filz + 4 = 
35 OY toc ey 
Str Sie ged 2 Were 
OX Ss eee 
xt ytz+ w=0 
2 39 +2 Qe 
3x + 5y 4+ z = 0 
x+2y+z+ 3w=0 

+ w=0 
—z+2w=0 


Veta w= 
US 


76. 
Lom Ny 


In Exercises 77-80, determine whether the two systems of 
linear equations yield the same solutions. If so, find the 
solutions using matrices. 


71. (a) |x — 2y + -z2=—-6. Ose ty 2 eee 
y—5z= 16 y + 37 ==8 
L=—3 Gis 
78.48) |\x=— By + 42 =]—11 
| yo z=" =-4 
z= fu 
(b) |x + 4y =-l1 
y+ 3z= 4 
Ce 2 
79. (a) [x= 4y + 5z= 27 (b) (x -—6y+ z=15 
| i a ae y + 57142 
aa 8 Sas 
80. (a) (x +3y- z= 19 
| y+ 6z=—-18 
z= =4 
(bys) Raye 
y-2z= 14 
i 
Xe Sy + 2 = 5 
81. Use the system 4 x + Sy + 5z = 1 to write two 
2 ONE ras 


different matrices in row-echelon form that yield the 
same solutions. 
82. Electrical Network The currents in an electrical 
network are given by the solution of the system 
l= ESL 70 
ia ae 
[ies I 


== (8 


where J,, I,, and I, are measured in amperes. Solve 
the system of equations using matrices. 


L 


83. Partial Fractions Use a system of equations to 
write the partial fraction decomposition of the 
rational expression. Solve the system using matrices. 


ee ee 
at 1G) ew — 1 a + 17 1 FoI)? 


84. Partial Fractions Use a system of equations to 
write the partial fraction decomposition of the 
rational expression. Solve the system using matrices. 


8x? A B G 


faa) ee 1. 1)? 


85. Finance A small shoe corporation borrowed 
$1,500,000 to expand its line of shoes. Some of the 
money was borrowed at 7%, some at 8%, and some 
at 10%. Use a system of equations to determine how 
much was borrowed at each rate if the annual inter- 
est was $130,500 and the amount borrowed at 10% 
was 4 times the amount borrowed at 7%. Solve the 
system using matrices. 


86. Finance A small software corporation borrowed 
$500,000 to expand its software line. Some of the 
money was borrowed at 9%, some at 10%, and some 
at 12%. Use a system of equations to determine how 
much was borrowed at each rate if the annual interest 
was $52,000 and the amount borrowed at 10% was 25 
times the amount borrowed at 9%. Solve the system 
using matrices. 


In Exercises 87 and 88, use a system of equations to find the 
specified equation that passes through the points. Solve 
the system using matrices. Use a graphing utility to verify 
your results. 


87. Parabola: 
Wi— ar tbe tc 


88. Parabola: 
y = OK + be tc 


89. Mathematical Modeling A videotape of the path 
of a ball thrown by a baseball player was analyzed 
with a grid covering the TV screen. The tape was 
paused three times, and the position of the ball was 
measured each time. The coordinates obtained are 
shown in the table. (x and y are measured in feet.) 


Section 7.1 


535 


® Matrices and Systems of Equations 


©) Horizontal distance, x 


Height, y 


5.0 
9.6 
12.4 


(a) Use a system of equations to find the equation 
of the parabola y = ax? + bx + c that passes 
through the three points. Solve the system using 
matrices. 


&e (b) Use a graphing utility to graph the parabola. 

ay, (c) Graphically approximate the maximum height of 
the ball and the point at which the ball struck the 
ground. 


(d) Analytically find the maximum height of the ball 
and the point at which the ball struck the ground. 


(e) Compare your results from parts (c) and (d). 


| » Model It 

90. Data Analysis The table shows the retail sales y 

(in billions of dollars) for drug stores in the 
United States for the years 1998 through 2000. 
(Source: U.S. Department of Commerce and 
National Association of Chain Drug Stores 
Economics Department) 


Retail sales, y 


_ Year, ¢ 


“1067 
122.6 
134.4 


1999 
2000 


(a) Use a system of equations to find the equa- 
tion of the parabola y = at? + bt + c that 
passes through the points. Let ¢t = 8 repre- 
sent 1998. Solve the system using matrices. 

AY, (b) Use a graphing utility to graph the parabola. 

(c) Use the equation in part (a) to estimate the 
retail sales in 2001. How does this value 
compare with the actual 2001 sales of $147.4 
billion? 

(d) Use the equation in part (a) to estimate y in 
the year 2004. Is the estimate reasonable? 
Explain. 
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Network Analysis \n Exercises 91 and 92, answer the 
questions about the specified network. (In a network it is 
assumed that the total flow into each junction is equal to 
the total flow out of each junction.) 


91. Water flowing through a network of pipes (in 
thousands of cubic meters per hour) is shown in the 
figure. 

(a) Solve this system using matrices for the water 
flow represented by x,,i = 1,2,...,7. 

(b) Find the network flow pattern when x, = x7 = 0. 

(c) Find the network flow pattern when x, = 1000 
and x, = 0. 


600 500 


600 500 


92. The flow of traffic (in vehicles per hour) through a 
network of streets is shown in the figure. 


(a) Solve this system using matrices for the traffic 


flow represented by x,,i = 1,2,. ..,5. 
(b) Find the traffic flow when x, = 200 and 
AOU: 


(c) Find the traffic flow when x, = 150 and x, = 0. 


300 — 150 
2) 
200 — 350 
Synthesis 


True or False? \n Exercises 93-95, determine whether 
the statement is true or false. Justify your answer. 


93. | 5 Or 2 


=< ee j isa x 2-matin, 


0 0 0 0) 
: 0 0) | =al 
94. The t Sf 
matrix \ 0 5 1s in reduced 
| 0) 0 S) 


row-echelon form. 


95. Gaussian elimination reduces a matrix until a 
reduced row-echelon form is obtained. 


96. Think About It The augmented matrix represents 
a system of linear equations (in variables x, y, and z) 
that has been reduced using Gauss-Jordan elimina- 
tion. Write a system of equations with nonzero 
coefficients that is represented by the reduced 
matrix. (The answer is not unique.) 


1 0 3 - —2 
0 1 4 1 
0 0 0 0 


97. Think About It 


(a) Describe the row-echelon form of an augment- 
ed matrix that corresponds to a system of linear 
equations that is inconsistent. 

(b) Describe the row-echelon form of an augment- 
ed matrix that corresponds to a system of linear 
equations that has an infinite number of 
solutions. 

98. Describe the three elementary row operations that 
can be performed on an augmented matrix. 

99. What is the relationship between the three elemen- 
tary row operations performed on an augmented 
matrix and the operations that lead to equivalent 
systems of equations? 

100. Writing In your own words, describe the differ- 

ence between a matrix in row-echelon form and a 

matrix in reduced row-echelon form. 


Review 


In Exercises 101-106, identify the equation as a line,a circle, 
a parabola, an ellipse, or a hyperbola. 


101532 eeeatOO 
102. y= —x? + 8 


10353 8 


ree, Clee 
9 36 
2, cde 2 
(x + 4) i ty 6) 
9 16 
106. (& 5)? (y = 7)2 = 15 


1 


105. = 1 


In Exercises 107-110, sketch the graph of the function. Do 
not use a graphing utility. 


107. f(x) = 2°71 
109. h(x) = In(x — 1) 


108. g(x) = 3-*+2 
110. f(x) = 3 + Inx 


Kelly-Mooney Photography/Corbis 


= 
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(F/aq Operations with Matrices 


> What you should learn 
* How to decide whether two Equality of Matrices 
matrices are equal 


* How to add and subtract 
matrices and multiply matrices 
by real numbers 

* How to multiply two matrices 


* How to use matrix operations 
to model and solve real-life 1. A matrix can be denoted by an uppercase letter such as A, B, or C. 


In Section 7.1, you used matrices to solve systems of linear equations. Matrices, 
however, can do much more than this. There is a rich mathematical theory of 
matrices, and its applications are numerous. This section and the next two 
introduce some fundamentals of matrix theory. It is standard mathematical 
convention to represent matrices in any of the following three ways. 


problems 2. A matrix can be denoted by a representative element enclosed in brackets, 


> Why you should learn it such as [ay], [by], or [ey]. 
3. A matrix can be denoted by a rectangular array of numbers such as 


Matrix operations can be used 

to model and solve real-life Qa); Ay 
problems. For instance, in 
Exercise 61 on page 549, matrix 
multiplication is used to analyze ea er [a] — WG3y 9439, | Cag BO GsF | 
the profit a fruit farmer makes on 

two fruit crops. 


a> An2 G43 - + + A, 


Gn) An? Ang Spy Ginn 


Two matrices A = [a,,] and B = [b,] are equal if they have the same order 
(m x n) and a, = b, for1 < i < mand1 <j < n. In other words, two matrices 
are equal if their corresponding entries are equal. 


| Example 1 Equality of Matrices @¥o> 


Solve for a@,, 4,5, d>,, and a,, in the following matrix equation. 


ee | | 2) | 
Ay, Gy|\ |-3 0 
Solution 


Because two matrices are equal only if their corresponding entries are equal, you 
can conclude that 


a,=2, @,—=~—-1, @,=—3, and a, = 0. 


Be sure you see that for two matrices to be equal, they must have the same 
order and their corresponding entries must be equal. For instance, 


id a n F 3 


but 
D) 1 
2D = 
3 4 ab Al 
0 0 
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The Granger Collecti 


Historical Note 

Arthur Cayley (1821-1895), a 
British mathematician, invented 
matrices around 1858. Cayley was 
a Cambridge University graduate 
and a lawyer by profession. His 
groundbreaking work on matrices 
was begun as he studied the 
theory of transformations. Cayley 
also was instrumental in the 
development of determinants. 
Cayley and two American mathe- 
maticians, Benjamin Peirce 
(1809-1880) and his son Charles 
S. Peirce (1839-1914), are credited 


with developing “matrix algebra.” 


Matrix Addition and Scalar Multiplication 


In this section, three basic matrix operations will be covered. The first two are 
matrix addition and scalar multiplication. With matrix addition, you can add two 
matrices (of the same order) by adding their corresponding entries. 


Definition of Matrix Addition 


If A = [a,] and B = [b,] are matrices of order m x n, their sum is the 
m X n matrix given by 


A+B=[a, + b,). 


The sum of two matrices of different orders is undefined. 


| Example 2. Addition of Matrices 


lige: al 
Or 1 Ree 


to) 
== ya | 
| 
or 
— ih 
I 
+ 
=——==7 
| 
_ 
N Ww 
| 
ll 


b k J = " [, 0 | as ip 1 ee 
1 2 3} 0 0 0 1 2 3 
1 a) 0 
(> || =3) || se 3}/=]|0 
=o) 2 0 
d. The sum of 
2 1 0 
A= |4 Oma and 
Sug) 2 
0 1 
Beh 3 
2, 4 


is undefined because A and B have different orders. 


= 7 LC 


In operations with matrices, numbers are usually referred to as scalars. In 
this text, scalars will always be real numbers. You can multiply a matrix A by a 
scalar c by multiplying each entry in A by c. 


Definition of Scalar Multiplication 


If A = [a,] is an m x n matrix and cis a scalar, the scalar multiple of A by 
c 1s the m x n matrix given by 


CA = [carl 


STUDY TIP 


The order of operations for 
matrix expressions is similar 
to that for real numbers. In 

particular, you perform scalar 

_ multiplication before matrix 
_ addition and subtraction, as 
_ shown in Example 3(c). 
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The symbol —A represents the negation of A, or the scalar product (—1)A. 
Moreover, if A and B are of the same order, then A — B represents the sum of A 
and (— 1)B. That is, 


A-B=A+(-IB. Subtraction of matrices 


| Example 3. Scalar Multiplication and Matrix Subtraction Gey 


For the following matrices, find (a) 3A, (b) —B, and (c) 3A — B. 


2 2 4 D 0 0 
A= |-3 0 -1| and B= vee 4: 3 
2, 1 2 =a! 3 2 
Solution 
2 pe 4 
a. 3A = 3} -3 GQ il Scalar multiplication 
Z 1 2 
3(2) 3(2) = 3(4) 
= | 3(-—3) 3(0) 3(-1) Multiply each entry by 3. 
BO) a3(1) 3(2) 
6 Ca 12 
=|-9 iP ee Simplify. 
6 3 6 
2 0 0 
b.—B=(-1)} 1 -4 s) Definition of negation 
= 8 2 
2, 0 0 
= ilies | Ay 3} Multiply each entry by —1. 
ie 
6 Oxpel2 Zz 0 0 
¢; 3A. — B= | —9 (Oe ase 8 [ces ee, 3] Matrix subtraction 
6 3 6 =| 3 2 
4 1 
= 1A Ae =6 Subtract corresponding entries. 
il 0 4 


It is often convenient to rewrite the scalar multiple cA by factoring c out of 
every entry in the matrix. For instance, in the following example, the scalar ; has 
been factored out of the matrix. 


F c| : be aA 
sO 50)) 

iIm—3 

ie 4 


NIM wv 
Ni- wl 


Ni- 
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The properties of matrix addition and scalar multiplication are similar to 
those of addition and multiplication of real numbers. 


Properties of Matrix Addition and Scalar Multiplication 


Let A, B, and C be m x n matrices and let c and d be scalars. 


1.A+B=BtA 

2. A + (B+ C) =A + BC 
3. (cd)A = c(dA) 

4,.1A=A 

5. c(A + B) = cA + cB 


Commutative Property of Matrix Addition 
Associative Property of Matrix Addition 
Associative Property of Scalar Multiplication 
Scalar Identity Property 


Distributive Property 


riba S 
,| Technology 
‘|. ¢@ Most graphing utilities 
can add and subtract matrices 
and multiply matrices by scalars. 
Try using a graphing utility to 
find the sum of the matrices 


[2 


and 


6. (c + dJA = cA + dA Distributive Property 


Note that the Associative Property of Matrix Addition allows you to write 
expressions such as A + B + C without ambiguity because the same sum occurs 
no matter how the matrices are grouped. In other words, you obtain the same sum 
whether you group A + B + Cas (A + B) + Coras A + (B+ C). This same 
reasoning applies to sums of four or more matrices. 


Example 4 Addition of More than Two Matrices 


By adding corresponding entries, you obtain the following sum of four matrices. 


1 -1 0 2 2 
2}+}-1]+]1}+]-3]=]|-1 
—3 2 4 —2 l 


| Example 5 Using the Distributive Property 
=2 0 Gh eas = 0 ee) 
3 = 
| 4 lee 2 ) | 4 als : 


In Example 5, you could add the two matrices first and then multiply the 
matrix by 3, as follows. 


eed aaa 


Vo = 
21 24 


Note that the result is the same. 
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One important property of addition of real numbers is that the number 0 is 
the additive identity. That is, c + 0 = c for any real number c. For matrices, a 
similar property holds. That is, if A is an m x n matrix and O is the m x n zero 
matrix consisting entirely of zeros, then A + O = A. 

In other words, O is the additive identity for the set of all m x n matrices. 
For example, the following matrices are the additive identities for the set of all 
2 xX 3 and 2 x 2 matrices. 


0) 0) 0 0 0 
O= d O= 
ki 0 A o k | 
2 x 3 zero matrix 2 x 2 zero matrix 


The algebra of real numbers and the algebra of matrices have many similarities. 
For example, compare the following solutions. 


Real Numbers m X n Matrices 
(Solve for x.) (Solve for X.) 
x+a=b X+A=B 
coe a (— Gg) = bs (=a) X+.A + (=A) = Ba(SA) 
XO = b= a X+O=B-A 
x=b-a X=B-A 


The algebra of real numbers and the algebra of matrices also have important 
differences, which will be discussed later. 


Example 6 Solving a Matrix Equation 


Solve for X in the equation 3X + A = B, where 


lori2 ea 4 
= ine ; 
@ ke “| and 2 i 


Solution 


Begin by solving the equation for X to obtain 


20 = JB} = AN 
We (Bp aA) 
: 


Now, using the matrices A and B, you have 


Pils [ |) sismeme mn 
= Substitute the matrices. 
2 | 0 3 


1[ —4 6 eat 
= Subtract matrix A from matrix B. 
3 2 =z 
= 9) | , 
= 2 2 | Multiply the matrix by 3. 
3 eh 
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Matrix Multiplication 
The third basic matrix operation is matrix multiplication. At first glance, the 
definition may seem unusual. You will see later, however, that this definition of 
the product of two matrices has many practical applications. 
Definition of Matrix Multiplication 
If A = [a,] is an m x n matrix and B = [b,,] is ann x p matrix, the product 
AB is an m x p matrix 
AB = [c, | 
where = a;),; + Ajybo; “++ a;3b3; +.-. 

The definition of matrix multiplication indicates a row-by-column multipli- 
cation, where the entry in the ith row and jth column of the product AB is 
obtained by multiplying the entries in the ith row of A by the corresponding 
entries in the jth column of B and then adding the results. The general pattern for 
matrix multiplication is as follows. 

ide C143 Qn c Cc 
er aS) 
43; 437 33 43, by, dy Dy; bs, ; i 
| Da nose bs, b3,\ = 
GQ, a2 a din : : : : ed 
Sted ee ||| Dabs b,, Duy 
Int m2 Am3 Ginn Cmi — ©m2 
eo" : 
“| Technology Example 7 Finding the Product of Two Matrices ¥e> 


UN Some graphing utilities 
are able to add, subtract, and 
multiply matrices. If you have 
such a graphing utility, enter the 
matrices 


1 2 3 
A = 
[: Ee [and 


=3 2 ] 
B=] 540 =2 0 
1 2 3 


and find their product AB. You 
should obtain the following. 


8 4 z 
= ANG 5 


First, note that the product AB is defined because the number of columns of Ais 
equal to the number of rows of B. Moreover, the product AB has order 3 x 2. To 
find the entries of the product, multiply each row of A by each column of B, 
as follows. 


= pis 
AB edo ze | 
5 0 
(—1(-3) + *G\(=4) GNQ+4+ 2 B@ 
=| (4)(—3) + (-2)(-4) (42) + (-2)4) 
(S)\(-3) + ©)(-4) (2) + (OQ) 
-9 | 
=| = 4a 
-15 10 


Exploration 


Use a graphing utility to 
multiply the matrices 


2 
A= C ;| and 


Be > , 
2 3 
Do you obtain the same result 
for the product AB as for the 
product BA? What does this tell 


you about matrix multiplication 
and commutativity? 
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Be sure you understand that for the product of two matrices to be defined, the 
number of columns of the first matrix must equal the number of rows of the 
second matrix. That is, the middle two indices must be the same. The outside two 
indices give the order of the product, as shown below. 


A x B = AB 


mxn nx p m xX Pp 
t_ Equal 
i Order a] 
Example 8 Finding the Product of Two Matrices o> 


Find the product AB where 


1 0) 3 
A= = . 
) 1 i and B 1 0 


Solution 


Note that the order of A is 2 x 3 and the order of B is 3 x 2. So, the product AB 
has order 2 x 2. 


(Cut Vi O(h) ie yeas (S11) iG) te O10) SE al 
2) else) @) Geils 2)(e1) 24) (= 1)0) #20) 


Example 9 Patterns in Matrix Multiplication 
| 3 i F 4 & 3 Al 
Reco ahs: Wor VIN BT hl eoY S085 
a 


x, 2D) DD 
6 2 0) 1 10 
3 ll 2 PA | eS) 
1 4 ||| =3 —9 


B88) By ee 3) 86 JI 


c. The product AB for the following matrices is not defined. 


2 1 ae 3 1 4 
A= (ieee sande oo | =O | ape 9! Z 
4 REN 0 1 


BF! 3) 3 al 
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Example 10 Patterns in Matrix Multiplication 


2) a) 2 &—4—6 
a. {1 -—2 -3])-1/=[1] b. |}-1/[1 -2 -3]=]-1 2 3 
1 1 i ys 3} 

13 Sarl sal Bx | <3 3x3 


In Example 10, note that the two products are different. Even if AB and BA 
are defined, matrix multiplication is not, in general, commutative. That is, for 
most matrices, AB # BA. 


Properties of Matrix Multiplication 


Let A, B, and C be matrices and let c be a scalar. 

1: ABC) = ABE Associative Property of Multiplication 
2. A(B-E C):= AB AC Distributive Property 

3.. (A + B)C =AC + BC Distributive Property 


4. c(AB) = (cA)B = A(cB) Associative Property of Scalar Multiplication 


Definition of Identity Matrix 
The n x n matrix that consists of 1’s on its main diagonal and 0’s elsewhere 
is called the identity matrix of order n and is denoted by 

1 0 Op aaaeee Se WAU) 
0 1 OPE wt! O 
0 


0 TSehersae at : Identity matrix 


0 0 eS ai! 
Note that an identity matrix must be square. When the order is understood 
to be n, you can denote J, simply by J. 


If A is an n x n matrix, the identity matrix has the property that Al, = A and 
[,A = A. For example, 


3. = 2) 55 Ff Oee nO ee 
Pees eaeus 7 a. Zz 
sel r= 0 nei) on of =1) oes 


and 


Coe 
i= & 
SxS 
me UO 
| 
So Wf’ 
Se 
Il 
— W 
| 
Sy IS 
RN 


STUDY TIP 


The notation [A : B] represents 
the augmented matrix formed 
_when matrix B is adjoined to 
matrix A. The notation [J : X] 
_represents the reduced row- 
echelon form of the augmented 

_ matrix that yields the solution to 
_ the system. 
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Applications 


Matrix multiplication can be used to represent a system of linear equations. Note 
how the system 

yjX + Appx. + Ay3xX3 = dD, 

An)X; + AyX) + Ay3X; = by 

z,X; + AyX) + Ay3X3 = b; 
can be written as the matrix equation AX = B, where A is the coefficient matrix 
of the system, and X and B are column matrices. 


44, 42 443 xy b, 
Ay, 4x2 gg X,| = |b, 
43; 932 433 X3 b; 

A x X = B 


Example 11 Solving a System of Linear Equations ae> 


Consider the following system of linear equations. 
Kg 2k, x= 4 
X H2x, =, A 
PDB: SS een Oh Ma aes 
a. Write this system as a matrix equation, AX = B. 
b. Use Gauss-Jordan elimination on the augmented matrix [A : B] to solve for 
the matrix X. 
Solution 


a. In matrix form, AX = B, the system can be written as follows. 


Wier 2 Lai x —4 
0 1 2\|x,|=| 4 
b. The augmented matrix is formed by adjoining matrix B to matrix A. 
12 1 a =A 
[A : B] =|0 1 a 4 
Z Sp 3 2, 


Using Gauss-Jordan elimination, you can rewrite this equation as 


1 0 0 a Al 
[7 : X]= |0 1 0 : D | 
0 0 1 : i 
So, the solution of the system of linear equations is x, = —1, x, = 2, and 


x, = 1, and the solution of the matrix equation is 
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| Example 12 Softball Team Expenses @ 


Two softball teams submit equipment lists to their sponsors. 


Women’s Team Men’s Team 
Bats 12 15 
Balls 45 38 
Gloves 15 il 


Each bat costs $80, each ball costs $6, and each glove costs $60. Use matrices to 
find the total cost of equipment for each team. 


Solution 
The equipment lists E and the costs per item C can be written in matrix form as 
Deets 
E=1)45 38 
US oly 
and 


Cay sail 


The total cost of equipment for each team is given by the product 


1225 5 
CE =[80 6 60]/45 38 
LS aly 


= [80(12) + 6(45) + 60(15) 80(15) + 6(38) + 60(17)] 
= [2130 2448]. 


So, the total cost of equipment for the women’s team is $2130 and the total cost 
of equipment for the men’s team is $2448. 


a a ie 


7 Writing ABOUT MATHEMATICS 


Problem Posing Write a matrix multiplication application problem that uses the 
matrix 


= 42 =| 
17 30" 50\|" 


Exchange problems with another student in your class. Form the matrices that 
represent the problem, and solve the problem. Interpret your solution in the 
context of the problem. Check with the creator of the problem to see if you are 
correct. Discuss other ways to represent and/or approach the problem. 


7.2 Exercises 
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In Exercises 1-4, find x and y. 


Ses ees 


5 
ny 
16 4 5 4 iG 4 2.771) 4 
Sai y 13 15 = |= 13 15 “ 
0 Ob 2 sy 570 
x+2 8 => Mee 32 8 AS 
| 1 ue2y 2 -| 1 18 “| 
7 +2 11 


In Exercises 5-12, if possible, find (a) A + B, (b) A-—B, 
(c) 3A, and (d) 3A — 2B. 


Pa 
> 
I 


| 
— 
Ny A 
(=) 
| 
1S) 
Nn 
— 


10. A= 


IS sy Ly (eS) 
lo.) 
| 
ON 
Ww 
ie) 
| 
£ 


a1. A= 


Be NOW KS a 
ee) 
II 
fe 
| 
i 
ON 
ie) 
peas 


in Exercises 13-18, evaluate the expression. 


Ee ot) Tei at 10 a) 
13. | 3 hes, l+| ee 


[9 2 lL 6 al) 


16.5(5 -2 4 


mA oes ab sl 


4 11 \ eet tag i 3) 
1831 2 tip 5 A acta oe aaa 
S) > her lS Great 


In Exercises 19-22, use the matrix capabilities of a graphing 
utility to evaluate each expression. Round your results to 
three decimal places, if necessary. 


3 2 5 mt) 0 
19. erie | oats | 


ife111) (2 0 
at 55|| Lae kal 13 °|) 


311 ee 6.829 1.630 —3.090 

21. -|-1.004 4.914|-]| 5.256 8.335 
0.055 —3.889 = 91168 etl 
6 20 14—15 =31) 19 
2-19 leet 9 "| 82 e610 
2 5 Ton 20 24°10 


In Exercises 23-26, solve for X when 


-2 -1 0 3 
A =| eo Mand B= |= 280): 
3 -4 -4 -1 


23. X = 3A — 2B 24, 2X = 2A —-B 
25. 2X +3A = B 26. 2A + 4B = —2X 


In Exercises 27-34, find AB, if possible. 


2 ai 0) = 1280 
7,A=|-3 41 B=|4 0 2 

eet 8 -1 7 
—2 < 
Dall Ble 2. 


1 3 

6 8 

Oniml 0 2 1 
29. A=|4 0 2.|,° B= =3 4 

Sapa 7 1 6 


i 
ON 
(st 
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D 
[ eOmnLO chy ii 0 
81k A104 0 (Oe 
0 0 -2 0 G0 as 
SOL 0 5 O60 
S2e Arr a= 8 0]! Bias|0 eee 
Or=50° 77 On LO) : 
0 7 4 6-11 4 
S00 Ac 0 9 60) =3)| sept Gab omnes 
Oe AOA we ve 
10 
34 =|) Poe 8 


_ In Exercises 35-40, use the matrix capabilities of a graphing 


utility to find AB. 


5 6 -3 eet ha) 
Soe Art esse | B=) eo eae 
10 =5 = 6 4 -2 9 
1p 4 1210 
SOA Ids TON! 19)), Bees B15 
6 =2" 9 15 M16 
Soele Gast wexeya ees ane ie 
mn a=|-u ie (6k aS e i a 
oi ae lite, FS 
8 -4 10 
ee a ng Fe 
38 Ar— | 5 eB 
ite oe 324 
0.5 1.6 
2/5, SePs108=338" (18 
39.4 =| 95 +50). 250 a 
Ae Ses 
40 -35 60 82 


15 —18 
So Spe oa 
40. A =| - = 
a=[4 9] a= [7 2 sa 


In Exercises 41- 46, find (a) AB, (b) BA, and, if possible, (c) A2. 
(Note: A? = AA.) 


make 2 = id 
a ASG 3h b= | | 


Sit OMe 
42.4 =(? al B=' a 


3) eel _.. Sie 
43.4 =(1 a Ted 
Liga! DY Peay ©) 
44.4 =|) ih B= [3 1 
7 
45.A=| 8| B=[1° 1 2] 
=! 
2 
46.A=[3 2 1], B=|3 
0 


In Exercises 47-50, evaluate the expression. Use the matrix 
capabilities of a graphing utility to verify your answer. 


#7, ola ale al 


Upuemse 
48. —3 5 bs ale =3 
4 1 
4 0 -2 3 
49. |" : zl 0 -1/+]-3 5 
PN ds eee 0 =3 
3 
=4 
50. , {5 —6]+[7 -1]+[-8 9}) 
7 


In Exercises 51-58, (a) write each system of linear equations 
as a matrix equation, AX = B, and (b) use Gauss-Jordan 
elimination on the augmented matrix [A : B] to solve for 
the matrix X. 


Shi) x, Ea 4 52. (2x, +13x, 5 
ee + xX = 0 x, + 4x, = 10 
33. (— 2), 3% =" 4-54. — Ax, 2 9x, Is 
6x, + x) = —36 4 an ee 


58. 


Bo. 


60. 


Ni ks te = 20 
OA eel ees kor ao 
Prides tag = LG 
tem © ty i Ake et 
Airy a ge Yes =-11 


—6x, +5x,= 40 


Manufacturing A corporation has three factories, 
each of which manufactures acoustic guitars and 
electric guitars. The number of units of guitars pro- 
duced at factory j in one day is represented by a,; in 
the matrix 


Fert 70" 50. “25 
35 100 70] 


Find the production levels if production is increased 
by 20%. 


Manufacturing A corporation has four factories, 
each of which manufactures sport utility vehicles 
and pickup trucks. The number of units of vehicle i 
produced at factory j in one day is represented by a, 
in the matrix 


_f100 90 70 30 
40 20 60 60} 


Find the production levels if production is increased 
by 10%. 


> Model It 


61. Agriculture 


A fruit grower raises two crops, 
apples and peaches. Each of these crops is sent to 
three different outlets for sale. These outlets are 
The Farmer’s Market, The Fruit Stand, and The 
Fruit Farm. The numbers of bushels of apples sent 
to the three outlets are 125, 100, and 75, respec- 
tively. The numbers of bushels of peaches sent to 
the three outlets are 100, 175, and 125, respec- 
tively. The profit per bushel for apples is $3.50 


and the profit per bushel for peaches is $6.00. 


(a) Write a matrix A that represents the number 
of bushels of each crop i that are shipped to 
each outlet j. State what each entry a;, of the 
matrix represents. 

(b) Write a matrix B that represents the profit per 
bushel of each fruit. State what each entry D;; 
of the matrix represents. 


(c) Find the product BA and state what each 
entry of the matrix represents. 


62. 


63. 


64. 
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Revenue A manufacturer of electronics produces 
three models of portable CD players, which are 
shipped to two warehouses. The number of units of 
model i that are shipped to warehouse j is represented 
by a; in the matrix 


5,000 4,000 
A =|6,000 10,000}. 
8,000 5,000 


The price per unit is represented by the matrix 
B = [$39.50 $44.50 $56.50]. 


Compute BA and interpret the result. 


Inventory A company sells five models of comput- 
ers through three retail outlets. The inventories are 
represented by S. 


Model 


| 


1 
2 Outlet 
3 


The wholesale and retail prices are represented by T. 


Price 
(Fr 
Wholesale Retail 

$840 $1100 
$1200 $1350 
$1450 $1650 
$2650 $3000 
$3050 $3200 


T= Model 


es! Is) (@y ies) te 


Compute ST and interpret the result. 


Voting Preferences The matrix 


From 
mith oh 
R D I 
O62. Ol 2.021) aR 
02a Oe OM D To 
Oa O02. 053.\1 4 


Pe 


is called a stochastic matrix. Each entry p; (i # j) 
represents the proportion of the voting population 
that changes from party i to party j, and p;; represents 
the proportion that remains loyal to the party from 
one election to the next. Compute and interpret P?. 
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had 65. Voting Preferences Use a graphing utility to find 


P3?, P4, P°, P®, P’, and P® for the matrix given in 
Exercise 64. Can you detect a pattern as P is raised 
to higher powers? 

66. Labor/Wage Requirements A company that manu- 
factures boats has the following labor-hour and wage 
requirements. 

Labor per boat 


Department 


Cutting Assembly Packaging 
10hr OShr 02 hr} sma 
S=/16hr 1.0hr 0.2hr| Medium 
2..hr 2.0hr 1.4hr} Large 


Boat size 


Wages per hour 


Plant 
a 
A B 
$12 $10 Cutting 
T=] $9 $8] Assembly Department 


$8 $7 | Packaging 


Compute ST and interpret the result. 
Synthesis 


True or False? In Exercises 67 and 68, determine 
whether the statement is true or false. Justify your answer. 


67. Two matrices can be added only if they have the 
same order. 


es ie “Al 4 2 4 Oligeon 52 

, 2 00s 1 Cl al EMSA 
Think About It _\n Exercises 69-76, let matrices A, B, G 
and D be of orders 2x 3, 2x 3, 3x2, and EXE 
respectively. Determine whether the matrices are of proper 


order to perform the operation(s). If so, give the order of the 
answer. 


69. A+2C 10 SB eC 
71. AB IP TO: 

TRS TE 18) 74. CB — D 
75. D(A — 3B) 76. (BC — D)A 


77. Think About It If a, b, and c are real numbers such 
that c # 0 and ac = be, then a = b. However, if A, 
B, and C are nonzero matrices such that AC = BC, 
then A is not necessarily equal to B. Illustrate this 
using the following matrices. 


nO i £0 me E : 
A=[j if B=|/ a ae 
78. Think About It If a and b are real numbers such 
that ab = 0, then a = 0 or b = 0. However, if A and 
B are matrices such that AB = O, it is not necessarily 


true that A = O or B = O. Illustrate this using the 
following matrices. 


be liy 


79. Exploration Let A and B be unequal diagonal 
matrices of the same order. (A diagonal matrix is a 
Square matrix in which each entry not on the main 
diagonal is zero.) Determine the products AB for 
several pairs of such matrices. Make a conjecture 
about a quick rule for such products. 


80. Exploration Let i= \/—1 and let 


Alte 20 _f0 -i 
A=|> } and B=(" | 


(a) Find A’, A*, and A‘. Identify any similarities 
with i7, i3, and i¢. 


(b) Find and identify B?. 
Review 


In Exercises 81-86, solve the equation. 


Sl. 3x7 20x32 =0 

82. 8x2 — 10x = 3:= 0 

83. 4° + 10x? — 3x = 0 

84. 3x3 + 22x? — 45x = 0 

85. 3x° — 12x? + 5x — 20 =0 
86. 2x3 — 5x2 — 12x + 30 =0 


In Exercises 87-90, solve the system of linear equations 
both graphically and algebraically. 


87. ete = 88. [ 8x —3y=—17 
5x — 8y = 39 sae tie 27 

eee 6x 18 — 11 
73h ay eS ee 5y = 41 


Jon Love/Getty Images 


7.3 


> What you should learn 


* How to verify that two matrices 


are inverses of each other 
* How to use Gauss-Jordan 


elimination to find the inverses 


of matrices 


* How to use a formula to find 
the inverses of 2 x 2 matrices 


* How to use inverse matrices to 
solve systems of linear equa- 
tions 


> Why you should learn it 


You can use inverse matrices to 
model and solve real-life 
problems. For instance, in 
Exercise 72 on page 559, an 
inverse matrix is used to find 

a linear model for the number 
of vehicle registrations in the 
United States. _ 


551 


Section 7.3. ® The Inverse of a Square Matrix 


The Inverse of a Square Matrix 


The Inverse of a Matrix 


This section further develops the algebra of matrices. To begin, consider the real 
number equation ax = b. To solve this equation for x, multiply each side of the 
equation by a7! (provided that a # 0). 


ax =b 
(a ‘a)jx =a dD 
(1)x = ab 
x=a--b 


The number a~! is called the multiplicative inverse of a because a~'a = 1. The 
definition of the multiplicative inverse of a matrix is similar. 


Definition of the Inverse of a Square Matrix 


Let A be ann x n matrix and let J, be the n x n identity matrix. If there 
| exists matrix A~! such that 


AAv! =], = A714 


then A~! is called the inverse of A. The symbol A! is read “A inverse.” 


| Example 1 The Inverse of a Matrix joy 


Show that B is the inverse of A, where 


pat 
eal 


Solution 
To show that B is the inverse of A, show that AB = IJ = BA, as follows. 


Bal Shae ee 4 
lal Piel t lines | uated 


ue Pel (lz flees? Jest A 
Pee eee | | el ay 


A= 
and 


i= 


Recall that it is not always true that AB = BA, even if both products are 
defined. However, if A and B are both square matrices and AB = I,,, it can be 
shown that BA = I,. So, in Example 1, you need only to check that AB = J). 
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Finding Inverse Matrices 


If a matrix A has an inverse, A is called invertible (or nonsingular); otherwise, 
A is called singular. A nonsquare matrix cannot have an inverse. To see this, note 
that if A is of order m x n and B is of order n x m (where m # n), the products 
AB and BA are of different orders and so cannot be equal to each other. Not all 
square matrices have inverses (see the matrix at the bottom of page 554). If, 
however, a matrix does have an inverse, that inverse is unique. Example 2 shows 
how to use a system of equations to find the inverse of a matrix. 


| Example 2 Finding the Inverse of a Matrix 


Find the inverse of 


bale 


Solution 
To find the inverse of A, try to solve the matrix equation AX = J for X. 


A x I 
| I alle, | a F | 
=| =3) XoT ~ Xo2 0 1 


| Maal AN) Xt + 4%, 
ikl a Nigum yp 


in| 


| 
SS 
fan 
oO 
ee 


Equating corresponding entries, you obtain two systems of linear equations. 


x, + 4x,, = 1 
Linear system with two variables, x,, and x5). 
ei leo al) ‘ 
Xin + 4x,, = 0 
Linear system with two variables, x,5 and x». 
X12 — 3X9 = 1 = 
From the first system you can determine that x,,; = —3 and x,, = 1, and from the 
second system you can determine that x,, = —4 and Xyy = 1. Therefore, the 
inverse of A is 
X =A"! 


aie 


You can use matrix multiplication to check this result. 


Check 


ge eeeciiisten| eyo 


rhe 
Technology 
You can find the inverse 
of a matrix with a graphing 
utility. Enter the matrix in the 
graphing utility, press the 
inverse key ,and press 


ENTER]. The inverse of the 
matrix will be displayed on 
the screen. 
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In Example 2, note that the two systems of linear equations have the same 
coefficient matrix A. Rather than solve the two systems represented by 


feed | 
= 
[neta wee " 
-1 -3 : 41 


separately, you can solve them simultaneously by adjoining the identity matrix to 
the coefficient matrix to obtain 


ie See) 
=f 6 bei uO: ok 


This “doubly augmented” matrix can be represented as [A : /]. By applying 
Gauss-Jordan elimination to this matrix, you can solve both systems with a single 
elimination process. 


and 


igs nexlitie Seung °| 
-1 -3 0 1 
1 4: 1 ‘| 
RiP RS0° 1: Moves 
et 1 0 : -3 i] 
0 1 : 1 1 


So, from the “doubly augmented” matrix [A : /], you obtained the matrix 
(EA ] 


A I I Av 


i Ae: 1 "| mm |! 0 an 
ees ce Oe SAP ne Om gal a eee ant 


This procedure (or algorithm) works for an arbitrary square matrix that has an 
inverse. 


Finding an Inverse Matrix 


Let A be a square matrix of order n. 


1. Write the n x 2n matrix that consists of the given matrix A on the left 
and the n x n identity matrix J on the right to obtain [A : /]. 


. If possible, row reduce A to J using elementary row operations on the 
entire matrix [A : 1]. The result will be the matrix [J : A7']. If this is 
not possible, A is not invertible. 


. Check your work by multiplying to see that AA~! = J = A7'A. 
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| Example 3 Finding the Inverse of a Matrix @ajo> 


Find the inverse of 


eS ce | 0 
A=|{1 4 eae 8) | 
(cya lee Fees) 
Solution 
Begin by adjoining the identity matrix to A to form the matrix 
{Sey alae ey Rae tes 
[Ace = is ese Os i e0n 
Oma 3 0 0 1 
Use elementary row operations to obtain the form [J : A7'], as follows. 
Ri a Meee Pipe » 
FR, Re | Oe | el eetaiat ois E 
SOR) eRe SO) An =3 =o 0 ee 
Rot Riel 10° =, S5—. Cee 
0 Le - =] 1 0 
AR Ren eo 2 ait 
Ret eR (le 10 0 ieee 0. ee 
R,+R,3/0 t—O. : -3 =3 .4h=ste AG 
On Oe te Sane 


-2 -3 1 
At=|-3 -3 1 
-2 -4 1 


Confirm this result by multiplying A and A~! to obtain J, as follows. 
Check 


The process shown in Example 3 applies to any n x n matrix A. If A has an 
inverse, this process will find it. On the other hand, if A does not have an inverse 
(if A is singular), the process will tell you so. That is, matrix A will not reduce to 
the identity matrix. For instance, the following matrix has no inverse. 


| 2 0 
Avi a3) gail 2 
=P 3S 2 


Explain how the elimination process shows that this matrix is singular. 


Exploration 


Use a graphing utility with 
matrix capabilities to find the 
inverse of the matrix 


[ =2 
A= : 
Le | 


What message appears on the 
screen? Why does the graphing 
utility display this message? 
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The Inverse of a 2 X 2 Matrix 


Using Gauss-Jordan elimination to find the inverse of a matrix works well (even 
as a computer technique) for matrices of order 3 x 3 or greater. For 2 x 2 
matrices, however, many people prefer to use a formula for the inverse rather than 
Gauss-Jordan elimination. This simple formula, which works only for 2 x 2 
matrices, is explained as follows. If A is a 2 x 2 matrix given by 


bes 

A= 

Gnd 

then A is invertible if and only if ad — bc # 0. Moreover, if ad — bc # 0, the 
inverse is given by 


pe 1 d a 
ad — be | -c ali 


The denominator ad — bc is called the determinant of the 2 x 2 matrix A. You 
will study determinants in the next section. 


Example 4 Finding the Inverse of a 2 x 2 Matrix @je> 


If possible, find the inverse of each matrix. 


| 3 al 
a. ssh, 


pa-[° Zl 
eT A EG ey 


Solution 


Formula for inverse of matrix A 


a. For the matrix A, apply the formula for the inverse of a 2 x 2 matrix to obtain 
Gar be —(2)(2) = 1)(-2) 
= 4, 


Because this quantity is not zero, the inverse is formed by interchanging the 
entries on the main diagonal, changing the signs of the other two entries, and 
multiplying by the scalar i, as follows. 


Substitute for a, b, c, d, and the determinant. 


| Multiply by the scalar i 


BIW Bl 
i 


b. For the matrix B, you have 
ad be =1(3)(2)— {=1)(— 6) 
=0 


which means that B is not invertible. 
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Systems of Linear Equations 


You know that a system of linear equations can have exactly one solution, 
infinitely many solutions, or no solution. If the coefficient matrix A of a square 
system (a system that has the same number of equations as variables) is invertible, 
the system has a unique solution, which is defined as follows. 


A System of Equations with a Unique Solution 


If A is an invertible matrix, the system of linear equations represented by 


AX = B has a unique solution given by 


——* X= A-*B, 

Technology 

ne To solve a system of 

equabons Wittig Glapning | Example 5 Solving a System Using an Inverse @ f 

utility, enter the matrices A and B g y 3 Be 

in unis matrix editor. Then, using You are going to invest $10,000 in AAA-rated bonds, AA-rated bonds, and 

sedate ey coe lo B-rated bonds and want an annual return of $730. The average yields are 6% on 
A B AAA bonds, 7.5% on AA bonds, and 9.5% on B bonds. You will invest twice as 

much in AAA bonds as in B bonds. Your investment can be represented as 


ea y+ z = 10,000 


0.06x + 0.075y + 0.095z = 730 
3 = 27 —= 0 


The screen will display the 
solution, matrix X. 


where x, y, and z represent the amounts invested in AAA, AA, and B bonds, 
respectively. Use an inverse matrix to solve the system. 


Solution 
Begin by writing the system in the matrix form AX = B. 


1 1 1 x 10,000 
0.06 0.075 0.095/)y|= 730 
1 0) =P Zz 0 


Then, use Gauss-Jordan elimination to find A~!. 
15 —200~ —2 
Amite i| lea sy 300 35 
12 e100 5 
Finally, multiply B by A~! on the left to obtain the solution. 
X=A 'B 


Le 2 OU) ae 10,000 4000 
= | 21 00m 3) 730 | = | 4000 
TSOP 1,5 0 2000 


The solution to the system is x = 4000, y = 4000, and z = 2000. So, you will 
invest $4000 in AAA bonds, $4000 in AA bonds, and $2000 in B bonds. 


CU 
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7.3 Exercises 


In Exercises 11-26, find the inverse of the matrix (if it exists). 


In Exercises 1-10, show that B is the inverse of A. 
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Sit niet ( eos ae 
0 2 0-1 sie es 
meal Soyer ig O0l-c |) eee ee eens 
EN) Laon rho eye] at) eR PR 


In Exercises 39-44, use the formula on page 555 to find the 
inverse of the matrix. 


5 
39. [; 


al 


—Ain—6 — 2 | 
a1. | : | 42. | ids 


fq +f 


In Exercises 45-48, use the inverse matrix found in Exercise 
13 to solve the system of linear equations. 


aero Be pecse 


Win Bie 
\olco BI\O 
be 


2x —3y = 10 2x — 3y = 3 
47. |x — 2y =4 48. | x-2y= 1 
Zi oy = 2 2X Sy 


In Exercises 49 and 50, use the inverse matrix found in 
Exercise 21 to solve the system of linear equations. 


CO Xe yt a0. S06 (oa ye Ba I 
ax Oy + 42) aX cb oy +4z =. 2 
oxt OY 1 OZ oY Oy OZ — 0 


In Exercises 51 and 52, use the inverse matrix found in 
Exercise 38 to solve the system of linear equations. 


51. i eee ee ee) 
Svea tyne 2s OX, he) 
CONS ele =| 


Xr at, ax, + dx =) 2 
52. ES e tea Vee tee A 9 ce Rall 
Bp), t yaa PAG. as Ci a 28) 
2h et OK ey) OX =O) 
= 4 £44, 4x, + 11x, = —3 


In Exercises 53-60, use an inverse matrix to solve (if 
possible) the system of linear equations. 


535)\oxc4y — =2 34. (18x + 12y = 13 
EB +3y= 4 Bs + 24y = 23 

Soe | — O40 OSy— 16° 56s (027 — 0.6y= 2.4 
2x—- 4y=5 (ee es 


57. —ix+iy= aw? 58. 2x - y = —20 
ayt3y=-12 ae 2) mal 


—5 60. [4x -— 2y +3z = -2 
2x + 2y 4+ 57 = "16 
8x = Sy = 27 =n 4 


59.) |'4x =A Sy eee 
2x + 2y Fz = "10 
as — 29 4 or El 


In Exercises 61-66, use the matrix capabilities of a graphing 
utility to solve (if possible) the system of linear equations. 


61. | 5x — 3y + 2z Ss. 2 (62.0125 $y 7 eee 
2X ToLy = Br = eB 3x + Sy + 97 =a 
x— Jy +32 —4 5x + Oy + za 


63. 38 2 ee, =e 
Tak) Hoe we oh 
xy th eH 24 


64. | —8x + 7y — 10z = —151 
te Sy Sz = 86 
15x —.9y + 2z= 187 

65. Ite Oy + 2w 4] 
= ¥ = w= 413 
4x 2 We ae 
se Si = Wt — 5 

66. | 2x + Sy + w= 11 
x 4y>F 27 = Jeet 7 
20 =p 7 wan 
x —3w=-]1 


Investment Portfolio \n Exercises 67-70, consider a 
person who invests in AAA-rated bonds, A-rated bonds, and 
B-rated bonds. The average yields are 6.5% on AAA bonds, 
7% on A bonds, and 9% on B bonds. The person invests 
twice as much in B bonds as in A bonds. Let x, y, and z rep- 
resent the amounts invested in AAA, A, and B bonds, 
respectively. 


Xara yt Z = (total investment) 
0.065x + 0.07y + 0.09z = (annual return) 
2yi— z=0 


Use the inverse of the coefficient matrix of this system to 
find the amount invested in each type of bond. 


Total Investment Annual Return 


67. $10,000 $705 
68. $10,000 $760 
69. $12,000 $835 
70. $500,000 $38,000 


71. Circuit Analysis Consider the circuit in the figure. 
The currents /,, /,, and /;, in amperes, are the solu- 
tion of the system of linear equations 


21, +41, =E, 
C+ 4-8, 
IL+ih- 1,=0 


where E, and E, are voltages. Use the inverse of the 
coefficient matrix of this system to find the unknown 
currents for the voltages. 


(a) E, = 14 volts, E, = 28 volts 
(b) E, = 24 volts, E, = 23 volts 


72. Data Analysis The table shows the numbers y 
a4 (in millions) of motor vehicle registrations in the 
United States for the years 1997 through 1999. 
(Source: U.S. Federal Highway Administration) 


4 Year, f 


Registrations, y 


1997 207.8 
1998 211.6 
1999 216.3 


(a) Use the technique demonstrated in Exercises 
55-60 in Section 6.2 to create a system of 
linear equations for the data. Let ¢ represent 
the year, with t = 7 corresponding to 1997. 


(b) Use the matrix capabilities of a graphing 
utility to find an inverse matrix to solve the 
system from part (a) and find the least 
squares regression line y = at + b. 


(c) Use the result of part (b) to estimate the num- 
ber of motor vehicle registrations in 2000. 


Section 7.3. ® The Inverse of a Square Matrix 559 


> Model It (continued) 


(d) The actual number of motor vehicle registra- 
tions in 2000 was 221.5 million. How does 
this value compare with your estimate from 
part (c)? 


(e) Use the result of part (b) to estimate when the 
number of vehicle registrations will reach 240 
million. 


Synthesis 


True or False? \n Exercises 73 and 74, determine whether 
the statement is true or false. Justify your answer. 


73. Multiplication of an invertible matrix and its inverse 
is commutative. 


74. If you multiply two square matrices and obtain the 
identity matrix, you can assume that the matrices are 
inverses of one another. 


Ty lit Ag @ Dx 2 eli A = ie ‘| then A is 


invertible if and only if ad—bc#0. If 
ad — bc # 0, verify that the inverse is 


1 Gana, 
A= : 
= =|2 4 


76. Exploration Consider matrices of the form 


PEA ee i Oh ne 
pig pain ul elena te 0) 
AV | 0. 0c ae ee 
Nae ales atine sai r 


nn 


(a) Write a 2 x 2 matrix and a 3 x 3 matrix in the 
form of A. Find the inverse of each. 


(b) Use the result of part (a) to make a conjecture 
about the inverses of matrices in the form of A. 


Review 
In Exercises 77 and 78, solve the inequality and sketch the 


solution on the real number line. 


THeo|bane TA eavA ISSN Zee cli ner 3 


In Exercises 79-82, solve the equation. 


719; 372 = 315 80. 2000e~-*° = 400 
81. log, x — 2 = 4.5 82. Inx + In(x — 1) = 0 
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em The Determinant of a Square Matrix 


> What you should learn 


* How to find the determinants 
of 2 x 2 matrices 

* How to find minors and 
cofactors of square matrices 

* How to find the determinants 
of square matrices 


> Why you should learn it 


Determinants are often used in 
other branches of mathematics. 
For instance, Exercises 79-84 on 
‘page 567 show some types 

: ee 


of 


The Determinant of a 2 X 2 Matrix o> 


Every square matrix can be associated with a real number called its determinant. 
Determinants have many uses, and several will be discussed in this and the next 
section. Historically, the use of determinants arose from special number patterns 
that occur when systems of linear equations are solved. For instance, the system 


ax t+ by =c, 
a,x + b,y = c, 
has a solution 
Clo = Co Che =e 
Pe, ee ee and —— 


provided that a,b, — a,b, # 0. Note that the denominators of the two fractions 
are the same. This denominator is called the determinant of the coefficient matrix 
of the system. 


Coefficient Matrix Determinant 
_[@a, 5] ~ is 
A= [e b, | det(A) = a,b, — a,b, 


The determinant of the matrix A can also be denoted by vertical bars on both sides 
of the matrix, as indicated in the following definition. 


Definition of the Determinant of a 2 x 2 Matrix 
The determinant of the matrix 


is given by 


det(A) = |A| 


In this book, det(A) and |A| are used interchangeably to represent the 
determinant of A. Although vertical bars are also used to denote the absolute 
value of a real number, the context will show which use is intended. 

A convenient method for remembering the formula for the determinant of a 
2 x 2 matrix is shown in the following diagram. 


1 1 


Go hee oe 


Note that the determinant is the difference of the products of the two diagonals of 
the matrix. 


det(A) = 


Exploration 


Use a graphing utility to find the 
determinant of the following 
matrix. 


1 2 
A=|-1 0 
eae 


What message appears on the 
screen? Why does the graphing 
utility display this message? 
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| Example 1g The Determinant of a 2 x 2 Matrix @ije> 


Find the determinant of each matrix. 
Y — 
a. A= | | 
1 2 
2 
Rithcafeme 
4 2} 


0 3 
-c=| ] 
2 4 


Solution 
D8) 
a. det(A) = | i 
= 2(2) — 1(—3) 
ay aaa 
2 1 
b. det(B) = 5 5 
= 2(2) —4(1) 
=4-4=0 
3 
c. det(C) = ; | 
= 0(4) — 2(3) 
=0-3=-3 
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Notice in Example | that the determinant of a matrix can be positive, zero, 


or negative. 


The determinant of a matrix of order 1 x 1 is defined simply as the entry of 


the matrix. For instance, if A = [—2], then det(A) = —2. 


Technology 
4 


Most graphing utilities can evaluate the determinant of a matrix. For 


instance, you can evaluate the determinant of 


a-|) 


by entering the matrix as [A] and then choosing the determinant feature. 
The result should be 7, as in Example 1(a). Try evaluating the determinants of 
other matrices. 


562 


Chapter 7 ® Matrices and Determinants 


Sign Pattern for Cofactors 


3 x 3 matrix 


ar = ar = 
= te = “ir 
=F = =e — 
= =r = ae 
4 x 4 matrix 
= =F =e ae 
et = a = 
= IF = ap 
a = te <= 
= sP = ar 
n X n matrix 


Minors and Cofactors 


To define the determinant of a square matrix of order 3 x 3 or higher, it is 
convenient to introduce the concepts of minors and cofactors. 


Minors and Cofactors of a Square Matrix 


If A is a square matrix, the minor M,, of the entry a;; is the determinant 


of the matrix obtained by deleting the ith row and jth column of A. The 


cofactor C;; of the entry a;; is 


C, = (=1) 4M, 


In the sign pattern for cofactors at the left, notice that odd positions (where 
i + j is odd) have negative signs and even positions (where i + j is even) have 
positive signs. 


| Example 2 | Finding the Minors and Cofactors of a Matrix 


Find all the minors and cofactors of 


0 2 1 
A=]3 -1 Dep 
4 0 1 
Solution 


To find the minor M,,, delete the first row and first column of A and evaluate the 
determinant of the resulting matrix. 


{2 
-1 2], Mu = | | = -10) - 0@) = -1 
ee One| 


Similarly, to find M,,, delete the first row and second column. 


oy Stent 
3 -{ 2), Mu = | | = 311) ~ 4@) = ~5 
4 1 ; 


Continuing this pattern, you obtain the minors. 
Ml Min = —5 Mig 4 
M,,= 2 M,, = —4 M,, = —8 
MG Moy =i— 3 M;, = —6 


Now, to find the cofactors, combine the checkerboard pattern of signs for a3 x 3 
matrix (at left above) with these minors. 


Cie! Cp =" C3= 4 
Cy esa Cy =i 4 C3 = 8 
C3; chee) C3, = 3 C3; = —-6 
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The Determinant of a Square Matrix 


The definition below is called inductive because it uses determinants of matrices 
of order n — 1 to define determinants of matrices of order n. 


Determinant of a Square Matrix 


If A is a square matrix (of order 2 x 2 or greater), the determinant of A is 
the sum of the entries in any row (or column) of A multiplied by their 
respective cofactors. For instance, expanding along the first row yields 


|A| = yi Cyy jn 7 F ,Ci,,- 


Applying this definition to find a determinant is called expanding by 
| cofactors. 


Try checking that for a 2 x 2 matrix 


this definition of the determinant yields |A| = a,b, — a,b,, as previously 
defined. 


| Example 3 The Determinant of a Matrix of Order 3 x 3 Q¥op 


Find the determinant of 


0 2 1 
A115 ail MD || 
4 0 1 
Solution 


Note that this is the same matrix that was in Example 2. There you found the 
cofactors of the entries in the first row to be 


Cran, Cp so. and. Cia = 4. 
So, by the definition of a determinant, you have 
[A] = ayyCyy + ay.Cyp + 443C,3 First-row expansion 
= ((—1) + 2(5) + 1(4) 
= 14. 


In Example 3, the determinant was found by expanding by the cofactors in 
the first row. You could have used any row or column. For instance, you could 
have expanded along the second row to obtain 


|A| = A4,Cy, + Ag Cyy + 4y3Cy, Second-row expansion 
a(S 2) 44(—1)( 4), + 2(8) 
14. 


I| 
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When expanding by cofactors, you do not need to find cofactors of zero 
entries, because zero times its cofactor is zero. 


a,,C,; = (0)C,, = 0 


So, the row (or column) containing the most zeros is usually the best choice for 
expansion by cofactors. This is demonstrated in the next example. 


Example 4 The Determinant of a Matrix of Order 4 x 4 Qa 


Find the determinant of 


(| = 2 3 0) 
Faye 
BY ince amelie Ser) 
3 4 0 D 
Solution 


After inspecting this matrix, you can see that three of the entries in the third 
column are zeros. So, you can eliminate some of the work in the expansion by 
using the third column. 


|A| = 3(C,3) + O(Gs)e OCC;,) + O(G,,) 


Because C,,, C33, and C,3 have zero coefficients, you need only find the cofactor 
C;;. To do this, delete the first row and third column of A and evaluate the 
determinant of the resulting matrix. 


='l| ] 2 
C3= (- ip S| (6) D 3 Delete Ist row and 3rd column. 
3 4 2 
al ] 2 
= 0 2 3 Simplify. 
3 4 2 


Expanding by cofactors in the second row yields 


ae an z(t 2 a4 Ae L 2 A lesa! ] 
Cis lee) 4 ‘1 + 2(=1) f+ 3-0 5 H 

= 0 + 2(1)(—8) + 3 1)(—7) 

=5. 


So, you obtain 


|A| = Cy. 


II 
an 
at 


Try using a graphing utility to confirm the result of Example 4. 


7.4 Exercises 
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In Exercises 1-16, find the determinant of the matrix. 


[5] 


2 1 
Bice -4| 


ui 
6.| 7 
ib 


2 2 


aa. 


— 
= 


| 
re vn won fF AWN 
Nn 


—_ 
“ 


16. 


= 
~ 
a ee es ee Oe ee ees eee 


Wl WI-p 
ee nt 


of In Exercises 17-22, use the matrix capabilities of a graphing 
utility to find the determinant of the matrix. 


; 0.3 
ah 0.2 
—0.4 


0.9 
i, | —0.1 
22 


| 1 
4. | 43 


a2 


In Exercises 23-30, find all (a) minors and (b) cofactors of 


the matrix. 


oe 
23. B ae 


0.2 
0.2 
0.4 
0.7 
0.3 
Avy) 
4 
6 
l 


0.2 
0.2 


v3 
6.1 


=) 
aa) 
4 


| 


| 


Oe O20 10:35 
15S 10550-25107 
05 04 0.4 


0.1 0.1 
W475 6.2 
0.3 0.6 
2 3 
22. F ) 


0 0 


Liat) 
24. f= 3 
-6 5 
26. | a0 as 


Ae 
0.7 
gle, 


1 
aes 
=2 


| 


In Exercises 31-36, find the determinant of the matrix by 
the method of expansion by cofactors. Expand using the 


indicated row or column. 


te: pi 1 
RAE - =) 6 
21-3 i 


(a) Row 1 
(b) Column 2 


8) a) 
BRR MOP alley 4 


1 6 2) 
(a) Row 2 
(b) Column 2 
6 Om 
4 13 6 
BPE = 0 # 
8 6 0 
(a) Row 2 
(b) Column 2 
10 8 3 
4 0 Be) 
36. 0 3 ) 
1 Q =3 
(a) Row 3 


(b) Column 1 


=30 4g)? 
32m OF 930k o1 
4 -7 -8 


(a) Row 2 
(b) Column 3 
IQ =5 p) 
34. | 30 0 10 
On= 10 1 
(a) Row 3 
(b) Column 1 


In Exercises 37-52, find the determinant of the matrix. 
Expand by cofactors on the row or column that appears to 


make the computations easiest. 


DN Tess 0 
S73 : 2 1 
1 


2 
6 BUA 5: 
39. | 0 0 0 
4 -6 3 
=] Lares 
41. 0 3 4 
0 0 =) 
1 4 oho? 
43. S Z 0 
= 1 4 3 
Me 4 
45. | 0 y 
0 0 


rae” Ze 3 
38. heel 0 
0 1 4 
1 l 2 
40. iS 1 0 
=) 0 3 
1 0 0 
42.|-4 -Il 0 
5 1 5 
26 1 3 
44. | 1 4 4 
1 0 es 
3 0 
46. 1B 0 
1 2 
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ry In Exercises 53-60, use the matrix capabilities of a graphing 


In Exercises 69-74, evaluate the determinant(s) to verify the 


utility to evaluate the determinant. 


t aeime 
aN 
| 
th 
— 
— 
R 
| 
nN 
—_ 
a 5 eo) 
> ay 
NR Se ay, | 
at: aN 
mow — 
Tee ae ] 
| LS) ee o Gt ot aes 
[eet sd 
I| lI II 
RoR 
BN gee) aN oS Rk AN 
(= x 
PRLS Be a cae oe 
palma aoe es eet 
>) ° ° . ° 5 
CON Ss “ a a) 
© Nr) = ~ é ~ 
CIRO BONG 
— 
Ota SCOrFR wa~HOO 
| 
COl RO ar val Ch NOS 
| | 
WM DD CO CORGAEGN @) Ce) Sap le 
| | el 
° e 5 =) (es) 
a S e > 
wn wn in 
CH or CH 
++ 00 
++ AQ 
— —_ 
| Gc) 
lr xp Ne} oON co 
| 
Onn Qe = 
| | 
le {et} Ne) Om DY 
om © 0 ll anno 
oa) wn ~ x 
w Ye) in Ye) 


= b°(3a + b) 


a 
Gh =P lp 


at+b 


74. 


a 


In Exercises 75-78, solve for x. 


60. 


In Exercises 61 
(d) |B}. 


-68, find (a) |A|, (b) |B|, (c) AB, and 


61. A 


fi In Exercises 79-84, evaluate the determinant in which the 
entries are functions. Determinants of this type occur when 
changes in variables are made in calculus. 


79. - ca 80. aay 

2x x =x x 
Bi. sii ui a ay! (I fore 
83. | = 84. |" ae 
Synthesis 


True or False? In Exercises 85 and 86, determine 
whether the statement is true or false. Justify your answer. 


85. If a square matrix has an entire row of zeros, the 
determinant will always be zero. 


86. If two columns of a square matrix are the sare, the 
determinant of the matrix will be zero. 


87. Exploration Find square matrices A and B to 
demonstrate that 
|A + B| # |A| + |BI. 


88. Exploration Consider square matrices in which 
the entries are consecutive integers. An example of 
such a matrix is 


- 5 6 
7 8 91. 
j CU oad i SO ae Be 


ay (a) Use a graphing utility to evaluate the determinants 
of four matrices of this type. Make a conjecture 
based on the results. 


(b) Verify your conjecture. 
89. Writing Write a brief paragraph explaining the dif- 
ference between a square matrix and its determinant. 


90. Think About It If Ais a matrix of order 3 x 3 such 
that |A| = 5, is it possible to find |2A|? Explain. 


Properties of Determinants \n Exercises 91 and 92, a 
property of determinants is given. State how the property 
has been applied to the given determinants and use a 
graphing utility to verify the results. 


91. If A and B are square matrices and B is obtained 
from A by interchanging two rows of A or 


interchanging two columns of A, then |B] = — |A|. 
7 geen er ae 

(aye(—7 | Sea. 5 Z 
6 1 2 6 2 1 
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1 3] 4 1 6 2 
(bia 2 2 mat a i 0 
1 6 2 1 3 4 


92. If A and B are square matrices and B is obtained from 
A by adding a multiple of a row of A to another row 
of A or by adding a multiple of a column of A to 


another column of A, then |B] = |A|. 
| =3 iL =3 
@) |. ‘ Ome 
5 4 D 1 I) = 
(oy (2 = AM = |) = 3 4 
7 6 3 T 6 3) 
Review 


In Exercises 93-98, find the domain of the function. 
93,7 f(x) = x2 — 2x 94. 9(x) = 3/x 
95 ia) = 16 96. A(x) = ae 


x2 
97. gt) nla} 98. f(s) = 625e~%°s 


In Exercises 99-102, find the equation of the conic 
satisfying the conditions. 


99, Parabola: Vertex: (0, 3); Focus: (2, 3) 
100. Ellipse: Vertices: (0, +4); Foci: (0, +3) 
101. Ellipse: Vertices: (+8, 0); Foci: (+6, 0) 
102. Hyperbola: Vertices: (+5, 0); Foci: (+6, 0) 


In Exercises 103 and 104, sketch the graph of the system of 
inequalities. 


1035350 + vy S68 104. | =% — ys 4 
x 2a as 1 
2 Vee Tse nme Wee Nt) 


In Exercises 105-108, find the inverse of the matrix (if it 
exists). 


-4 1 -5 -8 
105. | oe Us | 106. | : *| 

-7 2 9 -6 2 0 
107.| 2 -4 -6 108. 1 3 -2 

Za ile? 7-7 05) 


Lester Lefkowitz/Corbis 
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ify Applications of Matrices and Determinants 


> What you should learn 


* How to use Cramer's Rule to 
solve systems of linear 
equations 

* How to use determinants to 
find the areas of triangles 

* How to use a determinant to 
test for collinear points and 
find an equation of a line 
passing through two points 

* How to use matrices to code 
and decode messages 


> Why you should learn it 


You can use Cramer's Rule to 
solve real-life problems. For 
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Cramer's Rule 


So far, you have studied three methods for solving a system of linear equations: 
substitution, elimination with equations, and elimination with matrices. In this 
section, you will study one more method, Cramer’s Rule, named after Gabriel 
Cramer (1704-1752). This rule uses determinants to write the solution of a 
system of linear equations. To see how Cramer’s Rule works, take another look 
at the solution described at the beginning of Section 7.4. There, it was pointed out 
that the system 


ax+by=c, 
ax + boy =e, 

has a solution 
_ Cyby = Cab, 
a,b, — ayb, 

and 

yoo 
a,b, — ayb, 


provided that a,b, — a,b, # 0. Each numerator and denominator in this solution 
can be expressed as a determinant, as follows. 


cc, 

Bo Cb 65D, BG b, 
aby — ayb, a; =D, 

a, by 

ay Cc} 

E27 eG Ga 9 
4 a,b, — ayb, - a,b, 
a, by 


Relative to the original system, the denominator for x and y is simply the deter- 
minant of the coefficient matrix of the system. This determinant is denoted by D. 
The numerators for x and y are denoted by D, and D,, respectively. They are 


formed by using the column of constants as replacements for the coefficients of 
x and y, as follows. 


Coefficient 
Matrix D D D 
x y 
Ee 3 | pune ma b, ay Cy 
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Example 1 Using Cramer's Rule for a 2 x 2 System op 


Use Cramer’s Rule to solve the system of linear equations. 


{* — 2y = 10 
3x = Sy =) Ll 
Solution 


To begin, find the determinant of the coefficient matrix. 
Am=72 

= —20 — (-6) = -14 
wie (-6) 


Because this determinant is not zero, you can apply Cramer’s Rule to find the 
solution, as follows. 


ie aa ; 10 
D: i ea Dy |Saetl 
D —14 ee) —14 
6 ame 2?) eed 
—14 —14 
eo 28 oe 
—14 —14 
So, the solution is x = 2 and y = —1. Check this in the original system. 


Cramer’s Rule generalizes easily to systems of n equations in n variables. 
The value of each variable is given as the quotient of two determinants. The 
denominator is the determinant of the coefficient matrix, and the numerator is the 
determinant of the matrix formed by replacing the column corresponding to the 
variable (being solved for) with the column representing the constants. For 
instance, the solution for x, in the system 


Ay 1X1 + AynX_ F Ay3X3 = b, 
Ay 1X, + Ag Xy F Ay3X%3 = b, 


3 )X1 + AyyXy + Az3X3 = b, 


is given by 
a, 4 J 
Ay, Ay dy 
|A;| a3, ay by 
vn = = : 
3 
|A| A, G2 43 
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STUDY TIP 


_ When using Cramer’s Rule, 

_ remember that this method does 

not apply if the determinant of 
the coefficient matrix is zero. 


Cramer's Rule 
If a system of n linear equations in n variables has a coefficient matrix A 
with a nonzero determinant |A|, the solution of the system is 
lal _ lad ao 
Ds tee ’ ? jh 
[A] [A] 


inlay 


where the ith column of A; is the column of constants in the system of 
equations. If the determinant of the coefficient matrix is zero, the system has 
either no solution or infinitely many solutions. 


| Example 2. Using Cramer's Rule for a 3 x 3 System o> 


Use Cramer’s Rule to solve the system of linear equations. 


=x + 2y =137 =] 

MSG = zai) 

3x — 4y + 4z=2 
Solution 


The coefficient matrix 


=| Pig | 
2 0 1 
3. = 4 4 


can be expanded along the second row, as follows. 

a = 3 =jh = 
= 4 3 4 
—2(-—4) + 0 — 1(-—2) = 10 


DE dei)? + 0(-1) + 1(—1)5 


= A 
3. -4 


Because this determinant is not zero, you can apply Cramer’s Rule to find the 
solution, as follows. 


ig) es 
Oe = Ota 
pe De ee A ae 
D 10 (0S 
Le es ees 
2) a0 
yee eee ee ees 
D 10 107, 9 ae 
=A oy 
pS UO 0 
oi Sali al ees 
D 10 [Open a5 


The solution is (2 —3, 8). Check this in the original system. 


See 
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Area of a Triangle 


Another application of matrices and determinants is finding the area of a triangle 
whose vertices are given as points in a coordinate plane. 


Area of a Triangle 


The area of a triangle with vertices (x,, y,), (%, y2), and (x3, y3) is 


xy yy 


1 
Area = => eee wD; 


48 VR 


where the symbol + indicates that the appropriate sign should be chosen to 
yield a positive area. 


| Example 3 Finding the Area of a Triangle o> 


Find the area of a triangle whose vertices are (1, 0), (2, 2), and (4, 3), as shown in 
Figure 7.1. 


Solution 


Let (x,, y,) = (1, 0), (x, y2) = (2, 2), and (x3, y;) = (4, 3). Then, to find the area 
of the triangle, evaluate the determinant. 


Loee se 1] = |2 2 1 
Xa <3 1 4 3 I 
oD, 1 D 1 2 2 
Tal =i (eeoll)z =)? all) 
FIGURE 1(-1) 3 i| + of 1) i , ( eh ‘ 


1(-—1) + 0 + 1(—2) = -3. 


Using this value, you can conclude that the area of the triangle is 


1 0 1 
Area = ——|2 Z 1 Choose (—) so that the area is positive. 
4 3 1 
1 
= --(-3 
tea) 


5 square units. 


Try using determinants to find the area of a triangle with vertices (3, —1), 
(7, —1), and (7, 5). Confirm your answer by plotting the points in a coordinate 
plane and using the formula 


Area = 5 (base) (height). 
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; Lines in a Plane 


3 Gay, What if the three points in Example 3 had been on the same line? What would 


have happened had the area formula been applied to three such points? The 
answer is that the determinant would have been zero. Consider, for instance, the 
three collinear points (0, 1), (2, 2), and (4, 3), as shown in Figure 7.2. The area of 
the “triangle” that has these three points as vertices is 


Ove leeee! 
rl 1 2 oath 2a 
=12 2 1 ==|0(-1) + 1(-1)3 + 1(-1)4 
Olan so “3 1 CW, 1 aa i] 


FIGURE 7.2 \ 
=510- 1(-2).4+ 1-2] 


= 0. 


The result is generalized as follows. 


Test for Collinear Points 


Three points (x,, y,), (%, y>), and (x3, y3) are collinear (lie on the same line) 
if and only if 


xj yy 
25) Wy 
4% We 


| Example 4 Testing for Collinear Points @@je> 


Determine whether the points (—2, —2), (1, 1), and (7, 5) lie on the same line. 
(See Figure 7.3.) 


Solution 
Letting (x,, y,) = (—2, —2), (x, y>) = (1, 1), and (x3, y3) = (7, 5), you have 
Ix, Vie al f= 1 
Eby Aled 1 1 
x3 y3; 1 u 5 1 
= Pei i a (-2)(- 0}, 1 + Tete | 
= ~2(-4) + (2)(-6) + 1(-2) 


FIGURE 7.3 
= -6. 


Because the value of this determinant is not zero, you can conclude that the three 
points do not lie on the same line. 


FIGURE 7.4 
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The test for collinear points can be adapted to another use. That is, if you are 
given two points on a rectangular coordinate system, you can find an equation of 
the line passing through the two points, as follows. 


Two-Point Form of the Equation of a Line 


An equation of the line passing through the distinct points (x,, y,) and 
(x>, y>) is given by 


| Example 5 Finding an Equation of a Line @aje> 


Find an equation of the line passing through the two points (2, 4) and (— 1, 3), as 
shown in Figure 7.4. 


Solution 


Applying the determinant formula for the equation of a line produces 


x y 1 
2 4 1} = 0. 
=A 2) 1 


To evaluate this determinant, you can expand by cofactors along the first row to 
obtain the following. 


dt Waseca ses 


lea =| 3 
x(1)(1) + y(—1)(3) + G)()0) = 0 
x—-3y+10=0 


Ee 


4 1 
§) 


1 
i] #10 


So, an equation of the line is 
x— 3y +10 =0; 


a 


Note that this method of finding the equation of a line works for all lines, 
including horizontal and vertical lines. For instance, the equation of the vertical 
line through (2, 0) and (2, 2) is 


us y 1 
2 0 1] =0 

Z Z i 
4—2x=0 
x=2 
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Cryptography 

A cryptogram is a message written according to a secret code. (The Greek word 
kryptos means “hidden.”) Matrix multiplication can be used to encode and decode 
messages. To begin, you need to assign a number to each letter in the alphabet 
(with 0 assigned to a blank space), as follows. 


0=_ 9=] 18=R 
Ll=A 10=J 19 = 

2=B 11=K 20 = T 
3=C 1I2=L 21=U 
4=D 13 =M 22=V 
See 14=N 23 = W 
6=F 15=0O 24 =X 
TG 16=P 25 =Y 
8=H 17=Q 26=Z 


Then the message is converted to numbers and partitioned into uncoded row 
matrices, each having n entries, as demonstrated in Example 6. 


Example 6 Forming Uncoded Row Matrices 


Write the uncoded row matrices of order 1 x 3 for the message 
MEET ME MONDAY. 
Solution 


Partitioning the message (including blank spaces, but ignoring punctuation) into 
groups of three produces the following uncoded row matrices. 


[133-5 *s5]2" | 20 0car3] IS 0 S/S ae {1 25550] 
Mee EME e oe MAP eB M OF NODS ey 
Note that a blank space is used to fill out the last uncoded row matrix. 


eee 


To encode a message, choose an n X n invertible matrix such as 


lps 2 
A= | 1 3 
1 a 


and multiply the uncoded row matrices by A (on the right) to obtain coded row 
matrices. Here is an example. 
Uncoded Matrix Encoding Matrix A Coded Matrix 
he ie) > RD 
[13 3) 5] |-1 1 3} = [13 —26 21] 
Ne a eel 


Section 7.5 & Applications of Matrices and Determinants 575 


Example 7 Encoding a Message @¥o> 


Use the following invertible matrix to encode the message MEET ME MONDAY. 


ie) 2 
A=|-1 1 3 
Me=1 1=—4 


Solution 


The coded row matrices are obtained by multiplying each of the uncoded row 
matrices found in Example 6 by the matrix A, as follows. 


Uncoded Matrix Encoding Matrix A Coded Matrix 


a aD 

[ane oSsntirs ilicnlt esl aunt Gil oe ome 2 | 
is Say 
Lea 9) 

(20%) 50 13 Vel she eed 23 ee (3s eel) 
eit eee 
MS Ease) ee) 

[So 413) |, de 43S [18823 =— 42] 
4 
je eS 

MS welds b4ly|—te ley 3 P= [5-20] 56] 
tea 
PORT 

ies A Ole oie ye 3 | 24 8 ea 
4 


So, the sequence of coded row matrices is 
13°=2621\[33 —53.—412)[18 = 23 —42][5 —20 56][—24 23 77]. 
Finally, removing the matrix notation produces the following cryptogram. 


(35-26 01 33-53 12, 18-23 42.520 56 — 2423-777 


For those who do not know the encoding matrix A, decoding the cryptogram 
found in Example 7 is difficult. But for an authorized receiver who knows the 
encoding matrix A, decoding is simple. The receiver need only multiply the coded 
row matrices by A! (on the right) to retrieve the uncoded row matrices. Here is 
an example. 

[13 -26 21]A-!=[13 5 5] 

ee Ne —,— 4 

Coded Uncoded 
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Example 8 Decoding a Message o> 


Use the inverse of the matrix 


a2 2 
A= el l 3 
Lok D4 


to decode the cryptogram 
3) 20921 933 3" 12 8 23. = 42 5 20 508 24 eae 


Solution 


First find A~! by using the techniques demonstrated in Section 7.3. A~! is the 
decoding matrix. Then partition the message into groups of three to form the coded 
row matrices. Finally, multiply each coded row matrix by A~! (on the right). 


Coded Matrix Decoding Matrix A~! Decoded Matrix 


-1-10 -8 
[13 -26 21) |-1 -6 -—5| =[13 5 4] 
Of sl eeol 
—1.-19° =8 
[33 -53 -12] |=t -6 -5]}=[20 0 413] 
On tl 
—1 —10 —83 
[18 =23 =42]) | =1' =6 —5! =[5 20. 43} 
(es ten 
=1 =10 —8 
[5x20 256) te 6) 51 15a et 
QO -f =] 
—1 =10. —8 
[=24~ 23 77 e695 = 25 
es BS 


So, the message is as follows. 


[13 5 5] [20 © 13] [5 0 13] [15 14 4] [1 25 | 
M. Ee or Mf M ''O* (NS pie, 


a a eee 


Writing aout matnematics 


Cryptography Use your school's library, the Internet, or some other reference 
source to research information about another type of cryptography. Write a short 
paragraph describing how mathematics is used to code and decode messages. 
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7.5 Exercises 


In Exercises 1-8, use Cramer’s Rule to solve (if possible) the Ws 

system of equations. 

fe box 4y = —2 2. |-4x -—7y= 47 
5Sx+3y= 4 =X 6y = —27 


3. |—0.4x + 0.8y = 1.6 
O2x 0.3 y= 32:2 


4. | 24x-13y= 14.63 
: 2s $0.5 11:51 19. (—2, 4), (2, 3), (—1, 5) 
: SS TS E = =- 
X y x 5 6 4x 2y = 3z 2 20. (0, —?), (— 1 4); (3, 5) 
aon ey + 32 = 10 2y + 2y +°5z = 16 
5x —2y+6z= 1 x —Sy-22= 4 eae 
: 2 : 2a (syns ch 2) 
Te Ao ye c= —3 § Lox 4y 7, z= 14 
7 ne et ae Sie exch ly 2 z= lO In Exercises 23 and 24, find a value of x such that the 
3x —3y4 2z=—-11 3x+ y+ z= 1 triangle with the given vertices has an area of 4 square units. 


230( 551) (O82) 2; 9) 


iy In Exercises 9-12, use a graphing utility and Cramer's Rule 
2A 492) 6 (3: S)nlelay) 


to solve (if possible) the system of equations. 


DB etenortesp aly U10-3| gary eee In Exercises 25 and 26, find a value of x such that the 
ae oy + Or 2 ia 2 = triangle with the given vertices has an area of 6 square units. 
5x +9y +172 =4 Sere) os (0 3), a 
eel Dyin 9 oe = 6 idee + 3 ze. 4 pra ant) (C= eas) 
—* + 2y —377— 0 3x + 5y+ 9Z= 


é & 27. Area ofa Region A large region of forest has been 
infested with gypsy moths. The region is roughly 
triangular, as shown in the figure. From the north- 
ernmost vertex A of the region, the distances to the 


oy 2y —) 2 —.6 Sx Oy + 17z7—) 1 


In Exercises 13-22, use a determinant and the given 
vertices of a triangle to find the area of the triangle. 


other vertices are 25 miles south and 10 miles east 
(for vertex B), and 20 miles south and 28 miles east 
(for vertex C). Use a graphing utility to approximate 
the number of square miles in this region. 


13. -y 14. 


15. 16. 
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Ae 28. Area of a Region You own a triangular tract of 
land, as shown in the figure. To estimate the number 
of square feet in the tract, you start at one vertex, 
walk 65 feet east and 50 feet north to the second 
vertex, and then walk 85 feet west and 30 feet north 
to the third vertex. Use a graphing utility to determine 
how many square feet there are in the tract of land. 


In Exercises 29-34, use a determinant to determine 
whether the points are collinear. 


29. (3, -1), (0, —3), (12, 5) 
3077(— 3; —5)) (6,1); 10,2) 
31. (2, -3),(—4, 4), (6, —3) 
32. (0, 1), (4, —2), (—2, 3) 
339(02).(12 214) 10 16) 
34. (2, 3), (3, 3.5), (—1, 2) 


In Exercises 35 and 36, find x such that the points are 
collinear. 


Soe en (4ex) (5-2) 
36. (—6, 2), (—5, x), (—3, 5) 


In Exercises 37-42, use a determinant to find an equation of 
the line passing through the points. 


37. (0, 0), (5, 3) 

38. (0, 0), (—2, 2) 
39. (—4, 3), (2, 1) 
40. (10, 7), (—2, —7) 
AT ce) 501) 
42. (3,4), (6, 12) 


—_ 


In Exercises 43 and 44, find the uncoded 1 x 3 row matrices 
for the message. Then encode the message using the 
encoding matrix. 


Message Encoding Matrix 
| Valo | 0 
43. TROUBLE IN RIVER CITY 1 0} st 
—-6 2 3 
4 Z 1 
44. PLEASE SEND MONEY —3 1 See 
3 2 1 


In Exercises 45-48, write a cryptogram for the message 
using the matrix A. 


pe 
A= | ep ON 
-1 -4 -7 


45. CALL AT NOON 

46. ICEBERG DEAD AHEAD 
47. HAPPY BIRTHDAY 

48. OPERATION OVERLOAD 


In Exercises 49-52, use A~' to decode the cryptogram. 
Sel ve 
waa! 2 
Tl. 21. 64 112 (25:-*50 929 =53"-93 6 
40 875% 350-92 
aes: 2 
50. A = 
a 
= 136,58 sl J3. 72. — 19051 Osanna 
=178. 73 —70 28° —242- 10s — ti serrg 
=90 36° =115 549% =190) <> 


iA eae | 0 
51. A = 1 ae 
=—0 2 3 


9 159838 19 -— 19 28a ee 
=80 725: 340 =64. 2] Siow set 


Sn tat 2 
52. A =|0 ) 1 
43= 5 3 


112" 1409839 19) —25, 13872 7emol 
95 — 118) 78 20°21 38235) —egmacue> 
= 4832 
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In Exercises 53 and 54, decode the cryptogram by using the 
inverse of the matrix A. 


tevme2oe 62 
mej. 3 °7 —9 
-1 -4 -7 


ee wees I oe 56, 104 1-25 65 
62 143 181 


Sete oO 85D Ol 112 106) 17) 735. = 131 
11 24 29 65 144 172 


55. The following cryptogram was encoded with a 2 x 2 
matrix. 


See ete 10) 136 13. 52.10. 257255 
(eee, 20-40" —18. 18> 1,16 


The last word of the message is _RON. What is the 
message? 


> Model It 


56. Data Analysis The table shows the numbers y 
of U.S. Supreme Court cases waiting to be tried 
for the years 1997 through 1999. (Source: 
Office of the Clerk, Supreme Court of the United | 
States) | 


t Number of cases, y 


7692 
8083 
8445 


(a) Use the technique demonstrated in Exercises 
67-70 in Section 6.3 to create a system of 
linear equations for the data. Let ¢ represent 
the year, with t = 7 corresponding to 1997. 


(b) Use Cramer’s Rule to solve the system from 
part (a) and find the least squares regression 
parabola y = at + bt + c. 
Ay, (c) Use a graphing utility to graph the parabola 
| from part (b). 
bic (d) Use the graph from part (c) to estimate when 
the number of U.S. Supreme Court cases 
waiting to be tried will reach 9800. 


Synthesis 


True or False? \n Exercises 57-59, determine whether 
the statement is true or false. Justify your answer. 


57. In Cramer’s Rule, the numerator is the determinant 
of the coefficient matrix. 


58. You cannot use Cramer’s Rule when solving a 
system of linear equations if the determinant of the 
coefficient matrix is zero. 


59. In a system of linear equations, if the determinant of 
the coefficient matrix is zero, the system has no 
solution. 


60. Writing At this point in the book, you have learned 
several methods for solving systems of linear 
equations. Briefly describe which method(s) you 
find easiest to use and which method(s) you find 
most difficult to use. 


Review 


In Exercises 61-64, use any method to solve the system of 
equations. 


61. |—x — Jy = —22 62. 3x4  8y = ail 
Sy ey — = 20 —2x + 12y = =16 
63. (-—x —3y + 5z= —14 
A) ad 
Sy = 3y z= 
64. we VS £= 7 
—2 4 Oy t 2—= —) 
Ay WOy== Sz 


| 

| 
= 
= 


ll 
| 
ww 
XQ 


In Exercises 65 and 66, sketch the constraint region. Then 
find the minimum and maximum values of the objective 
function and where they occur, subject to the constraints. 


65. Objective function: 66. Objective function: 


z= 6x + 4y Lo ONLY, 
Constraints: Constraints: 
ne x20. 
va 0 y20 
A Oyis 730 Axi ay. 24 
6x + ys 40 wove lS 


580 Chapter 7 ® Matrices and Determinants 


Chapter Summary 


> What did you learn? 


Section 7.1 Review Exercises 

L] How to write a matrix and identify its order 1-8 

CL] How to perform elementary row operations on matrices 9,10 

L] How to use matrices and Gaussian elimination to solve systems of 11-24 
linear equations 

L] How to use matrices and Gauss-Jordan elimination to solve systems of 25-30 


linear equations 


Section 7.2 


L} How to decide whether two matrices are equal 31-34 

L] How to add and subtract matrices and multiply matrices by real 35-48 
numbers 

L] How to multiply two matrices 49-62 

L] How to use matrix operations to model and solve real-life problems 63,64 


Section 7.3 


L] How to verify that two matrices are inverses of each other 65-68 
L) How to use Gauss-Jordan elimination to find the inverses of matrices 69-76 
L] How to use a formula to find the inverses of 2 x 2 matrices 77-80 
L] How to use inverse matrices to solve systems of linear equations 81-92 


Section 7.4 


L] How to find the determinants of 2 x 2 matrices 93-96 
L] How to find minors and cofactors of square matrices 97-100 
LJ) How to find the determinants of square matrices 101-104 


Section 7.5 


L] How to use Cramer's Rule to solve systems of linear equations 105-108 
L) How to use determinants to find the areas of triangles 109-112 
L} How to use a determinant to test for collinear points and find an 113-118 


equation of a line passing through two points 
L] How to use matrices to code and decode messages 119-122 
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Review Exercises 


In Exercises 1-4, determine the order of the matrix. 


a Bt leo Urey 6 
cai! - ee ‘ipees | 
5 
B:. (3) A lee ia 2: 125 8-01 


In Exercises 5 and 6, form the augmented matrix for the 
system of linear equations. 


B.1ox = 10y = 15 6. 
5x + 4y = 22 


Sx Ty at 4z= 12 
ay — yar = 20 
5K Sy 37 = "26 


In Exercises 7 and 8, write the system of linear equations 
represented by the augmented matrix. (Use variables x, y, Z, 
and w.) 


5 1 (ACT ee) 
7.14 2 vie 10 
9 4 2»: 3 

13;_ 16 cf Boh 2 

Bets be 2) 8 a tae 12 

4 10 -4 ste” gs 


In Exercises 9 and 10, write the matrix in row-echelon form. 
Remember that the row-echelon form of a matrix is not 
unique. 


0 1 1 4 8 16 
9-11 2 3 10. oh leat | az 
2 Z Z =D VO 12 


In Exercises 11-14, write the system of linear equations rep- 
resented by the augmented matrix. Then use back-substi- 
tution to solve. (Use variables x, y, and z.) 


1 Z 3 : 9 
11. | 0 ly 32 : Z 
0 0 1 : 0 
1 S) “ 
12. |0 1 aa! 10 
0 0 1 2 
| ie ~ 1 
13. | 0 1 2 3 
0 0 1 4 


les 0 ae 
14. | 0 Ll i, 
0 0 1 1 


in Exercises 15-24, use matrices to solve the system of 
equations (if possible). Use Gaussian elimination with back- 
substitution. 
15. | 5x + 4y= 2 16. |2x — 5y =2 
pee y= —22 Le ee 
17030 0.1y = ONG 
fe Os yva= i 0125 
18. |0.2x —0.ly = 0.07 
lie — 0.5y = —0.01 
19) | 2043337 2 10 
psy 22 
Aye 2 Oe 
207) | 2 rsy ce 3216 
fore 12z = 13 
124 9y > 22 
21. (2x + yt+2z= 22. (x+2y+ 6z= 1 
ee Ox + OV lot 64 
2x- yt6z= 3x + -y + 3z= =6 


D3 alka weit c - 6 
et OZ 9 


II 
wun s 


Sx ays 22 2w =e 


x + z+3w= 14 
DAY exe 2y + w=3 
=O Og = 0 
Ay Ayr 62 + 2We— 0 
Ws tie = 3 


In Exercises 25-28, use matrices to solve the system of 
equations. Use Gauss-Jordan elimination. 


25. (-—x+ y+2z= 1 
Dx By tz = 2 
5x + 4y + 2z 4 

26. (4x + 4y + 4z2 =5 
Ay 1 Oe 
Se ete yet Oc 


ll 


ol 
nore 
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In Exercises 39-42, perform the matrix operations. If it is 


= TOZ === S 
2 As iy ‘ ee not possible, explain why. 
Se) oes 
cerca imei) 
Doce | aa a wa () ; ; 
So ieee Vins Ze) 04 me ee 16 "|- re 
tet + 4c 8 oP oe - 
x y g ip 2 1 Lehi 
bad In Exercises 29 and 30, use the matrix capabilities of a 1 2 U 1 
graphing utility to reduce the augmented matrix corre- 41. —2)5 -—4/+4+ 8/1 9d 
sponding to the system of equations, and solve the system. 6 0 1 4 
29, | 3X ey teSn— we —44 SB =A 8 =e 0" = 4 
yoy 434 w= | Al, a \iaeZ 412 [i= 513 1 
SX a) go oye 0 =6 0 6. S125 Ss 
4y- z-8w= 58 a 
30 4x + 12y+2z= 20 <W In Exercises 43 and 44, usea graphing utility to perform the 


matrix operations. 
x+ 6yt+4= 12 i 


x+ 6y+ z= 8 43. 34 —2 i] +63 —2 4 


—2x — 10y — 2z = -10 its Sana 2 7 6 
2 0 4 
In Exercises 31-34, find x and y. 44.0 =3-(7) —2 416 11 
=t al fen ~~ ron 
31. ole 4 9 
y = In Exercises 45-48, solve for X when 
=i 0 all 0 
Sate oi) 8 ay 5 aro V2 
=Car pe Wop) A= 7 = and B= - UY 
Ket tA vk4y a oh a4 = 44 
a3 0 3 7 |= 0 3 0 45. X = 3A — 2B 46. 6X = 4A + 3B 
eVect Dah OX —2 16 6 a7. 3X 2A —8 43. 24 — 5B — 34 
=p ~5] —9 4 x-—10 -5 
34 Sc a Sy eee 7 oy In Exercises 49-52, find AB, if possible. 
6-1 1 o| x leegl 0 2 -2 See 18 
49. A= ; = 
BRabesks 4 
In Exercises 35-38, if possible, find (a) A + B, (b) A — B, 5 4 4 12 
(c) 4A, and (d) A + 3B. 
50. A =| —-7 2) eB =200 540 
35. A= E “al Pe Fe «ll 1] 2 15530 
3 » 12 8 5 4 
Saeed le Sir ag 2) B= |) | 
36. A=|-7 Z\ ae B= 20 40 il 7 20— 40 
11 my IS) 930 =4] 
5 4 0 3 52. A=[6 —5 Li B= ~ 
37. A=|-7 24g Bi | en 8 
| », 20° 40 
asl 
38. A=[6 —5 Th af BP 4 


In Exercises 53-60, perform the matrix operations. If it is not 
possible, explain why. 


i 
cs a4 ie ie | 
ae 
fsa Gio 422 8 
gS E EA alle 0 | 
ee 
c.f} 3 | 
8 0 
feo 2 ita ees 
56. F Mee f ee) 
Pease Gio 0 2 
57. bic =) 
6 
=~ 
9 6 0 4 
2 iad 
yp Mafe a  2W-f-2 4 
59. |¢ Sie Jee ‘)) 


ot KE ale) 


4 In Exercises 61 and 62, use a graphing utility to perform the 
matrix operations. 


63. Manufacturing A corporation has four factories, 
each of which manufactures three types of cordless 
power tools. The number of units of cordless power 
tools produced at factory j in one day is represented 
by a,; in the matrix 


ae 


——w 


80 70 90 40 
A= \|50 30 80° 20). 
90 #60 100" 50 


Find the production levels if production is increased 
by 20%. 
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64. Manufacturing A manufacturing company pro- 
duces three kinds of computer games that are shipped 
to two warehouses. The number of units of game i 
that are shipped to warehouse j is represented by aj; 
in the matrix 


8200 7400 
6500 9800 |. 
5400 4800 


A 


The price per unit is represented by the matrix 
B= [$10.25 $14.50) $17.75]. 


Compute BA and interpret the result. 


In Exercises 65-68, show that B is the inverse of A. 


Bees =a 
A= = 
6S. dict | ay SSE me 
5 Sil Shy ee || 
iba lee =| Bla, | 
ilgige See ay S37 Be] 
67. Ae aot OP eB Sl 3 ey 
Saaae? Mines) > SE a 
i 
Poeck wee © Lees 
68) Ac. 40, ol eB) 
CE eee 


In Exercises 69-72, find the inverse of the matrix (if it exists). 


=0 5 7 eee) 
eo eee 
=> 2 = 2 0 =2 1 
71. g Vi 9 Tle a 
] 4 i i 3 4 
In Exercises 73-76, use a graphing utility to find the inverse 
of the matrix (if it exists). 
Z 0 3 1 4 6 
Does! 1 1 74. 2 Reo 1 
PA Sree 1 <5 | jee oon elo 
1 3 1 6 8 0 ») 8 
4 4 2 6 Ae. 0.2 
Le: 3 4 i 2 uo: 1 2, 1 4 
el eee eee: = ath 4 ] i 
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In Exercises 77-80, let 

a b 
ene 


Find the inverse of the matrix above 


eee 


ad — bcl—- a 
(if it exists). 
= 2 10 4 
We a | 78. | 7 | 


we 
—) 

. 
eh 
| | 
Mie Biv 

| 
Wie NIN 
eet 


S50 OH 
ale 
102020 


In Exercises 81-88, use an inverse matrix to solve (if 
possible) the system of linear equations. 


81. ;-x +4y= 8 82. ox = y= 13 
26 = y= —5 et 2y = — 74 
83. 4x — 2y = -10 


3x + 10y = 8 $4. 
= —(19x +-:9y=5 47 


20 = Oy 57. =— 25 


[ 
ae by aoe 12 
ae 

| 


=x 5y +42 =-.10 
$7 (20-8 yt 22 = — 13 
vee Ayia 1d 
a) ee 0 

88. OF a) Oza 14 
—-x+ yt+6z= 8 


YZ In Exercises 89-92, use a graphing utility to solve (if 


possible) the system of linear equations using the inverse 
of the coefficient matrix. 


SS haeee. 


3x + 4y = —5 6x 2y = —18 
a aox oy 4a 
Var “== 
4x + 3y + 4z = -1 
92. ia By 27. = 8 
2h Vit 37 = = 19 


Vie Vile OEE 3 


e295 In Exercises 93-96, find the determinant of the 
matrix. 


pas -9 1 
93. [ | o4. | z in 

50 —30 14 —24 
om if | ee BE aH 


In Exercises 97-100, find all (a) minors and (b) cofactors of 
the matrix. 


| See 
97. E | 98. ie - | 
3 2-1 ee 
99. |=2: 5°" -O]" 100.) 6 5 ee 
ees 4.551 tee 


In Exercises 101-104, find the determinant of the matrix. 
Expand by cofactors on the row or column that appears to 
make the computations easiest. 


2 4 1 = je 
T0L_| —6 0 2 102. 2: 8 4 
S 5 - et) 1 4) 
a. 0) ae tu 2G 
0 8 l 2 
103. 6 1 g 5 
OF 3 6d 1 
ae 6 0 46 
0 l 1 2 
104. 
=o ae 1 
l 6 1. 3 


In Exercises 105-108, use Cramer’s Rule to solve (if 
possible) the system of equations. 


105. Ik Say 6 
VY ty = — 23 


106. [3x + 8y = —7 
eae 37 

107.6) 2e 4 3y— 52 
| aX SE op a3 
—x = 4y + 67. 15 

LOS. 5x2 ys tS 
pros Z=—7 
2s 


In Exercises 109-112, use a determinant and the given ver- 
tices of a triangle to find the area of the triangle. 


109. ¥ 110. y 


111. 


In Exercises 113 and 114, use a determinant to decide 
whether the points are collinear. 


mes —1, 7), (3, —9);(—3,.15) 
ma 40, —5),(—2, —6), 81) 


In Exercises 115-118, use a determinant to find an equation 
of the line passing through the points. 


115. (—4, 0), (4, 4) 116-07, 5) (6 —1) 
m17. (—2, 3), (2, 1) 118. (—0.8,0.2), (0.7, 3.2) 
In Exercises 119 and 120, find the uncoded 1 x 3 row 


matrices for the message. Then encode the message using 
the encoding matrix. 


Message Encoding Matrix 

9) at 0 

119. LOOK OUT BELOW 3 O13 
ele 2 3 

2 1 0 

120. RETURN TO BASE 6 (1108 PZ 
3 3 1 


In Exercises 121 and 122, decode the cryptogram by using 
the inverse of the matrix 


-5 4 -3 
A=|10 -7 6}. 
8 -6 5 


a5 11-2 = 271370" — 265° 225" 57 48° — 33 
32 '—15° 20° 245-—171 147 
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1225 loo 0592 264 a 1S 8ae G0 a 16415 
1200 = 84 91S) Os Se DE Ome aS. 100 
DIO AS Zap 338 Ole 205 225 ee LO Saas OA 
=108) 


Synthesis 


True or False? \n Exercises 123 and 124, determine 
whether the statement is true or false. Justify your answer. 


123. It is possible to find the determinant of a 4 x 5 


matrix. 
ay; aj 13 
124. Ay, Any An, 
Gay aCy 39 oe Is i (Cb 
Qa Gp Gis Cia pa Ee 
Gy, Ayn Ag3| F IAn, Ag 3 
ey SUEY At) Cy Cy GG 


125. Under what conditions does a matrix have an 
inverse? 


126. Writing What is meant by the cofactor of an entry 
of a matrix? How are cofactors used to find the 
determinant of the matrix? 


127. Three people were asked to solve a system of 
equations using an augmented matrix. Each person 
reduced the matrix to row-echelon form. The 
reduced matrices were 


F 2 | 
0 1 Ly 
k 0 i 
0 1 [ale 
and 


|; 2 : A 
0) 0) : O} 
Can all three be right? Explain. 
128. Think About It Describe the row-echelon form of 


an augmented matrix that corresponds to a system 
of linear equations that has a unique solution. 


129. Solve the equation 


2— A 5 


AD ie See ae 
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Chapter Test 


The Interactive CD-ROM and /nternet 
versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 
of which have randomly generated 
exercises with diagnostic capabilities. 


FIGURE FOR 13 


i | 0 
A=}1 Ota! 
Oa = 3 


MATRIX FOR 14 


Take this test as you would take a test in class. When you are finished, check your 
work against the answers given in the back of the book. 


In Exercises 1 and 2, write the matrix in reduced row-echelon form. 


1 "a 2 


Le 2) 
| | Ls 
Tc ju 3 2. 1 es 1 
) ok 


3 2. fs 4 


3. Write the augmented matrix corresponding to the system of equations and 
solve the system. 


4x + 3y —2z= 14 
SA Vor eas 
Sx yr 47 =Sags8 
4. Find (a) A — B, (b) 3A, (c) 3A — 2B, and (d) AB (if possible). 


Lt pel 


In Exercises 5 and 6, find the inverse of the matrix (if it exists). 


—2 4 -6 
-6 4 
5/8 4 6.4\) oeelae ett 
4-2 5 


7. Use the result of Exercise 5 to solve the system. 
—6x + 4y = 10 
10x — 5y = 20 


In Exercises 8-10, evaluate the determinant of the matrix. 
5 13 (j= 7/ 2 
=O 5-4 pa) eT 


8 1 See 
In Exercises 11 and 12, use Cramer's Rule to solve (if possible) the system of equations. 
a Ix+ 6y= 9 12.) Or) y 4 2 
2 ly 49 UA ae O) Be 10 
4x — dy + = — 18 


13. Use a determinant to find the area of the triangle in the figure. 
14. Find the uncoded 1 x 3 row matrices for the message KNOCK ON WOOD. 
Then encode the message using the matrix A at the left. 


15. One hundred liters of a 50% solution is obtained by mixing a 60% solution 


with a 20% solution. How many liters of each solution must be used to obtain 
the desired mixture? 


Wie ae + 
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Proofs in Mathematics 


Proofs without words are pictures or diagrams that give a visual understanding 
of why a theorem or statement is true. They can also provide a starting point for 
writing a formal proof. The following proof shows that a 2 x 2 determinant is the 
area of a parallelogram. 


(a,b +d) (a+c,b+d) 


a b 
c d 


[= ad ~ be = Nes II I= Wel 


The following is a color-coded version of the proof along with a brief expla- 
nation of why this proof works. 


(a,b +d) (at+c,b+d) 


OE: 


‘Sy 


y, 


a b 
Cc d 


| = ad - be = {5 | - | =I 


Area of ( = Area of orange A + Area of yellow A + Area of blue A + 
Area of pink A + Area of white quadrilateral 


Area of (J = Area of orange A + Area of pink A + Area of green 
quadrilateral 


Area of & = Area of white quadrilateral + Area of blue A + Area of yellow 
A — Area of green quadrilateral 
= Area of 0 — Area of 1 


Exercise taken from “Proof Without Words” by Solomon W. Golomb, Mathematics Magazine, March 
1985. Used by permission of the author. 


7 Problem Solving | ae 


1. The columns of matrix T show the coordinates of the 
vertices of a triangle. Matrix A is a transformation 
matrix. 


ae safe! 2 3 
Oe |! | ie E 4 | 
(a) Find AT and AAT. Then sketch the original triangle 


and the two transformed triangles. What transfor- 
mation does A represent? 


(b) Given the triangle determined by AAT, describe the 
transformation process that produces the triangle 
determined by AT and then the triangle determined 
by T. 

2. The matrices show the number of people (in thousands) 
who lived in each region of the United States in 2000 
and the number of people (in thousands) projected to 
live in each region in 2015. The regional populations 
are separated into three age categories. (Source: U.S. 
Census Bureau) 


2000 
O-17 18-64 65+ 
Northeast 13,049 S96) LE 
Midwest 16,646 39,386 8,263 
South 25,569 O2.23 06 12.437 
Mountain 4,935 PEDO 2,031 
Pacific 12,098 28,036 4,893 
2015 
O-17 18-64 65+ 
Northeast 12,589 34,081 8,165 
Midwest 15,886 41,038 10,101 
South 25,916 68,998 17,470 
Mountain 5,226 12,626 3.270 
Pacific 14,906 33,296 6,565 


(a) The total population in 2000 was 281,335,000 and 
the projected total population in 2015 is 
310,133,000. Rewrite the matrices to give the 
information as percents of the total population. 

(b) Write a matrix that gives the projected change in 
the percent of the population in each region and 
age group from 2000 to 2015. 

(c) Based on the result of part (b), which region(s) 


and age group(s) are projected to show relative 
growth from 2000 to 2015? 
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3. Determine whether the matrix is idempotent. A 
square matrix is idempotent if A? = A. 


1 0 0 1 
(a) k | (b) fe | 
DD 3 Ww 3 
(c) & ee (d) B ;| 
1 2 
4. LettA = ee if 


(a) Show that A? — 2A + 5J = 0, where J is the 
identity matrix of order 2. 


(b) Show that A~! = $(2/ — A). 
(c) Show in general that for any square matrix 
satisfying 
A? —2A +51=0 
the inverse of A is given by 
Aq! = $(2I — A). 


5. Find x such that the matrix is equal to its own inverse. 


a-| of a 


6. Find x such that the matrix is singular. 


4 x 
BS 
Ee 
7. Find an example of a singular 2 x 2 matrix satisfying 
A* =A. 


8. Verify the following equation. 
1 1 1 
a b c}]=(a—b)\(b- cle — a) 
pena ce alae se 
9. Verify the following equation. 
1 1 1 


w> ==b c| = (a— b)\(b-c)(e - alat+bt+0o) 
eo oe 


10. Verify the following equation. 


x 0 Cc 
= x b| = ax? + bx +e 
0-1 a 


: 11. Use the equation given in Exercise 10 as a model to 
— find a determinant that is equal to 
may + bx? + cx + dd. 


. The atomic masses of three compounds are shown in 
the table. Use a linear system and Cramer’s Rule to 
find the atomic masses of sulfur (S), nitrogen (N), 
and fluorine (F). 


Formula Atomic mass 


Tetrasulphur 
tetranitride 
Sulfur 
hexafluoride 


SF, 146 


Dinitrogen 
tetrafluoride 


NDF, 


13. A walkway lighting package includes a transformer, 
a certain length of wire, and a certain number of 
4 lights on the wire. The price of each lighting package 
depends on the length of wire and the number of 
4 lights on the wire. Use the following information to 
; find the cost of a transformer, the cost per foot of 
S- wire, and the cost of a light. Assume that the cost of 


each item is the same in each lighting package. 

¢ A package that contains a transformer, 25 feet of 
wire, and 5 lights costs $20. 

¢ A package that contains a transformer, 50 feet of 
wire, and 15 lights costs $35. 

¢ A package that contains a transformer, 100 feet of 
wire, and 20 lights costs $50. 


~ 14. Use the inverse of matrix A to decode the cryptogram. 
ze fuer 77 
fe A= |1 | eae | 
By jE | 4 
A Por ou es4) 3h 34,63 25 —17 ol 
c Peewee = 3) 4p (17 8 20° —29 40 
: ee. IG to ie Te 3. 6 
Bi 53 (85° 28 4-32) 16 


4 15. The transpose of a matrix, denoted A’, is formed by 
writing its columns as rows. Find the transpose of 


each matrix and verify that (AB)? = BTA’. 


etke 2 aoe 
A | > 0 i and seael 


16. A code breaker intercepted the encoded message 


below. 
Gq) 3) 730 —30° 18 —18 35 —30 Si — 60 
AD MOS hid mn Olbes al sll Se ED 
= i0 
Let 
rele | 
acy all 
(a) You know that [45 —-35]A-!'=[10 15] 
and that [38 -30]A~!=[8. 14], where 


A7! is the inverse of the encoding matrix A. 
Write and solve two systems of equations to find 
W, x, y, and z. 


(b) Decode the message. 


17. Let 
6 Ney 
Ae OME ee oH 
‘aka be 


Use a graphing utility to find A~!. Compare |A~!| 
with |A|. Make a conjecture about the determinant of 
the inverse of a matrix. 


Let A be an n X n matrix each of whose rows adds 
up to zero. Find |A]. 


18. 


oy 19. Consider matrices of the form 

O a. a3 Ay Gin 
0 0 G53 Ang Ax, 

AAI wee aan Asn 
0 0) 0) 0 Ay —1)n 
0 0 0 0 0 

(a) Write a 2 x 2 matrix and a 3 x 3 matrix in the 

form of A. 


(b) Use a graphing utility to raise each of the matri- 
ces to higher powers. Describe the result. 

(c) Use the result of part (b) to make a conjecture 
about powers of A if A is a4 x 4 matrix. Use a 
graphing utility to test your conjecture. 

(d) Use the results of parts (b) and (c) to make a con- 
jecture about powers of A if A is ann xn 
matrix. 
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How to study Chapter 8 


> What you should learn 


In this chapter you will learn the following skills and concepts: 


* How to use sequence, factorial, and summation notation to write the terms 


and sum of a sequence 


¢ How to recognize, write, and manipulate arithmetic sequences and geometric 


sequences 


* How to use mathematical induction to prove a statement involving a positive 


integer n 


* How to use the Binomial Theorem and Pascal's Triangle to calculate binomial 


coefficients and binomial expansions 


¢ How to solve counting problems using the Fundamental Counting Principle, 


permutations, and combinations 


¢ How to find the probabilities of events and their complements 


> Important Vocabulary 


As you encounter each new vocabulary term in this chapter, add the term and its 


definition to your notebook glossary. 


Infinite sequence (p. 592) 

Terms of a sequence (p. 592) 
Finite sequence (p. 592) 
Factorial (p. 594) 

Summation or sigma notation (p. 596) 
Finite series (p. 597) 

Infinite series (jp. 597) 
Arithmetic sequence (p. 603) 
Common difference (p. 603) 
Geometric sequence (p. 612) 
Common ratio (p. 612) 
Geometric series (p. 616) 
Mathematical induction (p. 622) 
Binomial coefficients (1p. 632) 


Study Tools 


Learning objectives in each section 

Chapter Summary (p. 663) 

Review Exercises (pp. 664-667) 

Chapter Test (p. 668) 

Cumulative Test for Chapters 6-8 (pp. 669-670) 


Binomial Theorem (p. 632) 
Fundamental Counting Principle (p.641) 
Permutation (p. 642) 

Distinguishable permutations (p. 644) 
Combination (p.645) 

Experiment (p.650) 

Outcomes (jp. 650) 

Sample space (p. 650) 

Event (p. 650) 

Probability (p.651) 

Mutually exclusive (p.654) 
Independent events (p. 656) 
Complement of an event (p. 657) 


Additional Resources 


Study and Solutions Guide 
Interactive College Algebra 
Videotapes/DVD for Chapter 8 
College Algebra Website 
Student Success Organizer 


a 


REE Si it 


Gavin Hellier/Getty Images 


8.1 Sequences and Series 


_ 8.2 Arithmetic Sequences and Partial Sums 


y 8.3 Geometric Sequences and Series 
y Mathematical Induction 

The Binomial Theorem 

Counting Principles 

Probability 
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ym ©=Sequences and Series 


> What you should learn 


* How to use sequence notation Sequences 
to write the terms of a In mathematics, the word sequence is used in much the same way as in ordinary 
SSquenise English. Saying that a collection is listed in sequence means that it is ordered so 

* How to use factorial notation that it has a first member, a second member, a third member, and so on. 

* How to use summation Mathematically, you can think of a sequence as a function whose domain is 
notation to write sums the set of positive integers. 
UE ene fl) =a» fC) 2m, #@) =a, fMeasn, 

* How to use sequences and Rather than using function notation, however, sequences are usually written using 
series to model and solve subscript notation, as indicated in the following definition. 
real-life problems 

> Why you should learn it Definition of Sequence 

Sequences and series can be An infinite sequence is a function whose domain is the set of positive 

used to model real-life problems. integers. The function values 

For instance, in Exercise 107 on 

page 601, sequences are used to (Oh Oh Ox Chis a 9 3 ships 5 = 


model the number of Circuit City 
Stores from 1991 through 2000. 


are the terms of the sequence. If the domain of the function consists of the 
first n positive integers only, the sequence is a finite sequence. 


On occasion it is convenient to begin subscripting a sequence with 0 instead 
of | so that the terms of the sequence become dp, a), a5, d3,. . .. 


Example 1 Finding Terms of a Sequence 


Find the first four terms of the sequences given by 


a. a, = 3n — 2 Deed i= 2: calle 


Bob Daemmrich/The Image Work: 


Solution 


a. The first four terms of the sequence given by a, = 3n — 2 are 


a= 3) == Ist term 
a = 3(2) = 24 2nd term 
C= 38) 3rd term 
a, = 3(4) — 2 = 10. 4th term 
b. The first four terms of the sequence given by a, = 3 + (—1)” are 
p= 3 + (1) h= 3 1 Ist term 
a,=3+(-1)2=341=4 2nd term 
Go a eS 3rd term 
a,=3+(-14=3+1=4, 4th term 


sneer 
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Exploration | Example 2 A Sequence Whose Terms Alternate in Sign 


Write out the first five terms of (—1)" 
the sequence whose nth term is The first five terms of the sequence given by a, = aay are as follows. 
d,= oe (ea L)! =i 
a on [ Oh = = —-—]| Ist term 
20) 1 2-71 
Are they the same as the first ene | 1 
five terms of the sequence in a, = = == 2nd term 
Example 2? If not, how do they 204 Na ars A ae 
differ? (—1)° rae 1 
So D(a) Ge en es 3rd term 
ee 1 7 
mire) Sea 7. 4th term 
(LP ae el 1 


= Sth term 


PID epee jr: UO 


Simply listing the first few terms is not sufficient to define a unique 
sequence—the nth term must be given. To see this, consider the following 
sequences, both of which have the same first three terms. 


ee ae , 

4A? 167 ane 

Fock sl g 

274787 15° (n+ D2 —n +6) 


| Example 3. Finding the nth Term of a Sequence ¥e> 


Write an expression for the apparent nth term (a,) of each sequence. 
Technology aM! See Ds 246 10 7 ee 


oe To graph a sequence 
using a graphing utility, set the Solution 
mode to seg and dot and enter a. me ne ee 
the sequence. The graph of the Terms: 13-517). a, 
sequence in Example 3(a) is Apparent pattern: Each term is 1 less than twice n, which implies that 


shown below. You can use the 
Cia 


trace feature to identify its 


terms. b. a ee. Av ise ten 
Deri = 2 S AOE one a 
11 Apparent pattern: The terms have alternating signs with those in the even 


positions being negative. Each term is 1 more than the square of n, which 
implies that 


a, = (-1)"*(n2 + 1) 


The icon Grito > identifies examples and concepts related to features of the Learning Tools CD-ROM 


and the Interactive and Internet versions of this text. For more details see the chart on pages xix-Xxx1l1. 
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STUDY TIP. 


ae yvaiablecant be Bedias a 
subscript. The most commonly 

e 
used variable subscripts i in 
sequence and series notation a are. 4 
Phd he eae, o « 


The Interactive CD-ROM and Internet 
versions of this text offer a Try It for 
each example in the text. 


Chapter 8 ® Sequences, Series, and Probability 


Some sequences are defined recursively. To define a sequence recursively, 
you need to be given one or more of the first few terms. All other terms of the 
sequence are then defined using previous terms. A well-known example is the 
Fibonacci sequence shown in Example 4. 


Example 4 The Fibonacci Sequence: A Recursive Sequence 


The Fibonacci sequence is defined recursively, as follows. 
dy = 1, a, = 1, ay, = ay_y + Q_1, where k 2 2 


Write the first six terms of this sequence. 


Solution 
Oy) = 1 Oth term is given. 
Oh a 1 Ist term is given. 
Gy Op eee Ogee, = 1 Re ep Use recursion formula. 
OG Oy yates Use recursion formula. 
Gi, =e Oy — Goel Oe Use recursion formula. 
Qs = As5_5 ba5_; = @, 4+ a4v=3+5=8 Use recursion formula. 


Factorial Notation &4o> 


Some very important sequences in mathematics involve terms that are defined 
with special types of products called factorials. 


Definition of Factorial 


If n is a positive integer, n factorial is defined as 


AVS 1k 30h AS) ie: 


‘(n-—1)-n 


As a special case, zero factorial is defined as 0! = 1 


Here are some values of n! for the first several nonnegative integers. Notice 
that 0! is 1 by definition. 


Ola 

i= 

Ne) 9) 
31=1-2-3=6 
MEE Ps oo = 5) 

5! 1+ 2-34 85 = 120 


The value of n does not have to be very large before the value of n! becomes huge. 
For instance, 10! = 3,628,800. 


FIGURE 8.1 
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Factorials follow the same conventions for order of operations as do expo- 
nents. For instance, 


2n! = 2(n!) = 2(1-2°3+4-- <n) 
whereas (2n)! = 1-2+3+4--- 2n. 


| Example 5 Finding Terms of a Sequence Involving Factorials 


List the first five terms of the sequence given by 


=: 


a 2 
n! 


n 


Begin with n = 0. Then plot the points on a set of coordinate axes. 


Solution 
Jee | 
= T= -=1 Oth term 
0! 1 
2 2 
esti metal 5 lst term 
ey ak la 
te aa ae 2nd term 
Dee 8 4 re 
SS t 
sie | aie aa es 
ae See 


ie 54, 5 3 4th term 


Figure 8.1 shows the first five terms of the sequence. 


When working with fractions involving factorials, you will often find that the 
fractions can be reduced. 


Example 6 Evaluating Factorial Expressions @a¥joe> 


Evaluate each factorial expression. 


8! Zh 0} n! 


Ss Gi Carries ae ain 


Solution 

Sie Mi ees or 8 7.8 

© Dts een = a ey 

PMs Flee eae 5 6 |G 

p oo = =3=2 
alt ee ne ee eon 
i eS en 1) 

= Ace LID iy ge ce ae a) 


= 28 
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» 
Technology 
Most graphing utilities 
are able to sum the first n terms 
of a sequence. Check your user’s 
guide for a sum sequence 
feature or a series feature. 


¢ 


. STUDY TIP 


‘Summation ution. iS an e\ 4 
_ instruction to add the terms or ® 
wa sequence. . From the definition s 

at the right, the upper limit o of 

summation tells you where | to. 
end the sum. Summation — 

- notation n helps you generate 

the - appropriate terms ofthe 2 4 

sequence prior to finding the — 

actual sum, which may not be 

Clear. 


The Interactive CD-ROM and Internet 
versions of this text offer a Quiz for 
every section of the text. 


Summation Notation > 


There is a convenient notation for the sum of the terms of a finite sequence. It is 
called summation notation or sigma notation because it involves the use of the 


uppercase Greek letter sigma, written as = 


Definition of Summation Notation 


The sum of the first n terms of a sequence is represented by 


n 
D4 =a +a, +a,+a,+--+ +a, 
i=l 


where i is called the index of summation, n is the upper limit of 
summation, and | is the lower limit of summation. 


Example 7 Summation Notation for Sums @&e> 


Find each sum. 


5 6 8 
a. woe b. 2! (1 + k) ee 


Solution 


i 
i! 


a. » 3! = 3(1) + 3(2) + 3(3) + 3(4) + 3(5) 


= 3(11+2+3+4+4+45) 


=13(15) 
Sr A5 
e 
b. (1 + k?) = (1 + 37) + (1 + 42) + (1 +: 52) + (1 + 62) 
k=3 
= 10+ 17+ 26+ 37 
= 90 
see a - ie 
Avil 0) i oat aia ren na ee 


- + + 
24 120 720 5040 40,320 
= 2.71828 


For this summation, note that the sum is very close to the irrational number 
e ~ 2.718281828. It can be shown that as more terms of the sequence whose nth 


term is 1/n! are added, the sum becomes closer and closer to e. 


SSE ne 


In Example 7, note that the lower limit of a summation does not have to be 
1. Also note that the index of summation does not have to be the letter i. For 


instance, in part (b), the letter k is the index of summation. 


STUDY TIP 


Variations in the upper and 

_ lower limits of summation can 
_ produce quite different-looking 
_ Summation notations for the 

_ same sum. For example, the 

_ following two sums have the » 

_ same terms. 


3(2!) = 3(2! + 22 + 23) 


SZ 


i=1 


par) = =93(2) 22423) 


iM» 
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Properties of Sums 


nN 1 
1. Dc =cn, cis aconstant. om ior = ay a; c is a constant. 


n 


3. S(a +b) = Sa, + Sb, 4. > (a =) = Ya = poy7 
1 i=1 i=1 “Si 


i= i=1 


For proofs of these properties, see Proofs in Mathematics on page 671. 


Series 


Many applications involve the sum of the terms of a finite or infinite sequence. 
Such a sum is called a series. 


Definition of Series 


Consider the infinite sequence a,, a, d3,...,a 


i 


1. The sum of the first n terms of the sequence is called a finite series or 
the nth partial sum of the sequence and is denoted by 


a,ta,ta,t+--- 


2. The sum of all terms of the infinite sequence is called an infinite series 
and is denoted by 


UpmeeOx ct 0, te oe os 


Example 8 Finding the Sum of a Series 


For the series >; =, find (a) the third partial sum and (b) the sum. 
i=1 


Solution 
a. The third partial sum is 
ae 3 3 
Ph Dire, eee = 0:3 40.03, +20.003-=- 0.333: 
er 110 ee OES e022 410° g 


b. The sum of the series is 


Ce 3 6) 3) 3 3 
—= +—+— + 
» 10 10: * [Oa 104%) 2 1? 


035+ 20:03. 00038 -0.0003 a 0.00008 saan = 


II 


1 
Ea (We Je Fo pe — 3° 
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Application 


Sequences have many applications in business and science. One such application 
is illustrated in Example 9. 


Example 9 Population of the United States €@ 


For the years 1970 to 2000, the resident population of the United States can be 
approximated by the model 


, = 204.8 + 2.09n + 0.009n?, f= 05 1-2 0 ee 


where a, is the population in millions and n represents the calendar year, with 
n = 0 corresponding to 1970. Find the last five terms of this finite sequence, 
which represent the U.S. population for the years 1996 to 2000. (Source: U.S. 
Census Bureau ) 


Solution 


The last five terms of this finite sequence are as follows. 


Ay = 204.8 + 2.09(26) + 0.009(26)? = 265.2 1996 population 
dy, = 204.8 + 2.09(27) + 0.009(27)? ~ 267.8 1997 population 
Ay, = 204.8 + 2.09(28) + 0.009(28)2 ~ 270.4 1998 population 
Ay = 204.8 + 2.09(29) + 0.009(29)2 ~ 273.0 1999 population 
dy = 204.8 + 2.09(30) + 0.009(30)2 ~ 275.6 2000 population 


The bar graph in Figure 8.2 graphically represents the population given by this 
sequence for the entire 31-year period from 1970 to 2000. 


Resident Population of the United States 


268 -- 
260 +> 
22, 
228 SCO ERAT Bivevcengucsn 

180 +} Fy: 


U.S. population (in millions) 


; ee n 
O72 4 68 8 10) 1 ASG as Oo oee OnEmG 28 30 


Year (0 < 1970) 
FIGURE 8.2 


ee ee eee 


8.1 Exercises 


In Exercises 1-24, write the first five terms of the sequence. 
(Assume that n begins with 1.) 


1. a,=3n+1 


3. a, = 2” 
5 OI ee 
+ 2 
7. a, = : 
n 
9. es ue 
Sie tl 
(eo ere We 
11. a, = io) 
n 
1 
SC ieee 
3 
ae! 
15. a, = "an 
3” 
re 
n! 
— {jr 
19. a, = \ y 
» 
21. 4,=3 


23.4, = n(n — 1)(n — 2 


In Exercises 25-30, find the indicated term of the sequence. 


25..0,1= (= 1)°(3n — 2) 


ays = 
) 
26. a, = (—1)" [nfm — 1)] 
a6 — 
Qn 
as 2. = — 
n! 
a\o — 
Ree en ee 
Lae Qn? — 3 
ay, — 
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The Interactive CD-ROM and Internet versions of this text contain step-by-step solutions 
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help. 


20 — on 
4. a, = (3)" 
60, = (8 
n 

8. ~ 

i ee 

Va ae 

ES 


12. a, = 1+ (-1)" 


14 ps 
2a 
n 37 
10 
16. OL = 23 
{ 
18. a, = 
n 
n 
20. st 1)" 
ot cole i + ) 
22. a, = 0.3 
24. a, = n(n? — 6) 


n! 
28. a, = oe 
ag = 
FY ag Ann 8 
wee tr n(n — 1)(n + 2) 
a13 — 


iy In Exercises 31-36, use a graphing utility to graph the first 


10 terms of the sequence. 


3 
| 31. Of — ae 


33. a, = 16(—0.5)"~! 


4 
32.0 


n 


34. a, = 8(0.75)"—! 


2n n2 


36. a, = 
n#¥ n>+2 


35. a, = 


In Exercises 37-40, match the sequence with the graph of 
its first 10 terms. [The graphs are labeled (a), (b), (c), and 
(d).] 


8 8n 
Sits a PO ah 
4n 
39. a, = 4(0.5)"7! 40. a, = | 


In Exercises 41-54, write an expression for the apparent nth 
term of the sequence. (Assume that n begins with 1.) 


mol We He 10) IS. ao A233 LIS 9 eee 
ARL, 0), 35 IS, 4b oe OV\, 2) =A, =, IMs. 5 « 
ED), 3) et! Sy IS) 
BS. 3, ass 6) a 
- - ee 
AG oa AT i533 3x7 on 
UP et or 

48. x 5. ete ye 49. 1,4, 55 16 35> 
50. 1,5, 5) o> o> 51 ie lee... 

OLE OEE Disa’ GR 
My Ml, 2, SS SS SS 


te Ganda 10 () a 
B31 et eee ee ee 
54.1+4,1+231+451+281+3... 
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In Exercises 55-58, write the first five terms of the sequence 
defined recursively. 


55. a, = 28, Q4,=&—4 
BG6.0d, = Dede apt 2 
57d, = Bend = 2G, = 1) 


58. a, = 32, aya, = 2% 


In Exercises 59-62, write the first five terms of the sequence 
defined recursively. Use the pattern to write the nth term 
of the sequence as a function of n. (Assume that n begins 
with 1.) 

59. a, = 6, 
60. a, = 25, a4, = 4-5 
61. a, =81, 4,4; —3q 

62. a, 


Ay =a +2 


II 


Nee a a 


In Exercises 63-70, simplify the factorial expression. 
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4 (—1)é 
85. 
Day x saa | 


4 (—1)* 
a Sa Sheer 
k=o 


In Exercises 87-96, use sigma notation to write the sum. 


oa gst se ati als 

3(1) 3(2)~— 38) 3(9) 

5 5 5 5 
Bl Lee a 
a 3] + [2(3) + 3] + - - - + [2(3) + 3] 
oo. [1 - (2°) + [1 - (]+---4+1 - (8 
5 ts ee ees 
92.1-5+4-g4++°°— pe 
3 Delels a ee 

(a oe ae 20? 
gj all allen ee! 

(oo. Oo es 10 - 12 
siti t ete 
og. b+ des he es 


4! 5) 
63. 6! 64. 81 
10! 25! 
65. ml 66. 331 
ae {i} + 2 
ey aa SE 
n! n! 
69 (2n — 1)! 70 (3n + 1) 
* (2n + 1)! * — (n)! 


In Exercises 71-82, find the sum. 


— 
= 
| 
— 
we” 


(2i + 1) 72. 


Mae 


71. 


1S 74. 


iM>+ 
— 
oO 

Me 
Nn 


> 
ll 
ne 

> 
ll 


Me 
i) 
aS 


76. 


Ms 
a 
nN 


ll 
=) 

ll 
=) 


Us 


Teds 


78. 


Me 
ae 

Ae 
Mie 


~ 
ll 
i=) 
ll 
Ww 
—. 
No 
Ww 


79. 


| geo | 
— 
~. 
| 
— 
” 


(kK + 1)*(k-3) 80. 


ive 


~ 
ll 
wv 
ll 


81. 82. 


Ms 
- 
Ms 
ak 
Sy 


ll 
fa 
~~ 
ll 
ro) 


In Exercises 83-86, use a calculator to find the sum. 


10 
> 


ee) 
repape sl 


Th 


83. 


S. 
ll 


In Exercises 97-100, find the indicated partial sum of the 


series. 
97. 5 5(4), 

Four partial sum 
99, yay 


Third partial sum 


98. ¥ 2(2), 
i=] 
Fifth partial sum 
100. S\3(—4)”, 
n=1 


Fourth partial sum 


In Exercises 101-104, find the sum of the infinite series. 


101. S 6(4)' 


— 
(—) 
Ss) 

Ms 

——, 

S|- 

~~ 

2 


1 
= 
i 


103. S.7(4)' 


— 
oe 
& 
Ms 
i) 
mes 
ae 
—<- 


a 
| 
ll 
eat 


105. Compound Interest A deposit of $5000 is made 
in an account that earns 8% interest compounded 
quarterly. The balance in the account after n 
quarters is 


A, = soo0(1 + S28)" REESE. 


(a) Compute the first eight terms of this sequence. 


(b) Find the balance in this account after 10 years 
by computing the 40th term of the sequence. 


each month in an account that earns 12% interest 
compounded monthly. The balance in the account 
after n months is 


As = A0000R[ (1.01)? — 1] n= 11):2,32).. 2, 


(a) Compute the first six terms of this sequence. 


(b) Find the balance in this account after 5 years by 
computing the 60th term of the sequence. 


(c) Find the balance in this account after 20 years 
by computing the 240th term of the sequence. 


az 109. 
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106. Compound Interest A deposit of $100 is made 4¥ 108. Medicine The numbers a, (in millions) of AIDS 


cases reported from 1994 to 1999 can be approxi- 
mated by the model 


a, = 0.3944n? — 7.738n2 + 41.48n + 10.2, 
ih SOs 5 on 


where n is the year, with n = 4 corresponding to 
1994. Find the terms of this finite sequence. Use a 
graphing utility to construct a bar graph that repre- 
sents the sequence. (Source: U.S. Centers for 
Disease Control and Prevention) 


Federal Debt From 1990 to 2000, the federal debt 


of the United States rose from just over $3 trillion 
to more than $5 trillion. The federal debt a,, (in bil- 
lions of dollars) from 1990 to 2000 is approximat- 
ed by the model 


> Model It 


107. Data Analysis The table shows the numbers a,, 
eof Circuit City stores for the years 1991 to 2000. 


(Source: Circuit City Stores, Inc.) 


Number of 


stores, a, 


Year, n 


(a) Use the regression feature of a graphing 
utility to find a linear sequence that models 
the data. Let n represent the year, with 
n = 1 corresponding to 1991. 

Use the regression feature of a graphing 
utility to find a quadratic sequence that 
models the data. 


Evaluate the sequences from parts (a) and (b) 
forn = 1,2,. . ., 10. Compare these values 
with those shown in the table. Which model is 
a better fit for the data? Explain. 


Which model do you think would better pre- 
dict the number of Circuit City stores in the 
future? Use the model you chose to predict 
the number of Circuit City stores in 2005. 


110. 


Net profit 
(in millions of dollars) 


a, = —20.613n? + 452.92n + 3183.1, 
0 Nee 0 


where n is the year, with n = 0 corresponding to 
1990. Find the terms of this finite sequence. Use a 
graphing utility to construct a bar graph that repre- 
sents the sequence. (Source: U.S. Office of 
Management and Budget) 


Net Profit The net profits a, (in millions of dol- 
lars) of Walgreen for the years 1991 through 2001 
are shown in the figure. These profits can be 
approximated by the model 


a, = 5.547n? + 184.7, maT, 


where n = | represents 1991. Use this model to 
approximate the total net income from 1991 
through 2001. Compare this sum with the result of 
adding the incomes shown in the figure. (Source: 
Walgreen Company) 


ae 4 5'5 6 


7 
Year (1 © 1991) 


3 DO 
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Synthesis 


True or False? \n Exercises 111 and 112, determine 
whether the statement is true or false. Justify your answer. 


Fibonacci Sequence \n Exercises 113 and 114, use the 
Fibonacci sequence. (See Example 4.) 


113. Write the first 12 terms of the Fibonacci sequence 
a, and the first 10 terms of the sequence given by 


b = a, +] 
ge ? 
n 


i 2 Il, 


114. Using the definition for b, in Exercise 113, show 
that b, can be defined recursively by 


Arithmetic Mean \n Exercises 115-118, use the follow- 
ing definition of the arithmetic mean x of a set of n 
measurements X,, Xz, X3,- - -,Xp- 


115. Find the arithmetic mean of the six checking 
account balances $327.15, $785.69, $433.04, 
$265.38, $604.12, and $590.30. Use the statistical 
capabilities of a graphing utility to verify your 
result. 

116. Find the arithmetic mean of the following prices 
per gallon for regular unleaded gasoline at five 
gasoline stations in a city: $1.279, $1.259, $1.289, 
$1.329, and $1.349. Use the statistical capabilities 
of a graphing utility to verify your result. 


117. Proof Prove that 


118. Proof Prove that 


n » n ] n 2 
Xo =o = 2 — (3s) ; 


In Exercises 119-122, find the first five terms of the 
sequence. 


119, 4 = . 

120: 2 — fous 
ina mre 
040i = on 
Review 


In Exercises 123-126, determine whether the function has 
an inverse function. If it does, find its inverse function. 


3 
124. g(x) = = 


126. f(x) = (x — 1)? 


123) Ghai 
125. h(x) =, /5x4+ 1 


In Exercises 127-130, find (a) A — B, (b) 4B — 3A, (c) AB, 
and (d) BA. 


10 7 0 =12 
8, A= | 7) eee 
2 ae 6 1 - 2 
mm a-| 4 5 7), B=1)0 1 6 
1 7 4 0 3 1 
a | - 0 0 4 0 
pe -| ) l 21 weie= 3 Loe? 
Oy oma 3 =i 0 2 


In Exercises 131-134, find the determinant of the matrix. 


i. A=|_} | 
ies 
Ee ees 
132. 4 =| 73 4 
eee 
maf 7 
OO 
(one HigiOuan? 
aE Sane aale) 
208) iy bella ails 
406 koa MOS 


‘wae Arithmetic Sequences and Partial Sums 


> What you should learn 


* How to recognize and write 
arithmetic sequences 


* How to find an nth partial sum 
of an arithmetic sequence 


* How to use arithmetic 
sequences to model and solve 
real-life problems 


> Why you should learn it 


Arithmetic sequences have 
practical real-life applications. 
For instance, in Exercise 85 on 
page 611, an arithmetic 

- sequence is used to model the 
per capita personal income in 
the United States from 1990 
through 2000. 


Chuck Savage/Corbis 
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Arithmetic Sequences 


A sequence whose consecutive terms have a common difference is called an 
arithmetic sequence. 


Definition of Arithmetic Sequence 
A sequence is arithmetic if the differences between consecutive terms are 
_ the same. So, the sequence 


Bin, Gsy Oey aye Gory Oi ee 


is arithmetic if there is a number d such that 


a) — Oy 1 Oa 


and so on. The number d is the common difference of the arithmetic 
sequence. 


Examples of Arithmetic Sequences ajo? 


a. The sequence whose nth term is 4n + 3 is arithmetic. For this sequence, the 
common difference between consecutive terms is 4. 


eel SOM ee Nicaea: Begin with n = 1. 
Se. 
Vite 4. 
b. The sequence whose nth term is 7 — Sn is arithmetic. For this sequence, the 


common difference between consecutive terms is —5. 


Y= 3), Say Hc 5 6g f= Shao x Begin with n = 1. 
——— 
= ieee eel) 


An eal = . 5 9 
c. The sequence whose nth term is 7(n + 3) is arithmetic. For this sequence, the 
‘ , oe] 
common difference between consecutive terms is 4. 


1 5) 3 7 n+3 eve. 
eT Oe or) ro: Oe egin with n = |. 
a 4 4 : 
Neo 
pai 
The sequence 1, 4, 9, 16,. . ., whose nth term is n’, is not arithmetic. The 


difference between the first two terms is 
a= a= 4— |-—33 
but the difference between the second and third terms is 


Cae) A= 5, 
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FIGURE 8.3 


STUDY TIP 


An alternative form of the nth 
term of an arithmetic sequence 
can be derived from the pattern 


below. 
ay =a 
= Oh eee) ‘ 
a, = a, + 2d 
Qi Gd, te3d 
a, = a, + 4d 
Lae ge St 


Ist term 


‘ 2nd term 


3rd term 
4th term 


Sth term 


nth term 


In Example 1, notice that each of the arithmetic sequences has an nth term 
that is of the form dn + c, where the common difference of the sequence is d. An 
arithmetic sequence may be thought of as a linear function whose domain is the 
set of natural numbers. 


The nth Term of an Arithmetic Sequence 
The nth term of an arithmetic sequence has the form 


a, = dn+c 


where d is the common difference between consecutive terms of the 
sequence and c = a, — d. A graphical representation of this definition is 
shown in Figure 8.3. 


| Example 2. Finding the nth Term of an Arithmetic Sequence 


Find a formula for the nth term of the arithmetic sequence whose common 
difference is 3 and whose first term is 2. 


Solution 


Because the sequence is arithmetic, you know that the formula for the nth term is 
of the form a, = dn + c. Moreover, because the common difference is d = 3, the 
formula must have the form 


G2 te Substitute 3 for d. 
Because a, = 2, it follows that 
C= a,—'a 
SP feet 1) Substitute 2 for a, and 3 for d. 
= -1, 
So, the formula for the nth term is 
GE actapel I 
The sequence therefore has the following form. 


OTe eBid Wal esis Maes naa bag ca 


SE 


. Another way to find a formula for the nth term of the sequence in Example 
2 is to begin by writing the terms of the sequence. 


Ci a, a3 a, as a6 a, 
20°23 5 483 S83 da ees 
2 5 8 11 14 hy, 20 


From these terms, you can reason that the nth term is of the form 
Oa dna 


= 3n — 1. 


STUDY TIP 


You can find a, in Example 3 by 
using the alternative form of the 
_ nth term of an arithmetic 
_ sequence, as follows. 


a. ay + (no 1)d 
a,=a,+(n-1)d 
20 =a, + (4- 1)5 
20 = a, + 15 


J=4, 
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| Example 3 Writing the Terms of an Arithmetic Sequence _ _ 
Kier 


The fourth term of an arithmetic sequence is 20, and the 13th term is 65. Write 
the first several terms of this sequence. 


Solution 
The fourth and 13th terms of the sequence are related by 
Qi Gy Hid: 


Using a, = 20 and a,, = 65, you can conclude that d = 5, which implies that the 
sequence is as follows. 


Eo Cae Ose OT 3 8S Ce Cate 


Oe LOS ts 20s deem) 445) Oe ieee 


If you know the nth term of an arithmetic sequence and you know the 
common difference of the sequence, you can find the (n + 1)th term by using the 
recursion formula 


dey Oak d. Recursion formula 


With this formula, you can find any term of an arithmetic sequence, provided that 
you know the preceding term. For instance, if you know the first term, you can 
find the second term. Then, knowing the second term, you can find the third term, 
and so on. 

If you substitute a, — d for c in the formula a, = dn + c, the nth term of an 
arithmetic sequence has the alternative recursion formula 


te (te | )d. Alternative recursion formula 


Use this formula to solve Example 4. You should get the same answer. 


Example 4 Using a Recursion Formula 


Find the ninth term of the arithmetic sequence that begins with 2 and 9. 


Solution 


For this sequence, the common difference is d = 9 — 2 = 7. There are two ways 
to find the ninth term. One way is simply to write out the first nine terms (by 
repeatedly adding 7). 


25.9) 16323530; 37544,:51,58 


Another way to find the ninth term is first to find a formula for the nth term. 
Because the first term is 2, it follows that 


CP hd 2 aa) ee 
Therefore, a formula for the nth term is 
oh (eee) 
which implies that the ninth term is 


Gy 10) 558. 
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STUDY TIP 


Be sure you see that this formula 
works only for arithmetic 


sequences. 


The Granger Collection 


Historical Note 

A teacher of Carl Friedrich Gauss 
(1777-1855) asked him to add all 
the integers from 1 to 100.When 
Gauss returned with the correct 
answer after only a few moments, 
the teacher could only look at him 
in astounded silence. This is what 
Gauss did: 


leet 2) FP 93 bose 100 
100+ 99+ 984+...-4 4 


101 + 101 + 101 +-+++ 101 


100 x 101 


—_———— 


The Sum of a Finite Arithmetic Sequence 


There is a simple formula for the sum of a finite arithmetic sequence. 


The Sum of a Finite Arithmetic Sequence 


The sum of a finite arithmetic sequence with n terms is 


n 
ad 5 a ar a) 


For a proof of the sum of a finite arithmetic sequence, see Proofs in Mathematics 
on page 672. 


| Example 5 Finding the Sum of a Finite Arithmetic Sequence 


Find the sum: 1 + 3+5+7+9+411+ 13+ 15+ 17419. 


Solution 


To begin, notice that the sequence is arithmetic (with a common difference of 2). 
Moreover, the sequence has 10 terms. So, the sum of the sequence is 


n 
S,, = 5 ar a,) Formula for sum of a sequence 
10 . 
a eal i 19) Substitute 10 for n, 1 for a,, 19 for a,,. 
= 5(20) = 100. Simplify. 


Example 6 Finding the Sum of a Finite Arithmetic Sequence 
Gioy 
iy 


Find the sum of the integers (a) from 1 to 100 and (b) from | to N. 


Solution 


The integers from 1 to 100 form an arithmetic sequence that has 100 terms. So, 
you can use the formula for the sum of an arithmetic sequence, as follows. 


a S,=1+2+34+44+5+6+---+99+ 100 


= 2 (a, ar a,,) Formula for sum of a sequence 
100 
= oe + 100) Substitute 100 for n, 1 for a,, 100 for a,,. 
= 50(101) = 5050 Simplify. 
b.S,=1+249 444... 55 
_n 
= 541 St a,) Formula for sum of a sequence 
= al + N) Substitute Nfor n, 1 for a,, N for a,. 
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The sum of the first n terms of an infinite sequence is the nth partial sum. 
The nth partial sum can be found by using the formula for the sum of a finite 
arithmetic sequence. 


Example 7 Finding a Partial Sum of an Arithmetic Sequence 
i Gio yD 


Find the 150th partial sum of the arithmetic sequence 
Oe lhGs27538,495.. eke 

Solution 

For this arithmetic sequence, a, = 5 and d = 16 — 5 = 11. So, 
c=a,—-d=5-11=-6 


and the nth term is a, = 11n — 6. Therefore, a,5, = 11(150) — 6 = 1644, and 
the sum of the first 150 terms is 


a 5 (a ha.) nth partial sum formula 
150 
= i (5 + 1644) Substitute for n, a,, and aj 59. 
= 75(1649) Simplify. 
= 123,675. nth partial sum 
Applications 


Example 8 Seating Capacity 3 gto > 


An auditorium has 20 rows of seats. There are 20 seats in the first row, 21 seats 
in the second row, 22 seats in the third row, and so on. How many seats are there 
in all 20 rows? 
Solution 
The numbers of seats in the 20 rows form an arithmetic sequence in which the 
common difference is d = 1. Because 

Ce, Oe 20 — 119 


you can determine that the formula for the nth term of the sequence is 
a, =n + 19. Therefore, the 20th term in the sequence is a9 = 20 + 19 = 39 
(see Figure 8.4), and the total number of seats is 


S,=20+21+22+---+ 39 


nN 
= > (a, AP 9) nth partial sum formula 
20 
= oS (20 + 39) Substitute for n, a,, and ayo. 


= 10(59) = 590. Simplify. 
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~ Small Business 
n 


& 80,000 7g, =7500n +2500. * 

io) 60,000 SES Pi ee EDS es 

= 40,000 

8 20,000 

NY - - n 
IQA4a 5 G7 BO id 

Year 
FIGURE 8.5 


Example 9 Total Sales a) 


A small business sells $10,000 worth of skin care products during its first year. 
The owner of the business has set a goal of increasing annual sales by $7500 each 
year for 9 years. Assuming that this goal is met, find the total sales during the first 
10 years this business is in operation. 


Solution 


The annual sales form an arithmetic sequence in which a, = 10,000 and 
d = 7500. So, 


Cea 
= 10,000 — 7500 
= 2500 
and the nth term of the sequence is 
a= 71500n +2500. 
This implies that the 10th term of the sequence is 
Dig = 11D OW. See Figure 8.5. 


The sum of the first 10 terms of the sequence is 


n : 
Ss, = 5 + aio) nth partial sum formula 
10 
= (10,000 + 77,500) Substitute for n, a,, and ayo. 
= 5(87,500) Simplify. 
= 437,500. Simplify. 


So, the total sales for the first 10 years will be $437,500. 


Writing ABOUT MATHEMATICS 


Numerical Relationships Decide whether it is possible to fill in the blanks in each 
of the sequences such that the resulting sequence is arithmetic. If so, find a 
recursion formula for the sequence. 


aetaa/ elit 


b 
c. 
d. 
e 
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8.2 Exercises 


In Exercises 1-10, determine whether the sequence is 
arithmetic. If it is, find the common difference. 


ie lOr sso. 4 2 Phy AN The NO), JIS, IOs 5 

3h din Pad tool (One ee ah te AO) 20s NO), So 8 
9 

Pao oe iy ee Rie 

12 aes 

393° 45356°- 

B.D: 1, ONO DEO! ses 

Mine. inSain sine) 


DN ane eat” CA ea 


oon MN 


In Exercises 11-18, write the first five terms of the 
sequence. Determine whether the sequence is arithmetic, 
and if it is, find the common difference. (Assume that n 
begins with 1.) 


af a, = 5 + 3n 12. a, = 100 — 3n 
13. 2, = 3 — 4(n — 2) 14.a,=1+(n-1)4 
for.a= {—1)" 16. a, = 2”! 
13 
17. a, = {7s 18. a, = (2")n 
n 


In Exercises 19-24, write the first five terms of the 
arithmetic sequence. Find the common difference and 
write the nth term of the sequence as a function of n. 


1, Gy = Sup Oey Gt 4 
20.4,=6, Q4,=Gt5 


Zid, — 200, a,,, — 4, — 10 
od) —12,. 44,0, — 6 

23. a, =} Mes =i ig 

24.0; = 0.375, a4, =a +0.25 


In Exercises 25-32, write the first five terms of the 
arithmetic sequence. 
3 


25. a, = 5,d=6 26. Gd, = 5,d = -% 

27. a, = —2.6,d=—04 28. a, = 16.5,d = 0.25 
29. a, = 2, a, = 46 30. a, = 16, a) = 46 
31. ag = 26, a), = 42 B2hd,—119, aye 1.7 


In Exercises 33-44, find a formula for a, for the arithmetic 
sequence. 
33. a, = 
DS. Cj 


LO aS bye 
2 


36. a, = 0,d= -3 


I,d=3 
100,d= —8 


37. a, = x,d = 2x 38. a, = —y,d = 5y 

39. 4,3,-1,-4,... 40. 10,5,0, —5,-10,. .. 
41. a, =5,a, = 15 42..a, = —4,4a, = 16 
Asana 94a 85 440 G = 19004 115 


In Exercises 45-48, match the arithmetic sequence with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) (b) an 
A 
ces 
ote, 
4 *e 
cory 
p °. 
fay 2°24. 16) F810 . 
ay 
(c) an (d) 


2 4 6 8 10 


45. a, = —jn + 8 
47. a, =2+3n 


46. a, = 3n—-—5 

48. a, = 25 — 3n 

In Exercises 49-52, use a graphing utility to graph the first 
10 terms of the sequence. 
49. a, = 15 — 5n 

Bl. a, 0.2 a3 


50. a, = —5 + 2n 
52.4, = 03 + 8 


In Exercises 53-60, find the indicated nth partial sum of the 
arithmetic sequence. 


53. 8.20532) 44e1). . 5) n= 10 
DA, Ola abe ilar oD 
55540, DVO 1 ace, ene 2 
5610520003. ee oe LO 
SUES O47 ol. 2, ne LO 


BS oe 10: 0),,00,. 2) 
59. a, = 100, ay, = 220, n= 25 
60. a, = 15, Gyo) = 307, n = 100 
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In Exercises 61-68, find the partial sum. 


61. 


63. 


65. 


67. 


100 


50 
62. 2 
pat x 
100 100 
64. 7 
oa », is 
30 10 100 50 
= 66. = n 
a ae 7 py 
400 250 
Ciel) 68. 5) (1000 — n) 
n=1 n=1 


In Exercises 69-74, use a calculator to find the partial sum. 


69. 
rhe 
2S 
73! 


74. 


TS. 
76. 


Job Offer 


20 50 

¥' (2n + 5) 70. S' (1000 — 5n) 
n=1 n=0 

ener 4 

n=1 2 

LTS = or 

n=0 16 


¥ (250 — 41) 
i 
200, 


S' (4.5 + 0.025) 


j=1 
Find the sum of the first 100 positive odd integers. 
Find the sum of the integers from — 10 to 50. 


In Exercises 77 and 78, consider a job offer with 


the given starting salary and the given annual raise. 


(a) 


(b) 


77. 
78. 


79. 


80. 


Determine the salary during the sixth year of 
employment. 


Determine the total compensation from the company 
through six full years of employment. 


Starting Salary Annual Raise 


$32,500 $1500 
$36,800 $1750 
Seating Capacity Determine the seating capacity 


of an auditorium with 30 rows of seats if there are 20 
seats in the first row, 24 seats in the second row, 28 
seats in the third row, and so on. 


Seating Capacity Determine the seating capacity 
of an auditorium with 36 rows of seats if there are 15 
seats in the first row, 18 seats in the second row, 21 
seats in the third row, and so on. 
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81. 


82. 


83. 


84. 


Brick Pattern A brick patio has the approximate 
shape of a trapezoid (see figure). The patio has 18 
rows of bricks. The first row has 14 bricks and the 
18th row has 31 bricks. How many bricks are in the 
patio? 


—————————_—_—_—_—_—, 
14 


Brick Pattern A triangular brick wall is made by 
cutting some bricks in half to use in the first column 
of every other row. The wall has 28 rows. The top 
row is one-half brick wide and the bottom row is 14 
bricks wide. How many bricks are used in the 
finished wall? 


Falling Object An object with negligible air 
resistance is dropped from a plane. During the first 
second of fall, the object falls 4.9 meters; during the 
second second, it falls 14.7 meters; during the third 
second, it falls 24.5 meters; during the fourth second, 
it falls 34.3 meters. If this arithmetic pattern 
continues, how many meters will the object fall in 10 
seconds? 


Falling Object An object with negligible air 
resistance is dropped from the top of the Petronas 
Towers in Malaysia at a height of 1483 feet. During 
the first second of fall, the object falls 4.9 feet; 
during the second second, it falls 14.7 feet; during 
the third second, it falls 24.5 feet; during the fourth 
second, it falls 34.3 feet. If this arithmetic pattern 
continues, how many feet will the object fall in 
17 seconds? 
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> Model It 


85. Data Analysis The table shows the per capita 
personal income in the United States from 1990 to 
2000. (Source: U.S. Department of Commerce, 
Bureau of Economic Analysis) 


Per capita 
personal income, a, 
$19,188 
$19,652 
$20,576 
$21,231 
$22,086 
$23,562 
$24,651 
$25,924 
$27,203 
$28,546 
$29,676 


(a) Find an arithmetic sequence that models the 
data. Let a, represent the per capita personai 
income and let n represent the year, with 
n = O corresponding to 1990. 


ee (b) Use the regression feature of a graphing 
utility to find a linear model for the data. 
How does this model compare with the arith- 
metic sequence you found in part (a)? 


cd (c) Use a graphing utility to graph the terms of 
the finite sequence you found in part (a). 


(d) Use the sequence from part (a) to estimate the 
per capita personal income in 2001 and 2003. 


(e) Use your school’s library, the Internet, or some 
other reference source to find the actual per 
capita personal income in 2001 and 2003, and 
compare these values with the estimates from 
part (d). 


Synthesis 


86. Writing Explain how to use the first two terms of 
an arithmetic sequence to find the nth term. 


True or False? \n Exercises 87 and 88, determine 
whether the statement is true or false. Justify your answer. 


87. Given an arithmetic sequence for which only the first 
two terms are known, it is possible to find the nth 
term. 


88. If the only known information about a finite arith- 
metic sequence is its first term and its last term, then 
it is possible to find the sum of the sequence. 


89. Exploration 


(a) Graph the first 10 terms of the arithmetic 
sequence a, = 2 + 3n. 

(b) Graph the equation of the line y = 3x + 2. 

(c) Discuss any differences between the graph of 
a, = 2 + 3nand the graph of y = 3x + 2. 

(d) Compare the slope of the line in part (b) with the 
common difference of the sequence in part (a). 
What can you conclude about the slope of a line 
and the common difference of an arithmetic 
sequence? 

90. Pattern Recognition 

(a) Compute the following sums of positive odd 
integers. 
1+3= 
34 >= 
Paes oF fe 
13 5 4 eee 
PS 4) + 7 oe 

(b) Use the sums in part (a) to make a conjecture 


about the sums of positive odd integers. Check 
your conjecture for the sum 


ee) see sed) oe eee aN eee 


(c) Verify your conjecture analytically. 


91. Think About It The sum of the first 20 terms of an 
arithmetic sequence with a common difference of 3 
is 650. Find the first term. 


92. Think About It The sum of the first n terms of an 
arithmetic sequence with first term a, and common 
difference d is S,. Determine the sum if each term is 
increased by 5. Explain. 


Review 

In Exercises 93-96, find the slope and y-intercept (if possible) 
of the equation of the line. Sketch the line. 

93. 2x — 4y = 3 94. 9x + y= -8 
i | — 0 96. y+ 11=0 


Bob Krist/Corbis 
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> What you should learn 


seem Geometric Sequences and Series 


* How to recognize and write 
geometric sequences 

* How to find the sum of a 
geometric sequence 

* How to find the sum of an 
infinite geometric series 

* How to use geometric 
sequences to model and solve 
real-life problems 


> Why you should learn it 


Geometric sequences can be 
used to model and solve real-life 


problems. For instance, in 


Exercise 97 on page 619, you will 
tric sequence to 


Chapter8 P Sequences, Series, and Probability 


Geometric Sequences 


In Section 8.2, you learned that a sequence whose consecutive terms have a 
common difference is an arithmetic sequence. In this section, you will study 
another important type of sequence called a geometric sequence. Consecutive 
terms of a geometric sequence have a common ratio. 


Definition of Geometric Sequence 
A sequence is geometric if the ratios of consecutive terms are the same. So, 


the sequence d,, a, a3, d4,. . .,a,. . . iS geometric if there is a number r 
such that 


TL 


and so on. The number r is the common ratio of the sequence. 


| Example 1 Examples of Geometric Sequences o> 


a. The sequence whose nth term is 2” is geometric. For this sequence, the 
common ratio of consecutive terms is 2. 


ZF 420, 10, 98 es Begin with n = 1. 
ee 


rp 


=i) 


b. The sequence whose nth term is 4(3”) is geometric. For this sequence, the 
common ratio of consecutive terms is 3. 


£2,360, 108.3240, aos) Begin with n = 1. 


ape) wee 


4 Nea 5 ; 
c. The sequence whose nth term is (—4) Is geometric. For this sequence, the 


common ratio of consecutive terms is —i. 


el 1 Ik il IDV 
39° 27° BL a6 ces tees Begin with n = 1. 
oi Bat es i 
Sees 3 
. The sequence 1, 4,9, 16,.. . , whose nth term is n2, is not geometric. The 
ratio of the second term to the first term is 

%_4_, 
al 


but the ratio of the third term to the second term is 2 2 
a, 
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In Example |, notice that each of the geometric sequences has an nth term that 
is of the form ar”, where the common ratio of the sequence is r. A geometric 
sequence may be thought of as an exponential function whose domain is the set of 
natural numbers. 


The nth Term of a Geometric Sequence 


The nth term of a geometric sequence has the form 
a, — ar”! 


where r is the common ratio of consecutive terms of the sequence. So, every 
geometric sequence can be written in the following form. 


his Whine by <0 


et at ee 


2 4 
Ue Tah) Ol Oye an oe, 


If you know the nth term of a geometric sequence, you can find the (n + 1)th 
term by multiplying by r. That is, a, ,,; = ra,. 


| Example 2. Finding the Terms of a Geometric Sequence a> 


Write the first five terms of the geometric sequence whose first term is a, = 3 and 
whose common ratio is r = 2. Then plot the points on a set of coordinate axes. 


Solution 
Starting with 3, repeatedly multiply by 2 to obtain the following. 


a, =3 Ist term 
a, = 3(2') = 6 2nd term 
a, = 3(2) = 12 3rd term 
a, = 3(2°) = 24 4th term 
as = 3(2*) = 48 5th term 
FIGURE 8.6 Figure 8.6 shows the first five terms of this geometric sequence. 


| Example 3. Finding a Term of a Geometric Sequence o> 


Find the 15th term of the geometric sequence whose first term is 20 and whose 
common ratio is 1.05. 


Solution 
TI i e. Formula for geometric sequence 
SO. 05) Substitute for a,,r, and n. 
= 39.599 Use a calculator. 


nn 
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STUDY TIP. 
Remember that r is the common 


ratio of consecutive terms of a 
sequence. So in Example 5, 


=7 rr? 
jd, 1 rao te Fe 


a a a 
2 3 4 
=... +6 


| 
Sg 

aN 
Re 


Example 4 Finding a Term of a Geometric Sequence o> 


Find the 12th term of the geometric sequence 
Sal ae Spun eae 
Solution 
The common ratio of this sequence is 
| aaa 
r=—= 


2) 


Because the first term is a, = 5, you can determine the 12th term (n = 12) to be 


a, at Formula for geometric sequence 
Gre, sl (6) ae Substitute for a,,r, and n. 
= 5(177,147) Use a calculator. 
= 885,735. Simplify. 


If you know any two terms of a geometric sequence, you can use that infor- 
mation to find a formula for the nth term of the sequence. 


| Example 5 Finding a Term of a Geometric Sequence 


The fourth term of a geometric sequence is 125, and the 10th term is 125 /64. Find 
the 14th term. (Assume that the terms of the sequence are positive.) 


Solution 
The 10th term is related to the fourth term by the equation 


ayy = a,r®. Multiply 4th term by r!0~4, 


Because a) = 125/64 and a, = 125, you can solve for r as follows. 


125 F a 
a ie 125r Substitute ¢7 for a), and 125 for a,. 
l 6 
64 =r Divide each side by 125. 
i 
3 =p Take the sixth root of each side. 


You can obtain the 14th term by multiplying the 10th term by r+. 


Dye aig) Multiply the 10th term by r/4~10, 
125/1 
= 64 > Substitute ¢? for a,) and , for r. 
125 
SSS Simplify. 
1024 ag 


eee 
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The Sum of a Finite Geometric Sequence 


The formula for the sum of a finite geometric sequence is as follows. 


The Sum of a Finite Geometric Sequence 


The sum of the finite geometric sequence 


2 4 = 
COON UAT. Gil 3. ee OL 


with common ratio r # | is given by 


For a proof of the sum of a finite geometric sequence, see Proofs in Mathematics 
on page 672. 


Example 6 Finding the Sum of a Finite Geometric Sequence 


12 
Find the sum 5) 4(0.3)”. 


n=1 
Solution 


By writing out a few terms, you have 
12 
S) 4(0.3)" = 4(0.3)! + 4(0.3)? + 4(0.3)? +- - - + 4(0.3)”. 
n=1 


Now, because a, = 4(0.3), r = 0.3, and n = 12, you can apply the formula for 
the sum of a finite geometric sequence to obtain 


jm ph 
ip ae a( 1 g Formula for sum of a sequence 
ome Hf 
1 — (0.3)! 
= 403," | Substitute for a,, r, and n. 
i zal O)ie) 
= 1.714. Use a calculator. 


a 


When using the formula for the sum of a geometric sequence, be careful to 
check that the index begins at i = 1. If the index begins at i = 0, you must adjust 
the formula for the nth partial sum. For instance, if the index in Example 6 had 
begun with n = 0, the sum would have been 


y 4(0.3)" = 4(0.3)° + 5 4(0.3) 
n=0 


n=\1 


12 
=4+ 5) 4(0.3)" 


n=1 


=4-+ 1.714 
= 5.714. 
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Exploration 
Use a graphing utility to graph 
os (* = ) 
: Lo 
for r = , £ and = What 
happens as x > 00? 


Use a graphing utility to graph 


= 
y br 
for r = 1.5, 2, and 3. What 
happens as x — 00? 


Geometric Series &4o> 


The summation of the terms of an infinite geometric sequence is called an infinite 
geometric series or simply a geometric series. 

The formula for the sum of a finite geometric sequence can, depending on the 
value of r, be extended to produce a formula for the sum of an infinite geometric 
series. Specifically, if the common ratio r has the property that |r| < 1, it can be 
shown that r” becomes arbitrarily close to zero as n increases without bound. 
Consequently, 


This result is summarized as follows. 


The Sum of an Infinite Geometric Series 


If |r| < 1, the infinite geometric series 
Cw Gia ag tee a 2 


has the sum 


cO 
a 
S= ee : 
i=0 ae 


Note that if |r| = 1, the series does not have a sum. 


Example 7 Finding the Sum of an Infinite Geometric Series 


Ko> 


Find each sum. 


ay (06)! 
ail 
b.23- 0:3 =F 0:037-:0:003 —peas 


Solution 


a. 5'4(0.6)"-! = 4 + 4(0.6) + 4(0.6 + 40.6) +--+ 400.6114 - 


n=1 


7s 4 a, 
i (0.6) IS se 
= 10 
b. 3 + 0.3 + 0.03 + 0.003 + - - -=3 +4 3(0.1) + 3(0.1)2 +. 300.1)3 +--- 
f=) = 
_ 10 
3 
= 3.33 


a 
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Application 


Example 8 Increasing Annuity @ Kho > 


A deposit of $50 is made on the first day of each month in a savings account that 
pays 6% compounded monthly. What is the balance at the end of 2 years? (This 
type of savings plan is called an increasing annuity.) 


Solution 


The first deposit will gain interest for 24 months, and its balance will be 


0.06 \4 
Anne += 
si 50( G 


= O05)25. 
The second deposit will gain interest for 23 months, and its balance will be 


ite 
12 


= 50(1.005)?3. 


kn = 50(1 i 


The last deposit will gain interest for only 1 month, and its balance will be 


oe 
12 


= 50(1.005). 


f= s0( + 


The total balance in the annuity will be the sum of the balances of the 24 deposits. 
Using the formula for the sum of a finite geometric sequence, with 
A, = 50(1.005) and r = 1.005, you have 


te cea 
1 — 1.005 


Substitute for A, r, and n. 


Eee 50(1.005)] 


= $1277.96. 


An Experiment You will need a piece of string or yarn, a pair of scissors, and a tape 
measure. Measure out any length of string at least 5 feet long. Double over the 
string and cut it in half. Take one of the resulting halves, double it over, and cut it in 
half. Continue this process until you are no longer able to cut a length of string in 
half. How many cuts were you able to make? Construct a sequence of the resulting 
string lengths after each cut, starting with the original length of the string. Find a 
formula for the nth term of this sequence. How many cuts could you theoretically 
make? Discuss why you were not able to make that many cuts. 
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8.3 Exercises 


In Exercises 1-10, determine whether the sequence is 
geometric. If it is, find the common ratio. 


15015545912 bee Dy BANAL Dehn as 
oy IL, DIS Oye A: BOD e180. Me 
5. 1,-4.4 —p- 6,5, (ONO 04ers 
7. 3,464 lps 8. 9,-6,4,-%,... 
9 1444,... 10. 3,3,3,4,... 


In Exercises 11-20, write the first five terms of the 
geometric sequence. 


11. a, =2,r=3 12. a, =6,r=2 
ik, cy She Ss 14a slay 
15. a,=5,r=-4 16.0, 6 
17. a, =l1,r=e 18.G, =e 5 
ON i 20. a, = 5,r = 2x 


In Exercises 21-26, write the first five terms of the geomet- 
ric sequence. Determine the common ratio and write the 
nth term of the sequence as a function of n. 


21. a, = 64, a4, = oe 


Vd Oy, 2S i ey ER 

23. 4, =7, Q., = 2a, 

24 Gy = 5, Gp 20, naar 
25. a, = 6, G4, = —3a, 

26. a, = 48, a4, = Fa, 


In Exercises 27-38, write an expression for the nth term of 
the geometric sequence. 


27a, Aer = n=" 10 
28. =r =sn—8 
29. a, = 6,r = —4,n = 12 
30. a, = 
31. a, = 100,r = e*,n=9 

32; 4, =1,r= /3,n=8 

33. a, = 500, r = 1.02, n = 40 
34. a, = 1000, r = 1.005, n = 60 
65m W16, da n= 3 


36. a =3,a,=4,n=1 


37a eae n= 6 
16 64 
38. a, = 3,4, = 7,n=7 
In Exercises 39-42, match the geometric sequence with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 
) (b) an 


39. a, = 18( 
die eal ot 


In Exercises 43-50, use a graphing utility to graph the first 
10 terms of the sequence. 


43. a, = 12(-0.75)"41 44. a, = 10(1.5)"-! 
45. a, = 12(-0.4)"7) 46. a, = 20(—1.25)"-! 
47. a, = 2(1.3)"7! 48. a, = 10(1.2)"-! 
49a = 21.4) 50. a =s17(— ye 


In Exercises 51-70, find the sum of the finite geometric 
sequence. 


51. y DE! 


n=1 n=1 


9 8 
53. —2)rA 4. See 
2 2) A) 
7 : 10 
55. S\ 64(—2)7! Ne 
> (—5) 56 > 200) 
: i= i i—1 
57. >'32(%) 58. S' 16(3) 


i=1 


iS) 
lo) 
oS 
jo) 


59. ¥ 3(3)" Cla ol 


3 
Il 
°o 
= 
Il 
°o 
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In Exercises 91-94, find the rational number representation 
of the repeating decimal. 


eee 20 91. 0.36 92. 0.297 
61. S' 2(5 6258 e10(2) cits if 
Soh () Py 5) 93. 0.318 94. 1.38 
5 6 
63. >) 300(1.06)” 64. S$) 500(1.04)" AZ Graphical Reasoning \n Exercises 95 and 96, use a 


= 
ll 
So 


n=0 


Mea) 66. S\ 10(3)" | 


Ms 


65. 


ae 
o ill 
Oo 
out 
a il 
oO 


67. g(—t) 68. 5: 8(—3)' 
Rep yells) 


ll 
4 
o 


69. 


i — 
Oo 
Nn 
—— 
Whe 
i, 
| 
_ 


i 
I 


In Exercises 71-76, use summation notation to express the 
sum. 


Bhs otelS 4--45)+ - + 3645 
Peet 14°28 + © - +°896 
i vale | 1 
i —- ——— i 
ie 278 2048 
3 3 
: — +—-—+++-— — 
g45)15.— 3 5 625 
756 010.4. 44.1.6 45° +++ 102.4 
96. 32+ 24+ 18 2 =~ 1025 


In Exercises 77-90, find the sum of the infinite geometric 
series. 


| 
~l 
Ms 
a 
Nin 
=a 
E | 
~l 
90 
Ms 
ie) 
cect 
WI 
——— 
= 


a 
I 
oO 
> 
ll 
fo) 


~] 
N=) 
Ms 
—_ 
| 
Nl 
~—_ 
~) 
lo 2) 
= 
Ms 
bo 
—— 
| 
Wid 
— 
= 


= 
Il 
j=) 
3 
Il 
ro) 


81. > 40) 82. D (4) 
83. > (0.4) 84. > 4(0.2)" 
85. >, ~3(0.9)" 

86. ¥, 100 2)" 


graphing utility to graph the function. Identify the 
horizontal asymptote of the graph and determine its 
relationship to the sum. 


moe Li=tat SA) 
<m-Arent SAG) 


> Model It 


97. Data Analysis The table shows the population 
4 of China (in millions) from 1995 through 2001. 
(Source: U.S. Census Bureau) 


(a) Use the regression feature of a graphing utility 
to find a geometric (exponential) sequence 
that models the data. Let a,, represent the pop- 
ulation and let n represent the year, with 
n = 5 corresponding to 1995. 


(b) Use the sequence from part (a) to describe 
the rate at which the population of China is 
growing. 

(c) Use the sequence from part (a) to predict the 
population of China in 2010. 

(d) Use the sequence from part (a) to determine 
when the population of China will reach 1.3 
billion. 
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100. 


101. 


102. 


103. 
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Compound Interest A principal of $1000 is 
invested at 6% interest. Find the amount after 
10 years if the interest is compounded (a) annually, 
(b) semiannually, (c) quarterly, (d) monthly, and 
(e) daily. 

Compound Interest’ A principal of $2500 is 
invested at 8% interest. Find the amount after 
20 years if the interest is compounded (a) annually, 
(b) semiannually, (c) quarterly, (d) monthly, and 
(e) daily. 

Depreciation A tool and die company buys a 
machine for $135,000 and it depreciates at a rate of 
30% per year. (In other words, at the end of each 
year the depreciated value is 70% of what it was at 
the beginning of the year.) Find the depreciated 
value of the machine after 5 full years. 


Annuities A deposit of $100 is made at the 
beginning of each month in an account that pays 
6%, compounded monthly. The balance A in the 
account at the end of 5 years is 


1 60 
A= 100(1 + 9S) sort + 100(1 + °°) | 
12 12 
Find A. 
Annuities A deposit of $50 is made at the begin- 


ning of each month in an account that pays 8%, 
compounded monthly. The balance A in the account 
at the end of 5 years is 


1 60 
A= s0o(1 + 9%) “aye + s0o(1 + 2) : 
12 12 
Find A. 
Annuities A deposit of P dollars is made at the 


beginning of each month in an account earning an 
annual interest rate r, compounded monthly. The 
balance A after t years is 


r 
A=P(\1+—]|+P 
(1+) +a 


r \2 
+) feet 
12 


Show that the balance is 


rfl 2] ) 


104. 


Annuities 


Annuities <A deposit of P dollars is made at the 
beginning of each month in an account earning an 
annual interest rate r, compounded continuously. 
The balance A after f years is 
A= Pe/'2 aL Pe 21/12 ten no 5 oe Pe}20/12. 
Show that the balance is 

- Pe’/!2(ert = 1) 

et/12 = {| 


In Exercises 105-108, consider making monthly 


deposits of P dollars in a savings account earning an annual 
interest rate r. Use the results of Exercises 103 and 104 to find 
the balance A after t years if the interest is compounded 
(a) monthly and (b) continuously. 


105 
106 
107 


108. 
109. 


110. 


P = $50, r = 7%, t = 20 years 
P= $75, r = 9%, t = 25 years 
P = $100, r = 10%, t = 40 years 
P = $20, r = 6%, t = 50 years 


Annuities Consider an initial deposit of P dollars 
in an account earning an annual interest rate r, 
compounded monthly. At the end of each month, a 
withdrawal of W dollars will occur and the account 
will be depleted in t years. The amount of the initial 
deposit required is 


(ive yo chara ae 
P=W1i+—) +W1+—}-+--- 
12 w{ a a 


Show that the initial deposit is 


rao (05) 


Annuities Determine the amount required in a 
retirement account for an individual who retires at 
age 65 and wants an income of $2000 from the 
account each month for 20 years. Use the result of 
Exercise 109 and assume that the account earns 9% 
compounded monthly. 


111. Geometry The sides of a square are 16 inches in 
length. A new square is formed by connecting the 
midpoints of the sides of the original square, and 
two of the resulting triangles are shaded (see 
figure). If this process is repeated five more times, 
determine the total area of the shaded region. 


eee 


112. Sales The annual sales a, (in millions of dollars) 
for Merck & Co., Inc. for 1991 through 2000 can be 
approximated by the model 


a, = 6942.2¢°-173", nea 1 2. we 0 


where n = | represents 1991. Use this model and 
the formula for the sum of a finite geometric 
sequence to approximate the total sales earned dur- 
ing this 10-year period. (Source: Merck & Co., 
Inc.) 

113. Salary An investment firm has a job opening with 
a salary of $30,000 for the first year. Suppose that 
during the next 39 years, there is a 5% raise each 
year. Find the total compensation over the 40-year 
period. 

114. Distance A ball is dropped from a height of 16 
feet. Each time it drops h feet, it rebounds 0.81h 
feet. 


(a) Find the total vertical distance traveled by the 


ball. 
(b) The ball takes the following times for each fall. 
S= — 1Ot* + 16, s, =Oift=1 
Sy = —16t? + 16(0.81), s, = Oift = 0.9 


s3 = —16t? + 16(0.81)%, 
— 1612 + 16(0.81)°, 


s, = Oift = (0.9)? 
s, = Oift = (0.9)? 


S4 


s, = —161? + 16(0.81)""1, 5, = Oift = (0.9)"" 


Beginning with s,, the ball takes the same amount 
of time to bounce up as it does to fall, and so the 
total time elapsed before it comes to rest is 


Find this total. 
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Synthesis 


True or False? \n Exercises 115 and 116, determine 
whether the statement is true or false. Justify your answer. 


115. A sequence is geometric if the ratios of consecutive 
differences of consecutive terms are the same. 


116. You can find the nth term of a geometric sequence 
by multiplying its common ratio by the first term of 
the sequence raised to the (n — 1)th power. 

117. Writing Write a brief paragraph explaining why 
the terms of a geometric sequence decrease in 
magnitude when —1 < r < 1. 


118. Find two different geometric series with sums of 4. 
Review 


In Exercises 119-122, evaluate the function for 
f(x) = 3x + 1 and g(x) = x? — 1. 

119. g(x + 1) 120. f(x + 1) 

121. fee 1) 122 eG OL) 


In Exercises 123-126, completely factor the expression over 
the rational numbers. 


123. 9x? — 64x 
1240 x" +40 —*63 
125. 56427 3s) 
126. 516% 


In Exercises 127-132, perform the indicated operation(s) 
and simplify. 
sua eS) 
Xt Oe ae 
aoa 2x(x + 7) 


127. 


128 x+7 6x(x — 2) 
ED grea 
= 2) 
(et), AES a eee 
131.5 + Toe 
ei sy Sie ae ep 
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wa Mathematical Induction 


> What you should learn 


How to use mathematical 
induction to prove a statement 
How to find the sums of 
powers of integers 

How to recognize patterns 

and write the nth term of a 
sequence 

How to find finite differences of 
a sequence 


Why you should learn it 


Finite differences can be used to 
determine what type of model 
can be used to represent a 
sequence. For instance, in 
Exercise 59 on page 631, you will 
use finite differences to find a 
model that represents the total 
prize money awarded at profes- 
sional rodeos. 
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Introduction &¥o> 


In this section you will study a form of mathematical proof called mathematical 
induction. It is important that you see clearly the logical need for it, so take a 
closer look at the problem discussed in Example 5 on page 606. 


Settee? 
Sy ae oe 


S,=14+3 4+ 5 = 3? 
S,=1+34+5+7=4 
Ss Shits 3ict 5 et O = 32 


Judging from the pattern formed by these first five sums, it appears that the sum 
of the first n odd integers is 


Dy LS oS EO oe oeaal raat 


Although this particular formula is valid, it is important for you to see that 
recognizing a pattern and then simply jumping to the conclusion that the pattern 
must be true for all values of n is not a logically valid method of proof. There are 
many examples in which a pattern appears to be developing for small values of n 
and then at some point the pattern fails. One of the most famous cases of this was 
the conjecture by the French mathematician Pierre de Fermat (1601-1665), who 
speculated that all numbers of the form 


F,=2? 31, n=omtned: 


are prime. For n = 0, 1, 2, 3, and 4, the conjecture is true. 


nee 
Faas 
eas 

F, = 257 
= Coe 


The size of the next Fermat number (F 5 = 4,294,967,297) is so great that it was 
difficult for Fermat to determine whether it was prime or not. However, another 


well-known mathematician, Leonhard Euler (1707-1783), later found the 
factorization 


Fs; = 4,294,967,297 
= 641(6,700,417) 
which proved that F; is not prime and therefore Fermat’s conjecture was false. 
Just because a rule, pattern, or formula seems to work for several values of 


n, you cannot simply decide that it is valid for all values of n without going 
through a legitimate proof. Mathematical induction is one method of proof. 


FIGURE 8.7 
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| The Principle of Mathematical Induction 
Let P,, be a statement involving the positive integer n. If 


va P, is true, and 


2. the truth of P, implies the truth of P,, , for every positive k, 


then P,, must be true for all positive integers n. 


To apply the Principle of Mathematical Induction, you need to be able to 
determine the statement P,, , for a given statement P,. 


Example 1 A Preliminary Example > 


Find P,.,, foreach P,. 

alse 

sera 

By Pes, = Wa 50 ee Ak 1) | (Ae 3) 
CHP SEP STI SK” 

dep, os 2 ke 


a. P,:S, = 


Solution 
(Keke ler) 
4 


(Kk 1) 2)? 
= Ppae a pee ran Simplify. 


b. PPS 1 $5494 oe (e+ 1) — 1] = 3} HK 1) 3] 
14+54+9+---+(4k-3)+ (4k+1) 
CaP eer Wee Se< 39 (ket 1)? 
k+4<5(k + 2k +1) 
OP ee 38? 2a act 1 
Sede ocd 


SE ya ey Replace k by k + 1. 


A well-known illustration used to explain why the Principle of Mathematical 
Induction works is the unending line of dominoes shown in Figure 8.7. If the line 
actually contains infinitely many dominoes, it is clear that you could not knock 
the entire line down by knocking down only one domino at a time. However, 
suppose it were true that each domino would knock down the next one as it fell. 
Then you could knock them all down simply by pushing the first one and starting 
a chain reaction. Mathematical induction works in the same way. If the truth of 
P, implies the truth of P,,, and if P, is true, the chain reaction proceeds as 
follows: P, implies P,, P, implies P3, P; implies P,, and so on. 
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When using mathematical induction to prove a summation formula (such as 
the one in Example 2), it is helpful to think of S,,; as 


Seri = Se + May 


where a, ,, is the (k + 1)th term of the original sum. 


| Example 2. Using Mathematical Induction 


Use mathematical induction to prove the following formula. 
Sl P Bi teSudeydachatemae hone 1) 

= n2 

Solution 


Mathematical induction consists of two distinct parts. First, you must show that 
the formula is true when n = 1. 


1. When n = 1, the formula is valid, because 
S,=1= 1. 


The second part of mathematical induction has two steps. The first step is to 
assume that the formula is valid for some integer k. The second step is to use 
this assumption to prove that the formula is valid for the next integer, k + 1. 


2. Assuming that the formula 
S,=1+3+5+7+---+(2k-1) 
= k2 


is true, you must show that the formula S,,, = (k + 1)? is true. 


Sai=1+34+5+7+---+ Qk—1)4+ 2k + 1)—- 1] 
= FERS 5 oP POR 1) Ok nn) 
HS + (2k 1) Group terms to form S,. 
=k*+2k+1 Replace S, by k?. 
=k =ral)2 


Combining the results of parts (1) and (2), you can conclude by mathematical 
induction that the formula is valid for all positive integer values of n. 


SERRE ee 


It occasionally happens that a statement involving natural numbers is not true 
for the first k — 1 positive integers but is true for all values of n = k. In these 
instances, you use a slight variation of the Principle of Mathematical Induction in 
which you verify P, rather than P,. This variation is called the extended principle 
of mathematical induction. To see the validity of this, note from Figure 8.7 that 
all but the first k — 1 dominoes can be knocked down by knocking over the kth 
domino. This suggests that you can prove a statement P,, to be true for n > k by 
showing that P, is true and that P, implies P,, ,. In Exercises 41—48 of this 
section, you are asked to apply this extension of mathematical induction. 
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| Example 3. Using Mathematical Induction 


Use mathematical induction to prove the formula 


a ati aaa ea laa Dy RC 
_ n(n + 1)(2n + 1) 
Fin Tog isae™ 
Solution 


1. When n = 1, the formula is valid, because 


2. Assuming that 
Sp 12? eB tae eek? 
_ kk + 12k + 1) 
6 


you must show that 
(k + I(k + 1+ 1)92(k + 1) + 1] 
Sag = ee re ee ee 


(e+ Ik 2) Qh 423) 
6 


To do this, write the following. 


Deetieon © Opa 


= UIT ala nin tal Pe ey ea aca (ota 1 he 
= Mee ee + (k + 1) By assumption 
r k(k + 1)(2k + 1) + 6(k + 1)? 

6 
a (k + 1)[k(2k + 1) + 6(k + 1)] 

6 
elk aol) Oka kate6) 
i 6 
_ & + IK + 2)(2k + 3) 

6 
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Combining the results of parts (1) and (2), you can conclude by mathematical 


induction that the formula is valid for all integers n 2 1. 


When proving a formula using mathematical induction, the only statement 
that you need to verify is P,. As a check, however, it is good to try verifying other 


statements. For instance, in Example 3, try verifying P, and P3. 
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Sums of Powers of Integers 


The formula in Example 3 is one of a collection of useful summation formulas. 
This and other formulas dealing with the sums of various powers of the first n 
positive integers are as follows. 


Sums of Powers of Integers 
sia 
2 


n(n + 1)(2n + 1) 
6 


11+2+3+4+::-+n 


PA Uli elec ws Sens rs Vile d IO i Se 


apn ot 


wy lS 2? 38 A? tae ae 4 


" n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 
ka n(n + 1)?(2n* + 2n — 1) 
12 


PTW Bes Pg RE a es Oo oe 


Re Pe oe oo A 


Finding a Sum of Powers of Integers ajo> 


Find each sum. 


ps 


: 
a. SP = + 23+ 33 + 43 + 53 + 63 + 73 be (6, 4) 


t=1 i=1 


I 


Solution 


a. Using the formula for the sum of the cubes of the first n positive integers, you 
obtain 


a 
YP=24+34+ 33+ 44 5+64+73 
i=1 


STATE WP 49164) 


6 
=| 603120 c= 60) 
ee eee ee ee 
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| Example 5 Proving an Inequality by Mathematical Induction 


Prove that n < 2” for all positive integers n. 


Solution 


1. For n = 1 or 2, the statement is true, because 
iver sands 2 <2 
2. Assuming that 
kee 
you need to show that k + 1 < 2+! Forn = k, you have 
2+ = 2(2*) > 2(k) = 2k. By assumption 
Because 2k =k +k >k+ 1 forall k > 1, it follows that 
eS i et 
or 
hs gad Pa 


So, n < 2” for all integers n = 1. 


To check a result that you have proved by mathematical induction, it helps to 
list the statement for several values of n. For instance, in Example 5, you could list 


| eee at Qe) A. Bre aii § 
A=) = 16, 52-3) woo 62 — 6 


From this list, your intuition confirms that the statement n < 2” is reasonable. 


Pattern Recognition 


Although choosing a formula on the basis of a few observations does not 
guarantee the validity of the formula, pattern recognition is important. Once you 
have a pattern or formula that you think works, you can try using mathematical 
induction to prove your formula. 


Finding a Formula for the nth Term of a Sequence 
To find a formula for the nth term of a sequence, consider these guidelines. 


1. Calculate the first several terms of the sequence. It is often a good idea to 
write the terms in both simplified and factored forms. 


. Try to find a recognizable pattern for the terms and write a formula for 
the nth term of the sequence. This is your hypothesis or conjecture. You 
might try computing one or two more terms in the sequence to test your 
hypothesis. 


. Use mathematical induction to prove your hypothesis. 
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Example 6 Finding a Formula for a Finite Sum 


Find a formula for the finite sum and prove its validity. 


ler et oles See ee 
Le vet QareSy ithe 44 eats n(n + 1) 
Solution 
Begin by writing out the first few sums. 


EU oS ts Pale 

i a ae : 

2 or. are Ge ae 

CE ee ns | one a 3 

tS RE) Sey ee (2 wig? MGEER 
1 1 1 1 48 4 4 

S, = + + = — 
Ip DS Die Sek Beek A See eG. Leste ae 


From this sequence, it appears that the formula for the kth sum is 


1 ] 1 1 1 k 
- ~ - feet = 
Lied SRS Bic 4 a5 Kk + 1) he 


Ss, = 


To prove the validity of this hypothesis, use mathematical induction, as follows. 

Note that you have already verified the formula for n = 1, so you can begin by 

assuming that the formula is valid for n = k and trying to show that it is valid for 
=k+1., 


1 1 | 1 1 1 
Spoi = ai + “2 yc = Se 
iol Fe D2 SA Bay eal (k + 1)(k + 2) 
k 1 


By assumption 


TE Ee 
Sake) 
(e+ Ik + 2) 
k?+2k+1 
(kK + 1)(k + 2) 
=o Cee 
(k + 1)(k + 2) 
k+l 
Y eS 


So, the hypothesis is valid. 


a 


STUDY TIP 


For a linear model, the first 

differences should be the same 
nonzero number. For a quadratic 

_ model, the second differences 

_ are the same nonzero number. 
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Finite Differences 


The first differences of a sequence are found by subtracting consecutive terms. 
The second differences are found by subtracting consecutive first differences. 
The first and second differences of the sequence 3, 5, 8, 12, 17, 23,. . . are as 
follows. 


n: 1 2 2) + 5 6 


a: 


Es 3 5 8 12 17 23 
» al Day/s Sg MSI di A a 
irst differences: 
SSNS iad 
For this sequence, the second differences are all the same. When this happens, the 


sequence has a perfect quadratic model. If the first differences are all the same, 
the sequence has a linear model. That is, it is arithmetic. 


Example 7 Finding a Quadratic Model 


Find the quadratic model for the sequence 


eVise bee Ws Eee eer 


Second differences: 


Solution 


You know from the second differences shown above that the model is quadratic 
and has the form 


a, =an>+bn+c. 


By substituting 1, 2, and 3 for n, you can obtain a system of three linear equations 
in three variables. 


a= a(1)? + b(1) +e =3 Substitute 1 for n. 
Co a(2)? + b(2) +c =5 Substitute 2 for n. 
a, = a(3)* + b(3) +c =8 Substitute 3 for n. 


You now have a system of three equations in a, b, and c. 


Oeagorinc =)3 Equation | 
4at+2b+c=5 Equation 2 
9a + 3b +c=8 Equation 3 


Using the techniques discussed in Chapter 6, you can find the solution to 
bea = - b= 53 and c = 2. So, the quadratic model is 


n 


1 
a Bate sh ee 


Try checking the values of a,, a5, and a3. 
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8.4 Exercises 


In Exercises 1-4, find P, , , for the given P,. 


5 I 

.P, == 2. P, = 

ein (pea sa) 
eke) 2 k 

fee oe 4. P, = =(2k + 1) 


4 3 


In Exercises 5-18, use mathematical induction to prove the 
formula for every positive integer n. 


§5.2+44+6+8+---+2n=n(n + 1) 
634+7+11+15+---4+ (4n—- 1) =nQn + 1) 


chokes (ees aaieia: Sarr denclet (00-1) 


8 1+4+7+10+- --+ Gn — 2) =—Gn -1) 


91+24+27+234.--.4 Qn-1=97_] 
LON ase ea ee i 


al 
Wit2+3 444. --4 ==) 
12012402 eae 4p pra Met Qn + 1) 
6 
13: ee 


(NbN ied -an 


eee Len eee a) 


15. eS 
i=1 12 

re Sit s n(n + 1)(2n + 1)(3n?2 + 3n — 1) 
i= 30 

SS Gee 
Pa 3 


1 n 
18. = 
py (2i — 1)Qi + 1) | 2n +4 


‘i 


In Exercises 19-28, find the sum using the formulas for the 
sums of powers of integers. 


15 30 
19 20. Sin 

n=1 n= 

6 ff 
21. Sn? DIAS SS igh 


n=1 n=1 


8 
232 Duis 24. yin? 
ns 


26. Sy (n> — n) 


n=1 n=1 


10 1 
28. S13 Si tea 
JE 


In Exercises 29-34, find a formula for the sum of the first n 
terms of the sequence. 


20m to oe eee 30. 25,22: 19216; ae 
Slee a a 323,37, = ee 
ipedieaciiret 1 
SDS AS SO" nls Py 
PY ig elisa Bn 
BOF scree RE 
1 


In Exercises 35-40, prove the inequality for the indicated 
integer values of n. 


35. n!>2", n>4 36. (3) >n, n2>7 
1 1 1 1 

37. + ~ +. ++ +—= ; sy) 
x/ a ve) Tre i 


-\n+1 -\n 
28. (*) <(2), net ando<x<y 


n21anda>0O 
40. 2n* > (n+ 1)?, n>3 


In Exercises 41-48, use mathematical induction to prove 
the property for all positive integers n. 


41. (aby" = a"b" 42 (=) == 
b b” 

43. Xs Ones FO... Sa 0) then 
(gts: Ne) ey a ee 

445 Tie On Ona 50%. On then 


In(x,x)° + +x,) =Inx, + Inx, +- - 


45. Generalized Distributive Law: 


tities 
My, + ¥, +--+ + y,) = ayy ery, te «ee 


46. (a + bi)" and (a — bi)" are complex conjugates for 
alln > 1. 


47. A factor of (n? + 3n2 + 2n) is 3. 
48. A factor of (22"-! + 32"-1) is 5, 


In Exercises 49-54, write the first six terms of the sequence. 
Then calculate the first and second differences of the 
sequence. Does the sequence have a linear model, a quad- 
ratic model, or neither? 


49. a, = 0 50. a, = 2 
GG, +3 en ed 
51. a, = 3 D2) Gy | 
GO G, == 2a) 25 
53. dy = 2 54. a, = 0 
a, = (G,_,) a, =a, _ ch n 


In Exercises 55-58, find a quadratic model for the sequence 
with the indicated terms. 


35. dy = 3, ay = 3,a, = 15 
50. a, = 7, a, = 6, a, = 10 
37. @ = —3,a=14=9 
58. dy = 3, a, = 0, a, = 36 


> Model It 


59. Data Analysis The table shows the total prize 
money awarded (in millions of dollars) at profes- 
sional rodeos from 1995 through 1999. (Source: 
Professional Rodeo Cowboys Association) 


Prize money, a,, 


\ Year, 11 


(a) Find the first differences of the data shown in 
the table. 


(b) Use your results from part (a) to determine 
whether a linear model can be used to 
approximate the data. If so, find a model. Let 
a, represent the total prize money awarded 
and let n represent the year, with n = 5 
corresponding to 1995. 


(c) Use the model to estimate the total prize 
money awarded in 2004. 
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Synthesis 


60. Writing In your own words, explain what is meant 
by a proof by mathematical induction. 


True or False? \n Exercises 61-64, determine whether 
the statement is true or false. Justify your answer. 


61. If the statement P, is true but the true statement P, 
does not imply that the statement P, is true, then P,, 
is not necessarily true for all positive integers n. 


62. If the statement P, is true and P, implies P,, ,, then 
P, is also true. 


63. If the second differences of a sequence are all zero, 
then the sequence is arithmetic. 


64. A sequence with n terms has n— 1 second 
differences. 


Review 


In Exercises 65-68, find the product. 


AMO Oh 
66. (2x — y)? 
67. (5 — 4x)3 
68. (2x — 4y)? 


In Exercises 69-72, use synthetic division to divide. 
695.62 x 10x + Seen) 

70.00. — 4x? — 29x —124) S378) 

71. (4x3 + 11x? — 43x + 10) + @ + 5) 

72. (6x° — 35x* — 8x + 12) + ( — 6) 


In Exercises 73-76, (a) identify all intercepts, (b) find any 
vertical and horizontal asymptotes, (c) check for symmetry, 
and (d) plot additional solution points as needed and 
sketch the graph of the rational function. 


73. f(x) = a 


2; 


3 
74. g(x) = aa 
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Meme The Binomial Theorem 


> What you should learn 


* How to use the Binomial 
Theorem to calculate binomial 
coefficients 

* How to use Pascal's Triangle to 
calculate binomial coefficients 


* How to use binomial 
coefficients to write binomial 
expansions 


> Why you should learn it 


You can use binomial coefficients 
to model and solve real-life 
problems. For instance, in 
Exercise 79 on page 638, you will 
use binomial coefficients to write 
the expansion of a model that 
represents the per capita con- 
sumption of bottled water. 


Rob Gage/Getty Images 


Binomial Coefficients 


Recall that a binomial is a polynomial that has two terms. In this section, you will 
study a formula that gives a quick method of raising a binomial to a power. To 
begin, look at the expansion of (x + y)” for several values of n. 


(x + y= 1 
(+ y=xty 
na tits go 9s a 


— 
a 
+ 

SS 

1S) 
II 


(ary) = ot 3x*y Ase tae 
(aay)* =at + 4x2y + 6x27 + Ary? + 7 
(x + y)? = x + Sxty-b 10x? y + 10x2yo4- Sxyt 47 
There are several observations you can make about these expansions. 


1. In each expansion, there are n + 1 terms. 


2. In each expansion, x and y have symmetrical roles. The powers of x decrease 
by | in successive terms, whereas the powers of y increase by 1. 


3. The sum of the powers of each term is n. For instance, in the expansion of 
(x + y)>, the sum of the powers of each term is 5. 


Actin Sag kS) 1209 25 
‘Gavan. 


(x + y) = x° + S5x4ty! + 10x3y? + 10x?y3 + S5xly4 +5 


4. The coefficients increase and then decrease in a symmetric pattern. 


The coefficients of a binomial expansion are called binomial coefficients. To 
find them, you can use the Binomial Theorem. 


The Binomial Theorem 


In the expansion of (x + y)” 


(x ale y)” aD Oe pw—ty sip Oe gael Ox Bam ie et = nxy”—! + y" 


the coefficient of x”"~" y” is 


n! 


ota rie r)trl 


n\., : 
The symbol (") is often used in place of ,,C, to denote binomial coefficients. 


For a proof of the Binomial Theorem, see Proofs in Mathematics on page 673. 


Technology 


re Most graphing calculators 
are programmed to evaluate 
nC,- Consult your user’s manual 
and then evaluate ,C.. You 
should get an answer of 56. 


Section 8.5 ® The Binomial Theorem 


Example 1 Finding Binomial Coefficients 


Find each binomial coefficient. 


10 8 
a. .C, b. ("?) C..4C d. (*) 
Solution 
gia Braga agy 
(& — by 4 
a taco] Bee Soa ea 
10 10! 10:9-8)- 4 Ol. 
b. ( \- en eee 9 ee oy 
Bul) Feat H - 3! 5 at 
nH 8 3! 
fe ae ne SS ; ae 
ad Pie AIO he a. (°) en yo 
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When r # O andr # n, as in parts (a) and (b) above, there is a simple pattern 


for evaluating binomial coefficients. 


2 factors 3 factors 
re ee 
ey 2 5, Gy 
oe ie (0) =" 9-8 
> il ) 3.0% 2 Ml 
MS sages) ———————————— 
2 factors 3 factors 


| Example 2. Finding Binomial Coefficients @¥e> 


Find each binomial coefficient. 


If 1 

a. 4Cs b. (7) Cnc. d. fA 
Solution 

7°:6°5 
a pf ONgore rr ar ey ta 

7 YoGBod off 

it a= = 35 
P (1) A-3-2:1] 

12 
Cos a 


ere i 


! , 
re ale 12! (1) 14h 12 D 


It is not a coincidence that the results in parts (a) and (b) of Example 2 are the 
same and that the results in parts (c) and (d) are the same. In general, it is true that 


aC, aa a Cee ie 


This shows the symmetric property of binomial coefficients that was identified 


earlier. 
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Pascal's Triangle 


There is a convenient way to remember the pattern for binomial coefficients. By 
arranging the coefficients in a triangular pattern, you obtain Pascal’s Triangle. 
This triangle is named after the famous French mathematician Blaise Pascal 
(1623-1662). 


Exploration ood vl 


Complete the table and describe I 2 1 
the result. ] 3 3 ] 
1 4 6 4 i 
{0-3 Sh 10 es 1 44+6=10 
1 6 15 20 iI) 6 1 
I 7 ~ te 3513s i Reg 1 is Hoe 


The first and last numbers in each row of Pascal’s Triangle are 1. Every other 
number in each row is formed by adding the two numbers immediately above the 
number. Pascal noticed that numbers in this triangle are precisely the same 
numbers that are the coefficients of binomial expansions, as follows. 


Cage) aed Oth row 
(xt y)! =Ix+ly Ist row 

What characteristic of Pascal’s Ge eee . 
Triangle is illustrated by this pk ea mas 
table? (x + y)> = 1x3 + 3x2y + 3xy? + 1y3 3rd row 


(x + y)* = Lit + 4x3y + 6x2y?2 + 4xy3 + ly* 
(x + y)® = 1x5 + Sxty + 10x3y? + 10x2y3 + Sayt + Lyd 
(x + y)® = 1x® + 6x5y + 15x4y2 + 20x7y3 + 15x2y* + 6xy> + ly® 
(ey) = Ty 7x®y + 21x5y2 + 35x4y3 + 35x3y4 + 21x2y> + Txy® + ly? 
The top row in Pascal’s Triangle is called the zeroth row because it corre- 
sponds to the binomial expansion (x + y)° = 1. Similarly, the next row is called 


the first row because it corresponds to the binomial expansion 


(x + y)! = 1(x) + 1(y). In general, the nth row in Pascal’s Triangle gives the 
coefficients of (x + y)". 


| Example 3. Using Pascal's Triangle 


Use the seventh row of Pascal’s Triangle to find the binomial coefficients. 
8Co» 8C1» sCos g@C3, g@Cas gC5, gCo, gC7, gCe 
Solution 
1 i, Pal 35 35 Z| él 1 
NE NE IG RON 
1 8 28 56 70 56 28 * 8 a 1 


a) 4 


Hf Fe “ 
ae ho: an 
i ae Be tet 

wae oe 


35) Se 
dR ASS RS Ad 
toe eRe Ey 


Historical Note 
Precious Mirror 
Triangle and forms of the Binomial 
Theorem were known in Eastern 
cultures prior to the Western 
“discovery” of the theorem. A 
Chinese text entitled Precious 
Mirror contains a triangle of 
binomial expansions through the 
eighth power. 


“Pascal’s” 
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Binomial Expansions 


As mentioned at the beginning of this section, when you write out the coefficients 
for a binomial that is raised to a power, you are expanding a binomial. The 
formulas for binomial coefficients give you an easy way to expand binomials, as 
demonstrated in the next four examples. 


Example 4 Expanding a Binomial op 


Write the expansion for the expression 
(x + 1)3. 
Solution 
The binomial coefficients from the third row of Pascal’s Triangle are 
i tyes alle 
So, the expansion is as follows. 
& + 1)? = (1x? + GB)x2(1) + B)x(12) + ()0) 
Si? ise oxo 


To expand binomials representing differences rather than sums, you alternate 
signs. Here are two examples. 


ey ay 23 


(xen te x4 4 6x? — 41 


| Example 5 Expanding a Binomial o> 


Write the expansion for each expression. 


a. (2x —3)* b. (x — 2y)4 

Solution 

a. The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 


So, the expansion is as follows. 
(2x — 3)4 = (1)(2x)* — (4)(2x)3(3) + (6)(2x)?(3) — (4)(2x)(33) + (1)(3*) 
16x* — 96x32 + 216x? — 216x + 81 


ll 


b. The binomial coefficients from the fourth row of Pascal’s Triangle are 
1, 4, 6, 4, 1. 
So, the expansion is as follows. 
(x — 2y)* = (1)x4 — (4)x3(2y) + (6)x2(2y)? — (4)x(2y)? + (1) (2y)4 
= x4 — 8x3y + 24x?y? — 32xy? + 16y* 
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Example 6 Expanding a Binomial 


Write the expansion for (x? + 4)°. 


Solution 
Use the third row of Pascal’s Triangle, as follows. 


(x? + 4)? = (1)(x*)? + (3)(x7)?(4) + (3)x2(47) + (1)(4?) 
x®© + 12x4 + 48x? + 64 


Example 7 Finding a Term in a Binomial Expansion @ae> 


a. Find the sixth term of (a + 2b)®. 
b. Find the coefficient of the term a®°b° in the expansion of (3a — 2b)!), 


Solution 


a. For the first term of the binomial expansion, you would use n = 8 and r = 0 
to get sCya*~°(2b)°. For the second term of the binomial expansion, you 
would use n = 8 and r = | to get gC, a*~ !(2b)!. So, for the sixth term of this 
binomial expansion, use n = 8 and r = 5 to obtain 


gCsa8-5(2b)5 = 56 - a + (2b) 
= 56(25)a3b° 
= 1792a3b°. 


b. From the Binomial Theorem, you can see that the (r + 1)th term is 
n€-x"~"y", So in this case, n = 11, r = 5, x = 3a, and y = —2b. Substitute 
these values to obtain 


penne y= ,, Ca) —2b)}> 
= (462)(729a*°)(—32b5) 
= =10,77 7,500 b- 
So, the coefficient is — 10,777,536. 


= Writing ABOUT MATHEMATICS 


Error Analysis You are a math instructor and receive the following solutions from 
one of your students on a quiz. Find the error(s) in each solution. Discuss ways that 
your student could avoid the error(s) in the future. 


a. Find the second term in the expansion of (2x — 3y)>. 
S(2x)*f8y}?#-—720x7y? 


b. Find the fourth term in the expansion of (tx a" 7y). 


24 
AG 


8.5 Exercises 
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In Exercises 1-10, find the binomial coefficient. 


nm GB —_ 
Bo5 4 
on Sie" 
Nn 
DN 
ene ae 
kere 
nA WN 
oO 


= 
as 
we 
aS 
Se 


\o 
a 
We) 12S 

(=) 
aos 
jin 


100 
10. 
0) 
In Exercises 11-14, evaluate using Pascal’s Triangle. 
8 8 
n1. ; 
(] 12 (5) 
BS. 4C, 14. .C, 


In Exercises 15-34, use the Binomial Theorem to expand 
and simplify the expression. 


15. (x + 1)4 16. (x + 1)° 
17. (a + 6)* 18. (a + 5) 
19. (y — 4)3 20. (y — 2)° 
at. (x + y) 22. (c + d)> 
23. (r + 3s)° 24. (x-+2y)4 
25. (3a — b) 26st 2x79) 
27. (1 — 2x)3 28. (5 — 3y) 
29. (x2 + 5)4 ALUN bs ony 
| 5 ai 
BI. (7 ae y) SZ. oe 2y) 
Xx x 


33. 2(x — 3)* + 5x — 3)? 
34, 3(x + 1)? — 4@ 4+ 1) 


In Exercises 35-38, expand the binomial using Pascal's 
Triangle to determine the coefficients. 


35. (2t — s)° S67 (G2) 
37. (x + 2y) 38. (2v + 3)® 


In Exercises 39-46, find the specified nth term in the expan- 
sion of the binomial. 

39. (x + y)!9 n=4 
41. (x — 6y), n=3 
43. (4x + 3y)?, n=8 
45.,(10x — 3y)"—1n = 9 


AV y)- 

42. (x — 10z)’, n=4 
44, (5a + 6b), n=5 
46. (7x + 2y), n=7 


In Exercises 47-54, find the coefficient a of the term in the 
expansion of the binomial. 


Binomial Term 
47. (x + 3)!2 ax° 
48. (x2 + 3)! ax® 
496 (5. 2y)20 ax®y? 
50. (4x — y)!° ax*y® 
St (3G ey) axty 
52.(2is-439)9 ax ye 
Son tye Waxy? 
54, (z2 = 21° ant 


In Exercises 55-58, use the Binomial Theorem to expand 
and simplify the expression. 


55. (Vx + 3)" 
56. (2Vi - 1) 
57. (x2/3 = nye ys 


58. (u3/> + 2)> 
In Exercises 59-62, expand the expression in the difference 
quotient and simplify. 
f(x + h) — f(x) 


Difference quotient 


h 
59, f(x) = x 60. f(x) = x* 
61 fia) = x 62. f(x) = - 


In Exercises 63-68, use the Binomial Theorem to expand 
the complex number. Simplify your result. 


63. (1 + i)4 64. (2 — i) 

65. (2 — 3i)° 66. (5 + /—9) 
LOR Ge? \4 

67. (-+ + | 68. (5 — V3i) 


Approximation \n Exercises 69-72, use the Binomial 
Theorem to approximate the quantity accurate to three dec- 
imal places. For example, in Exercise 69, use the expansion 


(1.02)® = (1 + 0.02)® = 1+ 8(0.02) + 28(0.02)? + 


69. (1.02)8 70. (2.005)!° 
71 (299)? 72.98), 
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Bid Graphical Reasoning \n Exercises 73 and 74, use a 


graphing utility to graph f and g in the same viewing 
window. What is the relationship between the two graphs? 
Use the Binomial Theorem to write the polynomial function 
g in standard form. 


73; f(x) =x? — 4x, 9(x) = fe +4) 
74. f(x) = —x*+ + 4x2 -—1, e(x) =f@— 3) 


Probability in Exercises 75-78, consider n independent 
trials of an experiment in which each trial has two possible 
outcomes: “success” or “failure.” The probability of a 
success on each trial is p, and the probability of a failure is 
q=1-—p. In this context, the term ,C, p<q"~* in the 
expansion of (p + q)” gives the probability of k successes 
in the n trials of the experiment. 


75. A fair coin is tossed seven times. To find the proba- 
bility of obtaining four heads, evaluate the term 


Dene 

vel3) (3) 
in the expansion of (5 at 1)?" 
76. The probability of a baseball player getting a 
hit during any given time at bat is oh To find the prob- 


ability that the player gets three hits during the next 
10 times at bat, evaluate the term 


wel) () 
3)10. 


in the expansion of ( 5 
77. The probability of a sales representative making a 
sale with any one customer is The sales represen- 
tative makes eight contacts a day. To find the 
probability of making four sales, evaluate the term 


el3)(3) 


in the expansion of (; as 28 
78. To find the probability that the sales representative in 


Exercise 77 makes four sales if the probability of a 
sale with any one customer is evaluate the term 


yy 


, 8 
in the expansion of (5 7 4) 


> Model It 


79. Data Analysis The table shows the per capita 

4 consumption of bottled water f(t) (in gallons) in 
the United States from 1985 through 1999. 
(Source: U.S. Department of Agriculture) 


Consumption, f(A) 


(a) Use the regression feature of a graphing 
utility to find a cubic model for the data. 
Let t represent the year, with t = 5 corre- 
sponding to 1985. 


Use a graphing utility to plot the data and the 
model in the same viewing window. 


You want to adjust the model so that t = 0 
corresponds to 1990 rather than 1980. To do 
this, you shift the graph of f 10 units to the 
left to obtain g(t) = f(t + 10). Write g(t) in 
standard form. 

Use a graphing utility to graph g in the same 
viewing window as f. 

Use both models to estimate the per capita 
consumption of bottled water in 2004. Do 
you obtain the same answer? 


Describe the overall trend in the data. What 
factors do you think may have contributed to 
the increase in the per capita consumption of 
bottled water? 
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80. Life Insurance The average amount of life insur- acd 88. Graphical Reasoning Which two functions have 


ance per household f(t) (in thousands of dollars) 
from 1980 through 1999 can be approximated by 


f(t) = 0.020r2 + 5.16t+ 41.2, O0<1t< 19 


where t = 0 represents 1980 (see figure). (Source: 
American Council of Life Insurance) 


fO 


Average amount of life 
insurance per household 
(in thousands of dollars) 


Year (0 © 1980) 


You want to adjust this model so that t = 0 corre- 
sponds to 1990 rather than 1980. To do this, you shift 
the graph of f 10 units to the left and obtain 
g(t) = f(t + 10). 
(a) Write g(t) in standard form. 
acs (b) Use a graphing utility to graph f and g in the 
same viewing window. 


Synthesis 


True or False? \n Exercises 81-83, determine whether 
the statement is true or false. Justify your answer. 


81. The Binomial Theorem could be used to produce 
each row of Pascal’s Triangle. 

82. A binomial that represents a difference cannot 
always be accurately expanded using the Binomial 
Theorem. 

83. The x!°-term and the x!4-term of the expansion of 
(x? + 3)!? have identical coefficients. 


84. Writing In your own words, explain how to form 
the rows of Pascal’s Triangle. 

85. Form rows 8-10 of Pascal’s Triangle. 

86. Think About It How many terms are in the expan- 
sion of (x + y)”? 

87. Think About It How do the expansions of (x + y)” 
and (x — y)” differ? 


93, f(x) = x? 


identical graphs, and why? Use a graphing utility to 
graph the functions in the given order and in the 
same viewing window. Compare the graphs. 


(a) f(x) =41 — x)? (b) s@) =1-¥% 
(c) h(x) = 1 + 3x + 3x? + 3 
(d) k(x) = 1 — 3x + 3x2 — x? 
(ce): p(x) + 3x = 3x* x? 


Proof \n Exercises 89-92, prove the property for all 
integers randnwhereO <r<n. 


89. AO i Aner 
90. Ch me Cy =F an ag. ee ass aad Oe, =" 0 
91. ees a A Ce Great 


92. The sum of the numbers in the nth row of Pascal’s 
Triangle is 2”. 


Review 


In Exercises 93-96, the graph of y = g(x) is shown. Graph f 
and use the graph to write an equation for the graph of g. 


94. f(x) = x? 
y y 


95. f(x) = Vx 


y 


In Exercises 97 and 98, find the inverse of the matrix. 


-6 5 1.2 -23 
97. fae Hl 98. ps | 


Inc./Corbis 


Reuters NewMedi 
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‘Mom Counting Principles 


> What you should learn 


* How to solve simple counting 
problems 

* How to use the Fundamental 
Counting Principle to solve 
counting problems 

* How to use permutations to 
solve counting problems 

* How to use combinations to 
solve counting problems 


> Why you should learn it 


You can use counting principles 
to solve counting problems that 
occur in real life. For instance, in 
Exercise 67 on page 649, you are 
asked to use counting principles 
determ 2 number of — 


Simple Counting Problems 


This section and Section 8.7 present a brief introduction to some of the basic 
counting principles and their application to probability. In Section 8.7 you will 
see that much of probability has to do with counting the number of ways an event 
can occur. The following two examples describe simple counting problems. 


| Example 1 Selecting Pairs of Numbers at Random 63 


Eight pieces of paper are numbered from | to 8 and placed in a box. One piece of 
paper is drawn from the box, its number is written down, and the piece of paper 
is replaced in the box. Then, a second piece of paper is drawn from the box, and 
its number is written down. Finally, the two numbers are added together. How 
many different ways can a sum of 12 be obtained? 


Solution 


To solve this problem, count the different ways that a sum of 12 can be obtained 
using two numbers from | to 8. 


First number 4 5 6 ch 8 
Second number 8 7 6 5 4 


From this list, you can see that a sum of 12 can occur in five different ways. 


| Example 2. Selecting Pairs of Numbers at Random a) 


Eight pieces of paper are numbered from 1 to 8 and placed in a box. Two pieces 
of paper are drawn from the box at the same time, and the numbers on the pieces 
of paper are written down and totaled. How many different ways can a sum of 12 
be obtained? 


Solution 


To solve this problem, count the different ways that a sum of 12 can be obtained 
using two different numbers from | to 8. 


First number 4 5 i, 8 
Second number 8 Wf 5 4 


So, a sum of 12 can be obtained in four different ways. 


The difference between the counting problems in Examples 1 and 2 can be 
expressed by saying that the random selection in Example | occurs with replace- 
ment, whereas the random selection in Example 2 occurs without replacement 
which eliminates the possibility of choosing two 6’s. 


’ 
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The Fundamental Counting Principle 


Examples | and 2 describe simple counting problems in which you can list each 
possible way that an event can occur. When it is possible, this is always the best 
way to solve a counting problem. However, some events can occur in so many 
different ways that it is not feasible to write out the entire list. In such cases, you 
must rely on formulas and counting principles. The most important of these is the 
Fundamental Counting Principle. 


Fundamental Counting Principle 


Let E, and E, be two events. The first event F, can occur in m, different 


ways. After E, has occurred, E, can occur in m, different ways. The number 
of ways that the two events can occur is m, * Mp. 


The Fundamental Counting Principle can be extended to three or more 
events. For instance, the number of ways that three events E,, E,, and E, can 
occur is M, * M, * M3. 


| Example 3 Using the Fundamental Counting Principle @ 


How many different pairs of letters from the English alphabet are possible? 


Solution 


There are two events in this situation. The first event is the choice of the first 
letter, and the second event is the choice of the second letter. Because the English 
alphabet contains 26 letters, it follows that the number of two-letter pairs is 


26 + 26 = 676. 
38> 
Example 4 Using the Fundamental Counting Principle € 


Telephone numbers in the United States currently have 10 digits. The first three 
are the area code and the next seven are the local telephone number. How many 
different telephone numbers are possible within each area code? (Note that at this 
time, a local telephone number cannot begin with 0 or 1.) 

Solution 


Because the first digit cannot be 0 or 1, there are only eight choices for the first 
digit. For each of the other six digits, there are 10 choices. 


Area Code Local Number 
pe eS ie ————— = 
ea cd SS) Se Sa) SS SS Se Se 
8 10 10 10 10 10 10 


So, the number of local telephone numbers that are possible within each area code 
is8-10-10-10- 10- 10- 10 = 8,000,000. 
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Permutations 


One important application of the Fundamental Counting Principle is in determin- 
ing the number of ways that n elements can be arranged (in order). An ordering 
of n elements is called a permutation of the elements. 


Definition of Permutation 


A permutation of n different elements is an ordering of the elements such 
that one element is first, one is second, one is third, and so on. 


| Example 5 Finding the Number of Permutations of n Elements 


How many permutations are possible for the letters A, B, C, D, E, and F? 


Solution 


Consider the following reasoning. 


First position: Any of the six letters 

Second position: Any of the remaining five letters 
Third position: Any of the remaining four letters 
Fourth position: Any of the remaining three letters 
Fifth position: Any of the remaining two letters 


Sixth position: The one remaining letter 


So, the numbers of choices for the six positions are as follows. 


Permutations of six letters 
fe —— Th 
6 5 4 3 x I 


The total number of permutations of the six letters is 
6!=6°5:°4:°3-251 
= 720. 


Number of Permutations of n Elements 
The number of permutations of n elements is 


n(n) se AS 8D, [eels 


In other words, there are n! different ways that n elements can be ordered. 


Bob Coglianese Photos, Inc. 
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It is useful, on occasion, to order a subset of a collection of elements rather 
than the entire collection. For example, you might want to choose and order 
r elements out of a collection of n elements. Such an ordering is called a 
permutation of n elements taken r at a time. 


Example 6 Counting Horse Race Finishes ¢3 Gio > 


Eight horses are running in a race. In how many different ways can these horses 
come in first, second, and third? (Assume that there are no ties.) 


Solution 


Here are the different possibilities. 


Eleven thoroughbred racehorses Win (first position): Eight choices 
hold the title of Triple Crown 
winner for winning the Kentucky 
Derby, the Preakness, and the 
Belmont Stakes in the same year. Using the Fundamental Counting Principle, multiply these three numbers 
Forty-six horses have won two together to obtain the following. 

out of the three races. 


Place (second position): Seven choices ° 


Show (third position): Six choices 


Different pak ae of horses 


ee 


eee 


So, there are 8 - 7 - 6 = 336 different orders. 


Permutations of n Elements Taken r at a Time 
The number of permutations of n elements taken r at a time is 


Technology 


Most graphing calculators 
are programmed to evaluate ,P,. 
Consult your user's manual and 
then evaluate ,P,. You should 
get an answer of 6720. 


n! 


~ (n— 7)! 
= n(n —1)(n—-2):--(n-—r+ 1). 


Using this formula, you can rework Example 6 to find that the number of 
permutations of eight horses taken three at a time is 


8! 


f= g 3)! 


8! 
5) 


PSE Wa dae 
a 5f 


= 336 


which is the same answer obtained in the example. 
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Remember that for permutations, order is important. So, if you are looking 
at the possible permutations of the letters A, B, C, and D taken three at a time, the 
permutations (A, B, D) and (B, A, D) are counted as different because the order 
of the elements is different. 

Suppose, however, that you are asked to find the possible permutations of the 
letters A, A, B, and C. The total number of permutations of the four 
letters would be ,P, = 4!. However, not all of these arrangements would be 
distinguishable because there are two A’s in the list. To find the number of 
distinguishable permutations, you can use the following formula. 


| Distinguishable Permutations 


Suppose a set of n objects has n, of one kind of object, n, of a second kind, 
n; of a third kind, and so on, with 


n=n, +nm+n,+-- 


sori Pas 


Then the number of distinguishable permutations of the n objects is 


Nils tyes 


Example 7 Distinguishable Permutations @§o> 


In how many distinguishable ways can the letters in BANANA be written? 


Solution 


This word has six letters, of which three are A’s, two are N’s, and one is aB. So, 
the number of distinguishable ways the letters can be written is 


n! 6! 
iy! Tylenol 
_6°5+4°H 
B12! 


= 60: 


The 60 different distinguishable permutations are as follows. 


AAABNN 
AANABN 
ABAANN 
ANAABN 
ANBAAN 
BAAANN 
BNAAAN 
NAABAN 
NABNAA 
NBANAA 


AAANBN 
AANANB 
ABANAN 
ANAANB 
ANBANA 
BAANAN 
BNAANA 
NAABNA 
NANAAB 
NBNAAA 


AAANNB 
AANBAN 
ABANNA 
ANABAN 
ANBNAA 
BAANNA 
BNANAA 
NAANAB 
NANABA 
NNAAAB 


AABANN 
AANBNA 
ABNAAN 
ANABNA 
ANNAAB 
BANAAN 
BNNAAA 
NAANBA 
NANBAA 
NNAABA 


AABNAN 
AANNAB 
ABNANA 
ANANAB 
ANNABA 
BANANA 
NAAABN 
NABAAN 
NBAAAN 
NNABAA 


AABNNA 
AANNBA 
ABNNAA 
ANANBA 
ANNBAA 
BANNAA 
NAAANB 
NABANA 
NBAANA 
NNBAAA 


eee 
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Combinations 


When you count the number of possible permutations of a set of elements, order 
is important. As a final topic in this section, you will look at a method of selecting 
subsets of a larger set in which order is not important. Such subsets are called 
cembinations of n elements taken r at a time. For instance, the combinations 


t ASB. GC}. and {BoA CY 


are equivalent because both sets contain the same three elements, and the order in 
which the elements are listed is not important. So, you would count only one of 
the two sets. A common example of how a combination occurs is a card game in 
which the player is free to reorder the cards after they have been dealt. 


Example 8 Combinations of n Elements Taken r at a Time 


In how many different ways can three letters be chosen from the letters A, B, Cc 
D, and E? (The order of the three letters is not important.) 
Solution 
The following subsets represent the different combinations of three letters that 
can be chosen from the five letters. 

{A,B,C} {A, B, D} 

{A, B, E} {Xk C{D} 

1A, CB} {A, D, E} 

{B, C, D} {By GyE} 

{B, D, E} (CoDAE} 


STUDY TIP From this list, you can conclude that there are 10 different ways that three letters 
When solving problems involv- can be chosen from five letters. 
ing counting principles, you need ——— 


to be able to distinguish among 
the various counting principles 
in order to determine which is Combinations of n Elements Taken r at a Time 
necessary to solve the problem 
correctly. To do this, ask yourself 
_ the following questions. n! 

. (n — rir! 


The number of combinations of n elements taken r at a time is 


1. Is the order of the elements 


important? Permutation 
Note that the formula for ,,C. is the same one given for binomial coefficients. 


To see how this formula is used, solve the counting problem in Example 8. In that 
problem, you are asked to find the number of combinations of five elements taken 
three at a time. So, n = 5, r = 3, and the number of combinations is 


2. Are the chosen elements a 
subset of a larger set in which 
order is not important? 


pa" Combination 

| 3. Does the problem involve two 2 
or more separate events? is, UE 5! ig 5°AH ae 
Fundamental Counting Prin- SF HIB 2 F< 3 
ciple 


which is the same answer obtained in the example. 
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Example 9 Counting Card Hands a) Go> 


A standard poker hand consists of five cards dealt from a deck of 52. How many 
different poker hands are possible? (After the cards are dealt, the player may 
reorder them, and so order is not important.) 
Solution 
You can find the number of different poker hands by using the formula for the 
number of combinations of 52 elements taken five at a time, as follows. 

52! 
(52 —25)!5! 


52! 


~ 4715! 
_ 52+ 51+ 50+ 49+ 48 « 47! 
iy (ESAS Bee Oeste Tt 


= 2,598,960 


Example 10 The Number of Subsets of a Set 


Find the total number of subsets of a set that has 10 elements. 


5205 = 


Solution 


Begin by considering the number of subsets with 0 elements, the number with 1 
element, the number with 2 elements, and so on. 


Number Subsets Subsets Subsets Subsets 
of = with0O + withl + with2 +--+-+-+ with 10 
subsets elements element elements elements 


10 10 10 10 
= a a ee ne 
0 ( 1 Zz ‘ By 
By comparing this expression with the binomial expansion of (1 + 1)!°, you see 
that they are the same. 


10 10 10 10 
1+ o=( Jere + ( ev +( ers... ( 0710 
( ) 0 1 5 4) =F 10 al 


: G a a Z | On (io) 
This implies that the total number of subsets of a set of 10 elements is 
(17s) ieee 
= 1024. 


eS 


The result of Example 10 can be generalized to conclude that the total 
number of subsets of a set of n elements is 2”. 


8.6 Exercises 


Random Selection 
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In Exercises 1-8, determine the 


number of ways a computer can randomly generate one or 
more such integers from 1 through 12. 


_ 


CoC mantnanan & WwW NY 


10. 


tI: 


12. 


13. 


14. 


15. 


. Entertainment Systems 


. An odd integer 

. An even integer 

. A prime integer 

. An integer that is greater than 9 
. An integer that is divisible by 4 
. An integer that is divisible by 3 
. Two integers whose sum is 8 


. Two distinct integers whose sum is 8 


A customer can choose 
one of three amplifiers, one of two compact disc 
players, and one of five speaker models for an 
entertainment system. Determine the number of 
possible system configurations. 


Computer Systems A customer in a computer store 
can choose one of four monitors, one of three 
keyboards, and one of five computers. If all the 
choices are compatible, determine the number of 
possible system configurations. 


Job Applicants A college needs two additional 
faculty members: a chemist and a statistician. In how 
many ways can these positions be filled if there are 
five applicants for the chemistry position and three 
applicants for the statistics position? 


Course Schedule A college student is preparing a 
course schedule for the next semester. The student 
may select one of two mathematics courses, one of 
three science courses, and one of five courses from 
the social sciences and humanities. How many 
schedules are possible? 


True-False Exam In how many ways can a 
six-question true-false exam be answered? (Assume 
that no questions are omitted.) 

True-False Exam In how many ways can a 
12-question true-false exam be answered? (Assume 
that no questions are omitted.) 

Toboggan Ride Three people are lining up for a 
ride on a toboggan, but only two of the three are 
willing to take the first position. With that constraint, 
in how many ways can the three people be seated on 
the toboggan? 


16. Aircraft Boarding Eight people are boarding an 


Le 


18. 


19. 


20. 


21. 


22. 


aircraft. Two have tickets for first class and board 
before those in the economy class. In how many 
ways can the eight people board the aircraft? 


License Plate Numbers In the state of 
Pennsylvania, each automobile license plate number 
consists of three letters followed by a four-digit num- 
ber. How many distinct license plate numbers can be 
formed? 


License Plate Numbers In a certain state, each 
automobile license plate number consists of two 
letters followed by a four-digit number. To avoid 
confusion between “O” and “zero” and between “T” 
and “one,” the letters ““O” and “I’’ are not used. How 
many distinct license plate numbers can be formed? 


Three-Digit Numbers How many three-digit num- 
bers can be formed under each condition? 


(a) The leading digit cannot be zero. 


(b) The leading digit cannot be zero and no repeti- 
tion of digits is allowed. 


(c) The leading digit cannot be zero and the number 
must be a multiple of 5. 


(d) The number is at least 400. 


Four-Digit Numbers How many four-digit num- 
bers can be formed under each condition? 


(a) The leading digit cannot be zero. 


(b) The leading digit cannot be zero and no repeti- 
tion of digits is allowed. 


(c) The leading digit cannot be zero and the number 
must be less than 5000. 


(d) The leading digit cannot be zero and the number 
must be even. 


Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
40, inclusive) is selected. How many different lock 
combinations are possible? 


Combination Lock A combination lock will open 
when the right choice of three numbers (from | to 
50, inclusive) is selected. How many different lock 
combinations are possible? 
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23. Concert Seats 


24. Single File 


Four couples have reserved seats in 
a row for a concert. In how many different ways can 
they be seated if 


(a) there are no seating restrictions? 

(b) the two members of each couple wish to sit 
together? 

In how many orders can four girls and 

four boys walk through a doorway single file if 


(a) there are no restrictions? 
(b) the girls walk through before the boys? 


In Exercises 25-30, evaluate ,,P.. 


PSSA aah 26. <P. 

PIN A ia 28. a9 P, 

29.052, 30: {P, 

In Exercises 31 and 32, solve for n. 

31) 14> P= ya ae 32% SRS ae 


In Exercises 33-38, evaluate using a calculator. 


SS ahs S400 Ps 
Bray ae 36. 49Ps 


In Exercises 39-42, find the number of distinguishable 
permutations of the group of letters. 


39. 
40. 
41. 
42. 


43. 
44. 


45. 


46. 


47. 


48. 


ASA, G; EEE eM 

By BaBalal Lol, a 
aL G.e, Baines 
Mii, Sel4syss4.P ba 


Write all permutations of the letters A, B, (C,, eiavel 1D), 


Write all permutations of the letters A, B, C, and D 
if the letters B and C must remain between the letters 
A and D. 


Write all possible selections of two letters that can be 


formed from the letters A, B, C, D, E, and F. (The 
order of the two letters is not important.) 


Write all possible selections of three letters that can 
be formed from the letters A, B, C, D, E, and F. (The 
order of the three letters is not important.) 


Posing for a Photograph In how many ways can 
five children line up in a row? 


Riding ina Car In how many ways can six people 
sit in a six-passenger car? 
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49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


Sie 


58. 


See 


60. 


Choosing Officers From a pool of 12 candidates, 
the offices of president, vice-president, secretary, 
and treasurer will be filled. In how many different 
ways can the offices be filled? 


Assembly Line Production There are four process- 
es involved in assembling a product, and these 
processes can be performed in any order. The 
management wants to test each order to determine 
which is the least time-consuming. How many 
different orders will have to be tested? 


Forming an Experimental Group In order to 
conduct an experiment, five students are randomly 
selected from a class of 20. How many different 
groups of five students are possible? 


Test Questions You can answer any 10 questions 
from a total of 12 questions on an exam. In how 
many different ways can you select the questions? 


Lottery Choices There are 35 numbers in the 
Massachusetts Mass Cash game. In how many ways 
can a player select five of the numbers? 


Lottery Choices There are 40 numbers in the 
Louisiana Lotto game. In how many ways can a 
player select six of the numbers? 


Number of Subsets How many subsets of four 
elements can be formed from a set of 100 elements? 


Number of Subsets How many subsets of five 
elements can be formed from a set of 80 elements? 


Geometry Three points that are not on a line deter- 
mine three lines. How many lines are determined by 
seven points, no three of which are on a line? 


Defective Units A shipment of 10 microwave 
ovens contains three defective units. In how many 
ways can a vending company purchase four of these 
units and receive (a) all good units, (b) two good 
units, and (c) at least two good units? 


Job Applicants A toy manufacturer interviews 
eight people for four openings in the research and 
development department of the company. Three of 
the eight people are women. If all eight are qualified, 
in how many ways can the employer fill the 
four positions if (a) the selection is random and 
(b) exactly two selections are women? 


Poker Hand You are dealt five cards from an 
ordinary deck of 52 playing cards. In how many 
ways can you get a full house? (A full house consists 
of three of one kind and two of another, For example, 
A-A-A-5-5 and K-K-K-10-10 are full houses.) 


61. Forming a Committee Four people are to be 
selected at random from a group of four couples. In 
how many ways can this be done under the following 
conditions? 


(a) There are no restrictions. 
(b) The group must have at least one couple. 
(c) Each couple must be represented in the group. 


62. Interpersonal Relationships The complexity of 
the interpersonal relationships increases dramatically 
as the size of a group increases. Determine the num- 
ber of different two-person relationships in a group of 
people of size (a) 3, (b) 8, (c) 12, and (d) 20. 


Geometry _\n Exercises 63-66, find the number of diago- 
nals of the polygon. (A line segment connecting any two 
nonadjacent vertices is called a diagonal of the polygon.) 

63. Pentagon 


65. Octagon 


64. Hexagon 
66. Decagon (10 sides) 


> Model It 


67. Lottery Powerball is a lottery game that is oper- 
ated by the Multi-State Lottery Association and 
its 24 current state members. The game is played 
by drawing five white balls out of a drum of 53 
white balls (numbered 1—53) and one red power- 
ball out of a drum of 42 red balls (numbered 
1—42). The jackpot is won by matching all five 
white balls in any order and the red powerball. 
(a) Find the possible number of winning 

Powerball numbers. 

(b) Find the possible number of winning 
Powerball numbers if the jackpot is won by 
matching all five white balls in order and the 
red power ball. 


(c) Compare the results of part (a) with a state 
lottery in which a jackpot is won by matching 
six balls from a drum of 53 balls. 


Synthesis 


True or False? \n Exercises 68-70, determine whether 
the statement is true or false. Justify your answer. 


68. The number of letter pairs that can be formed from 
any of the first 13 letters in the alphabet (A—M) is an 
example of a permutation. 
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69. The number of permutations of n elements can be 
determined by using the Fundamental Counting 
Principle. 


70. The value of ,,P,, is always greater than the value of 
G 


Teta 


71. What is the relationship between ,C.. and ,C,,_ .? 


72. Without calculating the numbers, determine which 
of the following is greater. Explain. 


(a) The combinations of 10 elements taken six at a 
time 

(b) The permutations of 10 elements taken six at a 
time 


Proof \n Exercises 73-76, prove the identity. 
V3. oer. 74, .C, =, 


ito non n~n 


P 
76. nG = 


We Teme ne: 
he 


fp | n 


Py 77. Think About It Can your calculator evaluate 


ioo so? If not, explain why. 


78. Writing Explain in words the meaning of ,, P.. 
Review 


In Exercises 79-82, evaluate the function at the specified 
values of the independent variable. 


79. f(x) = 3x7 + 8 


(a) f(3) (b) f(0) (Ciao) 
$0. s(x) =r — 342 

(a) g(3) (b) g(7) (©) 3) 
81. f(x) = —|x — 5| + 6 

(a) f(—S) (b) f(—1) (c) f(11) 

x?-—2x+5, x< -4 

pee ee — 2, x>-—4 

(a) f(—4) 6) ited) (c)mil 20) 


In Exercises 83-86, solve the equation. Round your answer 
to two decimal places, if necessary. 


4 3 
Soa eee SA ae 
85. log,(x — 3) = 5 $6. 27/7 = 16 


In Exercises 87-90, use the Binomial Theorem to expand 
and simplify the expression. 


87. (x + 1)° 
89. (x2 + 2y)° 


88. (y — 2)° 
90. (x* — y)* 


Andy Sacks/Getty Images 
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wae Probability 


> What you should learn 


* How to find the probabilities of 
events 

* How to find the probabilities of 
mutually exclusive events 

* How to find the probabilities of 
independent events 

* How to find the probability of 
the complement of an event 


> Why you should learn it 


You can use probability to solve a 
variety of problems that occur in 
real life. For instance, in Exercise 
35 on page 659, you are asked to 
use probability to help analyze 
the voting-age population distri- 
bution in the United States. 


The Probability of an Event 


Any happening for which the result is uncertain is called an experiment. The 
possible results of the experiment are outcomes, the set of all possible outcomes 
of the experiment is the sample space of the experiment, and any subcollection 
of a sample space is an event. 

For instance, when a six-sided die is tossed, the sample space can be repre- 
sented by the numbers | through 6. For this experiment, each of the outcomes is 
equally likely. 

To describe sample spaces in such a way that each outcome is equally likely, 
you must sometimes distinguish between or among various outcomes in ways 
that appear artificial. Example 1 illustrates such a situation. 


- Example 1 Finding the Sample Space C3 Gio > 


Find the sample space for each of the following. 


a. One coin is tossed. 
b. Two coins are tossed. 


c. Three coins are tossed. 


Solution 


a. Because the coin will land either heads up (denoted by H) or tails up (denoted 
by T), the sample space is 


S = {H, T}. 


b. Because either coin can land heads up or tails up, the possible outcomes are as 
follows. 


HH = heads up on both coins 
HT = heads up on first coin and tails up on second coin 
TH = tails up on first coin and heads up on second coin 
TT = tails up on both coins 

So, the sample space is 
S = {HH, HT, TH, TT }. 


Note that this list distinguishes between the two cases HT and TH, even 
though these two outcomes appear to be similar. 


c. Following the notation of part (b), the sample space is 
S =(4HH, HAT Aiea) ere nee 0S Gis bet Bs i PA 


Note that this list distinguishes among the cases HHT, HTH, and THH, and 
among the cases HTT, THT, and TTH. 


a z 
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To calculate the probability of an event, count the number of outcomes in the 
event and in the sample space. The number of outcomes in event E is denoted by 
n(E), and the number of outcomes in the sample space S$ is denoted by n(S). The 
probability that event E will occur is given by n(E)/n(S). 


The Probability of an Event 


If an event E has n(E) equally likely outcomes and its sample space S has 
n(S) equally likely outcomes, the probability of event E is 


_ n{E) 
P(E) n(S) 


Because the number of outcomes in an event must be less than or equal to the 
number of outcomes in the sample space, the probability of an event must be a 
number between 0 and |. That is, 


Os P(E) ate 


If P(E) = 0, event E cannot occur, and E is called an impossible event. If 
P(E) = 1, event E must occur, and E is called a certain event. 


| Example 2. Finding the Probability of an Event Gio > 


a. Two coins are tossed. What is the probability that both land heads up? 


b. A card is drawn from a standard deck of playing cards. What is the probability 
that it is an ace? 


Solution 
a. Following the procedure in Example 1(b), let 
E = {HH} 
and 
S=AHH, AT, THT. 
The probability of getting two heads is 


me) 1 
P E pa eT 
(E) n(S) 4 
b. Because there are 52 cards in a standard deck of playing cards and there are 
four aces (one in each suit), the probability of drawing an ace is 


STUDY TIP i) = 22) 
| You can express a probability as n(S) 
_a fraction, decimal, or percent. 4 
| For instance, in Example 2(a), = 5 
i the probability of getting two ; 


heads can be written as e O25: 
~ or 25%. 3 
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FIGURE 8.8 


STUDY TIP 


You could have written out each 
sample space in Examples 2 and 
3 and simply counted the out- 
comes in the desired events. For 
larger sample spaces, however, 
you should use the counting prin- 
ciples discussed in Section 8.6. 


ews 
see 


FIGURE 8.9 


| Example 3. Finding the Probability of an Event 3 Gio > 


Two six-sided dice are tossed. What is the probability that the total of the two dice 
is 7? (See Figure 8.8.) 


Solution 

Because there are six possible outcomes on each die, you can use the 
Fundamental Counting Principle to conclude that there are 6 « 6 or 36 different 
outcomes when two dice are tossed. To find the probability of rolling a total of 7, 
you must first count the number of ways in which this can occur. 


First die Second die 
1 6 
— — 
2 
3 4 
ee 1 
4 3 
Re 5 Y 
6 1 


So, a total of 7 can be rolled in six ways, which means that the probability of 
rolling a 7 is 
TE) ee Opmand 


arr 0 


Example 4 Finding the Probability of an Event 3 


Twelve-sided dice, as shown in Figure 8.9, can be constructed (in the shape of 
regular dodecahedrons) such that each of the numbers from 1 to 6 appears twice 
on each die. Prove that these dice can be used in any game requiring ordinary 
six-sided dice without changing the probabilities of different outcomes. 


Solution 
For an ordinary six-sided die, each of the numbers 1, 2, 3, 4, 5, and 6 occurs only 
once, so the probability of any particular number coming up is 


(E) = n(E) 1 


n(S) 2 6) 


For one of the 12-sided dice, each number occurs twice, so the probability of any 
particular number coming up is 


2 te) eee 
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| Example 5 The Probability of Winning a Lottery a) Grito > 


In the Arizona state lottery, a player chooses six different numbers from | to 41. 
If these six numbers match the six numbers drawn by the lottery commission, the 
player wins (or shares) the top prize. What is the probability of winning? 


Solution 


To find the number of elements in the sample space, use the formula for the 
number of combinations of 41 elements taken six at a time. 


n(S) = 41 


_ 41+ 40» 39 + 38 + 37 - 36 
6°5+4-3+2+1 


= 4,496,388 
If a person buys only one ticket, the probability of winning is 
n(E) 
Pa 
(E) (5) 
= 1 
4,496,388 


Example 6 | Random Selection 3 


The numbers of colleges and universities in various regions of the United States in 
2001 are shown in Figure 8.10. One institution is selected at random. What is the 
probability that the institution is in one of the three southern regions? (Source: 
U.S. National Center for Education Statistics) 


Solution 


From the figure, the total number of colleges and universities is 4178. Because 
there are 687 + 274 + 383 = 1344 colleges and universities in the three 
southern regions, the probability that the institution is in one of these regions is 
n(E) 1344 


a eel) 2D 
n(S) 4178 


P(E) = 


Mountai West North 
oe Central East North New 


436 Central 


South 
Atlantic 
687 


East South Central 
274 


a, e 
West South Central 
383 


FIGURE 8.10 
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Face cards 


FIGURE 8.11 


Mutually Exclusive Events 


Two events A and B (from the same sample space) are mutually exclusive if A 
and B have no outcomes in common. In the terminology of sets, the intersection 
of A and B is the empty set, which is expressed as 


P(ANB) = 0. 


For instance, if two dice are tossed, the event A of rolling a total of 6 and the event 
B of rolling a total of 9 are mutually exclusive. To find the probability that one or 
the other of two mutually exclusive events will occur, you can add their individual 
probabilities. 


Probability of the Union of Two Events 


If A and B are events in the same sample space, the probability of A or B 
occurring is given by 


P(A UB) = P(A) + P(B) — P(ANMB). 


If A and B are mutually exclusive, then 


P(A UB) = P(A) + P(B). 


Example 7 The Probability of a Union of Events a) 


One card is selected from a standard deck of 52 playing cards. What is the 
probability that the card is either a heart or a face card? 


Solution 
Because the deck has 13 hearts, the probability of selecting a heart (event A) is 


13 
P(A) = =. 
Mis 


Similarly, because the deck has 12 face cards, the probability of selecting a face 


card (event B) is 


12 
PB) = 
Ue. op? 
Because three of the cards are hearts and face cards (see Figure 8.11), it follows 
that 


P(ANB) = =. 
52 
Finally, applying the formula for the probability of the union of two events, you 
can conclude that the probability of selecting a heart or a face card is 
P(A UB) = P(A) + P(B) — P(ANB) 


Me 
52-0 852, SD saRS ey 
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The personnel department of a company has compiled data on the numbers of 
employees who have been with the company for various periods of time. The 
results are shown in the table. 


PAN ; 
Et; Years of service Number of Employees 


If an employee is chosen at random, what is the probability that the employee has 
9 or fewer years of service? 


Solution 


To begin, add the number of employees and find that the total is 529. Next, let 
event A represent choosing an employee with 0 to 4 years of service and let event 
B represent choosing an employee with 5 to 9 years of service. Then 


SY 
P ===> 
529 

and 
89 
So aaa 


Because A and B have no outcomes in common, you can conclude that these two 
events are mutually exclusive and that 


P(A UB) = P(A) + P(B) 


ii! 89 
= — + — 

5299 7529 
_ 246 

529 
= 0.465. 


So, the probability of choosing an employee who has 9 or fewer years of service 
is about 0.465. 
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Independent Events 


Two events are independent if the occurrence of one has no effect on the occur- 
rence of the other. For instance, rolling a total of 12 with two six-sided dice has 
no effect on the outcome of future rolls of the dice. To find the probability that 
two independent events will occur, multiply the probabilities of each. 


Probability of Independent Events 
If A and B are independent events, the probability that both A and B will 


occur is 


P(A and B) = P(A) « P(B). 


FS probability of Independent Events a) Kio > 


A random number generator on a computer selects three integers from | to 20. 
What is the probability that all three numbers are less than or equal to 5? 


Solution 
The probability of selecting a number from | to 5 is 


5 


OV 


So, the probability that all three numbers are less than or equal to 5 is 


P(A)™ PA) P(A) (sylalla) 


Example 10 Probability of Independent Events €3 


In 2000, approximately 65% of the population of the United States was 25 years 
old or older. In a survey, 10 people were chosen at random from the population. 
What is the probability that all 10 were 25 years old or older? (Source: U.S. 
Census Bureau) 


Solution 


Let A represent choosing a person who was 25 years old or older. Because the 
probability of choosing a person who was 25 years old or older was 0.65, you can 
conclude that the probability that all 10 people were 25 years old or older is 


[P(A)]'© = (0.65)!° 
== (O35: 
ee se _ eee 


Exploration 


You are in a class with 22 other 
people. What is the probability 
that at least two out of the 23 
people will have a birthday on 
the same day of the year? 

The complement of the 
probability that at least two 
people have the same birthday 
_ is the probability that all 23 
birthdays are different. So, first 
find the probability that all 23 
people have different birthdays 
and then find the complement. 

Now, determine the proba- 
bility that in a room with 50 
people at least two people have 
the same birthday. 
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The Complement of an Event 


The complement of an event A is the collection of all outcomes in the sample 
space that are not in A. The complement of event A is denoted by A’. Because 
P(A or A’) = 1 and because A and A’ are mutually exclusive, it follows that 
P(A) + P(A’) = 1. So, the probability of A’ is 


P(A’) = 1 — P(A). 


For instance, if the probability of winning a certain game is 
1 
PlA) = "— 
(4) = 5 


the probability of /osing the game is 


Probability of a Complement 
Let A be an event and let A’ be its complement. If the probability of A is 


P(A), the probability of the complement is 
P(A’) = 1 — P(A). 


o> 
| Example 11 Finding the Probability of a Complement C3 


A manufacturer has determined that a machine averages one faulty unit for every 
1000 it produces. What is the probability that an order of 200 units will have one 
or more faulty units? 


Solution 


To solve this problem as stated, you would need to find the probabilities of having 
exactly one faulty unit, exactly two faulty units, exactly three faulty units, and so 
on. However, using complements, you can simply find the probability that all 
units are perfect and then subtract this value from 1. Because the probability that 
any given unit is perfect is 999/1000, the probability that all 200 units are perfect 
is 


999 200 
1 al 


~ 0.8186. 


P(A) = ( 


So, the probability that at least one unit is faulty is 
P(A’) = 1 — P(A) 
~= 0.1814. 
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8.7 Exercises 


In Exercises 1-6, determine the sample space for the 
experiment. 
1. A coin and a six-sided die are tossed. 


2. A six-sided die is tossed twice and the sum of the 
points is recorded. 


3. A taste tester has to rank three varieties of yogurt, A, 
B, and C, according to preference. 


4. Two marbles are selected from a sack containing two 
red marbles, two blue marbles, and one black 
marble. The color of each marble is recorded. 


5. Two county supervisors are selected from five super- 
visors, A, B, C, D, and E, to study a recycling plan. 


6. A sales representative makes presentations of a 
product in three homes per day. In each home, there 
may be a sale (denote by S) or there may be no sale 
(denote by F). 


Heads or Tails _\n Exercises 7-10, find the probability for 
the experiment of tossing a coin three times. Use 
the sample space S$ = {HHH, HHT, HTH, HTT, THH, THT, 
nH: Tid}: 

7. The probability of getting exactly one tail 

8. The probability of getting a head on the first toss 

9. The probability of getting at least one head 


10. The probability of getting at least two heads 


Drawing a Card _\n Exercises 11-14, find the probability 
for the experiment of selecting one card from a standard 
deck of 52 playing cards. 


11. The card is a face card. 
12. The card is not a face card. 
13. The card is a red face card. 
14. The card is a 6 or less. 


Tossing a Die _\n Exercises 15-20, find the probability for 
the experiment of tossing a six-sided die twice. 


15. The sum is 4. 

16. The sum is at least 7. 

17. The sum is less than 11. 

18. The sum is 2, 3, or 12. 

19. The sum is odd and no more than 7. 


20. The sum is odd or prime. 


Drawing Marbles _\n Exercises 21-24, find the probability 
for the experiment of drawing two marbles (without replace- 
ment) from a bag containing one green, two yellow, and three 
red marbles. 

21. Both marbles are red. 

22. Both marbles are yellow. 

23. Neither marble is yellow. 


24. The marbles are of different colors. 


In Exercises 25-28, you are given the probability that an 
event will happen. Find the probability that the event will 
not happen. 


25. p = 0.7 26. p = 0.36 
1 5 
27. p= 3 28. p= 6 


In Exercises 29-32, you are given the probability that an 
event will not happen. Find the probability that the event 
will happen. 


29. p = 0.15 30. p = 0.84 
ayo Papal 
Whos se 32. P= 


33. Data Analysis A study of the effectiveness of a flu 
vaccine was conducted with a sample of 500 people. 
Some in the study were given no vaccine, some were 
given one injection, and others were given two injec- 
tions. The results of the study are listed in the table. 


No One 


Two 


vaccine injection injections Total 


13 
BAG 
290 


22 
478 
500 


A person is selected at random from the sample. Find 
the specified probability. 


(a) The person had two injections. 
(b) The person did not get the flu. 


(c) The person got the flu and had one injection. 


34. Data Analysis 


One hundred college students were 


interviewed to determine their political party affilia- 
tions and whether they favored a balanced-budget 
amendment to the Constitution. The results of the 
study are listed in the table, where D represents 
Democrat and R represents Republican. 


A person is selected at random from the sample. Find 
the probability that the described person is selected. 


(a) A person who doesn’t favor the amendment 
(b) A Republican 


(c) A Democrat who favors the amendment 


> Model It 


35. Graphicai Reasoning In 2000, the voting-age | 
population of the United States was approximately | 
203 million. The figure shows the regions in which 
these people lived. (Source: U.S. Census Bureau) 


Voting-Age Population 


Northeast 
19% 


Midwest 
23% 


(a) Estimate the voting-age population of the 
Northeast. 

(b) A person is selected at random from the 
voting-age population. What is the probabil- 
ity that the person lives in the West? 


(c) A person is selected at random from the vot- 
ing-age population. What is the probability 
that the person lives in the Midwest or the 
South? 


36. 
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Graphical Reasoning In 2000, there were approx- 
imately 131.4 million employees in nonfarm estab- 
lishments in the United States. The figure shows the 
types of occupations of these employees. (Source: 
U.S. Bureau of Labor Statistics) 


Employees 


Transportation ; Construction 
and public ee 5% 
utilities A 


5% 
Manufacturing 


14% 


Wholesale and 
retail trade 
23% 


Finance, insurance, 


and real estate 
16% 6% 


Government 


(a) Estimate the number of employees in the manu- 
facturing industry. 


(b) What is the probability that a person selected at 
random from the population of employees in 
nonfarm establishments works in construction? 


(c) What is the probability that a person selected at 
random from the population of employees in 
nonfarm establishments works in the service 
industry or works for the government? 


37. Alumni Association A college sends a survey to 


38. 


39. 


selected members of the class of 2002. Of the 1254 
people who graduated that year, 672 are women, of 
whom 124 went on to graduate school. Of the 582 
male graduates, 198 went on to graduate school. An 
alumnus member is selected at random. What is the 
probability that the person is (a) female, (b) male, 
and (c) female and did not attend graduate school? 


Education Ina high school graduating class of 72 
students, 28 are on the honor roll. Of these, 18 are 
going on to college, and of the other 44 students, 
12 are going on to college. A student is selected at 
random from the class. What is the probability that 
the person chosen is (a) going to college, (b) not 
going to college, and (c) on the honor roll, but not 
going to college? 

Winning an Election ‘Taylor, Moore, and Jenkins 
are candidates for public office. It is estimated that 
Moore and Jenkins have about the same probability 
of winning, and Taylor is believed to be twice as 
likely to win as either of the others. Find the proba- 
bility of each candidate winning the election. 
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40. Winning an Election Three people have been 
nominated for president of a class. From a poll, it is 
estimated that the first has a 37% chance of winning 
and the second has a 44% chance of winning. What 
is the probability that the third candidate will win? 


In Exercises 41-52, the sample spaces are large and you 
should use the counting principles discussed in Section 8.6. 


41. Preparing for a Test A class is given a list of 20 
study problems, from which 10 will be part of an 
upcoming exam. A student knows how to solve 15 of 
the problems. Find the probability that the student 
will be able to answer (a) all 10 questions on the 
exam, (b) exactly eight questions on the exam, and 
(c) at least nine questions on the exam. 


42. Preparing fora Test A class is given a list of eight 
study problems, from which five will be part of an 
upcoming exam. A student knows how to solve six of 
the problems. Find the probability that the student 
will be able to answer (a) all five questions on the 
exam, (b) exactly four questions on the exam, and (c) 
at least four questions on the exam. 


43. Letter Mix-Up Four letters and envelopes are 
addressed to four different people. The letters are 
randomly inserted into the envelopes. What is the 
probability that (a) exactly one will be inserted in the 
correct envelope and (b) at least one will be inserted 
in the correct envelope? 


44, Payroll Mix-Up Five paychecks and envelopes are 
addressed to five different people. The paychecks are 
randomly inserted into the envelopes. What is the 
probability that (a) exactly one will be inserted in the 
correct envelope and (b) at least one will be inserted 
in the correct envelope? 


45. Game Show On a game show, you are given five 
digits to arrange in the proper order to form the price 
of a car. If you are correct, you win the car. What is 
the probability of winning, given the following 
conditions? 


(a) You guess the position of each digit. 
(b) You know the first digit and guess the positions 
of the others. 


46. Game Show On a game show, you are given five 
digits in the price of a car. The first digit is 1, and you 
are given the other four digits to arrange in the 
correct order to win the car. What is your probabili- 
ty of winning given the following conditions? 


(a) You guess the position of each digit. 
(b) You know the second digit but guess the others. 


47. 


48. 


49. 


50. 


Sd. 


52. 


53: 


Drawing Cards from a Deck Two cards are select- 
ed at random from an ordinary deck of 52 playing 
cards. Find the probability that two aces are selected, 
given the following conditions. 


(a) The cards are drawn in sequence, with the first 
card being replaced and the deck reshuffled prior 
to the second drawing. 


(b) The two cards are drawn consecutively, without 
replacement. 


Poker Hand Five cards are drawn from an ordinary 
deck of 52 playing cards. What is the probability that 
the hand drawn is a full house? (A full house is a 
hand that consists of two of one kind and three of 
another kind.) 


Defective Units A shipment of 12 microwave 
ovens contains three defective units. A vending 
company has ordered four of these units, and 
because each is identically packaged, the selection 
will be random. What is the probability that (a) all 
four units are good, (b) exactly two units are good, 
and (c) at least two units are good? 


Defective Units A shipment of 20 compact disc 
players contains four defective units. A retail outlet 
has ordered five of these units. What is the probabil- 
ity that (a) all five units are good, (b) exactly four 
units are good, and (c) at least one unit is defective? 


Random Number Generator Two integers from 
1 through 30 are chosen by a random number gener- 
ator. What is the probability that (a) the numbers are 
both even, (b) one number is even and one is odd, 
(c) both numbers are less than 10, and (d) the same 
number is chosen twice? 


Random Number Generator Two integers from 
1 through 40 are chosen by a random number gener- 
ator. What is the probability that (a) the numbers are 
both even, (b) one number is even and one is odd, 
(c) both numbers are less than 30, and (d) the same 
number is chosen twice? 


Backup System A space vehicle has an independ- 
ent backup system for one of its communication net- 
works. The probability that either system will func- 
tion satisfactorily during a flight is 0.985. What is the 
probability that during a given flight (a) both systems 
function satisfactorily, (b) at least one system func- 
tions satisfactorily, and (c) both systems fail? 


54. 


“Bs 


56. 


a7. 


58. 


Backup Vehicle A fire company keeps two rescue 
vehicles. Because of the demand on the vehicles and 
the chance of mechanical failure, the probability that 
a specific vehicle is available when needed is 90%. 
The availability of one vehicle is independent of the 
availability of the other. Find the probability that 
(a) both vehicles are available at a given time, 
(b) neither vehicle is available at a given time, and 
(c) at least one vehicle is available at a given time. 


Making a Sale _A sales representative makes a sale 
on approximately one-fourth of all calls. On a given 
day, the representative contacts five potential clients. 
What is the probability that a sale will be made with 
(a) each of the five contacts, (b) none of the contacts, 
and (c) at least one contact? 


A Boy or a Girl? Assume that the probability of 
the birth of a child of a particular sex is 50%. In a 
family with four children, what is the probability that 
(a) all the children are boys, (b) all the children are 
the same sex, and (c) there is at least one boy? 


Flexible Work Hours In a survey, people were 
asked if they would prefer to work flexible hours— 
even if it meant slower career advancement—so they 
could spend more time with their families. The 
results of the survey are shown in the figure. Three 
people from the survey were chosen at random. What 
is the probability that all three people would prefer 
flexible work hours? 


Flexible Work Hours 


Don’t know 
9% 


Rigid hours 
13% 


Consumer Awareness Suppose that the methods 
used by shoppers to pay for merchandise are as 
shown in the circle graph. Two shoppers are 
chosen at random. What is the probability that both 
shoppers paid for their purchases only in cash? 


How Shoppers Pay for Merchandise 


Mostly credit Half cash, half credit 
7% ~ 30% 
——+~ Only credit 


Mostly cash 4% 


27% Only cash 
32% 
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59. Geometry You and a friend agree to meet at your 
favorite fast-food restaurant between 5:00 and 6:00 
P.M. The one who arrives first will wait 15 minutes 
for the other, and then will leave (see figure). What 
is the probability that the two of you will actually 
meet, assuming that your arrival times are random 
within the hour? 


_ 0 
ES 
nae 
I 45 
a3 
2S) 30 
an 
o 2 
FE 15 
3 8 
Sos 


Your arrival time 
(in minutes past 5:00 P.M.) 


60. Estimating 7 A coin of diameter d is dropped onto 
a paper that contains a grid of squares d units on a 
side (see figure). 


(a) Find the probability that the coin covers a vertex 
of one of the squares on the grid. 


(b) Perform the experiment 100 times and use the 
results to approximate 7. 


Synthesis 
True or False? \n Exercises 61 and 62, determine 
whether the statement is true or false. Justify your answer. 


61. If A and B are independent events with nonzero 
probabilities, then A can occur when B occurs. 
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62. Rolling a number less than 3 on a normal six-sided 
die has a probability of i The complement of this 
event is to roll a number greater than 3, and its 
probability is ;. 

63. Pattern Recognition and Exploration Consider a 
group of n people. 

(a) Explain why the following pattern gives the 
probabilities that the n people have distinct birth- 


days. 
>, 365, 364 _ 365 + 364 
Ae Sie eames 3652 
_ 3, 365 364 363 _ 365 + 364 + 363 
OF BES OCs uasGs 3653 


(b) Use the pattern in part (a) to write an expression 
for the probability that n = 4 people have 
distinct birthdays. 

(c) Let P,, be the probability that the n people have 
distinct birthdays. Verify that this probability can 
be obtained recursively by 


este nal) 
n 365 Rs 
(d) Explain why Q, = 1 — P,, gives the probability 
that at least two people in a group of n people 
have the same birthday. 


(e) Use the results of parts (c) and (d) to complete 
the table. 


(f) How many people must be in a group so that the 
probability of at least two of them having the 
same birthday is greater than 5) Explain. 


64. Think About It A weather forecast indicates that 
the probability of rain is 40%. What does this mean? 


Review 


In Exercises 65-68, find all real solutions of the polynomial 
equation. 


65. 6x7 + 8 = 0 
66. 4x? + 6x — 12 =0 


67. x° — x2 — 3x =0 
68. x° + x? —- 2x =0 


In Exercises 69-74, find all real solutions of the rational 
equation. 
12 _ 
x 

221m 


69. wai) 


70. 2 


71. =4 


104 —4= 


VEE 


Ay sess 
x? — 2x 


Go 


In Exercises 75-80, find all real solutions of the exponential 
equation. 


TAGE S| 
77. e* — 4e*+3=0 
9 Wea 


16,62 f= 35 

18. e* — de> i 
80. 800e-* = 250 

In Exercises 81-84, find all real solutions of the logarithmic 
equation. 


81. Inx = 8 
83. 41n 6x = 16 


$23) In —6 
84. 5 In 2x —4=11 


In Exercises 85-88, sketch the graph of the solution of the 
system of inequalities. 


85. sees 8) 86. Eee) 
Bayes naar | Wess 10 
“Wa Stick Lye ALO 

87. |x>+y2> -2 S800] x7 7 ee 
Ve Xk We ese 


90. oC; 
O38 .C: 


Chapter Summary | 


> What did you learn? 


Section 8.1 
CL) How to use sequence notation to write the terms of a sequence 


LC) How to use factorial notation 

CL] How to use summation notation to write sums 

CL) How to find the sum of an infinite series 

L) How to use sequences and series to model and solve real-life problems 


Section 8.2 
L) How to recognize and write arithmetic sequences 


L] How to find an nth partial sum of an arithmetic sequence 
L] How to use arithmetic sequences to model and solve real-life problems 


Section 8.3 
L] How to recognize and write geometric sequences 


L] How to find the sum of a geometric sequence 
L) How to find the sum of an infinite geometric series 
L] How to use geometric sequences to model and solve real-life problems 


Section 8.4 
CL} How to use mathematical induction to prove a statement 


1) How to find the sums of powers of integers 
CL) How to recognize patterns and write the nth term of a sequence 
CL] How to find finite differences of a sequence 


Section 8.5 
11 How to use the Binomial Theorem to calculate binomial coefficients 


LL] How to use Pascal's Triangle to calculate binomial coefficients 
(1) How to use binomial coefficients to write binomial expansions 


Section 8.6 
C1) How to solve simple counting problems 


1 How to use the Fundamental Counting Principle to solve counting problems 


C1 How to use permutations to solve counting problems 
1 How to use combinations to solve counting problems 


Section 8.7 
C) How to find the probabilities of events 


O How to find the probabilities of mutually exclusive events 
1 How to find the probabilities of independent events 
O How to find the probability of the complement of an event 


® Chapter Summary 


Review Exercises 
1-8 
9-12 
13-18 
19-24 
25,26 


27-40 
41-46 
47, 48 


49-60 
61-70 
T\=76 
VIALS 


79-82 
83-86 
87-90 
91-94 


95-96 
99-102 
103-108 


109, 110 
111,112 
113,114 
PIS116 


117,118 
119,120 
i2Zip ie2 
123,124 
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Review Exercises 


8.1 | In Exercises 1-4, write the first five terms of the 


sequence. (Assume that n begins with 1.) 


6 
LQ = 2 


Jeter 
aon hie | 


4.0, =n — 1) 


In Exercises 5-8, write an expression for the apparent nth 
term of the sequence. (Assume that n begins with 1.) 


Seal ek ae 
Oe lead AS Sere ae 


AoA if 4 i 
TSG, one Us eae eee 82125, ae se 


In Exercises 9-12, evaluate the factorial expression. 


OF 5! 103) 
Sie! Teo! 
11. ae 12. 6! 81 


In Exercises 13-18, find the sum. 


Mae 
ass 
oo 


6 
13. S'5 14. 


ll 

_ 
> 
Il 
i) 


N 
—_ 
Sy 
Me 
les 
— 


Ms IMs 
nN 
1 


Ne + 1) 


SS 
cas 
= 
So 

a 


~ 
ll 

at 
eo 


In Exercises 19 and 20, use sigma notation to write the sum. 


19 +f : a a: a me 

“20-20. 2G) 2(20) 
2002 ee ee ee 
pp Be sl 10 


In Exercises 21-24, find the sum of the infinite series. 


[e2) co 3 
aL a 22; Dio! 
co co 9 
eS or 24. S'— 


25. Job Offer The starting salary for an accountant is 
$34,000 with a guaranteed salary increase of $2250 
per year. Determine (a) the salary during the fifth 
year and (b) the total compensation through 5 full 
years of employment. 

26. Baling Hay In the first two trips baling hay around 
a large field, a farmer obtains 123 bales and 112 
bales, respectively. Because each round gets shorter, 
the farmer estimates that the same pattern will 
continue. Estimate the total number of bales made if 
there are another six trips around the field. 


FER] in Exercises 27-30, determine whether the sequence 
is arithmetic. If it is, find the common difference. 


506 ee 28. 0, 123,640 
99-51 Oe ee 30. 2.3732 


99.99. 99'-9310s)2 eae 


In Exercises 31-34, write the first five terms of the arith- 
metic sequence. 


31. a, = 4,d = 3 
33. G= 25,05, — 4+ 3 
34. a, = 4.2,a,,, =a,+ 04 


325d, S16 eee 


In Exercises 35-40, find a formula for a, for the arithmetic 
sequence. 


35. a, = 7,d = 12 36. a, = 25,d=—3 
37. a, = y,d = 3y 38. a, = —2x,d=x 
39. a, = 93, a, = 65 40. a, = 8,a,, = 6 


In Exercises 41-44, find the partial sum. 


41. Si Dj = 3) 


j=1 


43. Sk +4) 4 5 ") 


Foil 


Q0e sy) 


45. Find the sum of the first 100 positive multiples of 5. 
46. Find the sum of the integers from 20 to 80 (inclusive). 
47. Running The first time you run a five-mile 

distance course, it takes you 49 minutes. You run the 


same course 30 seconds faster each week. How fast 
can you run the five-mile course after 12 weeks? 


48. Running On the first day of a new training sched- 
ule, you run 2 miles. You increase your distance by 
one-half mile every day. How many total miles will 
you run in 14 days? 


In Exercises 49-52, determine whether the sequence 
is geometric. If it is, find the common ratio. 


49. : TOR20240 0 SULA = 1876) or 2. 
51. 3,-2,3,-%... S2h Ge Gs 

In Exercises 53-56, write the first five terms of the geometric 
sequence. 

$3. a, =4, r= —} 
a5. ad, = 9, a, =4 


54. a, = 2, r=2 
36. a, = 2, a, = 12 


In Exercises 57-60, write an expression for the nth term of 
the geometric sequence and find the sum of the first 20 
terms of the sequence. 


57. a, = 16,a, = —8 38.2, 
59. a, = 100, r = 1.05 60. 


= 6,a,= 1 
a, =5,r = 0.2 


In Exercises 61-66, find the sum. 


M Nn 
ce) 
| 


Bie yi 62. 


Me 
———, 
Wl 
Radlsn) 

| 
a 


63. S\(3)' 64, 


Ms 
= 
eS) 
<i, 


65. (Oe 66. 


ll 
val 
ll 


z In Exercises 67-70, use a graphing utility to find the sum. 


68. ¥'20(0.2)'- 


69. 5) 100(1.06)'~' 


i=1 i=] 


In Exercises 71-76, find the sum of the infinite geometric 
series. 


~I 
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ie) 
Ms 
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Pm Review Exercises 665 


77. Depreciation A paper manufacturer buys a 
machine for $120,000. During the next 5 years, it 
will depreciate at a rate of 30% per year. (That is, at 
the end of each year the depreciated value will be 
70% of what it was at the beginning of the year.) 


(a) Find the formula for the nth term of a geometric 
sequence that gives the value of the machine t 
full years after it was purchased. 


(b) Find the depreciated value of the machine at the 
end of 5 full years. 


78. Total Compensation A computer programming 
position pays a salary of $32,000 the first year. 
During the next 39 years, there is a 5.5% raise each 
year. What would be the total amount earned over the 
40-year period? 


8.4 | In Exercises 79-82, use mathematical induction to 
prove the formula for every positive integer n. 


TP OCI ges an STs 


3 5 
/ 3. =r ap Sapo 8 9 Sp = ae a 
eae s(n 1) = mG 3) 
ig Bl 1 —r” 
81. Sar =”) 


= | Mien 2 
=af 
n 
82. (a + kd) = =[2a + (n — 1)d 
Sa + kd) = 52a + (n= Val 


In Exercises 83-86, find the sum using the formulas for the 
sums of powers of integers. 


30 10 
83. yeh 84. ue 


n=\ n=1 


85. : (n* — n) 86. 3 (n> — n?) 


n=1 n=1 


In Exercises 87-90, find a formula for the sum of the first n 
terms of the sequence. 
$7.29 51S lie ee S83268 00852, 44 

1 


9 ae 
S021 Mi. ee 021) te ee 


In Exercises 91-94, find the first five terms of the sequence. 
Then calculate the first and second differences of the 
sequence. Does the sequence have a linear model, a quad- 
ratic model, or neither? 


91. a, =5 92.4, = =3 
a, — a,-1 r%S a, — ay-] =2n 
93. a, = 16 94. a, = 0 


= = = 
a, — ay} | a, n ay—1 
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In Exercises 95-98, use the Binomial Theorem to Ed 


calculate the binomial coefficient. 
97. ,C; 


96. oC 


In Exercises 99-102, use Pascal’s Triangle to calculate the 


binomial coefficient. 
9 
100. ( ’) 


».() 
(3 (5 


In Exercises 103-108, use the Binomial Theorem to expand 
the binomial. Simplify your answer. (Remember that 


j=J=1) 
4 2 6 
103. (3 + y] 104. (? = 3x] 
D i 
105. (a — 3b) 106. (3x + y2)? 


107. (5 + 2i)4 108. (4 — 5i)3 


8.6, 109. Dice In how many different ways can a pair of 


dice be rolled to obtain a total of 10? 


110. Numbers in a Hat Slips of paper numbered 1 
through 14 are placed in a hat. In how many ways 
can you draw two numbers with replacement that 
total 12? 


111. Telephone Numbers The same three-digit prefix 
is used for all of the telephone numbers in a small 
town. How many different telephone numbers are 
possible by changing only the last four digits? 


112. Telephone Numbers A telephone number in 
another town can use any one of five different 
three-digit prefixes. How many different telephone 
numbers are possible in this town? 


113. Bike Race There are 10 bicyclists entered in a 
race. In how many different orders could these 10 
bicyclists finish? 


114. Bike Race There are 10 bicyclists entered in a 
race. In how many different ways could the top 
three places be decided? 


115. Apparel You have eight different suits to choose 
from to take on a trip. How many combinations of 
three suits could you take? 


116. Apparel You have 20 different neckties in your 
wardrobe. How many combinations of three ties 
could you choose? 


117. Apparel A man has five pairs of socks, of which 
no two pairs are the same color. He randomly 
selects two socks from a drawer. What is the prob- 
ability that he gets a matched pair? 

118. Bookshelf Order A child returns a five-volume 
set of books to a bookshelf. The child is not able to 
read, and so cannot distinguish one volume from 
another. What is the probability that the books are 
shelved in the correct order? 

119. Students by Class Ata particular high school, the 
numbers of students in the four classes are broken 
down by percents, as shown in the table. 


Percent 


Freshman 
Sophomores 


Juniors 


Seniors 


A single student is picked randomly by lottery for a 
cash scholarship. What is the probability that the 
scholarship winner is 


(a) a junior or senior? 


(b) a freshman, sophomore, or junior? 


120. Data Analysis A sample of college students, 
faculty, and administration were asked whether 
they favored a proposed increase in the annual 
activity fee to enhance student life on campus. The 
results of the study are listed in the table. 


Students Faculty Admin. Total 


A person is selected at random from the sample. 
Find the specified probability. 


(a) The person is not in favor of the proposal. 
(b) The person is a student. 


(c) The person is a faculty member and is in favor 
of the proposal. 


121. Tossing a Die A six-sided die is rolled three 
times. What is the probability of a 6 on each roll? 


122. Tossing a Die _ A six-sided die is rolled six times. 
What is the probability that each side appears 
exactly once? 


123. DrawingaCard Yourandomly select a card from 
a 52-card deck. What is the probability that the card 
is not a club? 


124. Tossing a Coin Find the probability of obtaining 
at least one tail when a coin is tossed five times. 


Synthesis 


True or False? \n Exercises 125-128, determine whether 
the statement is true or false. Justify your answer. 


0)! 
125. we 2: = (n + 2)(n + 1) 
5 5 5 
126. ae + 2i) = Nii + 2h 
i l i=1 


ll 
_ 
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oe) 
Me 
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i 
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lo) 
Me 
tO 

i, 

II 
Me .. 
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129. Think About It An infinite sequence is a func- 
tion. What is the domain of the function? 


130. Think About It How do the two sequences differ? 


(a) a, = (eg 
n 
) ¢, = 
n 


131. Writing In your own words, explain what makes 
a sequence (a) arithmetic and (b) geometric. 
132. Graphical Reasoning The graphs of two 


sequences are shown below. Identify each sequence 
as arithmetic or geometric. Explain your reasoning. 


(a) (b) 
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133. Writing Explain what a recursion formula is. 


134. Writing Explain why the terms of a geometric 
sequence decrease when 0 < r < 1. 


Graphical Reasoning _\n Exercises 135-138, match the 
sequence or sum of a sequence with its graph without 
doing any calculations. Explain your reasoning. [The graphs 
are labeled (a), (b), (c), and (d).] 


(a) 6 


135. a, = 4(4)" 


137. a, = Sa)! 
Kal 


139. Consider an idealized population with the character- 
istic that each member of the population produces 
one offspring at the end of every time period. If each 
member has a life span of three time periods and the 
population begins with 10 newborn members, then 
the following table shows the population during the 
first five time periods. 


Time Period 
Age Bracket 


0-1 10] 10 | 20] 40 | 70 
1-2 10} 10 | 20] 40 
2-3 


The sequence for the total population has the 
property that 


Sa 5 ot S, + S.25 n> 3: 


Rowe 
Find the total population during the next five time 
periods. 


140. The probability of an event must be a real number 
in what interval? Is the interval open or closed? 
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Chapter Test 


Take this test as you would take a test in class. When you are finished, check your 
HOST eG UE I Ue ota work against the answers given in the back of the book. 


versions of this text offer Chapter 
Pre-Tests and Chapter Post-Tests, both 


of which have randomly generated 1. 


exercises with diagnostic capabilities. 


(ay 


3n +2 


Write the first five terms of the sequence a, = 


. Write an expression for the nth term of the sequence. 


2s! <A le Sas 


. Find the next three terms of the series. Then find the fifth partial sum of the 


series. 
() SP 17) Se OAS aS) ae eo © 


. The fifth term of an arithmetic series is 5.4, and the 12th term is 11.0. Find 


the nth term. 


. Write the first five terms of the sequence a, = 5(2)”~'. (Assume that n 


begins with 1.) 


50 
. Find the sum of the finite series > (2i2 + 5). 


i=1 


. Find the sum of the infinite series S\4(3)’ 


i=] 


. Use mathematical induction to prove the formula. 


iy 5n(n + 1) 


Sel LS een 5 


- Use the Binomial Theorem to expand the expression (x + 2y)‘. 
10. 


To dress for a party, you can choose from six different pairs of slacks, 10 
different shirts, and three different pairs of shoes. How many possible outfit 
combinations do you have? 


In Exercises 11 and 12, evaluate each expression. 


11. 
13: 


14. 


15: 


16. 


(a) oP, (b) 7P3 12. (a) ,,C, (b) 66Cy 


Eight people are going for a ride in a boat that seats eight people. The owner 
of the boat will drive, and only three of the remaining people are willing to 
ride in the two bow seats. How many seating arrangements are possible? 


You attend a karaoke night and hope to hear your favorite song. The karaoke 
song book has 300 different songs. Assuming that the singers are equally 
likely to pick any song and no song is repeated, what is the probability that 
your favorite song is one of the 20 that you hear? 


You are with seven of your friends at a party. Names of all of the 60 guests 
are placed in a hat and drawn randomly to award eight door prizes. Each 


guest is limited to one prize. What is the probability that you and your friends 
win all eight of the prizes? 


The weather report calls for a 75% chance of rain. According to this report, 
what is the probability that it will not rain? 
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Cumulative Test for Chapters 6-8 


Ss ieot 2y SZ 
2 Vr 2Z 
BX Oy 042 


SYSTEM FOR 10 AND 11 


8 0 
1 3 
we 6 


MATRIX FOR 16 


== 
etl 


Take this test to review the material from earlier chapters. When you are finished, 
check your work against the answers given in the back of the book. 


In Exercises 1-4, solve the system by the specified method. 


1. Substitution 2. Elimination 
| y=3-2x? xo 3y-= 1 
Ay = 2) =3 a1 2x+4y= 0 
3. Elimination 4. Gauss-Jordan Elimination 
S25 tay Se 5G Na Vee i ee all 
X= Qi 2 == 6 2X cp A vomeee te 
Le SY sl Ay Fey aS 


In Exercises 5 and 6, sketch the graph of the solution set of the system of inequalities. 


Sia ye 3 6 6 eit eae) 
“lx-3y< 2 " [5x + 2y < 10 


7. Sketch a graph of the solution of the constraints and maximize the objective 
function z = 3x + 2y subject to the constraints. 


Xt Ay S20 
Dito as 12 
ewe () 
a) 


8. A custom-blend bird seed is to be mixed from seed mixtures costing $0.75 
per pound and $1.25 per pound. How many pounds of each seed mixture are 
used to make 200 pounds of custom-blend bird seed costing $0.95 per 
pound? 


9. Find the equation of the parabola y = ax? + bx + c passing through the 
points (0, 4), (3, 1), and (6, 4). 
In Exercises 10 and 11, use the system of equations at the left. 


10. Write the augmented matrix corresponding to the system of equations. 


11. Solve the system using the matrix and Gauss-Jordan elimination. 


In Exercises 12-15, use the following matrices. 


Ao 0 -1 3 
Like ae zh u =| 1 ‘| 
12. Find A — B. 13. Find —2B. 


14. Find A — 2B. 15. Find AB, if possible. 


16. Find the determinant of the matrix at the left. 
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The Sum of a Finite Arithmetic Sequence (p. 606) 


The sum of a finite arithmetic sequence with n terms is 


n 
S, = 5h om): 


Proof 


Begin by generating the terms of the arithmetic sequence in two ways. In the first 
way, repeatedly add d to the first term to obtain 


S 


n 


=4, +a, +4, +>+-ta.5 ta.) a, 
=a, +[a,+d]+[a, +2d])+---+[a, + (n- 1)d]. 
In the second way, repeatedly subtract d from the nth term to obtain 
Sef Oi re diyelige tO ape te ote etn chaet cere aetna 

a, + [a, — d] + [a, — 2d] +-- -+[a, — (n — 1)d]. 


If you add these two versions of S,, the multiples of d subtract out and you obtain 


2S, = (a, + a,) + (a, + a,) + (a, + a,) +--+ + (a, +a,) nterms 
2S, = n(a, + a,) 
S,= 5 (a +a): 


eee 


| The Sum of a Finite Geometric Sequence (p.615) 


The sum of the finite geometric sequence 


2 = 
@, QF, ayr*, ar, art, .. . ar"! 


n 
with common ratio r # 1 is given by S, = ae Se 


i=1 


Proof 
S, = 4, tay + ar? +++ ++ aypr-2 4 Cr 
7S, =ayr alts or aie Ge 5 ore ar} + a,r” Multiply by r. 


Subtracting the second equation from the first yields 


Sy Sy Sree hn 


er 


ee 


So, S,(1 — r) = a,(1 — r”), and, because r # 1, you have Sa a(* = a 


a 


Na CANN RENE OY PONT RMS ANG Mees ae ty eee 
} - AIAN gs Ne ‘ Re 


SiN bd Ba xe 15 a AS 


Ne aN ee EEN Aes top 


& Proofs in Mathematics 673 


The Binomial Theorem — (p. 632) 
In the expansion of (x + y)” 


(x + yh xt nxt ly be eG xt ry et nxyh lt yn 
the coefficient of x”~"y" is 


n! 
~ (n— nirt 


Proof 


The Binomial Theorem can be proved quite nicely using mathematical induction. 
The steps are straightforward but look a little messy, so only an outline of the 
proof is presented. 


1. If n = 1, you have (x + y)! = x! + y! = ,Cox + ,C,y, and the formula is 
valid. 


2. Assuming that the formula is true for n = k, the coefficient of x*~"y” is 


ks Mk = ee) a) 


nee (k — r)!r'! r! 


To show that the formula is true for n = k + 1, look at the coefficient of 
x*+1—ryr in the expansion of 


Ge + yh = (x + ye + 9). 


From the right-hand side, you can determine that the term involving x**!~"y” 
is the sum of two products. 


(.C,x "y (x) + GC, sa Ey )Q) 


= Fee + ok ié 
~Lk-nil | &+1—-Ir— D! 


a lesen aa r 
~L&+1—-nin” &+1—d “ 


& gE oad eet ie Dever ; 


k+1—nini 
= _ a 1)! ae 
(kK+1- ir! 


2 REL Tor 
ast K+ 1O-X y 


So, by mathematical induction, the Binomial Theorem is valid for all positive 
integers n. 


Ge 1. Let Xq = | and consider the sequence x, given by 
1 1 
Xn = 5 Xn-1 Sic toners (Ai oie | rele 
Use a graphing utility to compute the first 10 terms of 
the sequence and make a conjecture about the value of 


x,, aS n approaches infinity. 
2. Consider the sequence 


erg 
ge 


a (a) Use a graphing utility to graph the first 10 terms 
of the sequence. 


(b) Use the graph from part (a) to estimate the value 
of a, as n approaches infinity. 


(c) Complete the table. 
10,000 | 


aes 


(d) Use the table from part (c) to determine (if possi- 
ble) the value of a,, as n approaches infinity. 


3. Consider the sequence 
gn 3 (- 1)" 
ed (a) Use a graphing utility to graph the first 10 terms 
of the sequence. 


(b) Use the graph from part (a) to describe the behavior 
of the graph of the sequence. 


(c) Complete the table. 
10,001 | 


n 1] 10 101 | 1000 
a] | | 


(d) Use the table from part (c) to determine (if possi- 
ble) the value of a, as n approaches infinity, 


4. The following operations are performed on each term 
of an arithmetic sequence. Determine if the resulting 
sequence is arithmetic, and if so, state the common 
difference. 


(a) A constant C is added to each term. 
(b) Each term is multiplied by a nonzero constant C. 
(c) Each term is squared. 
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. The following sequence of perfect squares is not 
arithmetic. 


1, 4, 9, 16, 25, 36, 49, 64, 81, . 


However, you can form a related sequence that is 
arithmetic by finding the differences of consecutive 
terms. 

(a) Write the first eight terms of the related arithmetic 
sequence described above. What is the nth term of 
this sequence? 

(b) Describe how you can find an arithmetic 
sequence that is related to the following sequence 
of perfect cubes. 


1,8, 27, 64,-125)216, 343, 512, 1295. 


(c) Write the first seven terms of the related sequence 
in part (b) and find the nth term of the sequence. 


(d 


a 


Describe how you can find the arithmetic 
sequence that is related to the following sequence 
of perfect fourth powers. 


1, 16, 81, 256, 625, 1296, 2401, 4096, 6561,. . . 


(e) Write the first six terms of the related sequence in 
part (d) and find the nth term of the sequence. 


- Can the Greek hero Achilles, running at 20 feet per 


second, ever catch a tortoise, starting 20 feet ahead of 
Achilles and running at 10 feet per second? The Greek 
mathematician Zeno said no. When Achilles runs 20 
feet, the tortoise will be 10 feet ahead. Then, when 
Achilles runs 10 feet, the tortoise will be 5 feet ahead. 
Achilles will keep cutting the distance in half but will 
never catch the tortoise. The table shows Zeno’s 
reasoning. From the table you can see that both the 
distances and the times required to achieve them form 
infinite geometric series. Using the table, show that 
both series have finite sums. What do these sums 
represent? 


Ce 
’ Distance (in feet) Time (in seconds) 


1 
0.5 


5 0.25 
Pai) 0.125 
0.0625 


0.03125 


7. Recall that a fractal is a geometric figure that 


consists of a pattern that is repeated infinitely on a 
smaller and smaller scale. A well-known fractal is 
called the Sierpinski Triangle. In the first stage, the 
midpoints of the three sides are used to create the 
vertices of a new triangle, which is then removed, 
leaving three triangles. The first three stages are 
shown below. Note that each remaining triangle is 
similar to the original triangle. Assume that the 
length of each side of the original triangle is one unit. 
Write a formula that describes the side length of the 
triangles that will be generated in the nth stage. 
Write a formula for the area of the triangles that will 
be generated in the nth stage. 
A 


A AA 
AA kaid 


. You can define a sequence using a piecewise formu- 
la. The following is an example of a piecewise- 
defined sequence. 


ae 
oe 7 if a,= 18 even 
a, = 1, 4, = 
tT ’ n . . 
305-4 Tl, tha, _, is odd 


(a) Write the first 10 terms of the sequence. 

(b) Choose three different values for a, (other than 
a, = 7). For each value of a,, find the first 10 
terms of the sequence. What conclusions can 
you make about the behavior of this sequence? 

. The numbers 1, 5, 12, 22,35, 51,. . . are called 

pentagonal numbers because they represent the 

numbers of dots used to make pentagons, as shown 
below. Use mathematical induction to prove that the 
nth pentagonal number P,, is given by 


non 1) 
tnd ee 


2B 


10. 


11. 


_ (a) Use mathematical induction to prove that 


12. 


13. 


14. 


What conclusion can be drawn from the information 
about the sequence of statements P,,? 


(a) P, is true and P, implies P, , ;. 
(b) Pid ng ase U 


(c) P,, P,, and P, are all true, but the truth of P, 
does not imply that P,, , is true. 


., Ps are alt true, 


(d) P, is true and P,, implies P,,, 5. 


Let Gaede etal ese 


. . be the Fibonacci sequence. 


f ale ae me ld eee hy is 
(b) Find the sum of the first 20 terms of the Fibonacci 
sequence. 


The odds in favor of an event occurring are the ratio 
of the probability that the event will occur to the 
probability that the event will not occur. The recip- 
rocal of this ratio represents the odds against the 
event occurring. 


(a) Six marbles in a bag are red. The odds against 
choosing a red marble are “4 to 1.” How many 
marbles are in the bag? 


(b) A bag contains three blue marbles and seven 
yellow marbles. What are the odds in favor of 
choosing a blue marble? What are the odds 
against choosing a blue marble? 


(c) Write a formula for converting the odds in favor 
of an event to the probability of the event. 


(d) Write a formula for converting the probability of 
an event to the odds in favor of the event. 


You are taking a test that contains only multiple 
choice questions. You are on the last question and 
you know that the answer is not B or D, but you 
are not sure about answers A, C, and E. What is the 
probability that you will get the right answer if you 
take a guess? 

A dart is thrown at the circular target shown. The 
dart is equally likely to hit any point inside the target. 
What is the probability that it hits the region outside 
the triangle? 
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NORTH CENTRAL TEXAS COLLEGE APPENDIX 

Section 1.2. Linear Equations in One Variable 

Identities and Conditional Equations 

An identity is an equation that is always true —i.e., it is true for all values of the variable(s) for 
which it has meaning. A conditional equation is an equation that is not an identity — i.e. there are 
some values of the variable(s) for which it is false. In algebra, we start with a small set of identities 
called axioms, which we assume to be true. We use these axioms to derive other identities, and we 
use identities every time we make a substitution in an equation. What we do with conditional 
equations is to find the conditions under which they are true — i.e, we solve them. 

§1.2 EXERCISES 


In problems 1 to 24, determine whether the equation is an identity or a conditional equation. 
1. 2(x+3)=2x+6 10, (xayl ax —y: 
2. 3(x-2)=3x-6 ie eae 
3. oe Oa 3x42 12. Jx—-y =Vx-Jy 


8x-12 13. (x-2) =x?-4 


14. (x+3) =x7+9 

15. Vx? +16 =x+4 
Bali fa 
1S are 16. Vx? =25 =x-5 
7. (25x =5Vx 17. (x+y) +(x-y) = 2x? 
Pree: 18. (x+y)? =(x-y) =2y” 
° 3;—— = — 

19. {x +y? =xt+y 


£2 Di ci) 
9. (x+y) =x? +y? 
20. |x’? -y’? =x-y 
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24. a? +b* =c’, where a=i’ —j’, b=2ij, 


21. (x+y) +(x-y) =2(x? +y?) and ¢ =i? + j?. 
22. (x+y) -(x-y) = 4ay 25. Solve each of the conditional equations 
above 


23. (10¢+5) =100r(¢ +1)+ 25 


§1.2 ANSWERS 


1 — 8. These are identities and are examples of the only distributive laws in algebra: 
Multiplication and division distribute over addition and subtraction. 
Powers and roots distribute over multiplication and division. 

9 — 20. These are conditional equations: 
Powers and roots DO NOT distribute over addition and subtraction. 


9. It’s a conditional equation because if x =1 and y =1, then (x+ yy =4 and x? +y? =2. 
11. It’s a conditional equation because if x =9 and y =16, 
then Jx+y=5 and Vx+./y =7. 
22. It’s an identity because (x+y) —(x-y) = (x? + 2xy+ vale (x? —2xy+ y?) 
=x? +2xyty?-x?4+2xy-y? =4x. 
23. It’s an identity because (10t+5)° = (10r)” + 2(102X5)+ 5? =100r? +1007 + 25(10t +5)? 
and 100¢(¢ + 1) + 25 = 100r? + 1002 + 25 
This identity tells how to square an integer that ends in 5. 


24. It’s an identity because 
a? +b =(? — 7?) + (ay =(?) -27 77 + (PY 4472 /? 
aif +27 Pep a(?+py ec? 
This identity tells how to produce Pythagorean triples. 


25.9. x=0 or y=0 2515. 0 
25.1057 y =0'or y=x 25.16; x=5 
25.11. x=0 or y=0 2519500 
25.12. y=0 or y=x 25.18. y=0 or y=2x 
25.13. x=2 25.19. x=0 or y=0 


25.14. x=0 25.20. y=0 or y=x 


Section 1.3 Modeling with Linear Equations 


Similar Triangles 


nh Ww 


7 
8. 
4 
1 


. A 6’ man in the sun casts a 13’ shadow. A nearby building casts a 247’ shadow. 


How tall is the building? 


. A 6’ man in the sun casts a 15’ shadow. A nearby tree casts a 50’ shadow. 


How tall is the tree? 


. A 6’ man standing 15’ from a lamppost casts a 12’ shadow. How tall is the lamppost? 
. A 5’ man standing 10’ from a lamppost casts a 15’ shadow. How tall is the lamppost? 
. A6’ man casts a 15’ shadow from the light of a 30’ lamppost. 


How far is he from the lamppost? 


. AS’ man casts a 10’ shadow from the light of a 20’ lamppost. How far is he from the 


lamppost? 


. Aman standing 15’ from a 22’ lamppost casts a 5’ shadow. How tall is he? 


A man standing 30’ from a 25’ lamppost casts a 10’ shadow. How tall is he? 


. A6’ man is standing 12’ from a 24’ lamppost. How long is his shadow? 
0. A 5’ man is standing 10’ from a 20’ lamppost. How long is his shadow? 


Mixtures 


11. 
12. 
i ta 
14. 
iS. 
16. 
iy. 
18. 
a9. 
20. 
21. 
22. 


23. 


How much alcohol is contained in 300 cc of a 40% alcohol solution? 

What is the concentration of 250 cc of a solution that contains100 cc of alcohol.? 
What is the volume of a 60% alcohol solution that contains 90 cc of alcohol? 

What is the concentration of a mix of 100 cc of alcohol and 25 cc of water? 

What is the concentration of a mix 150 cc of 40% alcohol solution and 50 cc of 80%. 
Jar A contains 100 cc of pure water. Jar B contains 100 cc of pure alcohol. We take 


25 cc from Jar A and mix it in Jar B. Then we take 25 cc from Jar B and mix it in Jar A. 


What are the concentrations of the resulting solutions? 
We have 5% and 10% acetic acid solutions. 
How much of each must we mix to get 100 cc of 7% solution? 
We have 100 coins, a mixture of nickels and dimes, worth $7. 
How many of each type of coin do we have? 
We have 10% and 20% acetic acid solution. 
How much of each must we mix to get 160 cc of 15% solution? 
At a charity banquet, tickets were $10 for children and $20 for adults. We sold 160 
tickets and collected $2400. How many of each type of ticket did we sell? 
We have 12% and 18% acetic acid solution. 
How much of each must we mix to get 150 cc of 16% solution? 
We have $150,000 in two accounts, one paying 12% and the other 18%. 
If the annual interest is $24,000, how much do we have in each account? 
We have 80 cc of 25% alcohol solution. 
How much must we replace with water to lower the concentration to 20%? 
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How much must we replace with water to lower the concentration to 20%? 
24. We have 80 cc of 25% alcohol solution. 
How much water must we add to lower the concentration to 20%? 
25. We have 80 cc of 25% alcohol solution. 
How much must we replace with alcohol to raise the concentration to 40%? 
26. We have 80 cc of 25% alcohol solution. 
How much alcohol must we add to raise the concentration to 40%? 
27. We have 100 cc of 40% alcohol solution. 
How much 60% solution must we add to raise the concentration to 44%? 
28. We have 100 cc of 60% alcohol solution. 
How much 40% solution must we add to lower the concentration to 44%? 
29. We add 30 cc of water to 120 cc of an alcohol solution, and the concentration of the 
mixture is 20%. What was the concentration of the original solution? 
30. We add 30 cc of alcohol to 120 cc of an alcohol solution, and the concentration of 
the mixture is 40%. What was the concentration of the original solution? 


Uniform Motion 


31. At 6:00, Betty starts jogging at 5 miles an hour. At 6:30, Veronica starts jogging along the 
same trail at 6 miles an hour. At 8:00, who is ahead and by how far? 

32. At 7:00, Archie starts driving north at 50 miles an hour. At 8:00, Jughead starts driving south 
at 60 miles an hour. How far apart are they at 9:30? 

33. At 8:00, Batman starts driving at a constant speed. At 8:30, Robin starts driving on the same 
route, 10 miles an hour faster. At 10:30, Robin catches up with Batman. How fast is Batman 
driving? 

34. At 9:00, Cisco starts riding east at a constant speed. At 9:15, Pancho starts riding west, 3 
miles an hour slower. At 10:15, they are 15 miles apart. How fast is Cisco traveling? 

35. Kemosabe (i.€., quien no sabe) leaves the apartment at 10:00 and starts running at 4 miles an 
hour. Tonto leaves the apartment at 10:15 and starts running along the same trail at 6 miles an 
hour. At what time will Tonto catch up with Kemosabe? 

36. At 11:00 AM, Orlando leaves Charlemagne’s tent and starts driving northeast at 40 miles an 
hour. At 11:30 AM, Rinaldo leaves the tent starts driving southwest at 30 miles an hour. At what 
time will they be 300 miles apart? 

37. One day, Goldilocks drove to the Three Bears’ house at 60 miles an hour. After a light meal 
and short nap, she drove home at 40 miles an hour. The retum trip took 15 minutes longer. How 
far is the drive to the Three Bears’ house? 

38. The next morning, the Three Bears drove to Goldilock’s house at 40 miles an hour. That 
evening, they drove home at 50 miles an hour. The retum trip took 15 minutes less time. How far 
is the drive to Goldilock’s house? 

39. In the morning, the Big Bad Wolf drove to Grandma’s house at 60 miles an hour. In the 


evening, he drove home at 40 miles an hour. The round trip took 5 hours. How far is the drive to 
Grandma’s house? 


40. One day Grandma drove to the Big Bad Wolf’s house at 90 miles an hour. The next day she 
drove home at 60 miles an hour, by a route that was 20 miles shorter. The round trip took 5 hours. 
How far did Grandma drive to the Big Bad Wolf’s house? 

41. One moming, Hansel and Gretel drove to the Wicked Witch’s house at 25 miles an hour. 
After lunch, they drove home at 30 miles an hour, but got lost and drove an extra 60 miles. Even 
so, the afternoon drive took the same time as the morning drive. How far did Hansel and Gretel 
drive to the Wicked Witch’s house? 

42. Every moming, Drudge drives to work at 30 miles an hour. Every evening, he drives home by 
a route that is 10 miles longer, but he can drive 50 miles an hour and he gets home 20 minutes 
sooner than by the shorter route. How far does Drudge drive to work? 


Work 


Pump Alpha takes 21 minutes to empty the aquarium. Pump Bravo takes 28 minutes. 
43. How long does it take both pumps working together to empty the aquarium? 

44. How long does it take if pump Bravo starts 7 minutes after Pump Alpha? 

45. How long does it take if pump Alpha starts 7 minutes after Pump Bravo? 


Charlie takes 10 hours to paint the fence. Delta takes 15 hours. 
46. How long does it take both of them working together to paint the fence? 
47. How long does it take if Delta starts 3 hours after Charlie? 
48. How long does it take if Charlie starts 2 hours after Delta? 


Solve for x: 
Tyee ie cual Sige ae 
ce : Mieke a b as bo Xx 


52. What do problems 49, 50 & 51 have to do with anything? 

53. It will take Echo 55 days to build a highway. If Echo and Foxtrot work together, it will take 
them 30 days. How long would it take Foxtrot alone to do the job? 

54. Golf can mow the lawn in 36 minutes. If Golf and Hotel work together, they can finish in 20 
minutes. How long does it take Hotel working alone to mow the lawn? 

55. Pump India can fill the swimming pool in 20 hours. Pump Juliette can empty the pool in 30 
hours. The pool is empty. When you turn on pump India, you accidentally turn on pump Juliette as 
well. If you don’t turn off pump Juliette, how long will it take to fill the pool? 


56. Pump Kilo can fill the swimming pool in 18 hours. Pump Lima can empty the pool in 14 hours. 
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The pool is full. Not knowing that pump Kilo will automatically turn on to fill the pool, you turn on 


pump Lima. If you don’t turn off pump Kilo, how long will it take to empty the pool? 


57. It takes Able 11 hours to paint the side of a house. It takes Baker 22 hours and Charlie 33 hours. 


How long does it take all three working together? 
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§1.3 ANSWERS 


1. 0114’ 40 cc of 10% 
220: 18. 60 nickels, 
SOAS s>- 40 dimes 
4. 84” 19. 80 cc each 
5.60" 20. 80 each 
6. 30’ 21°50 ce oF 12%, 
ee sOs 100 cc of 18% 
3.03 - 22: SUK at 12%, 
9. 4 $100K at 18% 
10. 3°4” 23. 16,ce 
iL Re bed Orato; 24. 20 cc 
12. 40% ZO’ 
135, 150'cc 26. 20'cC 
14. 80% Lie 2 D.CC 
15. 50% 28. 400 cc 
16. A=20% 29. 25% 

B =80% 30. 25% 


a OUCCOL I-70, 31. Betty is 


32. 
35, 
34. 
Sie 
36. 
a7: 
38. 
Beye 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 


1 mile ahead. 


215 miles 
40 mi/hr 
8 mi/hr 
10:45 
3:30 PM 
30 miles 
50 miles 
120 miles 
192 miles 
300 miles 
40 miles 
12 min 

15 min 
16 min 

6 hr 

7.2 hr 

7.2 hr 


ab 
a+b 
a(b+d) 
a+b 
ab 
b-a 
52. #44 is #50 


49. 


50. 


sat 


with a= 21, b= 28, 


and d=7. 
53. 66 days 
54. 45 min 
55. 60 hr 
56. 63 hr 
57. 6h 
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Section 1.4 Quadratic Equations 


Gravity 
The height of an object in vertical motion near the surface of the earth is given by the formula: 


s=—16t? +v,t+5s,, where: s is the height in feet, 


t is the time in seconds, 
Vo is the initial velocity in ft/sec, and 
So is the initial height in feet. 


Answer these questions to the nearest tenth of a second: 


1. An algebra book is dropped from the top of a 96 foot building. When will it hit ground? 

2. An algebra book is thrown upward at 16 ft/sec from the top of a 96 foot building. 
When will it hit ground? 

3. An algebra book is thrown downward at 16 ft/sec from the top of a 96 foot building. 
When will it hit ground? 

4. An object is dropped from the top of an 80 foot building. When will it hit ground? 

5. An object is thrown upward at 48 ft/sec from the top of an 80 foot building. 
When will it hit ground? 

6. An object is thrown downward at 48 ft/sec from the top of an 80 foot building. 
When will it hit ground? 

7. An object is dropped from the top of a 200 foot building. When will it hit ground? 

8. An object is thrown upward at 16 ft/sec from the top of a 200 foot building. 
When will it hit ground? 

9. An object is thrown downward at 16 ft/sec from the top of a 200 foot building. 
When will it hit ground? 

10. Standing on the ground, you throw an object upward at 64 ft/sec. 
When will it be 48 feet high? 

11. Standing on the ground, you throw an object upward at 64 ft/sec. 
When will it be 64 feet high? 

12. Standing on the ground, you throw an object upward at 64 ft/sec. 
When will it be 80 feet high? 

13. Standing at the bottom of a 48 foot cliff, you throw an object upward at 64 ft/sec. 
When will it reach the top of the cliff? 

14. Standing at the bottom of a 64 foot cliff, you throw an object upward at 64 ft/sec. 
When will it reach the top of the cliff? 

15. Standing at the bottom of an 80 foot cliff, you throw an object upward at 64 ft/sec. 
When will it reach the top of the cliff? 
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Rectangles and Borders 


16. We want to put a gravel border of uniform width on all four sides of a rectangular fish pond. 
The pond is 6 feet wide and 10 feet long, and we have enough gravel to cover 80 square feet. How 
wide will the border be? 20 
17. We want to put a concrete border of uniform width on all four sides of a rectangular swimming 
pool. The pool is 12 feet wide and 24 feet long, and we have enough concrete to cover 205 square 
feet. How wide will the border be? 

18. We want to place a rug in a rectangular room so that its edges are a uniform distance from the 
walls. The room is 8 feet wide and 10 feet long. If the rug is to have an area of 48 square feet, what 
are its dimensions? 

19. We are designing a flower garden that will have a rectangle of red flowers in the center and a 
uniform border of blue flowers around the edge. The garden will be 10 feet wide and 12 feet long. 
If the red flowers have an area of 63 square feet, how wide will the border of blue flowers be? 

20. We have planted a rectangular flower garden 6 feet wide and 8 feet long. It has a rectangle of 
red flowers in the middle and a uniform border of blue flowers around the edge. If the border of blue 
flowers has an area of 24 square feet, how wide is it? 

21. We want to double the area of a rectangular parking lot by laying an asphalt strip of uniform 
width on all four sides. If the lot is 100 feet wide and 200 feet long, find the width of the asphalt 
strip, to the nearest foot. 

22. We want to put a gravel border of uniform width around a circular fish pond. The pond has a 
radius of 3 feet, and we have enough gravel to cover 22 square feet. To the nearest foot, how wide 
will the border be? [Hint: x ~ 7/7] 


Uniform Motion 


23. One morning, Téléphone drove 300 miles at a constant speed to Alphonse’s house. After lunch, 

he drove home by the same route 10 miles an hour faster. The round trip took 11 hours. How fast 

did Téléphone drive to Alphonse’s house ? 

24. One day, Dick drove 150 miles at a constant speed to Jane’s house. The next day, he drove 

home 10 miles an hour faster by a route that was 10 miles longer. The trip home took 1 hour less 

time. How fast did Dick drive to Jane’s house ? 

25. A boat travels 20 miles downstream at a constant speed with respect to the water. Then it 

returns home at the same speed. The return trip upstream takes 3 hours more than the trip 

sta If the boat’s speed with respect to the water is 7 miles an hour, how fast is the river 
owing? 

26. An airplane flies 240 miles at a constant airspeed into a headwind of 20 miles an hour. Then it 

returns at the same airspeed with a tailwind of 20 miles an hour. The return trip takes 1 hour less 

time. What is the airspeed of the airplane ? 
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Work 


27. Pump Alpha takes 5 hours more time than Pump Beta to fill the aquarium. Working together, 
they can fill the aquarium in 6 hours. How long does it take Pump Beta working alone ? 

28. Pump Gamma takes 7 hours less time than pump Delta to empty the aquarium. Working 
together, they can empty the aquarium in 12 hours. How long does it take pump Delta working 
alone ? 

29. Pump Epsilon takes 1 day more time to empty the swimming pool than pump Zeta takes to fill 
it. If pump Epsilon is left running, pump Zeta takes 12 days to fill the pool. How long does pump 
Zeta take if pump Epsilon is tumed off ? 

30. Pump Eta takes 2 days more time to fill the swimming pool than pump Theta takes to empty it. 
If pump Eta is left running, pump Theta takes 12 days to empty the pool. How long does pump 
Theta take if pump Eta is turned off ? 


§1.4 ANSWERS 


1. 2.4 sec 11. 2.0 sec 21. 28 ft 

2. 3.0 sec 12. never 22enlett 

3. 2.0 sec 13. 1.0 sec 23. 50 mi/hr 
4. 2.2 sec 14, 2.0 sec 24. 30 mi/hr 
5. 4.2 sec 15. never 25. 3 mi/hr 
6. 1.2 sec 16. 2 ft 26. 100 mi/hr 
7. 3.5 sec 17. 2.58 27. 10 hr 

8. 4.1 sec 18. 6’ x 8’ 28. 28 hr 

9. 3.1 sec 19. 1.5 ft 29. 3 days 
10. 1.0 & 3.0 sec 20. 1 ft 30. 4 days 
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Section 1.6. Other Types of Equations 


Solve the following equations over the real numbers. 


1, B-2s|=7 14. V3x-4=1 
15. Vet 44=0 
2. 2-x+5}-10=0 Sa 


16. 5-2Vx+2=1 

17, J6x+7 =x+2 

18. x=Vx-1+3 

19. Jx-34+V/x4+2=5 

20. ¥3x—-5+V2x+3+1=0 
7. 3x*-6=12 Pt. let D4 ay Ale D 

8. 3(2x-3)?+5=14 oe Jie 5 ea 4 
23. ¥6x+9+8=5 

24. 3+29/3x+4=7 


3. 4+/3x-2)=4 
4. 2\x|+7=6 
5. 7-|5x+1|=1 


6. 3|2x-5|-7=-1 


9. 2(x+4)? =-5 

10. 5(x-2)?-3=7 

11. 4(2x+1)? +6 =-26 
72 eer a 

12, -3+(3x+2)* =8 2 


13. 4=3-(x+3)° 


Solve the following equations over the complex numbers. 


26. 
27. 
28. 
29. 
30. 


31. 


32. 


3x° + 2x = $x’ 

2x* = 16x’ 

5x* +5x’ = 10x’ 
3x°+x7+12x+4=0 
x +3x? =4x4+12 


2x’? +1000x? -— x = 500 


-2+11 
3 


w {-0.17 , -1.16} 
bok ad 


| 


34. 


35. 


36. 


37. 


38. 


- 1 a 6x 
x 3x+1 
be Re 5 
x+7 x? +9x+14 
4 —24 
reer 2 
x+3 x -9 
26. {o,2.1] 
3 
27. {0, +2V2} 
28. {0, 1} 
29. {-3,#21 
3 
30. {+2,—3} 
31. 
500 tg o 
esas 
32. {6} 
33. {-6,4} 
34. © 
35. {3} 
36. {3} 
2 
37. © 
38. {-2} 


V2 


= 500 ,£— 


2 
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Section 2.2. Functions 


Definition: A relation is a rule which pairs elements of one set (the domain) with elements of 
another set (the range). 


Definition: A function is relation which pairs each element of the domain with exactly one element 
of the range. 


In this course, we will only consider real valued functions i.e. the domain and range will be subsets 
of the real numbers. The rule will usually be given by a formula such as f(x) = 2x + 1. 


A function can be thought of as a set of ordered pairs and hence we can “visualize” a function by 
graphing the ordered pairs. 


Vertical line test: If amy vertical line crosses the graph of a relation at 2 or more points, then the 
graph does not represent a function. (See definition of a function.) 


You can think of a function as a machine where the elements of the domain are raw materials you 
give the machine as input, and the elements of the range are what the machine produces. Think: 
domain = inputs to the function, and range = outputs from the function. 


How to find the domain and range of a function given by a formula: think this way — 
The domain = {mathematically legal inputs}. We often find the domain by finding all 
mathematically illegal input values and choosing the domain to be all the rest of the real numbers. 

So what’s illegal? Real numbers that give a negative value under an even root 

or 
Real numbers that give a zero in a denominator. 
This implies that if a function has no variables under an even root and no 
- variables in a denominator, then the function’s domain is all real numbers. 


The range = {all possible outputs}. Ask yourself the following questions: 
What’s the smallest/largest value the function generates? Does any number get skipped? 
Can the function be = 0? Can the function be positive? Can it be negative? What happens 
to the outputs as the input values get small/large? 


Odd & Even functions: 


A function is even if and only if f(x) = f(—x) for all x in the domain of f. 
A function is odd if and only if f(—x) = —f(x) for all x in the domain of f. 


The graph of an even function is symmetric with respect to the y-axis. 
The graph of an odd function is symmetric with respect to the origin. 


§2.2 EXERCISES 
Does the equation define y as a function of x? 


2x+3y=5 


1. 9 oes 14. y? -Sxy+6x? =0 
2. x-y=0 ORE y+4 15. y?—2xy+x’ = 
3. y-5=0 9. Ont 8 16 y? —-2xy+x’? = 
4. x-S=0 yt yt xX y 4 
5. x? +y? =4 10. y(x+20)=x May 
6. xy=12 11. y(x+20)=20 i lots ef 
eee 12. y(x+20)=0 a ar 

yyyts ISP y* =x? 
Find the domain of each real valued function. 
19. f(x)=V5x+2 24, f(x)= x42 
20. f(x) =V4-7x x? +6x45 
21. f(x) =V-2x 25. f(x)=Vx-2 

x 26. f(x) =Vx+3 

22. = 

I Sok Soar 27. f(x)=Va—x 

4 

23. US hoc a ae 28. f(a) = 17x! +2443x° V7 Ve 


§2.2 ANSWERS 


nee poesia ae 4x 12. No. y=0 or x=-20 
3 8-—x 13. No. y=+x 
2a Yes.-y =x Reva ys 24 14. No. y=2x or y=3x 
3. Yes. y=5 x-6 15. Yes. y=x 
4. No. x=5, vertical line 9. Yes. y=3x 16. No. y=xtl 
5. No. y=tv4-x? 10. Yes. y= — 17. No. y=+2vx 
eee? x+20 18. Yes. y=1-x 
6. Yes. y=— 20 
x 11. Yes. y= 


19, {x|xER and x = —2/5} or [-2/5, 9% 


or The set of real numbers greater than or equal to —2/5. 
20. {x|xeER and x < 4/7} or (-9 4/7] 


or The set of real numbers less than or equal to 4/7. 
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21; {x|xER and x Ss O} or (-9 0] 
or The set of real numbers less than or equal to 0. 

22: {x| xER and x#—-5} or (—093-5) U (-5, 9 
or The set of real numbers except —S. 

23. {x| xER and x#0 and x#-—4 and x#3} or (-~9-4) U (-4,0)U 0,9 
or The set of real numbers except —4, 0, and 3. 

24. {x|xeER and x#-5 and x#-l}or (-~-5)U (-5,-) UCI, 9 
or The set of real numbers except —5 and —1. 

25. R or (—° & or The set of real numbers. 

26. {x| xER and x 2 —3} or [-3, 9 
or The set of real numbers greater than or equal to —3. 


27. R or (—°%3 & or The set of real numbers. 
28. KR or (—9% & or The set of real numbers. 


Section 2.5 Shifting, Reflecting, and Stretching Graphs 


Given the graph of y = f(x), you can graph y = a-f(bx + c) +d, 
where a, b, c, & d are real numbers, as follows: 


af(bx + ¢) 
y=ai(bx +c) + 
/ eee 


If a < 0, reflect over the x-axis Left / Right Shifter Up / Down Shifter 
IfO0< |a| < 1, vertical shrink (7 oS) (4)5 4) 
If 1 < | a}, vertical stretch 


If b <0, reflect over the y-axis 
If0< |b] < 1, horizontal stretch 
If 1 < |b], horizontal shrink 


For some basic functions, the parameters would look like this: 
y=a(bx+c)? +d, y=a(bxt+c) +d, y=albxtct+d, y=avixtc+d, y=aNbx+c+d 


How the parameters affect points - ordered pairs (x, y) — of the graph of y = 
f(x): 


1) C: If C is positive (+), subtract |c| from all x values of ordered pairs. 
If C is negative (-), add | c| to all x values of ordered pairs. 


2) B: Multiply all x values by ‘ ( the reciprocal of b). 
3) A: Multiply all y values by a. 


4) D: If D is positive (+), add |d| to all y values of ordered pairs. 
If D is negative (—), subtract | d | from all y values of ordered pairs. 
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§2.5 EXERCISES 


Sketch the graph of each of the following functions. Start with a sketch of the basic function, then 
make a new sketch for the addition of each parameter. Find and label the coordinates of any x & y 
intercepts as well as the vertex, starting point, or point of symmetry as appropriate. 


1. f(x) =V-x+3 x ye (arey 
2. f(x) =V-x-3 a soy=[f-2 

3. f(x) =—-V-x-1 —2 3 

4. f(x)=+fx4+I-3 10. f(x)=J0/2x+3 

be Shea 11. f(x) =3/(1/3)x-2 -1 
5. f(x)=V-x+2 +1 brie irae 

6. f(x) = Wx-1 -2 13. f(x) =(2x+6) <1 


7. f(x)=-(x+l)? +2 


Use the graph of y = f(x) below to make a sketch of the graph of each transformed function. 


(G3; 2) (<1, 4) 


14. eS) i y= s{-F3] 19. y=->fe-1+3 


1S. y= f(2x) 182 A 20. y= f(2 
mgs y=-3f(x+l) -4 y= f(2x+4) 
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21. Write a function with the same shape as y = x’, but shifted to the right 3 units, shrunk 
horizontally by a factor of 1/4, reflected over the x-axis, and shifted up 4 units. 
22. Write a function with the same shape as y =|x|, but shifted to the left 2 units, stretched 


horizontally by a factor of 3, reflected over the y-axis, stretched vertically by a factor of 2, and 
shifted down 1 unit. 


23. Write a function with the same shape as y = /x , but shifted to the left 4 units, shrunk 
horizontally by a factor of 2/5, shrunk vertically by a factor of 2/3, and shifted up 2 units. 
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y=y-x+3 


§2.5 ANSWERS 


yryxt3 


y-intercept: ~(0,1.7) 


starting point: (3,0) x-intercept: (3,0) 


starting point: (-3,0) : x-intercept: (-3,0) 


y-intercept: none 


BEAHEH au 
RAMs ih es 


y-intercept: none 


x-intercept: none 


4. 


y-intercept: (0,-2) 


eS Ge Oe 2 FD a 


aS Teas 7) 


x-intercepts: (-4,0), (8,0) 


vertex:(2,-3) 


SueSeasks 
“ZONE Sees > 


point of symmetry: (2, 1) x-intercept: (3,0) y-intercept: ~(0, 2.26) 


ae teet | y=2x-1 


point of symmetry: (1,-2) x-intercept: (2,0) y-intercept: (0, -4) 


y=-((x+ ea y=-((x+ 1) +2 


point of symmetry: (-1, 2) x-intercept: ~(0.26,0) y-intercept: (0, 1) 


point of symmetry: (-2,0) x-intercept: (-2,0) 


5 yell 


vertex:(0,-2) x-intercepts: (-6,0), (6,0) y-intercept: (0,-2) 


10, ave 


starting point: (-6,0) x-intercept: (-6,0) y-intercept: ~(0, 1.7) 
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point of symmetry: (6, -1) 


2m yale 


starting point: (2,0) 


13. thea 


y 3x66) 41 


ee | ee 


| 


Hl } i | 
1 [sie BEEP ao. fe) Ls) MS) Viel 


point of symmetry: (-3,1) 


rei 


x-intercept: (9,0) 


y=yx-8 


y-intercept: ~(0, -2.26) 


y=\4x-8 


x-intercept: (2,0) y-intercept: none 


y= (x+6) y= (2.x+6) 


x-intercept: (-3.5,0) 


y-intercept: (0, 217) 
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iS; 


(0, 0) 


(2.5, 0) 
(S32=1) (181) (Gi, 2) 


16. 


(354)0 Cl.) 
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(2, -2) (6, -2) 


18. 
(-4,2)  (-2,2) 


21. y=-(4x-3)° +4 


7 yaapta+2—t 


23. ya? See +2 
£@ Wy 


(-3.5, -2) 


(-2.5, -2) 
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Section 2.7. Inverse Functions 


Definition: A function f(x) is said to be one-to-one if whenever a b, then f(a) + f(b). 
i.e. 2 different x-values (values of the domain) cannot have the same value in the range of f. 


Horizontal Line Test: A function is one-to-one if and only if no horizontal line crosses the 
function’s graph more than once. 


Definition: If a function fis one-to-one, then f~' (the inverse function of f) 
is the unique function such that: 
1) The domain of f is the range of f~' and 
the domain of f“' is the range of f. 
AND 
DES fi) =x (fea) 


Note: If f(a)=b, then f"'(b)=a 
ie: 
If the orderd pair (a,b) is a point of the graph of y = f(x). 
then the ordered pair (b,a) is a point on the graph of y = f' (x). 


Relationship between the graph of a function and it’s inverse: 
For a function f(x) and it’s inverse f~' (x), the graph of y = f~' (x) will be a reflection of 
the graph of y= f(x) over the line y = x. 


Section 3.1 Quadratic Functions 


Graphs 


Sketch the graph of the following functions. Find and label the coordinates of the vertex and 
any X or y intercepts 


1, f(x)=x? -3x 4, f(x)=-2x? +8x-3 


2. f(x)=2x? -12x+22 5. f(x)=x? +6x+7 


2 5 
3. f(x)=x? +2x45 6. f(x)=-x? =-2x-5 


Max/Min Problems with Quadratic Functions 


7. The number of miles per pound of fuel that an airplane uses can be written as a function of the 
planes airspeed. For Charles Lindbergh’s solo flight across the Atlantic ocean, the function was 
determined to be G(A) = —0.000653A” + 0.1274 —5.01 where A represents airspeed in miles per 
hour. 

(a) Determine the plane’s most economical airspeed. 

(b) How many miles per pound of fuel was used at that speed. 


8. The height in feet that a football reaches ¢ seconds after being kicked straight up is given by the 
function h(t) = —162? +1281+5. 

(a) What will the maximum height of the football be? 

(b) How many seconds after the ball is kicked will the ball reach its max height? 


9. The revenue that a concert hall receives from the sale of concert tickets is given as a function of 
the ticket price (p) as follows: R(p) = —500p* +1300p, where p is in dollars. 

(a) What ticket price will maximize revenue? 

(b) What is the maximum revenue? 


10. The cost per unit (in dollars) to manufacture a total of q units of a product is given by: 
C(q) =.25q? —37.5q + 1406.7 


(a) What is the minimum cost per unit? 
(b) How many units should be manufactured in order to minimize the cost per unit? 
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§3.1 ANSWERS 
1. 


vertex: ay ae 
ey 


x - intercepts:(0, 0), (3, 0) 
y- intercept:(0, 0) 


3. 
vertex:(1, 6) 


x - intercepts:(1 + /6, 0) (3.45, 0) 


(1 - (6, 0) ~-(-1.45, 0) 
y - intercept:(0, 5) 


6 


-1 
-2 
-3 
4 


2. 


vertex:(3, 4) 
x - intercepts: none 
y - intercept:(0, 22) 


x- meron AYO 0} ao, 0) 
ose o}a(.s, 0) 


y - intercept:(0, -3) 


= 6. 

vertex} -1, —2 
vertex:(-3, -2) ae igh 
x - intercepts:(-3 + /2, 0) ~-(-1.59, 0) X- itercepts: none 


(-3 - (2, 0) ~-(-4.41, 0) 


y - intercept:(0, 7) 


7. (a) 97.24 mph 
(b) 1.16 miles per pound of fuel 


8. (a) 261 feet 
(b) 4 seconds 


9. (a) $13 per ticket 
(b) $84,500 


10. (a) $ 0.45 (45 cents) 
(b) 75 
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Section 3.2 Graphing Polynomial Functions 
Definition: A function of the form f(x)=a,x" +a, x"! +a,.x%" +...+4,X+@, 


where the a; represent complex numbers and n is a positive integer is called a 


polynomial function. 
In layman’s terms, a polynomial function is a function made up of a string of sums & 


differences of terms involving a variable raised to positive integer powers. 


The degree of a polynomial is the highest exponent that occurs on the variable when the 
polynomial is in expanded form. 


Some things to note about the graph of a polynomial function. 
1) The graph of a polynomial function will always be a smooth, continuous curve. 


2) The maximum number of “peaks” & “valleys” will be one less than the degree. 


3) As x ++, we will have y +> +0. This means that to the “far” left and “‘far’”’ right of the 


graph, the graph will continue upward toward positive infinity or downward toward negative 
infinity. 


Steps to graphing a polynomial function 
1) Find the degree of the polynomial. 


2) Determine the sign of the leading coefficient. 
3) Use the info from the above 2 steps to determine the “end behavior” of the graph. 


Even Degree Odd Degree 
Pos. L. C. Neg. L. C. Pos. L. C. Neg. L. C. 
Like y =x’ Like y = —x? Like y =x? Like y = -x° 


Th 7a 


4) Determine the maximum number of peaks & valleys. 

5) Find all x & y intercepts. 

6) Test values of x in the intervals determined by the x-intercepts to determine whether the 
“loops” will be above (+) or below (—) the x-axis. 
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§3.2 EXERCISES 


Sketch the graph of each of the following functions. Find and label any x & y intercepts. 
1. f(x) =x? +3x? 4. f(x) =—-2x(x+1)?(x-2) 
2.. f(x) =(x—-2)*(x+2)? 5. f(x) =-(x+4)(x+1)?(x-2)’ 


3. f(x) =—x(x—-3)?(x+4) 6. f(x) =-x(x + 3)?(x-1)(x-3)’ 
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§3.2 ANSWERS 


1. x-ints: (-3,0), (0,0); y-int. (0,0) 


5 
4 
3 
2 
1 


-1 
4 
3 
4 
5 


3. x-ints: (-4,0), (0,0), (3,0); y-int. (0,0) 


120 
110 
100 


5. x-ints: (-4,0), (-1,0), (2,0); y-int. (0,-16) 


2. x-ints: (-2,0), (2,0); y-int. (0,16) 


6. x-ints:(-3,0),(0,0),(1,0),(3,0); y-int. (0,0) 
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Sections 3.2, 3.3, 3.4 Analysis of Polynomial Functions 


The Big Theorem 
For a polynomial P(x) and a complex constant k, the following statements are all equivalent: 


1) kis a zero of P(x). 

2) P(k) =0. 

3) The remainder when P(x) is devided by (x — k) is 0. 
4) (x —k) isa factor of P(x). 

5) kis a solution (or root) of the equation 0 = P(x). 


6) If k is a real number (i.e. not imaginary), 
then (k, 0) is an x-intercept for the graph of y = P(x). 


A Slightly Smaller Theorem (but still important) 

Every polynomial of degree n has exactly n complex zeros (not necessarily unique). 
If (x — k)’ is a factor of P(x), then we say k is a zero of multiplicity j, 

and we count k as a zero of P(x), j times. 


Conjugate Zeros Theorem 
If a + bi is a zero of a polynomial with real coefficients, then a — bi is also a zero of the 
polynomial. 


Rational Zeros Theorem 
If a polynomial with integer coefficients, P(x) = Lx" + ag.(xn) +++ tax +C, 


factor of C 


h tional zeros, they must be of the form: ; 
as any rational zeros, they Fe 
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§§ 3.2, 3.3, 3.4 EXERCISES 


1. Determine whether the following are factors of P(x) = x’ —9x’? +14x+24. 
(a)x-4 (b)x +2 (c)x-—5 (dy xer 


2. Determine whether the following are zeros of P(x) = x’? + 4x? -11x-30. 


(a) -2 (b) -1 (c) 3 (d) 5 


3. Find the zeros of the polynomial function and state the multiplicity of each. 
(a) P(x) = (x +3)*(x-1) (c) P(x) = x°(x-1) (x +5) 
(b) P(x) = —8x*(x-2) 3x44) d) P(x) = (x? -5x +6) 


Find a polynomial function P(x) of lowest degree with real coefficients satisfying the given 
information. Simplify completely for # 4 — 7. Do not simplify # 8! 


4, —2, 3 and 5 are zeros 5. 0 is a zero of multiplicity 2, and —1 is a zero 
6. —3 and 2i are zeros 7. 4 and 5 — 3i are zeros 
8. (a) 0 is a zero 
(b) 2 is a zero of multiplicity 3 
(c) —4 is a zero of multiplicity 4 
(d) -1 + 47 is a zero 
Use the given zero to find all complex zeros of the polynomial. 
9. P(x) = 6x° +13x? + 4x-3:-1 10. P(x) =x? + 2x? -29x+20; 4 
11. P(x) =x* —5x° + 7x? —5x4+6;-i 12. P(x)= x° —3x? +12x-10; 143% 


Find all possible rational zeros of the polynomial: 
13. P(x) = x’ +37x° —6x? +12 14. P(x) = 15x°+47x?-2 15. P(x)=10x° — x? +7x4+9 


Find all complex zeros of P(x) and factor P(x) into linear factors: 
16. P(x)= x° + 3x? -10x-—24 17. P(x) =x 3% 42 
18. P(x) = x° —5x? +11x4+17 19. P(x) = 6x" + 23x? 41x —12 


20. P(x) = x4 42° 4+2x-4 


§ 


N 


9 


1 


1 


1 


ela gi lanes 


§ 3.2, 3.3, 3.4 ANSWERS 

. a) yes b) no c) no d) yes 
. a) yes b) no c) yes d) no 
. a) —3 with multiplicity 4, 1 with multiplicity 1 


b) 0 with multiplicity 4, 2 with multiplicity 3, —4/3 with multiplicity 5 
c) O with multiplicity 3, 1 with multiplicity 2, —5 with multiplicity 1 
d) 2 with multiplicity 2, 3 with multiplicity 2 


x — 6x? —x+30 


x+x? 


x9 43x27 44x412 
x? -14x? + 74x -136 
x(x —2)°(x + 4)4(x -[-14 4/])(x -[-1- 4/]) 


DP f-1, 1/3.-3/2} 
0. (4, -3+ 14} 
1. {+i, 2,3} 


2. {143i, 1} 


Wjteligdk 2 35454-6512 


94, Nc pt 4/3 pt /3 ct 1/5; 42/5 521 15, 2/15 


15. +1, +3, +9, 1/2, +3/2, 9/2, +1/5, +3/5, 9/5, +1/10, +3/10, 9/10 


16. {-2, 3, -4}; P(x) = (x + 2)(x — 3)(x + 4) 


17. {-2, 1}; P(x) = (x + 2)(x - 1) 


18. {-1, 3+ 2iV2 }; P(x) = (x + 1)(x — [3+ 2iV2 ])(x - [3 -2iV2 ]) 


19. {-3, 1/2, —4/3}; P(x) = (x + 3)(x — 1/2)(x + 4/3) or P(x) = (x + 3)(2x — 1)(3x + 4) 


20. {1,-2, +iV2 }; P(x) = (x — 1)(x + 2)(x + iV2 (x - iV2) 
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Section 4.2. Graphs of Rational Functions 
Definition: A rational function is a function that can be written in the form: 


I (x)= een where P(x) & Q(x) are polynomials and Q(x) # 0. 
x 


For the next two definitions, n is a real number. 


Vertical Asymptotes: If f(x) > +o (or y > +w)asx > n, 
then x = n is a vertical asymptote of f(x). 


Horizontal asymptotes: If f(x) > n(ory > n)asx > +o, 
then y =n is a horizontal asymptote of f(x). 


Steps to Graphing a Rational Function 
1) Find all vertical asymptotes by finding where the denominator = 0, but the numerator + 0. 
2) Find any horizontal asymptote: 
Let N = the degree of the numerator and D = the degree of the denominator. 
Cases: a) If N < D, then y = 0 is the horizontal asymptote. 
b) IfN=D, 
then y = Leading Coefficient of the numerator is the horizontal asymptote. 
Leading Coefficient of the denominator 
c) If N > D, then there is no horizontal asymptote. 
3) Find all x intercepts. 


4) Find any y intercept as usual. 


5) Test values of x in each of the intervals determined by the x-ints and vertical asymptotes to 
see whether f(x) will be positive (above the x axis) or negative (below the x axis). 


6) Graph the function. Note: There should be a “piece” of the graph in each section of the 
x/y plane as divided up by the vertical asymptote(s). 
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Section 5.1 Exponential Functions and Their Graphs 


Graphs 


Sketch the graph of each of the following functions. 
Find and label the horizontal asymptote and the y-intercept. 


1. f(x)=0.47 2. f(x) =3 3. fey=(3) 4. f(x) =3"" 
Si) = 2" 43° «6, fia)=(4) =o a) Hl Soa 8. fy=(2) $2 


Compound Interest 
Find money to the nearest penny and interest rate to the nearest tenth of a percent. 


9. How much money will you have if you invest $1000 for 1 year at 4.5% compounded annually? 
10. How much money will you have if you invest $2000 for 5 years at 5% compounded 
semiannually? 

11. How much money will you have if you invest $8000 for 10 years at 5.5% compounded 
quarterly? 

12. How much money must you invest at 4% compounded monthly for 20 years in order to have 
$90,000? 

13. How much money must you invest at 7% compounded annually for 5 years in order to have 
$60,000? 

14. How much money must you invest at 6% compounded semiannually for 10 years in order to 
have $70,000? 

15. What annual interest rate compounded quarterly will yield $500,000 on an investment of 
$30,000 for 20 years? 

16. What annual interest rate compounded monthly will yield $1,000,000 on an investment of 
$40,000 for 25 years? 

17. What annual interest rate compounded annually will yield $100,000 on an investment of 
$10,000 for 5 years? 

18. What interest rate compounded annually will double an investment in 10 years? 

19. What interest rate compounded semiannually will triple an investment in 20 years? 

20. What interest rate compounded quarterly will quadruple an investment in 30years? 

21. How much money will you have if you invest $20,000 for 30 years at 6.5% compounded 
continuously? 

22. How much money must you invest at 3% compounded continuously for 25 years in order to 
have $100,000? 
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§5.1 ANSWERS 


1. y-intercept: (0,1) 2. y-intercept: (0,1) 3. y-intercept: (0,1/4) 
asymptote: y = 0 asymptote: y = 0 asymptote: y = 0 


4. y-intercept: (0,1/3) 5. y-intercept: (0,4) 6. y-intercept: (0,-1) 
asymptote: y = 0 asymptote: y = 3 asymptote: y = -2 


7. y-intercept: (0,-1.75) 8. y-intercept: (0, 3.5) 
asymptote: y = -4 asymptote: y = 2 


9. $1045.00 
10. $2560.17 
11. $13,814.17 
12. $40,493.44 


13. $42,779.17 
14. $38,757.30 
15. 14.3% 
16. 12.9% 
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17. 58.5% 21. $140,573.75 
18. 7.2% 22. $47,236.66 
19. 5.6% 


20. 4.6% 
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Section 5.2. Logarithm Functions and Their Graphs 


The log function: f(x)=log,(x) Read “log base b of x” where b € R, b>0,b # 1 
What the heck does it mean? y = log, (x) ifand only if b” =x 
i.e. log,(x) is the exponent you put on b to get x. (Logarithms are Exponents!) 


The domain and range of the log function: Note that f(x) = log,(x) is the inverse of g(x)=05". 


Range (“outputs” 


The Logarithmic Function 


x) = log, (x 


Domain (“inputs” Range (“‘outputs”, exponents 


Two Special Logs: log(x) = log, (x) is called the “common log” 


In(x) = log,(x) is called the “natural log” 


Properties of Logarithms 

1. log,(1)=0 5. log,(xy)= log, (y)+ log, (y) 
2. log,(b)=1 6. log, ¥) = log, (y)— log, (y) 
3. log, (b* )= x Di: logs (x" )= n- log, (x) 

4. pies) — x 8. log, (x) = 86) 


log, (a) 


Section 5.3 


Evaluate exactly: 


eo = 
° . 


Catone 


Given that log, 2~0.27 and log, 3 = 0.43, find to the nearest hundredth: 


log, 2° 
log, itz 
log, 125 


log, V6 


17. log, 6 


18. log, ¥, 


Given that log, 4 + 1.26 and log, 5 ~ 1.46, find to the nearest hundredth: 


25. log, 20 
26. log, 12.5 


eo AM 


19. log, 24 


Properties of Logarithms 


log i000 
log 0.001 


Ine‘ 


InJe 


20. log, 8 


27. log, 0.8 


28. log, 16 


9, Deer 
10. 3% 
11. 4°28’ 


12. idee: 49 


21. log,9 
22. log, 12 


29. log, 2 
30. log, V4 


How many decimal digits are needed to express the numbers? 


3350" 
Ran ser 


§5.3 ANSWERS 


ee a oe ee 


3 
"5 
3 
"5 


3505 
36-2" 


11. 
12. 
13: 
14. 
15. 
16. 
i Wee, 
18. 
19. 
20. 


S75 19200 
38. 5°” 


21. 0.86 
Deno) 
23. 1.13 
24. 1.40 
Doeee 
26. 0.20 
27. —0.20 
28. 2.52 
29. 0.63 
30. 0.42 


23. 
24. 


31. 
az. 


39. 
40. 


31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 


: 108"! 
14. 
15. 


aids 49 
e e 


10008!" 


e™ 34 


log, 18 
log, 36 


log, 100 
logy 0.01 
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Section 5.4 Exponential and Logarithmic Equations 
How to solve logarithmic equations. 


Method 1: The equation involves some logs and some constant terms. 
1) Get all logs on one side of = and constant(s) on the other. 

2) Use properties of logs to get one log expression on one side of =. 
3) Translate to exponential form & solve. 


Method 2: The equation involves only log expressions 
1) Use properties of logs to get one log expression on each sides of the =. 
2) Use the property that log,(x) = log,(y)if and only if x = y 

i.e. drop the logs, set the arguments =, & solve. 


Note: Either of the above methods can be used on any log equation 
(but you may have to do some rewriting first). 


Big Note: Potential solutions to log equations MUST be checked 
in the original equation to ensure you have only log, (Positive real numbers). 


§5.4 EXERCISES 


These equations aren’t really exponential equations because the variable is in the base. Solve for x 
by raising both sides of the equation to the reciprocal power at the appropriate time. 


lex oon 8 3. 4x7? =300 = 444 5. (x+1)” =32 
3/ = 
x”? -% 4. 3(x?? -10)=999 6. 5(x-1)"+1=81 


Solve for x exactly by finding a common base. 


7. 6° =36 115% =25*" fea 

8. 5% =125 12. 3° =277 G) lS 
ne Regehr Sye 2 

cae Those 1 Sie ee 


’ ae 18) 9725243 
3 16 Ve\re 

10. Sore =e x+3 _— 2 

(2) 9 15. 9a | — (=) 19. a —4x = 1 


Solve for x exactly by translating the equation into exponential form. 


20. 
Zi. 
22. 
23. 
24. 


25. 


x =log,8 

x =log, 4 

x = log,., 81 
x =log, V3 
x =log , 125 


3 
log,.x => 


26. 


ma 


28. 
29. 


30. 


Solve for x to the nearest thousandth. 


aD: 
36. 
Si. 
38. 


Solve for x exactly: 


43. 
44. 
45. 
46. 
47. 
48. 


log(x+20) = 2 

log(x?-15) = 1 

log(x+2) + log2(x-2) = 5 
log(x+1) = 3 + log(x) 
log(4) = 1 — log(x-1) 
In(x) + In(x+2) = In(8) 


logyy X = : 
y 
log,, x = a 
2 
loB 4/9 X = 2 
2 
log 5 x =8 
2 
log, 64 = A 
39. 
40. 
41. 
42. 
49. 
50. 
51. 
52: 
53. 


3 
31. log, 64= 5 
32. log, 7= tgs 
Z 
SEF log, 2 = 4 
Poy ne 
34. log, 9=4 
2(20* -1)= 20 
11*°+2=22 
13ian= 26 
2*) 6.5 


logs(x+4) + logs(x+5) = logs(12) 
log3(x) = log3(2) — log3(x-2) 

log(4) + log(x) = log(5) — log(x) 
In(x) — In(x+1) = In(x+3) — In(x+5) 
log2(x) — log2(3x-1) = 0 
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§5.4 ANSWERS 


16 
216 
49 


SES IC Ge fd de 
WwW 


20. 
21. 
22; 
Z3. 
24. 
255 
26. 
Zi 
28. 
29. 
30. 
ot: 
Ape. 
33. 
34. 
35. 
36. 
37. 
38. 


39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 


50. 


“= 


52. 
= 


Section 5.5 Exponential and Logarithmic Models 


Exponential Growth/Decay Functions: f(t) = /-b" 
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f(t)= future amount of “stuff” b = base (a real number constant , often e) 
(at time t) 
]= initial amount of “stuff” k = a real number constant that, along with b, 
(when t = 0) reflects the rate of growth/decay 
t= time (units depend on the situation) 
Examples 


1. The mass in grams of a sample of a certain radioactive element is given by M(t) = 50e 
(t in years). 


a) How many grams of the sample are present initially? 

b) How many grams of the sample will be present after 1000 years? )nearest 10" of a gram) 
c) How many years will it take until the sample decays to 15 grams? (nearest 10" of a year) 
d) What is the half-life of the element? (nearest 10" of a year) 


2. The number of bacteria in a Petri dish after t hours is given by N(t) = 500e°”. 


a) What is the initial number of bacteria in the dish? 

b) How many bacteria will be present after one day? 

c) How many hours will it take for the number of bacteria to reach 5000? 
(nearest 10" of an hour) 


§5.5 EXERCISES 
Compound Interest 


1. For how many years must you invest $5000 at 6.25% compounded semiannually in order to 
have $10,000? 

2. For how many years must you invest $10,000 at 4% compounded quarterly in order to have 
$25,000? 

3. For how many years must you invest $20,000 at 6% compounded monthly in order to have 

$60,000? 

4. How many years will it take to quintuple an investment at 6% compounded monthly? 

5. How many years will it take to double an investment at 3% compounded annually? 

6. How many years will it take to triple an investment at 4% compounded semiannually? 


-0.00041 
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7. What annual interest rate compounded continuously will yield $1,000,000 on an investment of 
$50,000 for 40 years? . : 

8. What interest rate compounded continuously will octuple an investment in 50 years: 

9. For how many years must you invest $50,000 at 5% compounded continuously in order to have 
$500,000? 

10. How many years will it take to sextuple an investment at 7% compounded continuously? 


Population Growth 

The population of a certain city is given by P(t) =1000e°""’. 

11. What is the initial population? 

12. What will the population be in 6 years? 

13. How long will it take the population to double? (nearest 10" of a year) 

14. How long will it take the population to reach 5000 people? (nearest 10" of a year) 


The population of a city was 1000 in 1980, and 1455 in 1985. Assume exponential growth. 
15. Find an expression for the population P in terms of the year t, letting t = 0 mean 1980. 
16. What was the population in 1990? 

17. What was the population in 1995? 

18. What was the population in 2002? 

19. After how many years did the population double? 

20. After how many years did population triple? 

21. After how many years did the population quadruple? 

At 12:00 noon, we have 500 bacteria in a culture. At 3:00 PM, we have 1000. Assume 
exponential growth. Find bacteria to the nearest ten and time to the nearest minute. 

22. Find an equation for the number P of bacteria after t hours. 

23. How many do we have at 1:00 PM? 

24. How many do we have at 4:00 PM? 

25. How many do we have at 6:00 PM? 

26. How many do we have at 12:00 midnight? 

27. At what time has the population tripled? 

28. At what time has the population quadrupled? 

29. At what time has the population quintupled? 


Radioactive Decay 


The mass in grams of carbon-14 ina fossil is given by M(t) = 30e 2000171", 
30. How much carbon-14 was present initially in the the fossil? 
31. How many grams arc present after 4000 years? (nearest 10" of a gram) 


32. If the fossil now contains 10 grams of carbon-14, how old is it? (nearest 10" of a year) 
33. What is the half-life of carbon-14? (nearest 10" ofa year) 


We start with 800 g of radioactive Proactinium-234. 20 hours later we have 100g. 
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34. Find an equation for the amount A of Pa-234 after t hours. 
35. How much do we have after 10 hours? 
36. How much do we have after 40 hours? 
37. What is the half life of Proactinium-234? 
38. When will we have 600 g? 
39. When will we have 450 g? 
Magnesium-23 has a half life of 11 seconds. We start with 1000 g. 
40. How much do we have after 30 seconds? 
41. How much do we have after 60 seconds? 
42. When will we have 707 g? 
43. When will we have 353.5 g? 
We start with 100 g of Radium-228. 5 years later, we have 59.6 g. 
44. How much do we have after 10 years? 
45. How much do we have after 13.4 years? 
46. When will we have 90.1 g? 
47. What is the half life of Radium-228? 


Newton’s Law of Cooling 


Newton’s Law of Cooling states that the temperature of an object placed in a surrounding medium 
of constant temperature is given by the formula: 


T=S+(T7,-S)e“, where i 
S = the temperature of the surrounding medium 
To = the initial temperature of the object 
t = the time that the object has been in the medium 


the temperature of the object at time f 


and k is a constant which depends on the specific heats of the object and the medium. 


A 40°F soft drink is placed in a 70°F room. One minute later, its temperature is 52°F. 
48. What will its temperature be in 2 minutes? 
49. When will its temperature be 65°F? 


A 70°F soft drink is placed in a 40°F room. One minute later, its temperature is 58°F. 
50. What will its temperature be in 2 minutes? 
51. When will its temperature be 45°F? 


A 95°C cup of mint tea is placed in a 21°C room. Two minutes later, its temperature is 76°C. 
52. What will its temperature be in 5 minutes? 
53. When will its temperature be 37°C? 
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54. You discover the body of a man in your library, which you keep at a constant temperature of 
72°F (the library, not the body). The temperature of the body is 77.9°F at 10:00 PM, and 75.6°F 
11:00 PM. When did the man die? Assume that he did not have a fever at the time of his death. 


§5.5 ANSWERS 

P13 yr 94 ed Roe ta g 37. 6.67 hr 
2:723.0 Yr 22. P=500e°?" = 6:40 
3. 18.4 yr Sas 500-2'7 38. 2.77 hr 
4. 26.9 yr 23" 630 39. 5.54 hr 
5. 23.4 yr 24. 1260 40. 151.0g 
6. 27.7 yr 25. 2000 41. 22.88 
Us Uae 26. 8000 42. 5.5 sec 
8. 4.2% 27. 4:45 PM 43. 16.5 sec 
9. 46.1 yr 28. 6:00 PM 44. 355g 
10. 25.6 yr 29. 6:58 PM 45. 25.0¢g 
11. 1000 30. 30g 46. 1.0 yr 
1213 31. 18.5g 47. 6.7 yr 
13. 10.0 yr 32. 9079.4 yrs old 48. 59.2°F 
14. 23.3 yr 33. 5728.5 yr 49. 3.5 min 
ISP P=1000e 02 34. A=800e°'™ 50. 50.8° F 
16. 2117 = 00. 272"/20 51-35 mm 
ri oe 35. 283 g SZ. 56.2°C 
ee - 36. 12.5 g 53. 10.3 min 
ae vote 54. 6:57 PM 
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Answers to Odd-Numbered Exercises and Tests 


Chapter P 
Section P.1 (page 9) 
Peet oe te 2 (D) Sa. O42 11 
(c) —9, -4,5,3,0,1,-4,2,-11 @ V2 
Seay le) — 1351 — 6 
POI O6605— 35 = Loni 0 = 1) O:OLOTIOII, <x. 
5, (a) 28 (b) 2,-1,8, -22 
(c) -4,8,-7.5,-1,8,-22 (dd) -—7,3V2 
7. 0.625 9. 0.123 fla 2 
3 OS SS SS SSS —4> -8 
-8 —] —6 = —4 
eye - <7 
+e+—+ +—_+—_@ > 
ee 2 tert. PSS 6S 
sf ote 2 > z 
aa oo 
0 1 
19. x < 5 denotes the set of all real numbers less than or equal 
to 5. Unbounded 
———_—_—_—_—_—_—_4 
0 1 Dn BES) 36 
21. x < 0 denotes the set of all negative real numbers. 


Unbounded 
——————_—_—_fP +> x 
—2 -1 0 1 2 


. x > 4 denotes the set of all real numbers greater than or 


equal to 4. Unbounded 


. —2 <x < 2 denotes the set of all real numbers greater 
than —2 and less than 2. Bounded 
—re_———_ 

—2 a 0 1 2 

. —1 < x < 0 denotes the set of all negative real numbers 
greater than or equal to — 1. Bounded 
—__—-_— 

= 0 
LL SOS aiiky jy 2 W 
» Osis eZ 35. W S165 


. This interval consists of all real numbers greater than or 


equal to 0 and less than 8. 


. This interval consists of all real numbers greater than — 6. 


41. 
51. 
5s 
65. 


67. 


69. 


71. 
os 
79. 
81. 


83. 
85. 
89. 
91. 
2B) 
95. 


10 43 5ee eas) dea I 
|-3| > -|-3| 53. -5 = —|5| 
—|-2)=—-|2| -57.4 59.51 61.3 63.2 
|$113,356 — $112,700] = $656 > $500 
0.05($112,700) = $5635 


Because the actual expenses differ from the budget by more 
than $500, there is failure to meet the “budget variance test.” 


|$37,335 — $37,640| = $305 < $500 
0.05($37,640) = $1882 


Because the difference between the actual expenses and the 
budget is less than $500 and less than 5% of the budgeted 
amount, there is compliance with the “budget variance test.” 


(a) 
Year | Expenditures 
(in billions) 
1960 $92.2 
1970 $195.6 
1980 $590.9 $73.8 (d) 
1990 pIZs322 $221.2 (d) 


$1788.8 $236.4 (s) 


49. —1 


Surplus or deficit 
(in billions) 


$0.3 (s) 


$2.8 (d) 


240 
iB) ee 
82 
=a «(144 SD 
on = 
es) 0 
fee SIS oO 
eS AS 
i) 48 Zed 
Gry ke 
on 
S o So i=} i=} 
oO > i} NH (<=) 
an an Hn a So 
De Gy) 
Year 


|57 a 236| = 179 miles TSG Ole 23| = By 
a5 | oe Tsay hice. 6 
Tx and 4 are the terms; 7 is the coefficient. 


/3x2, —8x, and —11 are the terms; /3 and —8 are the 
coefficients. 


4x3, x/2, and —5 are the terms; 4 and + are the coefficients. 
g—10 8) (b) 36 87. (a) 14 (b) 2 

(a) Division by 0 is undefined. (b) 0 

Commutative Property of Addition 

Multiplicative Inverse Property 


Distributive Property 


A2 


fe 
99. 


101. 


109. 


111. 


113. 


115. 


117. 
119. 
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Multiplicative Identity Property 


Associative and Commutative Properties of Multiplication 


= 103. : 105. 48 


0.000001 


(b) The value of 5/n approaches infinity as n approaches 0. 


| 
False. If a < b, then Pi > , where a # b # 0. 
(a) No. If one variable is negative and the other is 
positive, the expressions are unequal. 
(b) ju + v| < |u| + |v| 


The expressions are equal when u and v have the same 
sign. If uw and v differ in sign, |u + v| is less than 
|u| + [yI. 
The only even prime number is 2, because its only factors 
are itself and 1. 
(a) Negative (b) Negative 


Yes. |a| = —aifa < 0. 


Section P.2 (page 21) 


1. 
3. 
Ts 
11. 
15. 
21. 
29. 


SRE 


37. 


41. 
43. 
45. 
47. 
49. 
51. 
SR) 
Si 
63. 
69. 


8x8x8x8x8 

-(0.4 x 0.4x0.4x04x04x04) 5. 4.96 
(10) 9. G27 (bs 

(a) 729 (b)-9 13. (a) @ (by -1 

(a)2 ()4 17. =1600 19, 2.125 

AT 2356) 2505ee 27 

(a) —125z? ~—(b) 5x6 31. (a) 24y!©—(b)_ 3x? 
(a) : (b) tx +y)? 35. (a) 1 (b) ie 


5 
(a) 2 (ty) ou SOF) (a)ns 7 ) Ze 
Xx a 


5.73 x 10’ square miles 


8.99 x 10~5 gram per cubic centimeter 


4,568,000,000 servings 
0.0000000000000000001602 coulomb 

(a) 50,000 (b) 200,000 

(a) 954.448 (b) 3.077 x 101 

(a) 67,082.039  (b) 39.791 55. 9¥/2 
/32 59. ./196) 61..(—216)1/2 
2765. 8154 | 67x@y3. oe 
(a) -125 (6) 3 71. (az b) 2 


73. (a) =4) “(by 29 9°75) F7 550 bys 
77, (ay =0.011  (b) 0.005- "79 G@ 25/2) ib) 223 
18 
81. (a) 6x/2x —(b) We 
5 3 2 
83. (a) 2x/2x? (b) Shh 85. = 
1 ae oe ae} 
87. x2” Xa () 89. 3.4 91. 11 
p) g 
3.——~ %, ——— 
v2 aG/5S 3) 
97. (a) /3 (b) 3/& + 1) 
99. (a) 24/2 (b) 8/2x 
101. (a) 34./2~ )222- 103. @) 2y2-_Oy4ave 
105. (a) 13./x +1  (b) 18/5x 


107. /5 + /3 > /5 +3 


109. 5 > Tile ape 1.57 seconds 


(a) 

' Danse 
fe [o [28 [sa [ra7| 95] roe as 
Mm? |: p> 
13.29 | 14.00 | 14.50 | 14.80 | 14.93 | 14.96 


(b) Yes. t = 8.64.\/3 = 14.96 


115. True. When dividing variables, you subtract exponents. 


113. 


a 


m 
117. a° = 1,a + 0, using the property —— —="7" 
a 
m 
Ce = gn-m — 70 — 1 
qm a a o 


119. When any positive integer is squared, the units digit is 0 
1, 4, 5, 6, or 9. Therefore, \/5233 is not an integer. 


Section P.3 (page 29) 


1. d 2a 3h Is 4.a Ry it Gunc 
7. —2x3 + 4x? — 3x + 20 (Answers will vary.) 


t} 


9. —15x* + 1 (Answers will vary.) 

11. Degree: 2; Leading coefficient: 2 

13. Degree: 5; Leading coefficient: 1 

15. Degree: 5; Leading coefficient: —4 

17. Degree: 5; Leading coefficient: 1 

19. Polynomial: —3x3 + 2x + 8 

21. Not a polynomial because of the operation of division 


23. Polynomial: —y+ + yo ye 25, —25 — 10 


27. 
31. 
37. 
43. 
47. 
49. 
SR} 
Sie 
61. 
67. 
a1. 
TES 
79: 
83. 
89. 
D5; 


We 


wh 


101. 
103. 


105. 


107. 
109. 
111. 


113. 


3x2 = 2x #2 29. 8.3x3 + 29.7x2 +11 

Digg Se fs} 93; 3x° = Gx 4: 3x 95: 15274 5z 
—4x4+ 4%  39.7.5x3+9x 9 41. —3x2 — 12x 
Ax? — 2x2 4+ 4 45. 5x2 — 4x + 11 


— 30x? + 57x? + 25x — 12 


x* — x2 + 5x2 — 9x — 36 51. xt +2741 


xe Tx + 12 55, 6x7 — 7x — 5 

Ax Fb AD 4-9 59..4x2 — 20xy +.25y2 

x*— 100 63. x2-—4y2 65. m2? -—n?-—6m+9 
x + 2xy + y* — 6x — Gy + 9 69. 4r* — 25 


x2 + 3x2 4+ 3x41 To, OX? — 125 yea Oxy — ys 
16x — 24x43 +9 77, ix? - 3x49 
52-4 81. 1.44x2 + 7.2x 49 


2.25x" — 16 85. 2x? + 2x 87. u* — 16 
x-y 91. x%°-2/5x+5 93. $85,000 
(a) 500r2 + 1000r + 500 


(b) 


500(1 + r)? | $525.31 | $530.45 | $540.80 


500(1 + 7)? | $546.01 | $551.25 


(c) The amount increases with increasing r. 
V = x(26 — 2x)(18 — 2x) 
= Ar(x — 13)(% — 9) 


a6 | 


720 


(a) 3x2 + 8x (b) 30x? 

(c) x2+4x (d) 3x2 + 14x + 30 
44x + 308 

(a) Estimates will vary. 


(b) The difference in safe load decreases in magnitude. 
(x + I(x + 4) = xe + 4) + 10+ 4) 

Distributive Property 

False. (4x2 + 1)(3x + 1) = 12x37 + 4x? + 3x + 1 
ipa 


The student omitted the middle term when squaring the 
binomial. (x — 3)? = x?—6x+9#x?+9 

No. (x2 + 1) + (—x? + 3) = 4, which is not a second- 
degree polynomial. (Examples will vary.) 


Answers to Odd-Numbered Exercises and Tests A3 


115. 


(3 + 4)27 = 49 # 25 = 3? + 42. 
If either x or y is zero, then (x + y)? = x? + y?. 


Section P.4 (page 38) 


117 


. (& —.2)(x? + 2x + 4) 
. (2t — 1)(4e2 + 2¢ + 1) 
. (u + 3v)(u2 — 3uv + 9yv?) 


ib Oze a2) (Bziceel) 
3 (2e —= 1x2 = 3) 

» Ox = 1)(2%)-# 1) 
2 Qx— Gx +2) 

» 66 +3) = 3) 

5 (il = DA? 
. (9x + 1)(% + 1) 

~ Bx-F 1)(245 5) 
» F02 + 3)(x + 12) 
101. 
103. 
107. 
109. 
111. 


113. 


30 3. 6x2y 5. 3(x + 2) 7. 2x(x? — 3) 
~(x-D@+6 1 (e+ 3)(e-1) 13. 4 + 8) 
» 3x02 + 4x- 10) 17. (x — 6)(x — 3) 

. (x + 6)(x — 6) 21. (4y + 3)(4y — 3) 

. (4x + A)(4x —4) 25. (x + 1) - 3) 

Ge 2y)Gu—2y) 29.6 22 31-(2t + 1)? 
.(5y—1)2 35. But+4y)?2 37. (x - 3) 


41. (y + 4)(y? — 4y + 16) 


= See) 49, —2(¢? — 2t — 3) 

. (x + 2)(x - 1) 53. (s — 3)(s — 2) 
= + 5)\G=4).. 57. G = 20) — 10) 
Gr-2G=1). 6L.Grai@es) 


65. (x — 1)(x? + 2) 

69. (3 + x)(2 — x?) 

73. (x + 2)(3x + 4) 

77. (3x — 1)(5x — 2) 
81. x2(x — 4) S323 1)2 
STs ae?) 
91. A(x + 36)(x — 18) 
95.-x0— 4) 2 1) 

99. (t + 6)(t — 8) 
(x + 2)(x + 4) — 2)(x - 4) 
5(x + 2)(x? — 2x + 4) 105. (3 — 4x)(23 — 60x) 
5(1 — x)2(3x + 2)(4x + 3) 
(x — 2)%(x + 1)3(7x — 5) 
3(x2 + 1)4(x4 — x2 + 1)4(3x + 2)2(33x° + 20° + 3) 
115. a 116. d 


b 114. c 


A4 


119. 


121. 
125. 
129. 
131. 
133. 
135. 
137. 
139. 
141. 
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1 1 1 
yey ie, alley 
4n(r +i) 123. 4(6 — x)(6 + x) 
=i4 (400.2 127 ie Aa et el 


Two possible answers: 2, — 12 

Two possible answers: —2, —4 

A 3 was not factored out of the second binomial. 
kx(Q — x) 

True. a* — b? = (a + b)(a — b) 

(CHES ACE aa) 

x3” — y?" is completely factored. 


Section P.5 (page 48) 


1. 
5 
th 


o: 


15. 


19. 


23. 


27. 
29. 


All real numbers 3. All nonnegative real numbers 
All real numbers x such that x # 2 


All real numbers x such that x > —1 


3 3 
Bye = 210 Le ez 0 13. > #0 
af 
eee hs SS, a SES 

43 

y-4,y#-4 2 ee x#-2 
y=4 == (781) 
pee 2 t2 Bey eee 
=D) 


DRE 
XS 


Pie 


The expressions are equivalent except at x = 3. 
31. The expression cannot be simplified. 
7 1 
332 se 0 Ab ieee 1 
nN 5a ae 
ar il = 
37. —— r #1 ee 


6x + 13 
(x 6) (eed) BSE GE ore te 
il. Pia a oe 243 
a Ay x7 + 3 

ls a it G+ D@ — 2x — 3) 

2-%x x = 2 a 
Slice) 2g eS es 55. oy aps 
57. 2x3 — 2x? — 5 


(x as 1)1/2 


59. The error was incorrect subtraction in the numerator. 


(i =. 22542 63. x(x+ 1), x # —1,0 


Dy 
2x +h phe a | 
5 = SSE PO Th SS, FSO 
& x*(x -+ hh) 2x 
35e "Il 1 
, ——, FEL gil 
3 s Jx+2+ Sx 
Xx 
ky SS OEE 
SLOT OR Susi mes 
5 1 b in te( (yee he 
T53(a) a 56 are) c 16 4 


(b) The model is approaching a T-value of 40. 


79. False. In order for the simplified expression to be equivalent 
to the original expression, the domain of the simplified 
expression needs to be restricted. If n is eh ses ih, il, 
If nis odd, x ¥ 1. 


81. Completely factor each polynomial in the numerator and in 
the denominator. Then conclude that there are no common 
factors. 


Section P.6 (page 56) 


1. Change all signs when distributing the minus sign. 
2x — (3y + 4) = 2x -— 3y—4 
3. Change all signs when distributing the minus sign. 


4 4 
16x (2x Fs 4a 


5. z occurs twice as a factor. 
(5z)(6z) = 302? 
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7. The fraction as a whole is multiplied by a, not the 1 1 te 
numerator and denominator separately. 61. True. SEGA dads a Sa 
e- a 

y y x = 16) 


9. ./x + 9 cannot be simplified. 


11. Divide out common factors, not common terms. 


63. Add exponents when multiplying powers with like bases. 


x” ‘ x3n = x4n 


2x = 1 cannot be simplified, 65. When a binomial is squared, there is also a middle term. 
x (Gee af oe = x2n Ae Dygirye ae yen ae xen aL yee 
13. To get rid of negati ; 
ee 67. The two answers are equivalent and can be obtained 
1 a 1 _ab __ab by factoring. 
1 1 1 1 
met D. Qa D QD. ba A(2x sail) 12x — 1)3/2 
15. Factor within grouping symbols before applying exponent EO. ~ 1)3/[6(2x — 1) + 10] 
to each factor. 
= 1)32 
(x? + 5x)M/2 = [x(x + 5)p/2 = x1/2(% + 5)1/2 = (2 ee 


17. To add fractions, first find a common denominator. 
34  3y+4x = 32x — 1)°7Gx + 1) 
iad 2 


es 
) 

= @(2x — 1)3/2(3x + 1) 
) 


; Section P.7 (page 64) 
atx 2 20 Oy x AS 25.5 25.2 
: bas 1.-A(2, 6); B3G@6,)—2),) C:(4; = 4), Do 32) 
IAG x2 29. 9° 16 SH ey 33. 1 — 5x ay (-3, 4) 5. (—5, —5) 
Beet) 7x 27 By os 39. ~ cael eens 7. Quadrant IV 9. Quadrant II 
1 ne 11. Quadrant III or IV 13. Quadrant III 
yy ee a PSE MU at &. Ooo 
la a Bie Bes) /; 288s SIS 15. QuadrantI or Il ‘17. (0, 1), (4,2), (1, 4) 
45 —7Tx2 ae 4x =e 9 47 27x2 = 24x +r, 19. (=35 6), (2, 10), (2, 4), (Gah 4) 
” (x2 — 3)3(x + 1)4 ; (6x + 1)4 21. ( 
=A Ay —3 x 40 
s (x + 3)7/3(x + 2)74 at. (3x — 1)4/73 = r+4 & 2 
pe Ge — 2)¥7(15x" = 4x +45) rae 
s 2(x2 + 5)}/2 & ee 2 © 6 8 10 12 
= -20 e 
& -30+ 9° A 
—40+@ 


Month (1 <> January) 


23. $3.20 per pound; 1998 25. 242.9% 
27. (a) 1990s = (b) - 11.8%; 21.2% (c) $6.24  (d) Yes 
29. 8 Mls 5) Som (Ayes (b)) 42-32 = 52 


2 
(b) x = 0.5 mile 35. (a) 10,3, /109 (b) 102 + 3? = (/109) 
3x/x2 — 8x + 20 + (x — 4)Vx? + 4 37. (a) / (b) 10 
(©) 6 Je + 4/2 — 8x + 20 nt (c) (5,4) 
1 1 10 + 
69> True. x) + y 7 ==> at a2 a) 5% 
» 
6+ cy 
= : aN 64) 
xy? oar ee 
pee Gg 
e (1,1) 
Ss} + + + $x 
—2 2 4 6 8 10 
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y lay) Wy 
SAO Wr i (b) 
ee (©) (0,3) 
‘ot 
$0.3) 
287=6—4-=2 wt 4 6 8 
-4 x 
BAe vex 5) 
41. (a) ‘ (b) 2/10 
a Gas (c) (2, 3) 
4 Ls 
3 ei 
my ois) 
(-1, 2) 
+ “SSS pee 
=I 1 2 3 4 5 
=e 
V 82 
43. (a) ; Oy 
5 
nll (c) (- 1, 2) 
(-3. 3) 2 1 
Ore Am 27 (3 !) 
"7+ -@ 
(1 3) i 
2 
+—+—+_+_+ 1} » x 
2 2 2 i 2 
45. (a) y (b) 110.97 
4 (Cc) (1.25, 3:6) 
A (6.2, 5.4) 
_2 
A ee 
ae oe : i 125,36) 
= —— ere 
-4 -2 2 4 6 
47. $31,137 million 49. (V5) + (Y45)° = (Y50)" 


SC oy sat 
53. Pe a: bs 3y, + 7}, (“ a ae yy 22) 


b) 


os - by Vict 13) 


55. 5/74 = 43 yards 


Die 


59. 
61. 
63. 
65. 
69. 


Review Exercises 


1. 


25. 


29. 


SRE 


» (a) 0.83 


y 
A 
8 
6 
(-3,5) @ +} @ (3,5) 
(2,1) .27 22,1) 
ele 
—+—++-+ + +4 > 
8-6-4 -2 | 2 4 6 8B 
e e 
=J=3) a dl G3) 
ars s 


(a) The point is reflected through the y-axis. 
(b) The point is reflected through the x-axis. 
(c) The point is reflected through the origin. 
$1969.45 million 


False. The Midpoint Formula would be used 15 times. 


Point on x-axis: y = 0; Point on y-axis: x = 0 
b 66. c 67. d 68. a 
Use the Midpoint Formula to prove that the diagonals of 


the parallelogram bisect each other. 


(Pee c*). atbee 

ae = : _ 

(+e 0 coo) at bic 
? aaa = 2 5) 


(page 69) 
(a) 11 Dye eae 
(c) 11, -14, —§, 3, 0.4 
(b) 0.875 


(d) /6 


- The set consists of all real numbers less than or equal to 7. 


———_}_+— ++: 


5 6 7 8 9 


5 16S 9. Beever ieee. | 
(cy) == 7 


(b) —19 


11. |y +30| <5 


15. (a) =1 


. Associative Property of Addition 
- Additive Identity Property Pile = 


-144 27. (a) 192x1! () & 


3u> 1 
(a) mee (2) 2; 


483,600,000 ABE (© 


(b)..=3 


23. 


y#O0 


31. 1.8809 x 10° 


(b) 343 


1 


12 
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B7(a). 216g (32) 639) (a) 2/2. (b) 26/2 107. (a) y (b) (1, 3) 


41. Radicals cannot be combined by addition or subtraction (2,6) @ 6 
unless the index and the radicand are the same. 


43-2. ./3. 45. eee fe 47. 64 = 49, 6 x9/10 
Wipes. 


51. —11x? + 3; Degree: 2; Leading coefficient: — 11 
53. — 12x? — 4; Degree: 2; Leading coefficient: — 12 
ae Sao | Sax 10x 4 12k 


109. $443.3 million 
Sole — 21x — 6 G15 4x7 — 12x4-9 63. 41 
65. (a) 111. False. There is also a cross-product term when a binomi- 
- (a r 


aS al sum is squared. 


(x + a)? =x? + 2ax+ a? 


. Chapter Test (page 72) 
1-2 > -|-4| 2. 9.15 


. Additive Identity Property 


3 
4; (@i—- 18 Sb) ©) ae Des 
5 


(a) 255 (D)6) (C)li8:<7102 a (G)a2ve 102 


Explanations will vary. 
(b) 1687 ~ 527.79 square inches 


eGR 1) 69.5y + DG—) Gia) oes by) eye — 
71. (x — 4)(x? + 4x + 16) 73. (x + 10)(2x + 1) 23m 
75. (x — 1)(x? +2) 77. Allreal numbers x # —6 Tua) 1577 27 (b) Aes ec) ve 
79, 2 8 ee ee 81. aL Re 8. 4x+ — 3x? + x — 5; Degree: 4; Leading coefficient: 4 
he x” ; Py yes cy seat sli ereacins Meh baa 
3x 3ax 
eer a — xe@=8) ph ae ee were 


2x 
13. (a) x2(2x + 1)(x-— 2) (b) & — 2)(@ + 2)? 
14. (a) 43/4 (b) —3(1 + V3) 


87. The multiplication in parentheses comes first. 
10(4 + 7) = 10(28) = 280 


89. Multiply exponents when raising a power to a power. 


Sain 15. All real numbers x # 4 16. i y#2 
91. Add the numbers in parentheses before squaring. y 
(5 + 8)? = 132 # 5* + 8? 17. $545 
03, 16x" — 9x + 20 95. —5x? + 2x15 18. 
7 2(x + 1) 
2 L AE Es 
OFX ser ae 99. ( + 2) 
101. Quadrant IV 103. (2, 5), (4, 5), (2, 0), (4, 0) 


105. (a) (b) 5 


(Gey 8) 
@ 


Midpoint: (2, 3). Distance: ./ 89 


19. 2/3 x? 
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Problem Solving (page 74) 
1. (a) Men’s: 1,150,347 cubic millimeters; 
696,910 cubic millimeters 
Women’s: 696,910 cubic millimeters; 
448,921 cubic millimeters 
(b) Men’s: 1.04 x 10~° kilograms per cubic millimeter; 


6.3! x 10~° kilograms per cubic millimeter 


Women’s: 8.91 x 10~° kilograms per cubic millimeter; 9. x-intercepts: (+2, 0) 11. x-intercepts: (0, 0), (2, 0) 
5.74 x 10~° kilograms per cubic millimeter y-intercept: (0, 16) y-intercept: (0, 0) 
(c) No. Iron has a greater density than cork. 13. y-axis symmetry 15. Origin symmetry 
3. 1.62 ounces 5. Answers will vary. 17. Origin symmetry 19. x-axis symmetry 
7. r ~ 0.28 9. 9.57 square feet 21: y 23. y 
11. y,(0) = 0, y,(0) = 2 
wae SOL ae) 
vite 
Es GO We Wo ON eh all 
Chapter 1 
Section 1.1 (page 85) 25. 27. 
1. (a) Yes (b) Yes 3. (a) No (b) Yes 


Sik 


oe 


B7. 


39. 


41. 


45. 


49. 
SIE 
53. 
55. 
57. 


10 47. 


Intercepts: (0,0), (—6, 0) 


x*+y*= 16 
(x — 2)2 +'(y + 1)? = 16 
(e+ 1)? + (y-2)2=5 


Ga)” thy 4)? = 25 
Center: (0, 0); Radius: 5 


Intercepts: (—3, 0), (0, 3) 


Answers to Odd-Numbered Exercises and Tests 


59. Center: (1, —3); Radius: 3 


63. 


vy y 


128 4 OO a7 28. 
Year 


(d) x =3,w =3 
67. (a) and (b) y 


> 
6 
S 
s 
£ 
13) 
Oo 
a 
* 
oO 
eS 
4 


t 
20 40 60 80 100 


Year (20 © 1920) 


The curve seems to be a good fit for the data. 
(c) 2005: 76.8 years; 2010: 77.0 years 


(d) Answers will vary. 


AQ 


Answers to Odd-Numbered Exercises and Tests 


0) 


3.9 ohms 
71. True. All linear equations of the form y = mx + b, which 
excludes vertical lines, cross the y-axis one time. 
73. (a)a=1,b=0 (b)a=0,b=1 
10/7 
75. 9x5, 4x3, -7 77. 2/2x 79. 10s/Tx 
81. </|2| 
Section 1.2 (page 93) 
1. (a) No (b) No’ (c) Yes (d) No 
3. (a) Yes (b) Yes (c) No’ (d) No 
5. (a) Yes (b) No (c) No’ (d) No 
7. (a) No (b) No’ (c) No’ (d) No 
9. (a) Yes (b) No (c) Yes (d) No 
11. Identity 13. Conditional equation 15. Identity 
17. Identity 19. Conditional equation 
21. Original equation 
Subtract 32 from each side. 
Simplify. 
Divide each side by 4. 
Simplify. 
2304 =) ile, 3 29. 9 31. No solution 
33. —4 35s 3780 39e Alas 
43. 4 45. 35 
-6 12 
-20 40 
-8 35 
x=3 w= Ie 
47. 10 
-6 10 
2D 
7 
C= 3 


49, 


x-intercept: (2, 0) 


y-intercept: (0, 12) 


51. 


SE 


By 
63. 
69. 
71. 
1B): 
Tie 


81. 


85 


ik, (@)) y 


“36+a 
89. 
95. 


x-intercept: (—}, 0) 53. x-intercept: (5, 0) 


y-intercept: (0, — 3) y-intercept: (0, 10) 
x-intercept: (— 20, 0) 57. x-intercept: (1.6, 0) 
y-intercept: (0, — 0.3) 


61. 10 


y-intercept: (0, 3) 
No solution. The x-terms sum to zero. 

4 65. 3 67. 0 

No solution. The variable is divided out. 
No solution. The solution is extraneous. 
5 75. No solution. The solution is extraneous. 
0 79. All real numbers 


18 = 1)/ 
a # —36 87. ra 


93. x = 0 feet 


aF#5 


138.889 91. 19.993 
(a) 61.2 inches 
(b) Yes. The estimated height of a male with a 19-inch 


femur is 69.4 inches. 
Male 
femur length 


(c) 


2 femur length 
fo fis fu 
fo [one fa 
Ee 
100 | 


0 
28.44 28.26 
100 32.76 3215 


100 inches 


37.24 


(d) x ~ 100.59: There would not be a problem because it 
is not likely for either a male or a female to be 100 
inches tall (or 8 feet 4 inches tall). 


(b) 1994 


Nw U DNA ow 


Number of light trucks sold 
(in millions) 


7 


PSS AS SIG Gf EO) 
Year (2 < 1992) 


99. 23,437.5 miles 


#01. False. x(3 — x) = 10 


103. 


105. 


107. 


109. 


Sax = 10 
The equation cannot be written in the form ax + b = 0. 


Equivalent equations have the same solution set, and one 
is derived from the other by steps for generating equiva- 
lent equations. 


2x = 5, 2x + 3 =8 


(b) 1 < x < 2. The expression changes from negative 


to positive in this interval. 
sae = 88] -1[-08|-036|-oaoaifoa 


(d) 1.8 < x < 1.9. To improve accuracy, evaluate the 
expression in this interval and determine where the 
sign changes. 

ee 

ree 


(c) 


x#—-9 


Section 1.3 (page 104) 


1. 


A number increased by 4 3. A number divided by 5 


5. A number decreased by 4 is divided by 5. 
de 
9. 12 is multiplied by a number and that product is multiplied 


Negative 3 is multiplied by a number increased by 2. 


by the number decreased by 5. 


.nt+(n+ 1) =2n-+1 


Answers to Odd-Numbered Exercises and Tests 


13. 
15. 
23. 
29. 
SS: 
43. 
49. 


51. 
Spr 


Sh: 


59. 
63. 
69. 
Tike 
Ts 


79. 


87. 


91. 


93. 


OS; 


Wl 


103 


. 2x7 + 8x —-3 =0 


A11 


(2n — 1)(Qn + 1) = 4n?2 - 1 


50t 17. 0.20x 19. 6x 21. 25x + 1200 
0.30L 25. N = p(500) 27. 4x + 8x = 12x 

262, 263 SS ess Sk 5, =4 

1325 Bh LIYG 39, 2400 41. $22,316.98 
$1450.00 45. 14.6% increase 47. 54.3% decrease 
(a) (b) / = 1.5w; p = 5w 


(c) 7.5 meters x 5 meters 


l 


97 53. 3 hours 


3 hours at 58 miles per hour; 2 hours and 45 minutes at 52 
miles per hour 


(a) 3.8 hours, 3.2 hours 
(c) 25.6 miles 

663 kilometers per hour 61. 1.29 seconds 
1044 feet 65. 4.36 feet 67. $16,666.67 
Compact: $450,000; Midsize: $150,000 

73. 50 pounds of each kind 


(b) 1.1 hours 


~ 32.1 gallons 


8064 units 77. x = 6 feet from the 50-pound child 
2A S 3V 2h — vet) 
b oe 1+R * Aaa? a ie 
CG; Ib = Gar al 
= °°. 
3 ale 1.12 inches 
7 
o8 
False. The expression should be =——. 
ao 
(a) Negative; explanations will vary. 
(b) Positive; explanations will vary. 
we I 10/3 
oar a 101. = 
5° #0 99 Es & 1 
—(/6 — V11) 


Section 1.4 (page 118) 


3. x7 - 6x +6=0 


. 3x2 — 90x — 10 = 0 7.0,-; 9.4,-2 
.-5 13.3,-} 15.2,-6 17, —2,-4 
.-a 21. £7;+7.00 23. +11; 43.32 

. £3/3;+5.20 27. 8, 16; 8.00, 16.00 


A12 


29. 
33. 


41. 


47. 


51. 


SOs 


59. 
63. 
67. 


1S: 
79. 
85. 


91. 
95. 
99. 


105. 


109. 


Answers to Odd-Numbered Exercises and Tests 
es Sh 
— Oe 1A 4 31. area Ty 2. DP), = Moy? 
2:200 35.0,2 37.4,-8 39 -3+ 7 
J/6 1 
tee 242/345. ae ae 
4 1 
a 6  —————— 
(@ + 2)? -—7 /9 — (x — 3)? 
4 53. 2 
T 
-10 5 =Y 
-6 -4 
aie ly Ss a Eo) 
5 Sie 
-8 4 
-5 ve 
=o +7 
x= —5, 3 x=1,-4 
No real solution 61. Two real solutions 
No real solution 65. Two real solutions 
S-1 69<.4,-2 Mm1it+v3 
2 7 
—7+J/5 75. -4+2/5 77 ae 
—3 81.-5+ 72 93.2 
6 
a ey G/T Mee gohe ee oe 
2 8 8 
0.976, —0.643 93. 1.355, — 14.071 
1.687, —0.488 97. —0.290, — 2.200 
tev 2s (101,612 "103, = 5 
i 3 Sy 
— — Se a, 
2 el 4 4 
(a) 


(b) w(w + 14) = 1632 
(c) w = 34 feet 
1 = 48 feet 


111. 6 inches x 6 inches x 2 inches 


113. 


19.098 feet; 9.5 trips 


LS: 


117. 


119; 


121. 
123. 
127. 
131. 


133: 


135. 


tSi7s 


139. 
141. 
143. 
145. 
149. 


(a) 20/5 ~ 44.72 seconds 


(b) The bomb will travel approximately 7.5 miles 
horizontally. 


(a) s= —16 + 45t+5.5 (b) 24 feet 


(c) ~ 2.8 seconds 


Sal 2 


aa = 3.54 centimeters 


~ 550 miles per hour and 600 miles per hour 
50,000 units 
653 units 


125. 258 units 
129. 1990. Yes. 


(b) No. Using the model, 
sales will never reach 
12 billion dollars. 


False. b? — 4ac < 0, so the quadratic equation has no real 
solution. 


Yes. The student should have subtracted 15x from both 

sides to make the right side of the equation equal to zero. 

Factoring out an x shows that there are two solutions, 

x = Oandx = 6. 

(a) and (b) x = —5,-? 

(c) The method used in part (a) reduces the number of 
algebraic steps. 

Answers will vary. Sample answer: x? — 3x — 18 = 0 

Ys tI) 

Associative Property of Multiplication 

Additive Inverse Property 147.3 — 35 18 


x3 + 3x2 -—2x + 8 


Section 1.5 (page 128) 


1. 
th 


15 
23 
31 


39. 
45. 


a=-10,b=6 3.a=6,b=5 5.4433 
2 235/30 9555/67 i asy S13 ae eee 
03: 17.11 =i 19.54) (Rote so, 
=14420i 25.2443 979 =9.73, Sones 
Si, ~133.12"+ 305 (35.94 370 eee 
=10. "41.56 = 33), 45° 43 Se 
=a) 51720) | 247.) Ras wales, 

ot Pat Sse ess eer 
jer iat «59. 4-5; gn, 4 
Pest D OS DE ihe ae 
Te Pe m1, 3 2 315 735 119-401 


B52 ot) FI 375/ 37) 79. i 

81. (a) 8 (6) 8 (c) 8 

83. (a) 1 (bi (© -1 @ -i 

85. False. If the complex number is real, the number equals its 
conjugate. 

87. False. 


. Answers will vary. 


j44 + j150 — j74 — j109 4 f6L =] —] 41-7 +i =1 
Oi at — 3x12 
95.-31 97.4 


/ a= 101. 1 liter 


Section 1.6 (page 137) 


27. 


29. 
a7. 
47. 


5 Se oh Se dg 1 (lite sell 


ia at + 4/38: = 


3.+3,4+3i 5. -6,3+3/3i 


-9 9 


7 


(b) (0, 0), (3, 0), (—1, 0) 
(CS) 3 Sa Sa 


(d) The x-intercepts and the solutions are the same. 


(b) (+3, 0), (£1, 0) 
(c) x = +3,+1 


(d) The x-intercepts and the solutions are the same. 


50 31.26 33.-16 35.2, —-5 
O02 39.9 41. 43.14 § 45.9 
—-34+16/2 49.414 51.1 


Answers to Odd-Numbered Exercises and Tests 


53: 


55. 


Sie 


63. 


69. 


71. 


73. 


75. 
81. 
85. 
89. 
91. 


A13 


(a) 2 


-6 
(b) (5, 0), (6, 0) 

(c) x = 5,6 

(d) The x-intercepts and the solutions are the same. 


(a) 0.5 
-3 5 


-0.5 


(b) (0, 0), (4, 0) 


(c) x = 0,4 
(d) The x-intercepts and the solutions are the same. 
3 = 322 </ 2) 
Wy = SO al Ol, 4 =5 
2 6 
bab </33il 
; 65.3,-2 67. /3,-3 
3 =] = /I7 
‘ D; 
(a) 24 (6) (=140) 
(@) 58 = Il 
iv P (d) The x-intercept and 
(esa the solution are the 
24 same. 
(a) 8 (DEC 0)5(=3;0) 
(c) x= 1, -3 
(d) The x-intercepts and 
-10 8 “ 
the solutions are the 
same. 
-4 
+1.038 77. 16.756 79x — 3x — 1030 
21x2 + 31x —42=0 £83. x° — 4x2 — 3x + 12 =0 
xo — = 0 87. 34 students 
191.5 miles per hour 
4% 


95. 500 units 
99, (a) 450 


101. 


103. g 
107. 


113. 


117. 


Answers to Odd-Numbered Exercises and Tests 
(b) ~15 pounds per square inch 
(c) x ~ 14.81 

(d) 


97. 90 feet 


0 15 
0 


The height h ~ 11.4 when S§ = 350. 


2 Ce 
[sa] ana) 19 305) 38 


The height h is between 11 and 12 inches when 
S = 350. 

(c) h = 11.4 when S = 350. 

(d) Solving graphically or numerically yields an 


approximate solution. An exact solution is obtained 
algebraically. 


PAN A? Sek 
2 


= 23 hours 


+ / 
a = 26 hours 


105. False. See Example 7 on page 134. 


6, —4 109515 111.a=9,b=9 


a=4,b=24 


—3z2-2z7+4 
z(z + 2) 


25 
115. a 


11S See 


Section 1.7. (page 147) 


1. —1 < x < 5. Bounded 3. x > 11. Unbounded 
5. x < —2. Unbounded 

i Wo 8. f 9.d 10. c ll. e 12. a 
13. (a) Yes (b) No (c) Yes (d) No 

15. (a) Yes (b) No (c) No (d) Yes 


We 
19% 


21. 


23. 


27. 


29. 


31. 


ak. 


oo: 


43. 


47. 


49. 
Sie 


53. 


(a) Yes (b) Yes (c) Yes (d) No 
aes 
—$$—$+—}—_+— +> « 
Ue Be ky thy 
3 
ea) 
3 
2 
i 
=o ea 0 1 2 3 
Sey 1D Psy, Bes 2 
ee oon ll an ooneanmain 
10 11 12 13 14 0 1 ve 3 4 
2 
3 Pe 
2 
24 
a Pe 
=) -1 0 1 2 
<a 
—— -- - + © 
EG ia Lam Se | 7) 
x24 33:3 ee 
ee es 
a 3 ids Eats GP Go aed 
ya. 37. —1 <ix< 3 
tf te 
45 Spe SD =f) RO be i ee es 
9 15 
pe Uk econ 41  e 
9 15 Sua l 
2 2 ras: 
x —+- + }4—_+— : 
6-4-2 02 4 6 8 = 0 1 
LO See 450 = Ober <0 
10.5 13.5 —{——————— -- 
= x =6 472 0 21406 
10 11 12 13 14 
IOS, 2, Fe SSW) 
x 
=. Sl wm Nm 4 
No solution 
14<x< 26 
14 26 
—+—_}-—+—} + « 
10) 1S 20m 25; 30 
ey a8 
CEES Tee 
3 
2 
j++ ++ « 
i M ht 2 5 2 


Shy 


Di? 


59. 


61. 


65. 


69. 


eA. 


73. 


75. 


81. 
83. 
89. 


2S Sey oe lal 


10 63. 10 


10 67. 10 


-4 


ao 


Qi4ea yo = 


(b) x < 4 


(a) [<x 55 


(Dec Sale ea, 


[5,c0) 77. [-3,00) 79. (-00,3] 

All real numbers within 8 units of 10 

Be EP gill es) Soa 12 <2 10 
91. More than 400 miles 


|x| < 3 


eee3 | 5 


Answers to Odd-Numbered Exercises and Tests A15 
93. r > 3.125% UB. af 2 36 
97. (a) 5 (b) x = 129 
0 
99. t => 21.2, or during 2001 
101. 106.864 square inches < area < 109.464 square inches 
103. 6¢ 
NOB WR < i IES 
13.7 17.5 
12) 13)4) 15) 16 17) 18" 19 ; 
107.20<hA<80 
109. False. c has to be greater than zero. 111. b 
113. 5/5;(-3,7) 115. 2Y65;(-1,-1) ‘117. 11 
119.10 121. -35,10 123.4,-3 125. (—3, 10) 
Section 1.8 (page 158) 
iL @) INO (Dd) ves (©) Yes @) No 
3. (@)) Yes’ (b) No (Cc) No @) Yes 
5,2,-2 7.45 
92 [33] 115 (7,3) 
| rane oneraneres Bree 55 3 
yo) al Og a SE SAA Ae 
ago 2D oO w a 
13. (—oo, —5] U[]1, oo) 


15. 


17. 


19. 


21. 


=) ay Sh at 


(2) 


(—00, Sl J2i}u|-4 SF Ole oo) 
-4-/21 4+ 21 


-10 -8 - -4 2 0 2 


(= ty 1)U'(3;60) 23.) =352|'[3,.60) 


A16 Answers to Odd-Numbered Exercises and Tests 


3) 27. [-2, 0] U[2, 00) 53. [—2,2] 55. (—00, 3] U[4, 00) 
57. (—5,0]U(7,00) 59. (—3.51, 3.51) 


29 (2500) 
31. ‘ (a) xs —-1,x23 61. (=0,13;.25,43) 63. (2.26, 2.39) 
(b) O<x<2 65. (a) t= 10 seconds (b) 4 seconds < f < 6 seconds 
67. 13.8 meters < L < 36.2 meters 69. r > 4.88% 
5 u 71. (a) 100 
a 
33. 8 Ca se 1) 
| DES, 30 SB CS of 50 
ec v (b) x <4 


©) ia 


FEE EEE 
races 


35. (Seo, —1)'U(0, 1) 


BTA = con 1) (4.65) 


ae 
At Pk FF AS i 76.00 | 77.95 | 80.48 | 83.65 


39. (5, 15) 41. (—5, —3) U(-1, 0) 
5 2 
STA y= cen Pe ae ‘ E -E 87.59 98.12 | 104.94 
3 6 9 jOy Ay} 
5 -4 -3 72 -1 0 
2006 to 2016 
43. (—7, 3) U[6, 00) 45. (—3, -2]u [0, 3) (e:) 36 <1 < 46 
3 ccalanat ae re. (f) Answers will vary. Sample answer: The model is 
oo he é derived from the data for 1970 to 2002. Therefore it is 
a eee not necessarily accurate for years prior to 1970 or after 
2002. 


es ue UG = 73. R, = 2 ohms 
5 IK, & 


75. True. The test intervals are (— 00, —3), (—3, 1), (1, 4), and 
+ f ; (4, 00). 
49. 8 (a) OS x<2 77. (—00, —4] U[4, oo) 


CO] wcrc 79. (—c0, -2./30]u[2./30, 20) 
81. (a) Ifa > Oandc < 0, bcanbe any real number. If a > 0 
-6 12 and ci > 0fb = —2/dc or be>OX/ae. 


-4 (b) 0 


51. : (a) |x| > 2 83. (2x + 5)? 85. (x + 3)(x + 2)(x — 2) 
87. 2x2 + x 
((D)) =CO Sh X Co 


Answers to Odd-Numbered Exercises and Tests A17 


Review Exercises (page 162 ) 13. No symmetry 15. y-axis symmetry 


19. No symmetry 


zm 
A 


SS 
Dy BG $65 4 SI 


21. Center: (0, 0); Radius: 3 


y) 


23. Center: (—2, 0); Radius: 4 


; 
a 


25. Center: 6, = 1); Radius: 6 


11. x-intercepts: (1, 0), (5, 0) 
y-intercept: (0, 5) 


A18 


27. (« — 2h t3)? 13 


Answers to Odd-Numbered Exercises and Tests 


Force (in pounds) 
a 
io 


4 8 
Length (in inches) 


(c) 12.5 pounds 
33. Identity 
oh, SS 


31. Identity 

35.20 37. -4 

43. x-intercept: 6, 0) 
y-intercept: (0, — 1) 


x 


12 16 20 24 


41. 9 
45. x-intercept: (4, 0) 
y-intercept: (0, — 8) 


47. 


x-intercept: S 0) 49, x-intercept: (2, 0) 


y-intercept: (0, 2) y-intercept: (0, =*) 


51. h = 10 inches 
53. September: $325,000; October: $364,000 
55, 24 feet $7. Nine 59, liters 61. h= > 
zo) 
63. fhour 65. -3,3 67. +/2 
69. -44+3/2 71.64/76 73. -> 4 i 
75. (a) x = 0,20 
(b) 55,000 (c) x = 10 
0 22 
0 
77.6+2i 79% -1+3i 81.3+7i 
83.40+ 65i 85.-4-46 87. 3+ 1 
g9, toon. 2G; 93.143) 95. 0,2 
97, +./2,+/3 99.5 101. No solution 
103. —124,126 105. —2+ aa -4 107. +,/10 
1095558 1101.3, 113. 143.903 units 
115. —7 < x < 2. Bounded 


117. —co < x < —10. Unbounded 119. (—co, 12] 
121. (22,00) 123. (-3,17] 125. [—-4, 4] 
127. (—co, —1) U(7, oc) 
129. 353.44 square centimeters < area < 392.04 square 
centimeters 
131. (—3,9) 133. (-4,3) 135. [-5, —1) U(, 0) 
137. [—4, —3] U(0,.co) 139. 4.9% 
141. False. /—18./—2 = (3/2i)(2i) = 67? = —6 
and /(—18)(—2) = V36 =6 
143. Some solutions to certain types of equations may be 
extraneous solutions, which do not satisfy the original 
equations. So, checking is crucial. 
Chapter Test (page 166) 
1. No symmetry 2. y-axis symmetry 
\ \ 
8+ s+ 


Sh 


No symmetry 


Sh 


No symmetry 


) .) 


> x 


(6, 0) ' 


i 
Wish 2. Sie ee 


9. No solution 
127-2 


13. -Y<x<3 


4. x < —60r0 <x <4 


—§ -6 -4 22 0 2 4 6 


hol 


iS <— —4 00x > 


16. x < 100rx = 20 


Wena) 3, tote | .(b) 7 US 2a 


19. (a) ; (b) $14.3 billion 
é 1 (c) $14.34 billion 
S$ 
es 
Sa7, 
z 6 
cS 5 
o 4 
& 3 
N 


So 14:56 6 7) 8 19°10 
Year (3 — 1993) 


20. 933 kilometers per hour 21. a = 80, b = 20 


Problem Solving (page 168) 
(a 
A 


Distance (in feet) 


Time (in seconds) 


3. (a) Answers will vary. 


Sample answer: 


A = rab 
b = 20 —a,sincea + b = 20 
A = 7a(20 — a) 


) es Ce ae 
a i ee] ee 


Answers to Odd-Numbered Exercises and Tests A19 


10m + 10 w(a — 3) 


(c) = 12.12 
ah or 
107 — 10\/ 7(m — 3) =~ 7.88 
a ; 
(d) 350 
0 20 


0 


(e) (0, 0), (20, 0) 
They represent the minimum and maximum values of a. 
(f) 1007; a = b = 10 
5. (a) ~ 60.6 seconds (b) ~ 146.2 seconds 


(c) The speed at which water drains decreases as the amount 
of water in the bathtub decreases. 


7. (a) 5, 12, 13; 8, 15, 17. Answers will vary. (b) Yes 


(c) The product of the three numbers in a Pythagorean 
Triple is divisible by 60. 


ae mG 
9. ISIE ark cle alae 


11a)is 3h b Oa te lee) ea et 
ibs @) YES () NO (©) YES 
TS (cot 2) (= 1 2) Ul 2co) 


Chapter 2 
Section 2.1 (page 181) 
L@b, (bh, (©) L, 


9, m = 5; y-intercept: (0, 3) 11. m = —33; y-intercept: (0, 4) 


y 


[2 ASS: G7 IS 


A20 Answers to Odd-Numbered Exercises and Tests 


13. m is undefined. There is no y-intercept. 


y 


ath ae 
PAIL y 
A 
6+ 
(-6, 4) Bek 
2+ 
—t~ a 41 x 
38 (-6,-1) ~? 
ee rats 
m=2 m is undefined. 
25: y 227, y 
34 7 
2 
% Fi TL 
eee a 
= x 
tot gite 4+ (4.8, 3.1) 
- (-5.2, 1.6) 
= (ee) 
aya pS Ge 
+++ ++++++ +> x 
elk 6 4 2 t ee ie Rs 
Set —2 
6 + 4+ 
1 


29. Answers will vary. Sample answer: 
(O71) (GoD) (ty) 


31. 


8B) 


Shp 


37. 


39. 
43. 


45. 


47. 


49. 
$1. 


32. 


SS. 


54, 


Sk 


Answers will vary. Sample answer: 
(6,5), 7; =A) G2) 


Answers will vary. Sample answer: 
(—8, 0), (—8, 2), (33. 3) 


Answers will vary. Sample answer: 
(=A, OF (= 378) (25.10) 


Answers will vary. Sample answer: 
(OF 1) CO) ers 1) 


Perpendicular 41. Parallel 

(a) Sales increasing 135 units per year 
(b) No change in sales 

(c) Sales decreasing 40 units per year 


(a) Greatest increase: 2000-2001 
Smallest increase: 1991-1992 


(b) 0.205 


(c) Each year, the earnings per share increase by $0.205. 


(a) and (b) Horizontal measurements 
600 1200 1800 2400 
n x 
5 
—& -50 
2 
= 
Z -100 
2 
— -150 
s -200 
y 
1 
(Cae 


(d) For every 12 horizontal measurements, the vertical 
measurement decreases by 1. 


(e) “8.3% grade” 
Ve = 1257 2165 


b; The slope is — 20, which represents the decrease in the 
amount of the loan each week. 


c; The slope is 2, which represents the hourly wage per 
unit produced. 


a; The slope is 0.32, which represents the increase in travel 
cost for each mile driven. 


d; The slope is — 100, which represents the decrease in 
the value of the word processor each year. 


VS se 2 57. y = —2x 


63. y=2 
y 
A 


67. y = 


i y= 


69. x = —-8 
8 
(-8, 7) 
6 
4 
2 
(-8, 1) 
+ - 
-10 ae =) 
2 
6 18 
73. y=-$x-3 
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Oh) 


101. 
105. 
107. 
109. 
113. 


A21 


5 Shear Dy = @ = 0 83. 12x + 3y + 2=0 
ee Ves — (0) 

. (a) y=2x-3 (b) y=—-3x4+2 
 @iy= i022 (by Sas te 
.(a)y=0 (b)x=-1 

“@is=2 |) 5 

(a) y=xt+43 (b+) y= —-x + 93 


. Line (b) is perpendicular to line (c). 


(b) eee) 
(c) 


-6 6 


-4 
Line (a) is parallel to line (b). 


Line (c) is perpendicular to line (a) and line (b). 


Bip — Py = IS) 103. 80x + 12y + 139 =0 
y = 0.694t + 0.18; 2005: $7.12, 2010: $10.59 
$43,900 

WS AN Tyr SP ile 111. S = 0.85L 

(a) C = 16.75t + 36,500 

(b) R = 27t 

(c) P = 10.25t — 36,500 

(d) t ~ 3561 hours 
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115. (a) (b) y = 8x + 50 (c) Function | | 
(d) Not a function, because not every element in A is 
10m matched with an element in B. 
11. Each is a function. For each year there corresponds one and 
only one circulation. 
ism x 13. Not a function 15. Function 17. Function 


50 (d) m = 8, 8 meters 19. Not a function 21. Function 

| P25 (1G) = 11 (oi =O (Ss) Pe = DB 
ae 25. (a) 367 (b) 2a (c) Bar 

; | q 27. (a) 1 (b) 25 (c) 3— 2a 


0 1 1 
117. C = 0.35x + 120 2ST 5 ee ee eas 
119. and (b ) =i 
ie ee 31.6) ae) Ste = 
>s z 33. (2) =1 +) 24 ()G6 
ee A 35. (a) -7 (b)4 (c) 9 
2 30 —_—_—__———_— 
22 oh 
Dae x —2/-1]/0 |1 |2 | 
12345678910 f(x) ] =) a | =) 1| 
Year (0 © 1990) kL —— 
(c) Answers will vary. Sample answer: 39. : | ei ay eae, a | 
y = —5.2x + 80.9 eee ee es bee 
1 il 
(d) Answers will vary. Sample answer: The initial cost is h(t) | 1 2 ae 2 / | 
$80.90. Each year, the cellular phone bill decreases 
an additional $5.20. 41. Be >| -1,]0-171.]5 | 
as ——____ —t— _+— 
(e) The model is accurate. VE $ 4 1 0 | 
——e 


(f) Answers will vary. Sample answer: $2.90 


121. False. The slope with the greatest magnitude corresponds 43.5 45.3 47.43 49. 0,41 


to the steepest line. 51. 2,-1 53.2550 55. All real numbers 


123. Find the distance between each two points and use the 57. All real numbers t + 0 
Pythagorean Theorem. 
Ly iC (Sis oe Sal 


125. No. The slope cannot be determined without knowing the 
63. All real numbers x # 0, —2 ORS Ay eal Gy SS a! 


scale on the y-axis. The slopes could be the same. 


127. V-intercept: initial cost; Slope: annual depreciation Me e8 2 
129.d 130.c 13a 132, b 69. {(-2, 4), (1, 1), 0,0), (1, 0), 2, 4)} 
133 (0 WIS5.-9 7, 137 eo colttion 71. {(—2, 4), (1, 3), (0,2), (1, 3), 2, 4)} 
e = 2. =_l = G —_ 
Section 2.2 (page 195) 73. g(x) = cx*;¢ 2F 75s r(x) = 33 ¢ = 32 
tl, Yes 3. No Tif 3) = h, h# 0 
5. Yes, each input value has exactly one output value. 79. 3x? + 3xh + 2 + 3,h #0 
7. No, the input values of 7 and 10 each have two different g1, 223 TES Se) 
— era) .. 
output values. 9x2 x-5 
9. (a) Functio x 
(a) 2 85. A= 
(b) Not a function, because the element 1 in A corre- 16 


sponds to two elements, —2 and 1, in B. 
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87. (a) The maximum volume is 1024 cubic centimeters. (e) y = 1.8x + 105 

(b) v The answer in part (b) is more accurate. 
101. True. Each x-value corresponds to one y-value. 
103.2 105. -4 107. 2x -3y-11=0 
109. 10x + 9y + 15 = 0 


Volume 


Section 2.3 (page 207) 
1. Domain: (— oo, — 1], [1, 00) 3. Domain: [—4, 4] 


Height Range: [0, co) Range: [0, 4] 
Yes, V is a function of x. S Oo  - @O sk @Qg @)=+2 
(c) V = x(24 — 2x)2,0 <x < 12 Flay — sa (bye te(e) eda 
eae ae = Pee, 9. Function 11. Not a function 13. Function 
S 15, =26 —1770> 19. 0,42 “215 $5.6 23.3 
91. 1990: $27,800; 1994: $33,488; 5 é 27 4 
1996: $38,440; 1999: $44,110 Sei 
93. (a) C = 12.30x + 98,000 k : 
(b) R = 17.98x x 3 
(c) P = 5.68x — 98,000 =6 =i 
ay 2 
DEG in = 80 a = 
20 
29. 2 
(b) 
eel fale fe] . 


The revenue is maximum when 120 people take the trip. 1 


97. (a) 


31. Increasing on (— 09, 00) 

33. Increasing on (— 00, 0) and (2, oo) 
Decreasing on (0, 2) 

35. Increasing on (— 00, 0) and (2, 00) 
Constant on (0, 2) 


37. Increasing on (1, 00) 


Decreasing on (— 00, — 1) 


(b) h = /d@ — 30007, d = 3000 Constant on (— 1,1) 
99. (a) The result is 1.8 which is the average increase per year 39. (a) F 


of the number of threatened and endangered fish. 


(b) (2n+ 104 6<x< 7 
+103 8<x<sl 


-3 3 
0 


Constant on (— 00, 00) 


(d) The results are the same. 
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-3 


Increasing on (— 00, 0); Decreasing on (0, oo) 


OFF» [=i1loli |2 


| 
& 
nA 
ny 


=A 


Decreasing on (— oo, 1) 


om) a=) te ae pe 
a et is 1/0 | 


47. (a) 


ial 
0) 


Increasing on (0, co) 


(b) o{1]2 Beale 


f(x) 0} 1 DESL Teyiph I 


49. 2 


Si: 10 


Relative maximum: (— 1.79, 8.21) 
Relative minimum: (1.12, — 4.06) 
55. y 


f(x) < 0 for all x 


61. Even 63. Odd 65. Neither even nor odd 
67. h = —x?2+ 4x —3 69. h = 2x — x2 
Tl. Lc iay 2) 73h 


(b) 30 watts 
77. (a) ten thousands 


(b) ten millions 


79. False. The function f(x) = 
real numbers. 


(c) percents 
x? + lL has a domain of all 


81. 


83. 
85. 


89. 
pS. 
95. 
AR 


(a) Even. The graph is a reflection in the x-axis. 

(b) Even. The graph is a reflection in the y-axis. 

(c) Even. The graph is a vertical translation of f- 

(d) Neither. The graph is a horizontal translation of f. 
(a) (3.4) &) G4) 

(a) (=439) (6) (—4,.=9) 


(c) 4 (d) 4 
| 
=§ 6 -6 6 
(e) 4 (f) 4 
-6 6 -6 6 


All the graphs pass through the origin. The graphs of the 
odd powers of x are symmetric with respect to the origin, 
and the graphs of the even powers are symmetric with 
respect to the y-axis. As the powers increase, the graphs 
become flatter in the interval —1 < x < l. 


0,10 91. 0,41 
(@Qy Sl (yy =e: ) Se = 49 

@)—-9 —6)2/7-9 (©) -9 + 3V2i 
h+4,h#0 


Section 2.4 (page 216) 


1. 


f(x) = —2x + 6 3. f(x) = —3xe + 11 


y y 


re YN WwW FWD 
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1S: 


17. 


21. 


25. 


29. 
31. 
33. 
35. 


oe 1 2 ee 


)2 2 © -4 @s3 

(a) l(b) 3 (c) a (d) = 19 
QO (bd) nl (CG, Ge 22 
(a) -10 (b) -4 (ce) -1 () 41 


A25 
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63. (a) rm (b) $5.64 


Cost (in dollars) 
KF VY wW EU AD AQ 


Ze aS es alin 82 
Time (in minutes) 


65, (a) (b) $50.25 
5 
af 
23 
: asd 
& 
22-4 bia het 
Weight (in pounds) 
67. (a) W(30) = 360; W(40) = 480; 
W(45) = 570; W(50) = 660 
12h, 0<h< 45 
Ol ta — 45) + 540, h > 45 
69. Interval Input Pipe Drainpipe 1 __ Drainpipe 2 
[0, 5] Open Closed Closed 
[5, 10] Open Open Closed 
[10, 20] Closed Closed Closed 
[20, 30] Closed Closed Open 
[30, 40] Open Open Open 
[40, 45] Open Closed Open 
[45, 50] Open Open Open 
[50, 60] Open Open Closed 
71. True. The solution sets are the same. 
51. 8 Domain: (— 00, 00) Uy Mas pce | 75 Neither 
Range: [0, 2) +++} +++: 
Aes P Sawtooth pattern oe eee 
Section 2.5 (page 224) 


53. f(x) = |x|; g(x) = |x + 2] - 1 1. (a) (b) 
5S. f(x) = x3; g(x) = (x - 13 - 2 

57. f(x) = 2; g(x) = 2 

59. f(x) =x; g(x) =x-2 

61. f(x) = x; g(x) = (x -— 3) 
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(c) (e) (f) 


3. (a) (b) 
y y 
A ¢c=2 c=0 wo oan ED) 
a — & SI —O0 & 
3+ OO eo , 3+ =O oO > 
C=— c=- 
2 Oo & 2 oO 
Oo oO Oo oO 
++ 00 90-081 > x 
-4 4 -4 3 4 
Oo eo Oo 4 t mn?) eo (0,-1) 
—Oo Ho —o oO eat 
OD eo eo Oo oO Gull 
Oo eo + oO oO -s+ 
(c) 
: 
e=2 
4a pres 
c=0 
3+ —O 
2+ Oo oO 5 
c=- 
10 OO & 
x 
=hi—3 4 
oo ee) 
Oo eo OO 
oO oO 
Oo oO 
Ss (a) (b) 
7 
5 h 
o 
‘ (6, 2) 


(e) (f) 


3 
(-2, 2) | 


(4, -2) 
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23. 


(ay Sl (bey = (x be) 
() y=-@-2?+6 @dy=@—5)?-3 


-(a)y=|x)/+5 (6) y=—-|x4+3] 


(c)y=|x-2|-4 @ y=-|x-6|-1 


. Horizontal shift of y = x3; y = (x — 2)3 
. Reflection in the x-axis of y = x?; y = —x? 
. Reflection in the x-axis and vertical shift of y = \/x; 


eS A 


- Reflection in the x-axis, and vertical shift 12 units upward, 


of f(x) = x? 


Reflection in the x-axis, vertical shift two units upward, 
and horizontal shift five units to the left, of f(x) = x2 


25. Vertical shift two units upward, and horizontal shift one 
unit to the right, of f(x) = x? 


27. Reflection in the x-axis, and vertical shift two units down- 
ward, of f(x) = |x| 


29. Reflection in the x-axis, vertical shift eight units upward, 
and horizontal shift four units to the left, of f(x) = |x| 


31. Reflection in the X-axis, and vertical shift three units 
upward, of f(x) = [x] 


eo 6 
oO + 
-> 
3 
Se 
1 L om ®) 
% 
yy 2,5) lzeete nee 
Se ran 
ope 8 e 


33. Horizontal shift nine units to the right of f(x) = /x 


BY 


Bile 


9; 
43. 
47. 
49. 
51. 
Bae 


SBE 


57. 


ry 
oa 
2+ 
| 
6 
al 
ches adi caesialle 
3 ~ Oo Sp ie 


Reflection in the y-axis, vertical shift two units downward, 
and horizontal shift seven units to the right, of f(x) = /x 


Ss +———+—> \ 
-2 2 8 
Sore 
+ 
ih 


Vertical shift four units downward, and horizontal stretch 


of two, of f(x) = Vx 


~6 

=F 

ae 

-9+ 

He) Ar 2) 8 41. f(x) = @ — 13) 
pe 10) — 45. G) = VN re 6 
(a) y= —3x? (b) y = 4x* + 3 

(a) y=—g)x| ©) y=3/s| -3 


Vertical stretch of y = x3; y = 2x? 
Reflection in the x-axis and vertical shrink of y = x’; 
y= 30" 


Reflection in the y-axis and vertical shrink of y = ye 


59) = Vk 
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61. (a) (b) 


; 5 6 
bee af 
St tt =] 
ey =) a ib we Batt SG 4 
eg 5 
Sai SO%F 
(c) (d) 
5 
i 
6 
sf 
4 
3 efeae 
om F —4 -3 —2 
g 
t a at. 
a ay BO a PETE es 
=D 
By 
(e) (f) 
y y 
A 
al Oop 
6+ 
1 Cri 
8 2 
8g 
st +—> x x 
xl l 2 -6-4-2,| 2 4 6 8 10 
-l+ -4+ 
| -t 
=) 
Star 


63. (a) Vertical shift of 20.5 units upward and vertical shrink 


of 0.035 
FE 
—> 40 
D 
[=I 
To 39 
= & 
I 30 
OS 
ea 25 
68 
p=) 20 
{5 
615 


t 
48 12-16. 20 


Year (0 <& 1980) 
(b) 0.665-billion-gallon increase in fuel usage by trucks 
each year 


(c) f(t) = 20.5 + 0.035(t + 10)?. The graph was shifted 
10 units to the left. 


(d) 42.375 billion gallons. Yes. 


65. True. |—x| = |x| 
67. (a) a(t) = af(0 


(b) g(t) = f(t) + 10,000 
(c) g(t) = f(t — 2) 
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69. (—2, 0), (—1, 1), (0, 2) 
4 se = 2 (x — 4)/x* — 4 
73. 75. 
ian) EL) 2 
77. 5(x — 3), x # —3 
79. (a) 38 (b) O(c) x? — 12x + 38 


81. All real numbers x # 11 835-9) <9 59 


Section 2.6 (page 234) 


i 3. : 
; 4 
: 6 
a al 
h ah h 
2+ 
2 
1 1+ 
ae ee ah ee Wey bg 
+2 
5. (=) 2 0) 4 (@x-4 WS; #2 
7. (a) x7 +4x-—5  (b) x? -—4x% +5 
07 Sj 
3 ee 2 . = 
Oe Oe 
ON (aiex? Oe li (beat 6 dy 
(2 6)5/ 
(c) (x7 +6)/1 — x @ FON s, al 
ae 
+1 - 1 
11. @) —— © = © 5 Wx; x#0 
x Xx Xx 
13038 15.059 176i? 3-4 5) 19) 74 
21.26 23, 2 


29. 10 


F(x), g(x) 


Sle 


33. 


55: 
37. 
SEL 


41. 


43. 


45. 


47. 
51. 


So: 


35. 


a3 3) 
T = 4x + 75x 


vb NY w 
sss 
Ny 

& 


(in feet) 


Distance traveled 


R 


10 20 30 40 50 60 
Speed (in miles per hour) 


(a) y, = 1.344r? — 9.38¢ + 163.6 
y, = 17.34t + 238.5 
y; = 3.38¢ + 28.1 


(b) y, + y, + y3 = 1.3440? + 11.34¢ + 430.2; the total 
amount spent on health services and supplies 


(c) 700 
i 24 


0 


(d) 2003: $804.76 billion; 2005: $902.70 billion 


(a) (x- 1)? (b) x2?-1 (©) x4 
(a)x (b)x CC) 3/2?/x-1-1 
(a) Vx? +4 (b) x+4 


Domain of f and g °f: x => —4; 

Domain of g and f « g: all real numbers 
(a)x+1 (ob) Vx? 41 

Domain of f and g ¢ f: all real numbers 
Domain of g and f° g:x > 0 

(a) |x +6] (b) |x| + 6 

Domain of f,g, f° g,and g -f: all real numbers 
@ 5 +143 

Domain of f and g ¢f: all real numbers x + 0 
Domain of g: all real numbers 

Domain of f° g: all real numbers x # —3 

(a) 3 (b) 0 49. (a)0 (b)4 


Answers will vary. Sample answer: 
FQ) = x2, e@) = 2 1 


Answers will vary. Sample answer: 


f®) = Yx, gx) =x? - 4 
Answers will vary. Sample answer: 


1 
fa) =, g(x) =x+2 


57. 


59. 


61. 
63. 


65. 
71. 


Answers will vary. Sample answer: 
gee @ 
= EP 


(a) r(x) => (b) A(r) = mr? 


(c) (Aer)(x) = =)" (A er)(x) represents the area of 


the circular base of the tank on the square foundation 
with side length x. 


False. (f° g)(x) = 6x + 1 and (g °f)(x) = 6x + 6 


g( f(x)) represents 3 percent of an amount over $500,000. 
-4 

Odd CWA 3) 69. Th) 

See en Oia) Bs She se hy = 2S 


Section 2.7 (page 243) 
Regie to pees gn 4 GPSS FI See 


1. fi@)=x-9 9% fo) =" : 
1. f(x) = x3 
13. (a) f(g(x)) = /(5) = (5) =k 

( 


15. (a) fle(2)) = (24) = (25 t) + 1=x 


a fla)) = g(x + 1) = 2A = 
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(b) , 


Ke Nw kh WN 


2 WP Be Zh 5) 


17. (a) f(g(x)) = f(3/8x) = 


e(f00) = a2) = /8() = 2 
(b) 


19. (a) f(g(x)) = f(x? + 4), x 20 


| GIN Es 
gl f(x) = e(Vx — 4) 
=(Vx-4)P +4=x 
Oey 
Pull 


A31 
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-(# a ‘ aah 39. f-'(x) = ; 5 7 ee sa 
oe ope se I ail 
23. (a) flgb)) = #( 1)" EE), 
re Ih 
Oe ail eee 
2 a 


—5x-1+5x—-5 


Aue a(? ? ; -- 5 


i ee 


(b) 


25. No 


27: E 
x 


29. Yes 
33. 
-4 
x 
y a) 
The function has an inverse. The function does not i ri 
have an inverse. nis \ 
37. 20 
x x 
=12 12 


The function does not have an inverse. 


SRY 
61. 


65. 


71. 


79. 


81. 


83. 


85. 
87. 


es Sx 14 
Or 4c 
i 
ote | 


No inverse 57. g '(x) = 8x 


fo) = Vx —3 


59. No inverse 
63. No inverse 


ale eee 


No inverse 


(a) 9 
(b) f~'yields the year for a given number of households. 
(c) y = 1266.54x + 92,255.54 


= aL 


1266.54 ce) 


Oy ee 


(a) Yes 


(b) f~!yields the year for a given number of miles traveled 


by motor vehicles. 
(c) 8 
(d) No. f(t) would not pass the Horizontal Line Test. 


(a) y= 4 [pe 245.5 < x < 545.5 


x = degrees Fahrenheit; y = % load 
one (cy0< x= O24 


False. f(x) = x? has no inverse. 


x [1 a4 6 | i 
8+ 
y|1 2| 6 7 | 
L : Pall 
iL | DAWG 7 | 
L ‘y 
BRE 6 | 
Al =a 
4 +++» 
2 4 6 8 
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89. 


Oak = 

93.48 95.2 97.34/5 99.5,-7 

101. 16, 18 

Review Exercises (page 248) 
(RiCe! WOE (ONES Ci 


2: Se 


A33 


1321670), (10,1) (= 2) 
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15. 47. All real numbers x # 3, —2 


=e; 
m= -3 m=-i 9, Ay th £3 KO 
19x=0 21. 4x+ 3y—8=0 51. (a) 16 feet persecond (b) 1.5 seconds 
228}, She = 2y —-10=0 25a 2y —-4=0 (c) — 16 feet per second 

k h 53..(a).A = x12 =3)> (b) 0 <x 10 
ih 55. Function 57. Not a function 

= 7 3 
4 59.43 61. -3 


63. Increasing on (0, co) 


Decreasing on (— co, — 1) 


Constant on (0, — 1) 
65. Neither even nor odd 67. Odd 
69. f(x) = -—3x 


BAM) Ayr 235) ab) Abe ae Sy = 2 = 
29. V = 850 + 9100,4 < t< 9 
31. $210,000 


33. (a) Not a function, because 20 in the domain corresponds 
to two values in the range 


(b) A function, because each input value has exactly one 
output value 


(c) A function, because each input value has exactly one 
output value 


(d) Not a function, because 30 in A is not matched with 73 75 
any element in B . ; ¥ 
35. No 37. Yes aL 
39. @5 17 ©H#t+1 @e2+24+9 ‘al 
417(a) 3 (a= 1 (c)2 (d) 6 3=1. \ Oat eee 
43. -5<x<5 45. All real numbers s + 3 ; -24 
—3 4. 
y y =. 
A 
10 +- “sf 
8 + 
Uke 79: 
ct af Ce) 
mal 2 -o 
34 1 eo 
jul a9) ail 


81. 83. y = x3 


—12-9 -6 -3 336, 9) 12,15 


al 
=i 
85. Vertical shift of nine 87. Horizontal shift of 
units downward seven units to the right 
at 
+> x 10 ‘iP 
8 + 
6 + 


4 
ck ; 


Sans +—> x 
2 4" “68 10) 12 


89. Reflection in the x-axis, horizontal shift of three units to the 
left, and vertical shift of one unit upward 


3-2-1+123456e09 
2+ C0) 
37 e 


93. Reflections in the x-axis and the y-axis, horizontal shift of 
four units to the right, and vertical shift of six units upward 
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95. Horizontal shift of nine units to the right and vertical 
stretch 


25 
4 (e) 


“15 7 eo 


97. Reflection in the x-axis, vertical stretch, and horizontal 
shift of four units to the right 


at h 


4 


99. (a) @+2x4+2 (6)? -—2+4 


x2 +3 1 
Dye — MN eS, 


(Ole =a cls 2) IG) 


101. (a) x-% (b) x-8 
Domain of f, g, f° g,and g °f: all real numbers 
103. f(x) = x°, g@) = 6x — 5 
105. y, = 0.207t? + 8.65¢ + 14.2 
yy = 1.4141? — 7.281 + 146.9 
107... .fa@)=2 47 
GAG) See 21 mex 
fGQ) =a] aa 
109. The function has an inverse. 


111. The function has an inverse. 
113. The function has an inverse. 


115. (a) f-'(x) = 2x + 6 
(b) y 


(c) f- (fle) = 23x - 3) +6=x-6+6=x 
7G) =e 6) Si = 3 = 
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lis @) jf W63) S22 = i 2 0 


(b) y 
cal | al 
[f 
4+ j 
— Z 
© fU@) =--'(/er 1) 
=(x+1)-1 
=x 
KG) = fae 1) v0 
= /x7-1+1 
=x 
119. x24; fa) = + 4 


121. False. The graph is reflected in the x-axis, shifted 9 units 
to the left, and then shifted 13 units downward. 


3+ 
i $—} > x 
-12 -9 -§6 -3 3 6 9 

3+ 

~6 + 

9 = - 

a i 


123. A function from a set A to a set B is a relation that assigns 
to each element x in the set A exactly one element y in the 


set B. 
Chapter Test (page 252) 
eee a2) 2. 17x + 10y — 59 =0 


3. (a) 4x — Jy + 44 =0 
4. (a) -9 (b) 1 


(b) 7x 4y=353 = 0 
(c) |x = 4 a5 


1 l vx 
5.) (a) st (b) 58 (c) Saas 


62 LORS e110) 7. All real numbers 


8. (a) 0.4 


(b) Increasing on (—0.31, 0), (0.31, c0) 
Decreasing on (—oo, — 0.31), (0, 0.31) 
(c) Even 
9. (a) 10 (b) Increasing on (— co, 2) 


. Decreasing on (2, 3) 


-2 4 


-10 
(c) Neither even nor odd 
10. (a) 10 


(b) Increasing on (—5, oc) 
Decreasing on (— co, —5) 


(c) Neither even nor odd 


t++4+44+4+ tt+++> x 
=6§ =4 ~9 eo 4 6 
ap Ce) 


+ 0 

-4 4 eo 
+ eo 

-6 + e 
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13. Reflection in the x-axis, horizontal shift, and vertical shift 9, 
ofy = x 
Oe 
eer lca 
4+ 
=a eae aay ae 11. 
E50 
14. Vertical shrink, horizontal shift, and vertical shift of 
iy — |x| 
A 
1 + 
p++ + + + ++ + > x cal 
-5 -4-3-2-1 | 1 2 3 
2+ 12. 4x2 + 12x 13, 3x2 +8x+2 14. 1,3 
AA 15.2+/10 16. +4 
aa 17 EN ening) Pe oe 
i 6 p) 6 
15. (a) 2x2 -—4x —2  (b) 4x7 + 4x - 12 19. +8 PAD), 0), = 12, se Al, O38 Dp, sz 
(ey = Sh ele? + 225% + 28K 35 23. 6 2455.9 25. No solution 
3x2 — 7 26. (a) Notasolution (b) Notasolution (c) Solution 
(d) ———_~, x#1,-5 . 
=x° — 4x +5 (d) Solution 
(ey 3x) 240+ 18x° = 120met68 27. (a) Notasolution (b) Notasolution (c) Solution 
(f) —9x* + 30x? — 16 (d) Solution 
3/2 Baye ; ; ne 
16. (a) 1 + 2x ee ene 1 a opce sh 28. (a) Notasolution (b) Solution (c) Nota solution 
a “i (d) Not a solution 
a 1 i 
(c) Pe ty @) 5a *>% MY, = SESS 
i 5 
j 2 : 
oes x>0 mee XO 503252) 2D 0 DUNG & 
Mi 5 
ie f(x) = 7x4 8 18. No inverse 30. x < —3, x>-4 
19. f(x) = 8x", x20 20. $153 ye ab 
<_—_—_—_}— + 
Cumulative Test for Chapters P-2 = ey yo 
(page 253) 31. x < 2x 2i-1 
3 
1 saa, x #0 Dei) OY Gano = 0 xt 
15y° —_—_—_——_] -—- 
sr 1 3 —2 -l 0 
AM gh = Se Syren (0) SS SS 
(s + 1)(s + 3) ms to /7 wi+v/t 
6. (x + 3)\(7 — x) 7. x(x + 1)(1 — 6x) aS ae 2 
8. 2(3 — 2x)(9 + 6x + 4x?) Gi oes 
2 2 
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SEH 28 = yar (0) 
34. For some values of x there correspond two values of y. 


35. 


36. 


Sh 


38. 


39. 


40. 


41. 
43. 


O ae 2 


5 


(a) ; (b) Division by 0 is undefined. (c) 


(a) Vertical shrink by i 
(b) Vertical shift of two units upward 


(c) Horizontal shift of two units to the left 


(@) Se = 2) =the = abe) 4b = Tile = 3) 
= 1 
(d) —, Domain: all real numbers except x = 7 
(Aix 1x 1b) 6 et 
/ — 1 . 
(Cea ee 1s aed) ire Domain: x = 1 
(@) Bese WZ (O) DRE IBG 


Domain of f° g:x > —6 

Domain of g ¢ f: all real numbers 

(a) |x| -2 () |x-2| 

Domain of f ° g and g ° f: all real numbers 
it C@) = i(x + 2) 42.n=9 

(a) R(n) = n[8 — 0.05(n — 80)],n = 80 
(b) 1000 


120 passengers 


Problem Solving (page 256) 


1. 


3. 


(a) W, = 2000 + 0.075 —(b) W, = 2300 + 0.055 
(c) 50% 
(15,000, 3,050) 
0 30,000 


0 


Both jobs pay the same monthly salary if sales equal 
$15,000. 


(d) No. Job 1 would pay $3400 and job 2 would pay $3300. 
(a) The function will be even. 


(b) The function will be odd if the two functions are not 
equal. 


(c) The function will be neither even nor odd. 


5. 


ie 


a 


11. 


13. 


Be 2 
an Chpe an (ih, 


if (b) a= ay, Xk i a 
AH) = al Pet Oy ee eae 
jo i O(n 
= f(x) 
(a) 817 hours = (b) 252 miles per hour 
(c) y= Sats + 3400 


Range: 0 < y < 3400 
(d) i 


Distance (in miles) 
S 


x 
30 60 90 120 150 


Hours 


@) T=5Vare +t x 654-10 
(b) (ORS <8 
(ae 
0 3 
0 
@ x=1 


(e) The distance x = 1] yields a time of 1.68 hours. 
(a) Domain: all real numbers x + 1 


Range: all real numbers 


(6) FEG) = — 


2 5 
Domain: all real numbers x + 0, 1 
(c) FUF(F(x))) = x 


The graph is not a line because there are holes at 
~— Olandia = Ir 


(a) (b) 
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(d) (c) 


Vertical stretch 
(f) 


A 11. (a) 


(g) 


A Horizontal translation 


(c) 


Chapter 3 
Section 3.1 (page 266) 


1s 2. C 3. b 4.h 
55. f 6. a a 8. d 
9, (a) (b) 


Horizontal stretch and 
vertical translation 


13. 


Vertex: (0, —5) 
x-intercepts: (+ 5, 0) 


Vertical shrink Vertical shrink and 
reflection in the x-axis 


(d) 


Vertical stretch and 
reflection in the x-axis 


(b) 


Horizontal shrink and 
vertical translation 


(d) 


Horizontal translation 
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15. 


-20+ 


Vertex: (0, —4) Vertex: (4, — 16) 
x-intercepts: (+2./2, 0) x-intercepts: (—4, 0), (12, 0) 
tee y 
au cae ees Vertex: (—1, 4) 
x-intercepts: (1, 0), (—3, 0) 
Vertex: (—5, —6) 31. se 
X-intercepts: (—5 ay 6, 0) | 
19. y 21. , a; 7 
20 
6 
16 
F Vertex: (—4, —5) 
AL x-intercepts: (—4 + /5, 0) 
mi 33. 
— +—+—}-> x x 
-4 4 8 12 16 
Vertex: (4, 0) Vertex: (5, 1) 
x-intercept: (4, 0) No x-intercept 
et h a>. Vertex: (4, —1) 


x-intercepts: (4 + ee 0) 


ppt = 
oe) 
mr 


p+} +-+++—+ ++ + > x 
a8 


=35 =4) 
Vertex: (1, 6) Vertex: (5, 20) Vertex: (—2, -3) 
X-intercepts: (1 ey 6 0) No x-intercept X-intercepts: (2 hy 6. 0) 
31..y = (= 1)? 39.5 SG) ee 


. 

41. y= —2(x + 2/7 +2 43. f(x) = (x + 2)? 45 

45. f(x) = -3@-32+4 47. fix) = a(x — 5)? + 12 
(x) 


9. FG) = —iele +4) +3 SL. FQ) = K(x + §) 
53. (44,0) 55. (5, 0), (-1,0) 


SWE 


61. 


65. 


69. 


TES 


UE 
83. 
85. 


87. 


89. 


4 
4 8 
a 
(0, 0), (4, 0) 
10 
=5 j 10 
j 
—40 
(—3,0), (6,0) 
pia ts x = 3 
Pic =x eek 443 


(b) 


ra | ao 08 


x = 25 feet, y = 334 feet 


(c) 2000 


is 


0 
0 


x = 25 feet, y = 334 feet 
(GyA=—3(x — 25)? + 
4500 units 79. 20 fixtures 81. 350,000 units 


(a) 4feet  (b) 16 feet 


(a) 5000 


—5 


True. The equation has no real solution, so the graph has no 


x-intercepts. 


67. f(x) = x? — 10x 


TAS nS DSO - 


1400 | 1600 1600 


5000 
3 
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ae 91. f(x) = a(x + a 5. 


4ac — b 
4a 


93. Yes. A graph of a quadratic equation whose vertex is on 
the x-axis has only one x-intercept. 


95. y=—txti 97 y=hx+3 99, 27 
(3, 0), (6, 0) 101. —42 103. 109 


e. - Section 3.2 (page 280) 
; ik, € 2. 3. h 4. f 
Sia (6c5 Tad ee Sieb 
Zs 9. (a) (b) 
(7, 0), (—1, 0) 


g(x) = —x? + 10x 


(c) (d) 


11. (a) (b) 


(c) 25.86 feet 
(b) 4265; Yes 
(c) 8741 annually; 24 daily 


(d) 


(b) 69.6 miles per hour 


A42 


13. 
15. 
17. 
19% 
21. 
23. 


27. 
31. 
SR} 
35. 
Sie 
39. 
43. 


47. 
51. 
Sos 
355 
59. 
63. 
65. 
67. 
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(e) (f) 


Falls to the left, rises to the right 


Falls to the left, falls to the right 
Rises to the left, falls to the right 
Rises to the left, falls to the right 
Falls to the left, falls to the right 


8 25: 12 
Ne | ay 
-8 8 
-4 4 
g& 
i 
ty -20 


+5, odd multiplicity 29. 3, even multiplicity 


—2, 1, odd multiplicity 


0,2 + \/3, odd multiplicity 

0, odd multiplicity; 2, even multiplicity 

0, odd multiplicity; + /3, even multiplicity 

No real zeros 41. +2, —3, odd multiplicity 

; AL] AIA 
(0, 0), (3, 0) (0, 0), (£1, 0), (+2, 0) 
Page —a1Ox 49. f(x) =x? + 4% - 12 

f(x) = x3 + 5x? + 6x 


Ff (x) = x4 - 4x3 — 9x2 + 36x 
EO) = =~ E57 feta 
FQ)= 6 +2? — 3x 61, fe) = 9 — 3x 
F() = x4 + 33 — 15x? + 23x — 10 

F(x) = x9 + 16x4 + 96x3 + 256x2 + 256x 

(a) Falls to the left, rises to the right 


(b) 0,43 = (c) Answers will vary. 


(d) 


69. (a) Rises to the left, rises to the right 


(b) No zeros  (c) Answers will vary. 


d y 
(d) , 
8+ 
6+ 
Sots 
+ Ht Ht 
4 -2 2 4 


71. (a) Falls to the left, rises to the right 
(b) 0, 3 
(d) , 


(c) Answers will vary. 


73. (a) Falls to the left, rises to the right 
(b) 09253 
(d) y 


(c) Answers will vary. 


75. (a) Rises to the left, falls to the right 
(D)E=50 
(d) 


(c) Answers will vary. 


77. (a) Falls to the left, rises to the right 
(b) 0,4 (c) Answers will vary. 
(d) A 


79. (a) Falls to the left, falls to the right 
(Dy 2 
(d) 4 


€2,0) 


(c) Answers will vary. 


81. 6 83. 14 
-9 9 
-12 18 
-6 -6 
Zeros: 0, +2, ZetOsaa— Ah 
odd multiplicity even multiplicity; 


3, 3, odd multiplicity 
85. [—1, 0], [1, 2], [2,3]; ~ —0.879, 1.347, 2.532 
87. [—2, -1],[0, 1]; ~ —1.585, 0.779 
89. (a) V=lxwxh 
= (36 — 2x)(36 — 2x)x 
=X 301 2k) 
(b) Domain: 0 < x < 18 
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oT; 


93. 


95% 


97. 


99; 


105. 


(c) 
Se Boles [6 Pe 
1156 | 2048 2700 | 3136 | 3380 3456 | 3388 


6 inches x 24 inches x 24 inches 


(d) 3600 
0 18 
0 
x=6 
(a) 60 
=10 45 
-5 
(b) t= 15 


(c) Vertex: (15.22, 2.54) 
(d) The results are approximately equal. 


False. A fifth-degree polynomial can have at most four 
turning points. 


True. The degree of the function is odd and its leading 
coefficient is negative, so the graph rises to the left and 
falls to the right. 


y 


(a) Vertical shift of 2 units; Even 

(b) Horizontal shift of 2 units; Neither even nor odd 
(c) Reflection in the y-axis; Even 

(d) Reflection in the x-axis; Even 

(e) Horizontal stretch; Even 

(f) Vertical shrink; Even 

(g) g(x) = x°; Odd 

(h) g(x) = x!®; Even 


24 101.-3,3 103.1 + /22 
ae ESTATE (58) 
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109. 


soe =} Noe = 3) 
111. 2 


Horizontal translation four units to the left of y = x-. 


Horizontal translation one unit left and vertical translation 
five units down of y = Vx 


113. 


115. Vertical stretch of a factor of 2 and vertical translation 


nine units up of y = [x] 


Section 3.3 (page 290) 
1. Answers will vary. 
3h 6 


-6 


5. 2x+4 7. x27 -—3x+1 9, x3 + 3x2 -— 1] 
11 Die = 8) 
Wl Y= 13. = 
x+2 JB ete 2x? + 1 
Dye = Il 


1B, oe de Dre cE A, Se 
x? — 2x 4+ 3 


6x? — 8x + 3 


17.x+3+ 
(x — 1)3 


19, 3x2 — 2x +5 


21. 


Psy. 


27. 


29. 


Sh 


335 


Shy 
Sie 
SP). 


41. 


43. 


45. 


47. 


49. 


Sil 


SB} 


SB 


Sie 


59. 


61. 


23. —x?2 + 10x — 25 
232 
Xe 4 


4x2 — 9 


5x7 “14x + 56 a: 


1360 
10x? + 10x? + 60x + 360 + ——— 
eat 0) 
x? — 8x + 64 
48 
— 3x3 — 6x2 — 12x — 24 — ——— 
= 
216 
y= 5 


—x3 — 6x? — 36x — 36 — 


4x? + 14x — 30 

f(x) = (x — 4)(x? + 3x — 2) + 3, F(4) = 3 
f(x) = (x + $)(15x3 — 6x + 4) + F 

f(-3) =F 

f(x) = (x — V2)[x2 + (3 + V2)x + 32] - 8, 
flv a)\aae8 


fa&= (x —{+ J3)[-4x2 ~ (2 + 4./3)x + (2+ 2/3), 


fi —- V3) =0 
(a) 1 (b) 4 (c) 4 (d)' 1954 
(a) 97. (b) -3 (c) 17. (ad) - 199 


(x — 2)(x + 3)(x — 1); Zeros: 2, —3, 1 

(2x — 1)(x — 5)(x — 2): Zeros: 5 Se 

(x + /3)(x — /3)(x + 2); Zeros: —/3, J3, -2 
@— Die t= J3)(x —1+ ¥3); 

Zeros: 1, 1+ /3, 1 — /3 


(a) Answers will vary. (b) 2x — 1 


() f(x) = 2x - D&e+ 2-1) @ 4-21 
(e) 7 
{ 
-6 6 
(a) Answers will vary. (b) (x — 1), (x — 2) 
(c) fx) = & — IG — 2) — 5) + 4) 
Gil 255 —4 
(e) 


—180 


(a) Answers will vary. 


(c) f(x) = 


() sr 7 


(x + 7)(2x + 1)3x~ 2) (d) —7, - 


Jl 
2 


2 
23 


63. 


65. 


67. 


69. 
WE 
75. 


ad. 
79. 


81. 


85. 


89. 


95. 
97. 


(e) 320 
(a) Answers will vary. (b) (x — /5 ) 
(©) f@) = («x - V5)(x + V5)(2x-1) @ +V5,4 
(e) 14 
{ATL 
(a) Zeros are 2 and ~+2.236. 
(b) f(x) =@ - 2)(x = J5)(x + J5) 
(a) Zeros are —2, ~ 0.268, and ~ 3.732. 
(b) h(t) = (¢ + 2)[r—- (2+ V2) [¢ -2 - V2) 


2x? —x- 1, x#? 71. x7 +2x-3, x#-1 
x2 + 3x, x # —2,-1 

(a) and (b) 

2200 

0 12 

1200 


M = 0.1262? + 5.864? — 139.2t + 2070 


eS _ 


(c) 


1709 | 1615 | 1536 


1 
2070 | 1937 
a 1473 | 1426 | 1396 | 1384 | 1390 


(d) 1726 thousand. No, because the model will approach 
infinity quickly. 


ye 
False. —7 is a zero of f. 


True. The degree of the numerator is greater than the 
degree of the denominator. 


x Ox 9 83. The remainder is 0. 

e = —210 87. 0; x + 3 is a factor of f. 
5 7 -3+ 3 

Be, 91. 5° D 93. 5) 

fa) =a =a + 12x, 

faa x2 ee = 1x = 3 
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Section 3.4 (page 303) 


-6,5,1 


10,6 3.2,-4 5.-6,4i 7. £1,43 
9. +1, +3, +5, +9, +15, +45, +5, +3, 43,4240 49 
15.23 13. 1 Pe 15.110 
17,5, -8% © MOR S2okae Fan ioe 193; 
25. (a) +1,+2,+4 

(b) » (c) =2; —132 
27. (a) +1, +3, +4, +5, +7, +3 

(b) y (c) -4,1,3 
29. (a) + 

(b) 16 Cpe ihe 

-4 8 
-8 

31. (a) +1, +3, 445,43, 44,4343 +344,43, 45,45 

(b) 6 Cra =} 


=2 


33. (a) +1, ~+1.414 
(bo) f(x) = & + I) — le + V2)(x - V2) 
35. (a) 0,3,4, ~+1.414 
(b) A(x) = x(x — 3)(x — 4)(x + V2)(x - V2) 
37. x3 — x2 +25x-—25 39, x3 + 4x? — 31x — 174 
Ata lj on oe ak — 22 


A45 


A46 


43. 


45. 


47, 
53. 
Sic 
59. 
61. 
63. 
65. 
67. 
69. 
71. 
7S: 
1. 
83. 
87. 
91. 
99. 
103. 


105. 
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(aee 9) Gc — 3) 
(b) G2 + 9)(x + V3)(x - Y3) 


(c) (x + 3i)@ — 37) (x + V3)(x - V3) 

(a) (Ge? =x — 2) 2 2x +3) 

(b) (x — 1 + V3)(x — 1 — V3)(x? — 2x + 3) 

() (x -1+ V3)(x -1- V3)(x- 1+ V2i) 
(x -—1- 2i) 


—3.45i 49.+2i,1,-3 51. -3 +i, } 
2,-3+ J/2i,1 55. +5i; (x + 5i)(x — 5i) 
24 /3;(x-2- V3)\(x-2+ V3) 


+3, +3i; (x + 3)(x — 3)(x + 3i)(x — 33) 
1+i3(z-1+i(z-1-i) 

2,24 i; (x —2)%—-—2+ i)(x-2-i) 

—2,1+ V2i; (x + 2)(x — 1 + V2i)(x — 1 - V2i) 
—3,1 + J5i; (5x + I(x -—1+4 J5i)(x — 1 - Ji) 
2, +2i; (x — 2)2(x + 2i)(x — 2%) 

ti, +3i; (x + i)(x — i)(x + 3i)(« — 3:) 


3 1 


10;=7451 75. —7. 1447) 177. -2,-4 47 


No real zeros 81. No real zeros 

One positive zero 85. One or three positive zeros 
Answers will vary. 89. Answers will vary. 

1,-3 93.-} 95.4243 97, 41,1 

d 100. a 101. b 102. c 

(a) 


(b) V = x(9 — 2x)(15 — 2x) 
Domain: 0 < x < 3 


(c) Vv 


Volume of box 
a 
wn 


1 PY OE Hoa 92k ES 
Length of sides of 
squares removed 


1.82 centimeters x 5.36 centimeters x 11.36 centimeters 
(aves q 8; 8 is not in the domain of V. 
x ~ 38.4, or $384,000 


107. 


109. 


111. 


113. 


LUIZ 


119. 
121. 


123. 


(a) A = —0.045028r + 0.970711? — 5.8547t + 15.390 
(c) 1996 (d) 1998 


0 
(e) The attendance will increase until 2000. It will then 
decrease quickly. 


No. Setting h = 64 and solving the resulting equation 
yields imaginary roots. 


False. The most complex zeros it can have is two, and the 
Linear Factorization Theorem guarantees that there are 
three linear factors, so one zero must be real. 

11, To13 S152 Fit) tT Tale 2s 
The zeros cannot be determined. 
@0<k<4 -() k=4 © k=<0 


f(x) = —2x3 + 3x2 + lx -— 6 


(d)k>4 


(Equations and graphs will vary.) There are infinitely 
many possible functions for f. 


(a) —2, 1,4 

(b) The graph touches the x-axis at x = 1. 

(c) The least possible degree of the function is 4, because 
there are at least four real zeros (1 is repeated) and a 
function can have at most the number of real zeros 
equal to the degree of the function. The degree cannot 
be odd by the definition of multiplicity. 

(d) Positive. From the information in the table, it can be 
concluded that the graph will eventually rise to the 
left and rise to the right. 


(e) f(x) = x4 — 4x3 — 3x2 + 14x — 8 
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BRIE 


125. (a) x7 +b (b) x? — 2ax + a2 + bP? as 


127. —11 + 93 129. 20 + 407 
ee ay. es EEE 
(6, 4) 
50 e 
40 
x 30 - 
20 4 
10 ; 
135. y 52 | a een etn 
yh GB Vie 


(2, 4) 


slu 


ols 
Saran 


Sle 


Section 3.5 (page 314) 
ile y 


sl- six 
e 


| 


130 11. 


(in millions) 


fe? [4] 6 {8 | 10] 
cs 2 ee ee ee ee 
112.35 4-5: 6 748.910 


Year (2 < 1992) i 
is 


Number of employees 


t 


The model is a “good fit” for the actual data. 


[2[4 [6 [s | | 


ah — 


2 at , 
oe 16 | 36 | 64 | 100 | of eens arte 
x 
2 4 6 8 10 
5 7 12 
,vS= 5 S Se y= 
IB 3h ‘ 15. y 107 y A 


19. y = 205x 21. J = 0.035P 

23. Model: y = 3 x; 25.4 centimeters, 50.8 centimeters 

25. y = 0.0368x; $7360 

27. (a) 0.05 meter (b) 176; newtons 29. 39.47 pounds 


31. A = kr? 333 kgs She TiS Se 
i 


37. P= 
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41. The area of a triangle is jointly proportional to its base and 
height. 


43. The volume of a sphere varies directly as the cube of its 
radius. 


45. Average speed is directly proportional to the distance and 
inversely proportional to the time. 


28 
47, A= mr? 49, y= — 51. F = 14rs3 
x 
2x? 
53. z = pei 55. ~0.61 mile per hour 57. 506 feet 
yy 
59. 400 feet 61. The velocity is increased by one-third. 
63. (a) 


Temperature (in °C) 


2000 4000 
Depth (in meters) 


(b) Yes. k, = 4200, k, = 3800, k, = 4200, 
k, = 4800, k; = 4500 


_ 4300 
OCe 


(d) 6 (ec) ~ 1433 meters 


0 6000 


(b) 0.2857 microwatt per 
square centimeter 


71. (a) and (b) 


225 


& 20 Y 

= 175 

3, 150 

& 125 

100 
t 

20 40 60 80 100 
Year (8 <— 1908) 

y=t+ 128 


(c) y = 1.08¢ + 127.7 
(e) Part (b): 232 feet; Part (c): 240.02 feet 


(d) The models are similar. 


(f) Analyses will vary. 
73. (a) and (c) 


9000 


4000 
(b) R = 412.91 + 3642 
(d) 2000: $7771.0 million; 2002: $8596.8 million 


(e) Each year, the annual receipts for motion picture movie 
theaters increases by $412.9 million. 


75. False. y will increase if k is positive and y will decrease if 
k is negative. 


77. The accuracy is questionable when based on such limited 
data. 


79. x<4,x26 SiS 
83. (a) -3 (6) -$ (©) 21 
Review Exercises (page 321) 
1. f(x) =—-30@-42 +1 3. f@)=(@-1)2-4 
5. (a) (b) 7 


Vertical stretch Vertical stretch and 


reflection in the x-axis 


(c) 4 (d) 


Horizontal translation 
g(x) = (x — 1)? - 1 9. f(x) = @ + 4)? — 6 


y 


Vertical translation 


Vertex: (1, — 1) Vertex: (—4, —6) 
x-intercepts: (0, 0), (2, 0) x-intercepts: (-4 + /6, 0) 
U1. f() = —2(t— 12 +3 13. h(x) = 4(x +4) + 12 


er + + + 4+—> x 
—3) 2, I 1 2 3 


Vertex: (1, 3) Vertex: (-4, 12) 
x-intercepts: (1 as ae 0) No x-intercept 
5 
2 


15. A(x) = (x + 


Vertex: (—2; —#) 


. seul oS 
x-intercepts: past Pr 0 
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17. f(x) =Ux +3) -—4 


y 


Vertex: (-3, —4) 
(= V41 —5 
X-intercepts: 5 0 


19. (a) A= (3 = 


(b)O<x <8 


0 8 
0 


x=4,y=2 
(ec) A= -3(x — 42 + 83x =4,y =2 
21. 40,000 units 23. 1091 units 
25. y 


A49 
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29. y 63. (a) Answers will vary. 
6) x +7),@+7) 
() f@) =64DG+ )G4) 
(i= 74184 
: 3 - 6 Pan (e) 80 
-8 5 
31. Falls to the left, falls to the right | 
33. Rises to the left, rises to the right m 
35. —7,3, odd multiplicity 37. 0, + V3, odd multiplicity 65. (a) Answers will vary. 
39. 0, even multiplicity; 3, odd multiplicity (b) (x + 1), & — 4) 
41. (a) Rises to the left, falls to the right (b) —1 (c) fx) = @& + 1)@ — 4) + 2) — 3) 
(c) Answers will vary. (D2; = 1534 
(d) (e) 40 


67. 0,2 69. 8,1 oe one 2) 
=) 


73, +1, +3, +5, +15, +5, +3, +3, +941 434344 
43. (a) Rises to the right, rises to the left. (b) —3,0,1 73. — Tie dyQ (TIEN 8 79a 
(c) Answers will vary. 81. 3x* — 14x3 + 17x? — 42x + 24 83. 4, +i 
(d) 85. -3,5,2+i 87. 0,1,-5;f@) =x@— 1) + 5) 
89. —4,2 + 3i; g(x) = (x + 4)°(x — 2 — 3i)(x — 2 + 3i) 
91. (a) 93. (a) 
7 4 
-6 
* Wy | 
4s. [-1, 0] ‘ ‘ 
Pee roel 0 500 aaa (b) Two zeros (b) One zero 
©) = 1, =O5E! (c) 3.26 
49. 8x + 54+ =) 95. Two or no positive real zeros, One negative real zero 
97. Answers will vary. 
Se a eters 99. (a) R 
Beer se ily a ee Siim2xe Sal xa -6 


Sop) 
59. (a) Yes (b) Yes (c) Yes (d) No 
61. (a) —421 (b) -9 


Federai minimum wage 
rate (in dollars) 
— nN w & wn an 


10 20 30 40 50 
Year (5 < 1955) 


(b) The model is a fairly “good fit” for the actual data. 


101. 2438.7 kilowatts 


103. y = 2 


105. (a) and (b) 1900 


0 10 
200 


y = 73.37t + 292.4 
(c) 1392.95 million 


(d) Each year, the number of CDs shipped in the United 
States increases by 73.37 million. 


107. True. If y is directly proportional to x, then y = kx, so 


Chapter Test 


x = (1/k)y. Therefore, x is directly proportional to y. 


(page 325) 


1. (a) Reflection in the x-axis followed by a vertical 


translation 


(b) Horizontal translation 


. Vertex: (—2, —1); 


Intercepts: (0, 3), (—3, 0), (—1, 0) 


Saya ca) > 0 
4. (a) 50 feet 


bh ee aE 


(b) 5. Yes, changing the constant term results in a vertical 
translation of the graph and therefore changes the 
maximum height. 


. Rises to the left, falls to the right 


y 


fe 


9 
ome TDi ALA Oh ee 
eae 


jy 


“kA 1)(x = J3)(x + /3); 


; 1 
Real zeros: solutions: itvV3 


.-2,2 10. +1, -F 

afi =x Ox? PI28x* 30K 
saved) 
Aes ey 


ay = 65/5 


x4 — 6x3 + 16x? — 24x + 16 
14. -2,4,-1+4 V2i 


ll 


48 


25 _ 48 
16 A ye NT DE a 
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Problem Solving (page 328) 


ik; @) @) OS? (iv) 2 
(ii) 055 (Oy thes 9/7) 
(iii) 5,2 (vi) ee 
(b) () 30 
tht 
-30 
(ii) 30 
Ay 
(iii) 60 
-30 
(iv) 4 
pacar 
(Vv) 20 
(vi) 


(c) 


! 
o 

~ x 

° 
o 


i} 
o 


Graph (iii) touches the x-axis at (2, 0), and all the other 
graphs pass through the x-axis at (2, 0). 


@) G50), .(=230) 
(ii) (0, 0), (—S, 0) 
(iii) (—5, 0) 


(iv) Other x-intercepts 
(v) (—1.6, 0), (3.6, 0) 


(vi) No other x-intercepts 
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(d) When the function has two real zeros, the results are 5. Domain: all real numbers x # 0 
the same. When the function has one real zero, the 
graph touches the x-axis at the zero. When there are no 
real zeros, there is no x-intercept. 


Vertical asymptote: x = 0 


Horizontal asymptote: y = 0 


3. Answers will vary. 5. 2 inches x 2 inches x 5 inches 7. Domain: all real numbers x # 2 
Te (anand (Dye ee Sed Vertical asymptote: x = 2 
100 — x , Horizontal asymptote: y = — 1 
9 (a) AG) x( 2 } cane 9. Domain: all real numbers x # +1 
(b) » Vertical asymptotes: x = +1 
Seen 11. Domain: all real numbers 
e § 1250 
z 2 1000 Horizontal asymptote: y = 3 
3 E750 13,58 114M. SAS EPOWwUsT ET 
oe 19. None 21.6 23. 2 
Z 25. (a) Domain of f: all real numbers x # —2 
20 40 60 80 100 
Length of pasture (in meters) Domain of g: all real numbers 
x = 50, y = 25 (b) x — 2; Vertical asymptote: none 
(c) A(x) = —3(x — 50)? + 1250; (c) 
x = 50, y = 25 E -4|-3] -25 aE -15 | -1| 0 
ti. x" — i are ac es am f() | —6|-—5| —4.5 | Undef. | —3.5 | 3 dhe? 
aa 
fem —6|-5|-45| —4 |—35 | 3 ees 
Chapter 4 
Spare 41 29 (d) The functions differ only at x — 2 where fis undefined. 
n 4. 
SY (P pe ) 27. (a) Domain of f: all real numbers x + 0,5 
1. (a) x f(x) | x f(x) x i f(x) Domain of g: all real numbers x + 0 
| l 
0.5 —2 1.5 2 5 0.25 (b) . Vertical asymptote: x = 0 
0.9 | -10 in ato 1000 
= Ms = (c) 
0.99 | —100 1.01 100 100 | 0.01 
L fasten | x [-1]-os] 0 | 05 2] 3/4 
OLDE) || = iow 1.001 | 1000 1000 | 0.001 
F(x) | -1] —2 | Undef. | Undef. | $ | 3 | 4 
(b) Vertical asymptote: x = 1 
ea) —-1]/ -2 | Undeef. 2 | cial IP | i | 
Horizontal asymptote: y = 0 
(c) Domain: all real numbers x + 1 (d) The functions differ only at x =0.5 where ans 
3. (a) undefined. 
29. (a) 4 (b) Less than (c) Greater than 
. | Te ee 
ae: a oa 1 igs 31. (a) 2. (b) Greater than (c) Less than 
: = : : SH125 
J ke L { 33. (a) ] j 
0.9 = 12779 il 17.29 10 3.03 se se a 2 tu | pais 
0.99 | -147.8]] 1.01 | 1523]] 100 | 3.0003 pe °472 | 0.596 | 0-710) 0.817 | Cae 
[ ] 
0.999 | —1498 1.001 | 1502 1000 | 3 7 
IL | u 1200 | 1400 +— 1800 | 2000 
(b) Vertical asymptotes: x = +1 t | 1.009 | 1.096 | 1.178 | 1.255 | 1.328 


Horizontal asymptote: y = 3 


(c) Domain: all real numbers x + +1 (b) The greater the mass, the more time required per 
oscillation. 
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35. (a) $28.33 million Section 4.2 (page 346) 
(b) $170 million 


(c) $765 million 
(d) No. The function is undefined at p = 100. 
37. (a) 333 deer, 500 deer, 800 deer  (b) 1500 deer 


39. 
(a) ey 2 3 4 5 
P| 0.50 | 0.74 | 0.82 | 0.86 | 0.89 | 0.91 


Se ee 2 ee 


nm 7 8 9 10 


Is 
we 0:92 | 0.93 | 0.94 | 0.95 
P approaches | as n increases. 
(b) 100% 
41. (a) 2500 


1000 


(b) 2689 thousand 

(c) Possible, if the present trend continues. 
(d) P = 95.4t¢ + 1090 

(e) Answers will vary. 


43. False. Polynomials do not have vertical asymptotes. 


9x2 
45. Answers will vary. Sample answer: f(x) = > z 1 
a 
47. Answers will vary. Sample answer: ; 
1 1 13. (a) y-intercept: (0, 5) 
Fo) = eat phe) x — 20 (b) Vertical asymptote: x = —2 
+7 Horizontal asymptote: y = 0 
49. fo) =2 ae : 
8 (c) No axis or origin symmetry 
(d) i 
\eae 
| 
! 11 (0. 2) 
| 
+—+—_+ > x +—_+—_}—_+—_+->- « 


34 
ya 


5 085 = 8) ae 
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15. (a) y-intercept: (0, —}) 
(b) Vertical asymptote: x = —2 
Horizontal asymptote: y = 0 
(c) No axis or origin symmetry 


(a) , 


nN 


17. (a) x-intercept: (-3, 0) 
y-intercept: (0, 5) 
(b) Vertical asymptote: x = —1 
Horizontal asymptote: y = 2 


(c) No axis or origin symmetry 


(d) j 
iy 
I 
| 6 
1 & (0,5) 
| 
5 
Sen, 0}! 
meee ee 
1 J ery 
~6 4 | Cid 
I 
| 


19. (a) x-intercept: (-3, 0) 
y-intercept: (0, 3) 
(b) Vertical asymptote: x = —2 
Horizontal asymptote: y = 2 
(c) No axis or origin symmetry 


(d) , 


21. (a) Intercept: (0, 0) 
(b) Horizontal asymptote: y = 1 


(c) y-axis symmetry 


(d) fl 


23. (a) Intercept: (0, 0) 
(b 


ma 


Vertical asymptotes: x = 3,x = —3 
Horizontal asymptote: y = 1 
(c) y-axis symmetry 


(d) i 


25. (a 
(b 


(c 


Ww 


Intercept: (0, 0) 


wma 


Horizontal asymptote: y = 0 


wa 


Origin symmetry 
(d) / 


27. (a) x-intercept: (— 1, 0) 
(b) Vertical asymptotes: x = 0, x = 4 
Horizontal asymptote: y = 0 


(c) No axis or origin symmetry 


29. (a) Intercept: (0, 0) 
(b) Vertical asymptotes: x = —1, x = 2 
Horizontal asymptote: y = 0 
(c) No axis or origin symmetry 


(d) 


31. (a) Intercept: (0, 0) 
(b) Vertical asymptotes: x = —2, x =7 
Horizontal asymptote: y = 0 
(c) No axis or origin symmetry 


(d) i 


33. (a) x-intercepts: (3, 0), (— 5, 0 0) 
y-intercept: (0, —3) 


(b) Vertical asymptotes: x = 2,x = 1,x = —1 


Horizontal asymptote: y = 0 
(c) No axis or origin symmetry 


(d) 


35. (a) Domain of f: all real numbers x # —1 
Domain of g: all real numbers 


(b) x — 1; Vertical asymptote: none 
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(c) 


als, =) | © 


+ =| -a5| ea 


-3 


(e) Because there are only a finite number of pixels, the 
utility may not attempt to evaluate the function where 
it does not exist. 


37. (a) Domain of f all real numbers x # 0, 2 


Domain of g: all real numbers x # 0 


1 
(b) : Vertical asymptote: x = 0 


BR o> (itso) As 
[Ae | 2 [under | 2 [i] F | undet | | 
aol [owe LTE 


i 
3 
(d) 


(e) Because there are only a finite number of pixels, the 
utility may not attempt to evaluate the function where 
it does not exist. 


39. Domain: all real numbers x # 0 
Vertical asymptote: x = 0 
Slant asymptote: y = x 

41. Domain: all real numbers t # —5 
Vertical asymptote: t = —5 
Slant asymptote: y = —t + 5 

43. Domain: all real numbers x # 0, 1 
Vertical asymptote: x = 0 
Slant asymptote: y = x + 1 

45. (a) No intercepts 
(b) Vertical asymptote: x = 0 

Slant asymptote: y = 2x 


(c) Origin symmetry 
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(d) , 
6 Zi 
/ 
4 / 
hi 
al ameter eee aoe 
6 +4 -2 i 2 4 6 
vA 


47. (a) No intercepts 


(b) Vertical asymptote: x = 0 
Slant asymptote: y = x 
(c) Origin symmetry 


(d) i 


49. (a) Intercept: (0, 0) 


51. 


(b) Vertical asymptotes: x = + 1 
Slant asymptote: y = x 

(c) Origin symmetry 

(d) 


y 


(a) y-intercept: (0, — 1) 

(b) Vertical asymptote: x = 1 
Slant asymptote: y = x 

(c) No axis or origin symmetry 


(d) i 


BRE 


BY. 


Sip 
59. 


65. 


yal 


Domain: all real numbers x # —3 
Vertical asymptote: x = —3 

Slant asymptote: y = x + 2 

Vi ae 


Domain: all real numbers x + 0 


Vertical asymptote: x = 0 


Slant asymptote: y = —x + 3 
De Gras: 
j= 150) (by 1 


(a) (1, 0), (1, 0) 


(b) +1 
(—4, 0) 


(3,0), (—2, 0) 


(by 32 
(a) Answers will vary. 
(c) Cc 


(b) [0, 950] 


200 400 600 800 1000 


(d) Increases more slowly; 0.75 
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67. (a) Answers will vary. (b) (4, co) x7 —x—6 


81. f(x) = 35 


85. @ — S)& + 2G — 23) 


(c) 200 83. (x = 7)(x = 8) 


S7ac 23 89. —3 <x <7 
at. 49 e ; 
See ee one Claas ae te oe x 
11.75 inches x 5.87 inches Ole i ROPERS eS 6 
69. 6 Minimum: (—2, —- 1) 5 ' 
Maximum: (0, 3) ection 4.3 (page 356) 
: 9 Teb= 2: co 78.01 4.04 
Sees An Ey eaeC 
-6 a x — 14 ee x2 = 110 
71. 300 9 A B G 


"x-5 G-3F @-» 


A + 
ee Be A Be Oia 


ee 10 ee aes Fe i 
Lf ot 1 
ce) 300 1 . = — 
0 ; al: =i seaP “} 
x ~ 40.45, or 4045 components. 1 1 1 2 
A bes ees See 
73. (a) Answers will vary. Xo eC Giall ke De ae Il y= - sear 2 
(b) Vertical asymptote: x = 25 a3) Bae “ 5 5 ; 25. = a : 
Horizontal asymptote: y = 25 oat t eas oe 
B g 1 2x 
27 29. == 
yas. b= ae Xa ata 
1 58 a Pl 
af oe 
1 
0 33. ( z : a 
UE Meh se Ph. bia 
@), | $0, | 35 40 45 | 50 | 55 | 60 35 ( 1 i 1 4x 
—, ° 3 2 
; | 150 | 87.5 | 66.7 | 56.3 | 50 | 45.8 | 42.9 Bel eel eae ae 
zy ae 
37. +s Nie ee 
(e) Yes. You would expect the average speed for the round 5a i Nae ca a cee vata 
trip to be the average of the average speeds for the two Tes 17 1 
; : + ~ 
parts of the trip. gin ack SEES yal at ee 
(f) No. At 20 miles per hour you would use more time in 6 4 1 


one direction than is required for the round trip at an 
average speed of 50 miles per hour. 


ERY Ge ap 3) Sir + 
a 


3 2 2 el 2 


75. False. There are two distinct branches of the graph. 45. Ree | 47. AF Aree 
77. False. The degree of the numerator is 2 more than the 1 if 3 | 
degree of the denominator. 49. nore a G2 +2)? 51. 2x + il moet ;] 


79. 5 The fraction is not reduced. 
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53 _ a 
“xy x-4 
a eS 12 
xe = 4) 
8 f 
6 1 
1 
4+ \ 
i} 
27 \ 
Bone4 a 710 a 
[ee 
| 
i} 
q 


55. 


SMe 


59, 


61. 


The vertical asymptotes are the same. 
3 5) 
+ 
wo B sear s 
_ 2(4x — 3) 


x2 -9 


The vertical asymptotes are the same. 


(a) 2000 be 2000 Wee 
ip aie Die Se sa 
2000 
(b) Ymax = F aoe 
ee eee 00) 
Ymin = | 1 — 7x 
(C) 1000 
Ymax 
Ymin 


0 1 


—100 
(d) Maximum: 400°F 
Minimum: 266.7°F 
False. The partial fraction decomposition is 


i Oe Se cle 
oars Fs GO (60 iO 


eS eee 
2G NG Gi — x OY  @> WV 


Section 4.4 (page 367) 

1. Not shown Pa TE Bb 4. a 
6. h Tanti 8. b 
11. Vertex: (0, 0) 


5. Not shown 


9. Not shown 10. g 


13. Vertex: (0, 0) 
Focus: (-3, 0) 


-3 2 Bes 1 2 3 
15. Vertex: (0, 0) 
Focus: (0, —2) 


17, y7"= "8x 19. "x7 == 6y 
23. y? = —12x 25. y* = 9x 
27. x? = 3y: Focus: (0, 3) 


21. x? = 4y 


29. y? = 2x: Focus: (3, 0) 


31. y? = 6x 
33. (a) ; 


(—640, 152) (640, 152) 


19x? 
51,200 


Bia] 0 | [on [sm [aw 
Height, y |o | 143 | 593 | 922% | 13333 
35. Center: (0, 0) 37. Center: (0, 0) 
Vertices: (+5, 0) Vertices: (+3, 0) 


kb)-y, = 


(c) 


mh y 


A 
Sa 2 


39. Center: (0, 0) 41. Center: (0, 0) 
Vertices: (+3, 0) Vertices: (0, +1) 


y y 


A A 
4+ ot 
3 

+> x fot +> x 
a 4 2 =i 1 2 
4 | 
-2 

«4 


x 
—4+—= —4+—=] 
‘Ee 5 1A img ce ae 


ey x y 
— —— ee et ae 1 
Ae MS PAA : sas 36m ei 
2 2 ye 
oo 
ot 400 25 


53. (+ “ee 0); Length of string: 6 feet 
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55. (a) y 


(-55, 0) (55, 0) 
(b) y= £3025 — x? (c) 16.66 feet 


Sh 59. 


61. Center: (0, 0) 
Vertices: (+1, 0) 


63. Center: (0, 0) 
Vertices: (0, +1) 


>< 
f—+ > < 


65. Center: (0, 0) 


67. Center: (0, 0 
Vertices: (0, +5) (0, 


) 
: 1 
Vertices: +3) 


yo x Nagy 
a m1. —-—=1 
Ue A? fer 59 
iy lie P 5) Pee 
"1024 64 0.7 .0/4 


77. (12(/5 — 1), 0) ~ (14.83, 0) 
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79. False. The equation represents a hyperbola: 
xy? = 
144 144 ; 
81. False. If the graph crossed the directrix, there would exist 
points nearer the directrix than the focus. 


83. (a) A = zra(20 — a) 


x2 y2 
b) —+—-=1 
(b) 196 36 
(c) 
a. 8 9 10 11 12 13 


ey 301.6 | 311-0 | 314.2 | 311.0 | 301.6 |-285.9 


a = 10, circle 


(d) 


85. y 


=3 Af 
Two intersecting lines 


87. Answers will vary. 
89. wile 


-104 


Vertex: (0, — 8) 
93.0%? = 7x? + 17x — 15 


95. +1,+2,44, +5, +10, +20, +4 +5 + 


ls =| = 


Section 4.5 (page 376) 


1. Center: (0, 0) 
Radius: 7 


7. (x = 1)? + (y + 3)? = 1 


Center: (1, —3) 
Radius: | 


11. Vertex: (1, —2) 
Focus: (1, —4) 


Directrix: y = 0 


3. Center: (—3, 8) 
Radius: 4 Radius: ./10 


15. Vertex: (1, 1) 
Focus: (1, 2) 
Directrix: y = 0 


y 


=2 2 4 


19. Vertex: (— 2:1) 


—— 


Focus: (— .-3 


2 
5 
D 


Directrix: y = 


23. (y — 2)? 
927) (y = 2)2 = ie 


63 33) 


5. Center: (1, 0) 


9. (x +3) + -3P = 
Center: (-2, 3) 
Radius: | 


13. Vertex: (5, —3) 
Focus: (4, —3) 


; 9 
Directrix: x = 5 


nail 
17. Vertex: (—2, —3) 
Focus: (— 4, —3) 


Directrix: x = 0 


21. Vertex: (¥, —3) 
Focus: (0, —3) 
Directrix: x = ; 


4 


-4 


Ry So (y — 4) 


29. (a) 17,500\/2 miles per hour 
(b) x° = —16,400(y — 4100) 


31. 34,295 feet 
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33. Center: (1, 5 EwA)2 2 =5)\2 — 2)2 
ieee pace ee Mee 
Foci: (1, 9);, (1,1) 9 16 4 1 
Vertices: (1, 10), (1,0 2 — 4) 2 ayy? 
ertices: ( yet 0) eo ) uF; ae ) a 
‘ 48 64 16 12 
| — 9)2 = 5)2 2 2 
/ 49, Cs wv ) =| Si ee oe 
4 1 25=— 16 


53. 2,756,832,000 miles; 4,575,168,000 miles 
55. Center: (1, — 2) 
Foci: (1 ey 5, —2) 
x Vertices: (3, —2), (—1, —2) 


4 —2 4 6 
35. Center: (—2, —4) 
4+ J3 
Foci: (24 -s) 
2 
Vertices: (—3, —4), (—1, —4) 


eal 57. Center: (2, — 6) 
Foci: (2, -6 + /2) 


co» Exe Vertices: (2, —5), (2, —7) 


37. Center: (—2, 3) 
Foci: (—2,3 + J/5) 
Vertices: (—2, 6), (—2, 0) 


y 
A 


6+ 
59. Center: (2, —3) 
Foci: (2 + /10, —3) 
++ ee Vertices: (3, —3), (1, —3) 


24 
39. Center: (1, —1) 
Foci: Z = 1), (4, = 1) 
Vertices: (3, = 1), (-4, —1) 


A62 Answers to Odd-Numbered Exercises and Tests 


61. The graph of this equation is two lines intersecting at 
(154): 


, 
4 
—+—+— +} +—_ + > + 
VD 2 
2 
+f 
Pea 


63. Center: (1, —1) 
Foci: (1 + \/13, —1) 
Vertices: (— 2, — 1), (4, -1) 


75. — 3)? + (y+ 2)? =4 
Circle 


y 


83. 


85. 


87. 


89. 


Parabola 


True. The equation in standard form is 
w= 3? | (y- 4? _ 


1/3 1/2 i 
wane 29. 2 
€ = => €-a- = C- 
a 
For an ellipse: @=b?4+ 2 
a = b? + e¢@2 
a — 2) = 
Ca (y— kh? _ 
a a*(1 =e) © 


Additive Inverse Property 


Distributive Property 91. f(x) = exucined ll) 
vl 


Review Exercises (page 380) 
1. Domain: all real numbers x # — 12 
3. Domain: all real numbers x # 6, 4 
5. Vertical asymptote: x = —3 

Horizontal asymptote: y = 0 
7. Vertical asymptotes: x = —2,x = 2 


Horizontal asymptote: y = 1 


9. $0.50 is the horizontal asymptote of the function. 


11. No intercepts 
y-axis Symmetry 
Vertical asymptote: x = 0 


Horizontal asymptote: y = 0 


13. x-intercept: (—2, 0) 
y-intercept: (0, 2) 
No axis or origin symmetry 
Vertical asymptote: x = 1 


Horizontal asymptote: y = —1 


15. Intercept: (0, 0) 
y-axis symmetry 


Horizontal asymptote: y = 1 


A 
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17. Intercept: (0, 0) 


19. 


21. 


23. 


Origin symmetry 


Horizontal asymptote: y = 0 


Intercept: (0, 0) 
y-axis symmetry 


Horizontal asymptote: y = —6 


ni 


Intercept: (0, 0) 
Origin symmetry 
Vertical asymptotes: x = +1 


Horizontal asymptote: y = 0 


Domain: all real numbers 


Slant asymptote: y = 2x 


A63 


A64 
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25. Domain: all real numbers x + —2 


29. 


31. 


35. 


59) 


43. 
49. 


SOs 


59. 


63. 


65. 


Vertical asymptote: x = —2 


Slant asymptote: y = x + 1 


ong eat eee eee ae: 
40,000 80,000 


(b) $100.90, $10.90, $1.90 
(c) $0.90 is the horizontal asymptote of the function. 


90 


0 100 
0 


80.3 milligrams per square decimeter per hour 


A B A B G 
= oe 
exe 2) BOS So 
8} 4 2 
= 37. 1 - 2 + Z 
Dan ye aed. 8(x +5) 8(x — 3) 


A 3 -) A 3x “ 3 
2\x-1 7241 “x2 +10 (x2 + 1)2 


Parabola 45. Hyperbola 47. Parabola 
Hyperbola 51. y? = 4x 53. y? = —24x 
x2 y? 
0, 50 Seas or = = jl 
(0, 50) me 
2x2 y? x2 y2 
— =a 1 ———— “_ — 
v) 36 os Ol 25 
The foci should be placed 3 feet on either side of the 


center and have the same height as the pillars. 


71. 


IBY 


THE 


KY. 


83. 


87. 


Mil. 


955 


99: 


5(x — 4)? oye 


(1, 2) 


Degenerate conic (a point) 


4+ 
3+ 
2+ @ 
1+ 
+—+—_+—_+-> x 
-l 1 2 3 4 
-1+ 
(FS 3 PG cores 
SP OSay St 5G a 
9 (y ) (x — 4) 9 
Ellipse Hyperbola 
| emt 
5 10+ 
4 s+ 
2+ 6+ 
liye aay eae a i 2 
— ails > x 
ss) SUL Gtr 
Center: (2, —6) 


Radius: 5 
Oo 1)2 y= 39 
Center: (1, 0) 


81. («+ 5? + (y+2)2=9 
Center: (— 5, — 2) 


Radius: 4/2 Radius: 3 
(x + 6)? = —9%y — 4) 85, (x — 4)? = —8(y — 2) 
(x- 5)? | (y- 3) (oy 
+ =a : = 
25 9 oe 25 # 21 : 
Copies fi * G2? | @>3P 
36 9 _: 64 56m 


16 (G4e Pas 


10.29 centimeters 


97. 8./6 meters 


] 


101. False. The domain of f(x) = = 
we 


numbers. 


Chapter Test (page 384) 


1. Domain: all real numbers x # 4 
Vertical asymptote: x = 4 
Horizontal asymptote: y = 0 

2. Domain: all real numbers 
Vertical asymptote: none 
Horizontal asymptote: y = —1 

3. Domain: all real numbers x # 2 
Vertical asymptote: x = 2 


Slant asymptote: y = x + 4 


y-axis symmetry 
x-intercepts: (—2, 0), (2, 0) 
no y-intercept 

Vertical asymptote: x = 0 


Horizontal asymptote: y = — 1 


No axis or origin symmetry 
no x-intercepts 

y-intercept: (0, —2) 
Vertical asymptote: x = | 


Slant asymptote: y = x + 1 


ar | 


is the set of all real 
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No axis or origin symmetry 
x-intercept: (—1, 0) 

y-intercept: (0, —4) 

Vertical asymptotes: x = 3,x = —4 


Horizontal asymptote: y = 0 


7. 6.24 inches x 12.49 inches 


8. (a) Answers will vary. 


11. 


13. 


b) A= ; 2 
(b) x — 2) oe 
(cc) {| 
2+ 
10+ 
et 
oh 
4+ 
4 
= x 
—2 i MM ot US te 1 UP 
=) 
A=4 
3 1 2 3 
= i, === 
c= DQ wer il x x — 2 
2 3 
a gh a : 12 3-4 
oe geil ear ll ee ap 
Vertex: (0, 0) 14. Center: (5, —2) 
Focus: (2, 0) 


y 

h 

y by | 
2 

J 
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15. Vertex: (5, —3) 
Focus: (5, ~3) 


16. Vertices: (+1, 0) 
Foci: (+ 5; 0) 


t 
4" 
{i 
re t—+-> x 
a) peter! 
7 
2+ 
Bal 
A 
17. Vertices: (0, 0), (4, 0) 
Foci: (2 + /5, 0) 
YY 
4 
18. Center: (1, —6) 
Vertices: (4, —6), (—2, —6) 
Foci: (1 + /6, —6) 
‘ 
es 
-4-3-2-1 je rele te Gy ; 
pe 
call 
~4 
-8 
(= 4)? (y- 2p ye x 
et ee | ee 
» 16 4 : 9 4 


21. Smallest distance: ~ 364,224 kilometers 
Greatest distance: ~ 404,582 kilometers 


Problem Solving (page 386) 
1@ 4 Gib) “Gila Gvyrc 


3. (a) As |a| increases, the graph becomes wider. For a < 0, 
the graph is reflected in the x-axis. 


(b) As |b| increases, the graph becomes wider. For b > 0, 
the graph is translated to the right. For b < 0, the graph 
is reflected in the x-axis and is translated to the left. 


x? ee b) ~ 85.4 feet 
—_—_ = = i ee 
2352.25. 529 ( 


(c) 1115.57 square feet 


6) Gee 
lane se 


Ey (@)) 


9. (a) 


As p increases, the graph becomes wider. 
(b) p = 1: focus (0, 1) 

p = 2: focus (0, 2) 

p = 3: focus (0, 3) 

p = 4: focus (0, 4) 
(c) p = 1: 4 units 


p = 2:8 units 
p = 3: 12 units 
p = 4: 16 units 


Length of chord = 4|p| units 
(d) Answers will vary. 
11. Answers will vary. 


Chapter 5 
Section 5.1 (page 398) 
1. 946.852 3. 0.006 ~—-5. 0.472 


‘5G 8. c oa 10. b 
11. Shift the graph of four units to the right. 
13. Shift the graph of five units upward. 
15. Reflect f in the x-axis and shift four units to the left. 


17. Reflect f in the x-axis and shift five units upward. 


* =| fh 
pols [2 [1 [os Poor 


23. 


f(x) | 0.125 


25. 


oft iz 


1 | IT18 | 7.389 


0.406 | 1.104 | 3 


8-7-6-5-4-3-2-1 | 1 
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33. 


37. 


41. 


43. 


ea 
Ea 
a 


| £0) | 3.004 (3.016 | 3/063 || 3:25" 54 


y 


3 35. 4 
-3 3 
“4 5 
sy 0 
39. 22 
=40. 2 
0 
4 
-3 3 
0 
- 
n 1 y 4 | 
A 5397.31 5477.81 5520.10 | 
| 4 $ $ $ 
ne) 12 365 Continuous | 
A | $5549.10 | $5563.36 $5563.85 | 


A68 Answers to Odd-Numbered Exercises and Tests 
T= 
a n|{1 2 4 
A | $11,652.39 $12,002.55 $12,188.60 
aL 
sane 
me) 12 365 Continuous 
[eee 
A | $12,317.01 $12,380.41 $12,382.58 
47. 
t 10 20 
Besos 
A | $26,706.49 $59,436.39 
fee sie 
0 40 0) 
| t = 5 
A | $132,278.12 | $294,390.36 | $655,177.80 
49, ] 
t | 10 20 
A $22,986.49 | $44,031.56 
SS 
Eee 30 40 50 
| A $84,344.25 | $161,564.86 | $309,484.08 
$1. $222,822.57 
53. $35.45 55. (a) 100 (b) 300 =(c) 900 
57. (a) 25 grams = (b)_ 16.30 grams 
(c) 30 
0 5000 
0 
59. (a) 110 
0 120 
0 
b 
(b) 0 DS || SO. || WS | 100 
y 13 | 45 82 96 | 99 
(c) 63.1%  (d) 38.2 
61. True. As x —o0, f(x) > —2 but never reaches —2. 
63. f(x) = h(x) 65. f(x) = g(x) = h(x) 
67. (a) x<0 (b)x>0 


69. (a) 12 
42 12 
TA 
(b) 10 
Os 
-9 9 
-2 
Wile 4 
f 
Z 
& 
-3 3 


As x00, f(x) > g(x). 

As x —00, f(x) > g(x). 
73. c,d 75. y = 3(2x + 14) 
1h): 


83. Ellipse 


Horizontal asymptotes: 
y=0,y=8 


Horizontal asymptote: 
ae 

Vertical asymptote: 
x=0 


77. y=4J/25 — x2 
81. 


5+ 


85. Hyperbola 


Lae = 64 3.07 =) Se 

T6008 SS Slog 105 a eT logs,3 = 4 
13. logs3g = —2 15. In 20.0855... =3 

7, n4=% “49.4. 21-0) S93 3u eeseS 

27. —0.097 29. 2.913 31. 0.575 33, ¢ 
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34. f 35. d 36. € 37. b 38. a 47. Domain: (2, 00) 
39. Domain: (0, 00) x-intercept: (3, 0) 
x-intercept: (1, 0) Vertical asymptote: x = 2 


Vertical asymptote: x = 0 


49, Domain: (—0o, 0) 


41. Domain: (0, oo) x-intercept: (—1, 0) 
x-intercept: (9, 0) Vertical asymptote: x = 0 
Vertical asymptote: x = 0 
i 
6 
4 
94 > x 
: ! 
4 z 4 6 8 10 12 i 
4+ 
ie 51. 2 53am 
43. Domain: (—2, 00) La 
x-intercept: (— 1, 0) 1 5 0 9 
Vertical asymptote: x = —2 
. 2 -3 
A 
SS 
re 
1 > xX 
d 0 9 
| 
tf =2-- or 
| 
i 
; ai 57. (a) 30 years; 20 years  (b) $396,234; $301,123.20 
45. Domain: (0, 00) (c) $246,234; $151,123.20 
(d) x = 1000; The monthly payment must be greater than 


x-intercept: (5, 0) $1000 


Vertical asymptote: x = 0 


ae r | 0.005 | 0.01 | 0015 0.02 | 0.025 | 0.03 
t | 138.6 | 69.3 | 46.2 34.7 | Dill | P25}, 


A70 


71. (0, co) 
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t 
140 
120 
100 
80 
60 
40 
20 
r 
0.01 0,02 0.03 


Rate 


(b) 


Time (in years) 


(c) Answers will vary. 


61. (a) 100 


a 
0 


(b) 80 (c) 68.1 (d) 62.3 
63. False. Reflecting g(x) about the line y = x will determine 
the graph of f(x). 
65. , 
2 
lf 
1 
ej Se Sexl x 


pip g=fl 


69. (a) 40 


aa 1000 


g(x); The natural log function grows at a slower rate 
than the square root function. 


gc 20,000 


); The natural log function grows at a slower rate 
ee the fourth root function. 


kh 3 <p ez a 


IBS (ea) 4 


-2 
(b) Increasing: (1, co) 
Decreasing: (0, 1) 


(c) Relative minimum: (1, 0) 


Tile Saye) ae SHB: 


Section 5.3 (page 415) 


1. (a) logio x (b) In x 


. $inx + Hn(x? + 3) 


lo In x 
10810 x ad (b) 


log.) 5 In 5 a @) 4 105 In 
3 3 
av ae (b) oe tof) ae (b) on 
Pea Vai 11. —2.000 13.0417 15. 2.633 
- log, 5 + log, x 19. 4 log, x 21, 1 — loge 
: $Inz 25. Inx.+ Iny + 2inz 
Se nee) 29. 5 log,(a — 1) — log, 9 
;Inx — 4Iny 33. 4Inx +$Iny —5Inz 


- 2log, x — 2 log, y — 3 log, z 


39. In3x 41. log, = 
y 


43. log,(x + 4)? 45. log, 4/5x 
az 
47. In +1: 49. 1089 51. aN RIES 
Sah ee ee ee ea 
Dee alll Vice 
Dil log, = log, 32 — log, 4; Property 2 eh 2 


3 
4 

1 

~ 45 69. ~2 
3 


63. 2.4 65. —9 is not in the domain of log, x. 


Tks 7 fs oe 


1S Tis = 3 = loge? © 279264 ln5 
81. (a) 90 (b) 77 (c) 73 (d) 9 months 
(e) 90 — log,,(t + 1)15 
(f) » 


Average score 


2 42 56" “Siem 
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83. False. In 1 = 0 85. False. In(x — 2) # Inx — In2 i 3\ 
a eee 45. + losio(] ~ 0.059 47.14 22 ~2209 
87. False. u =v? ~—- 89. Answers will vary. 3 2 In 5 
logiox _ Inx logi9x _ Inx In 12 3 
91. fic) — oes = BX 93 A) = 080% _ ns 49, ~0.828 51.—-In=~O511 53.0 
(OME 0 ine fix) logit In 3 5 
inf 1 
-_-= 3 
? ; 55.555 + 0.805 57. In = 1.609 
59. In4 = 1.386 61. 21n 75 = 8.635 
: r 63. 5 In 1498 ~ 3.656 65) 330 
on ; ws | " 365 In(1 + 298) 
* = 67. a 6900 
12 In(1 + 242) 
95. f(x) = logig x ES In x - 
log; 11.8 In 11.8 De 6 71. 300 
lett | 
2 ‘ 
-1 5 
-30 -1200 
— 0.427 3.847 
“2 
73. 8 TES 2 
97. f(x) = h(x); Property 2 af ie 
mal -20 40 
ice -4 ~10 
12.207 16.636 
2.4 
i 77. e3 ~ 0.050 79. oa ~5512 81. 1,000,000 
Qk 10/3 
83. 2(3!!/6) = 14.988 85. To = 5.606 
4 
99. os x#0 101. 1,x#0,y #0 87. e2 —2~ 5.389 = 89. e 2/3 ~ 0.513 
2y3 
91. No solution 93. 1+ V1 +e = 2.928 
103. > 1 1 105 ~1lt vol V97 aay ii 
Ne , 6 95. No solution 97.7 99. ——,~— ~ 1.562 
i e 424 4- 
Section 5.4 (page 424) o> 103, 2 = 33 _ 189 384 
ena) Yes (b)No 
3. (a) No. (b) Yes (c) Yes, approximate 105. e Ait 2 
5. (a) Yes, approximate (b) No (c) Yes te # 
9. 4 ie igy = Ish; & ih 2B 
-8 10 -5 30 
19. In2 ~ 0.693 21. ec! = 0.368 23. 64 
=2 5) 
1 
60 » (Bs 29. (9, 2 
25:75 27. (3,8) (9, 2) 2.807 20.086 
31. ne = 1.465 33. In 5 =~ 1.609 109. 8.2 years 111. 12.9 years 
n 
In 80 113. (a) 1426 units (b) 1498 units 
35. In 28 =~ 3.332 37. = 1.994 39. 2 
DADS) 
565 
41. 4 43. a a Oe kn 


In 2 


A72 


115. 


117. 


119. 


121. 


123. 


125. 
127. 


129. 
135. 
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(a) 10 


0 1500 
0 


(b) V = 6.7; The yield will approach 6.7 million cubic 
feet per acre. 


(c) 29.3 years 


(a) y = 100 and y = 0; The range falls between 0% and 
100%. 


(b) Males: 69.71 inches Females: 64.51 inches 


(a) 02 TiLO4 | 0.6 ‘| 08 | 1.0 ] 


y | 162.6 | 78.5 | S25 | 40.5 | 339) | 


(b) 200 


0 1.2 
0 


The model appears to fit the data well. 
(c) 1.2 meters 


(d) No. According to the model, when the number of g’s 
is less than 23, x is between 2.276 meters and 4.404 
meters, which isn’t realistic in most vehicles. 


log, uv = log,u + log,v 

True by Property 1 in Section 5.3. 

log,(u — v) = log, u — log, v 

False. 

1.95 ~ log,9(100 — 10) # log,, 100 — log), 10 = 1 


Yes. See Exercise 95. 


Yes. Time to double: t = ees 


: 
Time to quadruple: t = m = (22) 


A|x|y?./3y 
d=kab 


131. 53/3 
137. 1.226 


133. M = kp? 
139M S195 


Section 5.5 (page 435) 


1. 
4. 


8h Is 
a 5. d 6. f 


€ 2m 


Initial Annual Time to Amount After 
Investment % Rate Double 10 years 
7. $1000 12% 5.78 yr $3320.12 
9. $750 8.9438% USES Vie $1834.37 
11. $500 11.0% 6.3 yr $1505.00 
13. $6376.28 4.5% 15.4 yr $10,000.00 
15. $112,087.09 
17. (a) 6.642 years (b) 6.330 years 
(c) 6.302 years (d) 6.301 years 
1. aa iis | 
Le) 2% 4% Bice 8% 10% | 12% 
t | 54.93 27.47 | Repth |b WlBh9/s) {| 10.99 9.16 
ae | 2% 4% 6% 8% 10% 12% 
el 55.48 [2801 18.85 | 14.27 11.53 9.69 | 
23: 
Continuous compounding 
Half-life Initial Amount After 
Isotope (years) Quantity 1000 Years 
25 RA 1620 10g 6.52 g 
Pn @ 5730 2.26 g 2g 
29, °Pu 24,360 2.16 g 2aleg 
31. y= O33, y= Se=8 OP) BB5 003 
37. k = 0.0274; 720,738 39. 3.15 hours 41. 95.8% 
43. (a) V = —4500t + 22,000 (b) V = 22,000¢-02631 


(c) 25,000 


0 


Exponential 

(d) 1 year: Straight-line, $17,500; 
Exponential, $16,912 
3 years: Straight-line, $8500; 
Exponential, $9995 

(e) The value decreases $4500 per year. 
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45. (a) S(t) = 100(1 — e7 1625") 8s. 
120 s 
90 al 


60 


30 2 
if 


t 
» 40 1520725: 30 x 
Time (in years) 


Sales 
(in thousands of units) 
oS 
+ 


(c) 55,625 
47. (a) S = 10(1 — e~°575*) — (b) 3314 units > 
49. (a) N = 30(1 — e- °°") (b)_ 36 days = 
51. (a) 7.91 (b) 7.68 (c) 5.40 10+ 
53. (a) 20 decibels (b) 70 decibels | 

(c) 95 decibels (d) 120 decibels 4 
55. 95% 57. 4.64 59. 1.58 x 10~° moles per liter 
61. 107 63. 3:00 A.M. 
65. (a) 150,000 


ie) 24 
0 


(b) ~ 21 years; Yes 


67. False. The domain can be the set of real numbers for a 
logistic growth function. 


69. False. The graph of f(x) is the graph of g(x) shifted upward ’ . 
five units. Review Exercises (page 442) 

71. (a) Logarithmic —(b) Logistic (c) Exponential 1, 76.699 |. 73.0337 5. 12018454) Wixc 
(d) Linear (e) None of the above _(f) Exponential 4 O44 10. b 

73. Rises to the right. 75. Rises to the left. 


11. Shift the graph of f one unit to the right. 
Falls to the left. Falls to the right. 13. Reflect f in the x-axis and shift two units to the left. 


3 
Bay —i2e9 79. bx + 3 15. | Sonn > 3 | 
81. 83. f()| 8 | 5 | 4.25 | 4.063 | 4.016 | 


23. 2980.958 
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2 


OE cial a es 
25. 0.183 


x ee ea Oval 2 
h(x) | 2.72 FOS al W064 0.37 | 


y 


eo EES 


-5 +4 -3 2-1 


Sie 5 I 7 


A $6569.98 | $6635.43 


OE: 


$6669.46 | $6692.64 


Continuous 


———— 


$6704.00 | $6704.39 


33. (a) 0.154 (b) 0.487 (c) 0.811 
35. (a) $1,069,047.14 (b) 7.9 years 
37. log, 64 = 3 39. 3 41° —3 


43. Domain: (0, co) 


x-intercept: (1, 0) 


45. Domain: (0, oo) 
x-intercept: (3, 0) 
Vertical asymptote: x = 0 Vertical asymptote: x = 0 


uf y 


47. Domain: (—5, oo) 
x-intercept: (9995, 0) 


Vertical asymptote: x = —5 


49, 3.118 


SU2 


53. 2.034 
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55. Domain: (0, 00) 57. Domain: (— 00, 0), (0, 00) 119, 1 121. 1 
x-intercept: (e~3, 0) x-intercept: (+1, 0) 
Vertical asymptote: x = 0 Vertical asymptote: x = 0 


3) y 


-7 -9 
1.64 No solution 
123. 15.2 years 125. e 126. b 127. f 
x 128. d 129. a 130. c 131. 2004 
133. (a) 13.8629%  (b) $11,486.98 135 .cy = 2e0 10 
137. (a) 0.05 (b) 71 


59. 53.4inches 61. 1.585 63. —2.322 
65. 1+ 2log,|x| 67. 1 + log, 2 — 3 log, x 


69. 2Inx+2Iny+Inz 71. In(x + 3) — nx —Iny 0 
73. log, 5x 75.1n Fw 77. logs y’</x + 4 139. 10-3 watt per square centimeter 
J [2x — I 141. True by the inverse properties 
Bet ae 1) ~ 143. b<d<a<c 
81. (a) 0 < h < 18,000 b and d are negative. 
(b) 100 a and c are positive. 


Chapter Test (page 446) 
1. 1123.690 2. 687.291 3..0.497 4: 22.198 


te) 20,000 
; 5. 


Vertical asymptote: h = 18,000 


(c) The plane is climbing at a slower rate, so the time 
required increases. 


(d) 5.46 minutes 
83. 3 S53 87. In3 = 1.099 89. 16 
91. e4 ~ 54.598 


93. In12~ 2.485 95. 2% Sl IST 

In 22 In 17 
Fe 995 1700 
101. In2 ~ 0.693, In5 ~ 1.609 6. 
103. 2 105. 20 

-4 11 

-4 8 
-8 -12 
0.39, 7.48 2.45 


107. 4e8? ~ 1213.650 109. ge7> ~ 452.011 
111. 3e2 ~ 22.167 113. e4 — 1 ~ 53.598 
115. No solution — 117. 0.900 


A76 Answers to Odd-Numbered Exercises and Tests 


(| Eels mieSes 


fo) 0.865 | 0.632 | | perlerilts | SAO; 09 | 


Shell 


8. (a) —0.89  (b) 9.2 Vertical asymptote: x = —6 
9. 5 | ‘ ‘i 12 1.945: ~ © 132.0115 eed) 1498 
: 15. log, 3 + 4log,|a| 16. n5 + 4Inx — In6 
—6.176 | —6.301 | —6.602 Se eee 
17. logyi3y 18 In“G 19. —F— = 1.321 
20. 0 = 1.597 21. y = 27459157 29. 55% 
Pay, (Gy 
x4 | 1 2 4 | 5 le 
H |58.720 | 75.332 | 86.828 | 103.43 | 110.59 | 117.38 
H 
> 120 
Vertical asymptote: x = 0 Sr 
| 100 
10. 2 90 
x Siew 9 11 | 13 oa 
= 70 
f(x) | 0 | 1.099 | 1.609 1.946 | 2.197 & So 
<= 40 
oe or oe ae 
4+ Age (in years) 
(b) 103 centimeters; 103.43 centimeters 
al 1 
oe ee pee Cumulative Test for Chapters 3-5 
IN ge (page 447) 
-2 
i Ly = —3(x + 8245 
—4 
| 2: 3. 


Vertical asymptote: x = 4 
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eS 2 
See EOP O97 .053 = 3 = DO 2 
: aaa 2x2 + 1 18. (x — 3) = Sy + 2) ee 
5 5 
2 
8. 2x7 — x27 + 2x — 10+ 5 O20 20. Reflect fin the x-axis and y-axis, and shift three units to the 
‘ right. 

a0. x43 — 1127+. 9x +70 : 

Vertical asymptote: x = 3 i 

Horizontal asymptote: y = 2 a0 1 


21. Reflect fin the x-axis, and shift four units upward. 


i 
-10 8 
Vertical asymptote: x = 5 
Slant asymptote: 
y = 4x + 20 i 
22. 1.991 23. —0.067 Are lesa) Ps OPS 
26. 0.302 if = NNGT/B33' 28. — 4.087 
29. In(x + 4) + In(v — 4) — 4Inx,x > 4 
sie In 12 
30. In sia 1N) a1; =~ 1.242 
Ie ar 
Vertical asymptotes: x = +3 32. x +5 = 6.585 33. * = 12.8 
n 
orcene asymptote: 34. L 38 ~ 1490.479 
y=0 
85: 1200 
~20 40 
-200 
20 Horizontal asymptotes: y = 0, y = 1000 


36. $2000 


Answers to Odd-Numbered Exercises and Tests 


A78 


37. (a) and (c) 


23,000 


22,000 


(b) D = —16.07x? + 126.8x + 22,586 
(d) No, because the model will eventually become 
negative. 


38. $16,302.05 40. 2004 


39. 6.3 hours 


Problem Solving (page 450) 


=i 8 =f) =i 


23 4 
jp 


y = 0.5% and y = 1.2%. 
Osas 1.44, 


3. As x— 00, the graph of e* increases at a greater rate than 
the graph of x”. 


5. Answers will vary. 


y=er yy 


(b) eS 


Nie 


15. 


il, 
19% 


21. 


C 13. t= 


(a) y, = 252,606(1.0310)' 
(b) y, = 400.8812 — 1464.6r + 291,782 


(c) 2,900,000 


0 . se ee ee ee 
200,000 


(d) The exponential model is a better fit. No, because the 
model is rapidly approaching infinity. 


yg = (x — 1) — 30 - 1) + F(x — 13 — dm - 18 


The pattern implies that 
Inx = (x - 1) -3@- 1e+ $e = 13 S~-- 


30 


1500 


0 


17.7 cubic feet per minute 


Chapter 6 
Section 6.1 (page 461) 
ore 0.0 5.(229) | 7 (2: 6) (083) 
9. (0, —5), (4,3) 11. (0,0), (2, —4) 
#3: (0, 1),(,=1),G.1) 15. (5,5) 17. (4,3) 
19. (1,1) 21. (2%) — 23. No solution 
B5. (—2,4),(0,0) 27. (0,0), (-1, —1),.(1, 1) 
29. (4,3) 31. (3,3) 33. (2,2), (4,0) 
35. (1,4),(4,7) 37. (4, -4) 
39. No solution 41. (4, 3), (—4, 3) 
43. 6 45. 5 
=¢ 6 Se o 
_2 = 
(0, 1) (4, 2) 
47. 4 49. 16 
-24 24 
-3 6 
2 -16 
(0, 0), (1, 1) (0, — 13), (+12, 5) 
51. (1,2) 53. (—2,0), (32,34) 55. No solution 
57. (0.287, 1.751) 59. (—1,0), (0, 1), (1, 0) 
61. (4,2), (—4,-4) 63. 192 units 65. 3133 units 
67. (a) 781 units (b) 3708 units 
69. (a) Meats y = 25,000 
le + 0.085y = 2,000 
(b) 27,000 (c) $5000 
Bie een 
Decreases; Interest is fixed. 
71. More than $11,666.67 
73. (a) 1500 (b) 24.7 inches 
| (c) Doyle Log Rule 
z 0 
75. (a) f(t) = 4270.2t + 65,082 


g(t) = —552.007? + 12,550.24 + 34,722 


Answers to Odd-Numbered Exercises and Tests 


lige 
81. 
83. 


85. 


87. 
89. 
O35 
95. 


97. 


1. 


A79 


(b) BLO;020. 


Geos on os tl 
80,000 


(c) (8.62, 101,882.73), (6.38, 92,334.27) 
(d) (8.62, 101,888.70), (6.38, 92,323.45) 
(e) f = 129,135,000, g = 98,775,000 
(f) f is more accurate. 

79. 9 x 12 inches 

8 x 12 kilometers 


6 x 9 meters 


False. To solve a system of equations by substitution, you 
can solve for either variable in one of the two equations and 
then back-substitute. 


1. Solve one of the equations for one variable in terms of 
the other. 


2. Substitute the expression found in Step 1 into the other 
equation to obtain an equation in one variable. 


3. Solve the equation obtained in Step 2. 


4. Back-substitute the value obtained in Step 3 into the 
expression obtained in Step 1 to find the value of the 
other variable. 


5. Check that the solution satisfies each of the original 

equations. 
y= 2x 9b) y= 0 
2x + Jy — 45 =0 Mh yo 3 =O 
Oke = thy = its =O 


Domain: All real numbers x # 6 


Oy =i 


Horizontal asymptote: y = 0 
Vertical asymptote: x = 6 
Domain: All real numbers x # +4 


Horizontal asymptote: y = 1 


Vertical asymptotes: x = +4 


Section 6.2 (page 473) 
(271) 


Seen) 


A80 


SE 
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No solution 


13. 
17. 
23. 
Die 
31. 
S5s 
41. 
47. 
49, 


51. 
Spt 
57. 
59. 


—6x + 4y = -10 


(3, 4) 15. (4, = 1) 
(7,4) 19. Nosolution 21. (18, 3) 
(a,ga—3) 28. (31, - 51) 
=) Oe) 
b 32. a SSAC 34. d 
(4, 1) S7(20—1) 39 (G5—3) 
(2%) 43. (80,10) 45. (2,000,000, 100) 
550 miles per hour, 50 miles per hour 
(a) x+ y=10 
0.2x + 0.Sy = 3 
(b) 12 
-6 18 
-4 
Decreases 


(c) 20% solution: 65 liters 


50% solution: 3} liters 


$6000 53. 400 adult, 1035 student 
y = 0.97x + 2.1 

y = 0.32x + 4.1 

WS See se 


61. 


63. 


65. 


67. 


(a) and (b) y = 3.705r + 48.63 


(c) 
$67.16 | $70.86 | $74.57 | $78.27 | $81.98 


(d) $104.21  (e) 2003 


False. Two lines that coincide have infinitely many points 
of intersection. 


(39,600, 398). It is necessary to change the scale on the 
axes to see the point of intersection. 


No. Two lines will intersect only once or will coincide, 
and if they coincide the system will have infinitely many 
solutions. 


69. k = —4 
11.x< —-# ED est 
-2 19 
2 16 
ww ———J x ————] x 
=9 -8 a + 5 -1 0 1 2 zj 
75..—2 <% <.18 77. -5<x<% 

3 d 
nn ee 
35036 Oe eID to as 4-54 -3-2-1 0123 4 

6 yf 12 
1D. + : 5 : = 

5 Race Seer Er 81. In 6x 83. log, ra 
85. No solution 


Section 6.3 (page 485) 


ik 
oF 
itil 


13. 
19. 
23. 
27. 
Sil 
Sie 
3h) 


d Sac Sse 2 4) 4; 4351052) 
(3, -2, 2) 
~ > 2y + oz = 
a2 
2x — 3z=0 
First step in putting the system in row-echelon form 
2.5) 15. (—4, 8, 5) L745, —250) 
No solution 21. (—3, Ib. 3) 
(=34a + 10; 5a\— 7. a) 25. (—@4 3.40 ala) 
(2a, 21a — 1, 8a) 29. (—3a + 5, —3a + 1, a) 
Che eee) 33. No solution 35. (0, 0, 0) 
(9a, — 35a, 67a) 
y = 5x? — 2x 41. y=x?—- 6x + 8 
5 10 
= : 
-6 12 


43. 


47. 
SIE 
5S. 


55. 


Sie 


59. 


61. 


63. 


65. 


67. 
ThE 


73. 


77. 
79. 


81. 
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yeh yd = 0 45. x27 + y? + 6x — 8y =0 S35, (et 2y 4 = 91 El 2 Az 9 
3 10 =% —4yi 38z.= 13 you Ags 3 
ear Oysr 4e= I Ass —- 4z7=-4 
24 ¢ 85. 6.375 87. 80,000 89 11 +i 
“2 £6 91.22+3i 93.4443 
. $3 95. (a) =4,0,3 ©) 
S=—1617 + 144 49. s = — 1612 — 32¢ + 500 


8 touchdowns, 8 extra-point kicks, 2 field goals 


$300,000 at 8% 
$400,000 at 9% 
$75,000 at 10% 


250,000 — +s in certificates of deposit, 
125,000 + 35 in municipal bonds, 


125,000 — s in blue-chip stocks, 
s in growth stocks 


Use four medium trucks or use two large, one medium, and 
two small trucks. Other answers are possible. 


No 10% solution, e liters of 20% solution, i liters of 
50% solution 


t, = 96 pounds 

t, = 48 pounds 

a = —16 feet per second squared 

i a th I x | : 
—=+ ~ 

IM ge Se aml ee | | —)5 | — 4.996 | — 4.93 8a | ll 

(= 1 D 
= ai y 

DINGS SE ot IR Ba es, 

y= —-Fxe-Bxt Fs 69. y= x? —-x 

(a) y = —0.0075x? + 1.3x + 20 

(b) (c) 


x 


100 120 | 140 
| y | 75 | 68 | 55 


175 


The values are the same. 


(d) 24.25%  (e) 156 females 


x=5 TS. = +./2/ 2 or x= 0 
y= 5 y=} y= 0 
N= =5 A=1 A=0 
False. Equation 2 does not have a leading coefficient of 1. 


No. Answers will vary. 

he ee 9 (x yee 
ear y= 2SO %e5 —2z=0 
—x+ y+ 3z=—1 2y+ z=0 


103. (40, 40) 


A81 
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Section 6.4 (page 497) 
Lo S: 


39. No solution 


-9 0 


OSes eee 27 
29. candd 31. a,c, andd 


53. 


ys Dee NG 8 

x20 y>2-4x 

Vy 20 ~ 20 vee 
Siete 6 959) (2 2 35 161. (yess 

56 22 @ itera Ves =X StS 

y20 20 


63. Consumer surplus: $1600 
Producer surplus: $400 

65. Consumer surplus: $40,000,000 
Producer surplus: $20,000,000 


67. (xt+#y< 12 i 
x +3y < 15 
x a) 
yen 
69. (x + y < 20,000 i 
y2 2x 15,000 + 
x > 5,000 
ye 5,000 10,000 + 


71. (55x + 70y < 7500 
x ee) ea 
y2 40 100 


> XxX 


aa + 
20 40 60 80 100 120 


73. (a) y = 1099.7t — 3484 


(c) 26,568 electric-powered 
vehicles 


(b) 9000 


12 


0 


(0) 


75. True. The figure is a rectangle with a length of 9 units and 
a width of 11 units. 


77. The graph is a half-line on the real number line; on the 
rectangular coordinate system, the graph is a half-plane. 
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79. (a) | wy? — wx? = 10 
ys x 
32>. 0) 


(b) 


(c) The line is an asymptote to the boundary. The larger the 
circles, the closer the radii can be and the constraint will 
still be satisfied. 


81. d 82. b 83. c 84. a 
85.5 sy 8 = On 87. 28x tay ls 0) 
89.x+y+18=0 
91. (a) y, = 53.32t + 612.8 
yy = 3.40027 + 9.12t + 746.5 
by 


10) . 
800 
(c) The models are accurate. 
93. 52.619 95. 0.064 


Section 6.5 (page 507) 
1. Minimum at (0, 0): 0 
Maximum at (5, 0): 20 
5. Minimum at (0, 0): 0 
Maximum at (3, 4): 17 
9. Minimum at (0, 0): 0 
Maximum at (60, 20): 740 
11. Minimum at (0, 0): 0 


Maximum at any point on the line segment connecting 
(60, 20) and (30, 45): 2100 


3. Minimum at (0, 0): 0 
Maximum at (0, 5): 40 

7. Minimum at (0, 0): 0 
Maximum at (4, 0): 20 


Minimum at (0, 0): 0 
Maximum at (0, 2): 48 


Minimum at (0, 0): 0 
Maximum at (5, 0): 30 
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17. 19. 


(10, 0) 


Minimum at (5, 3): 35 Minimum at (10, 0): 20 
No maximum 


235s 


No maximum 


21. 15 
-5 


Minimum at (24, 8): 104 
Maximum at (40, 0): 160 
25. Maximum at (3, 6): 12 Dis 
29. Maximum at (0, 5): 25 31. 


33. 750 units of model A 
1000 units of model B 
Maximum profit: $83,750 


35. (a) P = 25x + 40y 
(b) 150x + 200y < 40,000 


5 
Minimum at (36, 0): 36 
Maximum at (24, 8): 56 


Maximum at (0, 10): 10 
22 12). 271 


Maximum at (= Giloare 


wear y s 250 
3g 2 0) 
y2=0 

Oa 
o 
B: 
Qa 
lay 
) 
s 
g 
S 
3 
E 
i} 
Z 


50 100 150 200 250 300 
Number of $150 CD players 


(d) O units of the $150 model 
200 units of the $200 model 


(e) Maximum profit: $8000 
37. Three bags of brand X 
Six bags of brand Y 
Minimum cost: $195 
39. Four audits 
32 tax returns 
Maximum revenue: $17,600 


41. $62,500 to type A 
$187,500 to type B 


y 


43. 


45. 


47. 


49 


51 


55. 


Suh 


61 


The maximum, 5, occurs at any point on the line segment 
20 45 
connecting (2, 0) and ($6, 73). 


y 


The constraint x < 10 is extraneous. Maximum at (0, 7): 14 


y 


The constraint 2x + y <4 is extraneous. Maximum at 
(0, 1): 4 


. True. The objective function has a maximum value at any 
point on the line segment connecting the two vertices. 


ae 79 (GO) 4S WES S153. aes, 
z=4x+y 

9 Be es ee BG} 
ee 0 — 
2(x + 3) XG, = 2) 
- Parabola 63. Ellipse 


, & +3 


65. Hyperbola 


67. In3 ~ 1.099 


69. 41n 38 ~ 14.550 


71. $e!/7~ 1.851 73. (—4,3, -7) 
Review Exercises (page 512) 
1. (5,4) 3. (0,0), (2,8),(-2,8) 5. (4, -2) 
7. (1.41, —0.66), (— 1.41, 10.66) 
9. 2 

-6 6 

-6 
(; —2) 


11. 10,417 units 
17. (—0.5,.0.8) 
Z3. d I 25saD 


500,000 159 
27. ( ij omer 


33. (3a + 4, 2a + 5,a) 
oy Okt x 5 
4 3 


.- + 
aw Ke 4A— x + 2 


13. 96 x 144 meters 15. (3, 3) 
19. (0, 0) 


21. (a aie a a) 
26. a 


29. (2,-4,-5) 31. (4,2, -3) 


35. (a — 4,a — 3,a) 
39. x7 + y? —4xn + 4y-—1=0 


] 2 


5 se 
se x | 8 ae I 


45. (a) y = 596.50x* — 7147.5x + 20,083 


(b) 9000 


The model is a “good fit” for the data. 


(c) 47,083. No. 
47. $16,000 at 7% 

$13,000 at 9% 

$11,000 at 11% 
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49. 


Sis 
x 
1 . 
\ ° UPD ls 
\ 5) Ue 
1 4 UKs 
\ @3) 9? 
3 
\ ¢ 
, 27.41 
\ 1 
(-1, 0) 1 
eel fof 
yy, 23 


1600 


0 


1600 


51. 


63. Consumer surplus: $4,500,000 
Producer surplus: $9,000,000 


Pp 


& Consumer Surplus 
© Producer Surplus 


p = 160 —0.0001x 


(300,000, 130) 


p=70 + 0.0002x 


100,000 200,000 300,000 


A85 


A86 Answers to Odd-Numbered Exercises and Tests 


65.0 Minimum at (0, 0): 0 
Maximum at (5, 8): 47 


67. Minimum at (15, 0): 26.25 


No maximum 


35165 910° 15) 18) 21) 24:27: 
Minimum at (0, 0): 0 
Maximum at (3, 3): 48 


71. 72 haircuts, 0 permanents; Maximum revenue: $1800 


73. Three bags of brand X 
Two bags of brand Y 
Minimum cost: $105 


75. False. To represent a region covered by an isosceles trape- 
zoid, the last two inequality signs should be <. 


Wl, 38 ar 9 = 2 79, Sea ap 7 
ae Pies a 

Sil, [[sese sp sr = E eh [| 25e sp Dp = Be = 
xy — Zz — 0 B= Dae eS 
i ie ma aay) z= 11 


85. An inconsistent system of linear equations has no solution. 


87. Answers will vary. 


Chapter Test (page 516) 


1354) = 2.5 (071), (1, OP Oa) 
3. (8, 4); (2, —2) 


(1, 12), (0.034, 8.619) 

Tee 5) oh (5s 10) 
9. (2, —3, 1) 10. No solution 
11. 12; 


13. s 


14. Maximum at (12, 0): 240 
15. 8%: $20,000 

8.5%: $30,000 
16. y = -jx27+x4+6 


17. 0 units of model I 
5300 units of model II 
Maximum profit: $212,000 
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Problem Solving (page 518) ime 4 1 
1 4 3 
- 19,1 9, Bll 2. (0m =? TG 
YO 3 BW 4 
iN yk 4 -l 
01-2 § 
z Y B 2 4 
23. Add 5 times Row 2 to Row 1. 
(10, 0) 25. Interchange Row | and Row 2. Add 4 times new Row | to 
reais Row 3. 
a = 8/5,b = 4/5,c = 20 27. Reduced row-echelon form 
2 2 5 
(8/5) + (4/5)? = 20? 29. Not in row-echelon form 
Therefore, the triangle is a right triangle. 1 9) 3 1 9) 3 
3. ad#cd = 5. (a) One’ —(b) Two. (c) Four SAC) SO NaS. TON (GOs eee eae 
7. 10.1 feet deep; ~ 252.7 feetlong 9. $12.00 ed el DE Ns 
2 1 1 1 D 3 Pees) 
11. (a) (3,-4) (@) (=. = 4) (c)}0 -5 -10] @)|0 1 2 
0 0 0 OmaO 
13. (a) (—5Sa + 16, 5a — 16, 6a) re ; 
(c) (=a + 3, a — 3, a) (d) Infinitely many Our 0 
m5. (a) jy = 91 +:3.7x— (b)e-a0 The matrix is in reduced row-echelon form. 
y < 119 + 4.9x ete) 5 kt =< =f 7 
x2 0 33, 0p eter Ol) 35 )/0me eearones 
y= 0 001 -1 OuMnO: FL0820 
i Ki 1 DHOIKO 
bnlane OQ. .@. th..€ 
(c) 142.8 pounds < y < 187.6 pounds yh Ot O 39. oeouoes 
Oa Oo O @ @ 
Chapter 7 
1 @ 3 io 
Section 7.1 (page 532) 41. i 12 a 
ete 3. 3% be 5.2.62 Ba oer 4 45. |x-y+2z= 4 
AO% 1 10 -2 p) Maas) yi Seen 
pets e 9315, 23. salen 0 As ae 
meat Shy 6 (—2, -3) (8, 0, —2) 
i ia 47. (3,-4) 49. (-—4,-10,4) 51. (3, 2) 
10 53. (—5, 6) 55. (-1, —4) 57. Inconsistent 
13. 4 PC) eT eae I ale aN 59, (4,-3,2) 61. (7,-3.4) 63. (4, -3, 6) 
be = —2z= dl 
CG a eas 6S Oa i302, a) 
6x + 3y = yy ; 
67. (4+ 5b + 4a, 2 — 3b — 3a, b, a) 69. Inconsistent 
On 12y + 3z = 0 oe 
—2x + 18y + 5z+2w= 10 We (O,2."4a, a) 737 (1,04, —2) 
ter Ty — 8Z = —4 75. (—2a, a, a, 0) 77. Yes; (—1, 1, —3) 79. No 
a 3 
+ 2z 10 ieeo" a5 es. T 3 
Sin |Gn i. —3),10 1 2 -1 
taal yea 2 


A88& Answers to Odd-Numbered Exercises and Tests 
4x? 1 3 2 
= + 
ee GEG 1) be oe SSL eh) 


85. $150,000 at 7% 
$750,000 at 8% 
$600,000 at 10% 

87, you? +2x4+ 5 

89. (a) y = —0.004x? + 0.367x + 5 
(b) 18 


(c) 13 feet, 104 feet 
(d) 13.418 feet, 103.793 feet 
(e) The results are similar. 
91. (a) x, = 5, x, = t, x, = 600 
Dea 00 eaat, 
(b) x; = 0, x) = 0, x; = 600, x, = 0, x, = 500, 
ne — (Re IK) 
(¢) 4 = 0; x, = —500, x, = 600, x, = 500, 
x; = 1000, — 500 


93. False. It is a2 x 4 matrix. 


Seas ts 


Ne = By oy =P 


i = V5 ty = 


95. False. Gaussian elimination reduces a matrix until a row- 
echelon form is obtained; Gauss-Jordan elimination reduces 
a matrix until a reduced row-echelon form is obtained. 


97. (a) There exists a row with all zeros except for the entry 
in the last column. 


(b) There are fewer rows with nonzero entries than there 
are variables and no rows as in (a). 


99. They are the same. 
101. Circle 103. Line 105. Ellipse 
107. 109. 


Section 7.2 (page 547) 


1. x= —4, y= 22 sh SD = 3 


ili. 


13% 


Nh 


nN 


21. 


27. 


335 


Sil 


43. 


5 -5 18 -3 
(a) )| 3 -1] @]| 6 12 
-4 -5 -9 15 


(a) 


(b) 


ie gu 
(d) i) 

[2 

| 

| 


oO 475 Py 


] 1 
4 6 
6 Ga 0 3 
3 3 

Ae) 3 
of : 


=Sr=24 127 1 
(a), (b), and (d) not possible 


o| 3 0 4 
= 120) 


— DA el) 
ie rt a is 32 a 
be 10 | 19 [es ee 
: 11.571 10.286 
eS ull = she 
— 4252, — 13.249 
9.713 — 0.362 
2a) 3 
25. t= ae 
e eH a 


| 


| 


w 
| 

=, 

es) 

(= 

(=) 


Not possible 29./10 16 31500 4 0 
26 46 OF 00 
OROrO 4] Tema, 
ORO 0 35:4) 42 Jel) 
Unatle 0 —s10'gf= 251 45 
151 25 48 
S16 279" (387 39. Not possible 
tie D0 0E 87 


0 15 5 2 Oral 
2) k | ow |5 a ©) E | 


O10) 0 —10 Sa 6 
@ & 4 . fs 4 © E | 


45. 


47. 


51. 


53. 


55. 


SW 


59. 


61. 


63. 


65. 


(b) [13] 


ee ss * ie a 
| 


(c) Not possible 


Shei x,| e-[4 4 
®) Be El = | (®) H 
ee ie ag 
@ | 6 l= | se! w) | 4 
I ss 3} 1/22 9 1 
Geet 936271 )=|=el! oe 
Ses 17 2 
t +5 | Xe —20 = 
se de 1 ees li tlasin Slee laws 
0 -2 5||x,| |-16 = 
es 60 a 
42 120 84 
_f125 100 75 
@ a= 175 fe) 


The entries represent the numbers of bushels of each 
crop that are shipped to each outlet. 


(b) B = [$3.50 $6.00] 
The entries represent the profits per bushel of each crop. 
(c) BA = [$1037.50 $1400 $1012.50] 
The entries represent the profits from both crops at 
each of the three outlets. 
$15,770 $18,300 
$26,500 $29,250 
$21,260 $24,150 
The entries represent the wholesale and retail values of the 
inventories at the three outlets. 


0300 Olam OTS 


P? =|0.308 0.433 0.217 


Answers to Odd-Numbered Exercises and Tests 


A8&9 


0.206 0.198 0.198 
P? =|0.308 0.316 0.288 
0.486 0.486 0.514 
bee 0.199 0.199 
P®§ = 10.305 0.309 0.292 
0.492 0.492 0.508 
Approaches the matrix 
O72 O27 O” 
0:3; 05> 03 
0.5) 05 05 


67. True. The sum of two matrices of different orders is 
undefined. 


69. Not possible 71. Not possible Ts 2S A 


Ibo ZB 77. AC= BC =|2 ;| 


AB is a diagonal matrix whose entries are the products of 
the corresponding entries of A and B. 


81. -8,3 83. eet tl 


87. (7,-3) 89. (3, -1) 


Section 7.3 (page 557) 
1-9. AB =] and BA = 1 


1 
2 oO -3 2 1 
2 

u. (5 | ill D: A 18. |) 


19. Does not exist 


Uo: 


65.4.2, 


17. Does not exist 


0.392 


0.250 
0.315 
0.435 


0.225 
0.314 
0.461 


0.213 
0.311 
0.477 


P® 


0.392 


0.188 
0.377 
0.435 


0.194 
0.345 
0.461 


M7) 
0.326 
0.477 


0.608 


0.188 
0.248 
0.565 


0.194 
0.267 
0.539 


0.197 
0.280 
0.523 


Me 


1 1-1 eee 0 
21.]-3 2 -1 23.|-2 -.; 10 
PSOE otis) Tie, sete Neg 
20 4 5 
a ee te 
eer) ae -175 37 -13 
25. Gage | Ssh) Un) cal 
UR a Mr 32 Ith 
0 0 0 3 
= 1:5? 15a -12 -5 -9 
29.| 45 -3.5 —-3 31.| -4 -2 -4 
-1 1 1 -8 -4 -6 
0-181 0.90 
ak || S13 5 35. Does not exist 
10 -2.72 —3.63 
[ese Ihe 0) 
Op te alr Ooprhel fe 4 
37. 39./ 2. 5 
eee) =e 
‘ne A On aes 


A90 


41. Does not exist 43. | 4 


47. 
53. 
&e). 
63. 
67. 


69. 


71. 


79. 


5 22S) wr 


16 
59 


Answers to Odd-Numbered Exercises and Tests 


15 


59 
; 45. (5, 0) 


759) 959 
(—8, —6) 49. (3,8, —11) Sk. , i, OO 
(2, —2) 55. No solution 57. (—4, =8) 
(-1,3,2) 61. (Ra+2, Ba+ ta) 
(—7, 35-2) 65. (5, 0;°=2,5) 


$7000 in AAA-rated bonds 
$1000 in A-rated bonds 
$2000 in B-rated bonds 
$9000 in AAA-rated bonds 
$1000 in A-rated bonds 
$2000 in B-rated bonds 
(a) J; 


I, = 8 amperes 


= —3 amperes 


I, = 5 amperes 


. Answers will vary. 


BS =O 


= =D <8 =9 =G =F =A 


2 In 315 
In3 


=~ 10.47 81. 2° 


Section 7.4 (page 565) 


1. 
13. 
23. 


25. 


27. 


29. 


31. 
SD: 
43. 
SRL 


5 BS) Sb 27/ de 0 9. 6 (ik, = 
72 15. 7 17. —0.002 19. —4.842 21. 0 
(a) My, = —5,M)) = 2,M,, = 4, M,, = 3 
On = 35,0 = —2,C,= =4 6, = 3 
(eM ete Man 2M — IM, a3 
(OE Cia aa. C2. C1 CO = 8 
@)M i = 3) = —4, M,.= 1, M,, = 2, M,, = 2, 
M,; = —4, M3, = —4, M3, = 10, M,; = 8 
(OIC = 3; Cy — 4, C= ING = —2: Cy = 2, 
Ca 4,6, = —4, C, == 10, C8 
(a) M,, = 30, M,, = 12, M,, 11, M,, = —36, 
M,, = 26, M,, = 7, M3, = —4, M3, = — 42, M,, = 12 
(DEC 30). C= = 12.6 na Cri On, = 20; 
Ce 1 Cz = 4.0, = 4), C3; = 12 
(a) —75- (b) —75 33. (a) 96 = (b) 96 
(a) 170 (b) 170 37. 0 39. 0 41. —9 
oe 45. —30 47. —168 49. 0 51. 412 
NAS 55. 0 Me 8356 59. 410 


(b) J, = 2 amperes 


I, = 3 amperes 


I, = 5 amperes 


. True. If B is the inverse of A, then AB = J = BA. 


= 9 0)5)1! 


=) 0 
OLN) SD) eC) 0 e (d) 6 
—4 4 
63:1(2) 0a) 20 anc) 1 ee (d) 0 
7 1 4 
65, (a) = 21 1b) eo) (cals Ora 5 (d) 399 
YT =3 9 
1 4 3 
675 (2) tb) a One (CO) el 0 3 (@)) shy 
0 2 0 
69-73. Answers will vary. TSiase ly 4. Thife = il, =e! 
79. 3uy— 1 81. e* $3; (1 — Inx 


85. True. If an entire row is zero, then each cofactor in the 
expansion is multiplied by zero. 


87. Answers will vary. 


89. A square matrix is a square array of numbers. The deter- 
minant of a square matrix is a real number. 


91. (a) Columns 2 and 3 of A were interchanged. 
|A] = -115 = —|B| 
(b) Rows | and 3 of A were interchanged. 
|A| = —40 = —|B| 
93. All real numbers Ves SUS 35 cdl 


97. All real numbers t > | SOT ys) a 
Se eae 

le Sesh 

1 64 28 maid 


103. y 


il 1 
105. ; 107. Does not exist 


Section 7.5 (page 577) 
1. (2;—2))- 332 2) 
7. (=2, 1y—1) 

3 


5) (—143)2) 
9. (0,-4,4) “11. (4,2, ) 13. 7 


15.14 17.3 119. ot a se tet 
25. —3 or =11 27. 250 square miles 29. Collinear 
31. Not collinear 33. Collinear 35. x = —3 


I-33 Oy =0 
41. 2x + 3y -8=0 


59 Sy 0) 


43. 


45. 
47. 


49. 
SF 
We 


59. 


61. 
65. 


1. 


as 


15. 
21. 


Uncoded: [20 18 15], [21 2 12],[5 0 9],[14 0 18], 

[9 22 5],[18 0 3],[9 20 25] 

~52 10 27 —49 3 34 —49 13 27 

=94 22 54 i 1-—7 0 $12 9 

= (2041 55 

—6 —35 —69 11 20 17 6 -16 —58 46 79 67 
—5 —A1 —87 91 207 257 11 —5 —41 40 80 
84 76 177 227 

HAPPY NEW YEAR __ 51. CLASS IS CANCELED 

SEND PLANES 55. MEET ME TONIGHT RON 


False. The denominator is the determinant of the coefficient 
matrix. 


Encoded: 


False. If the determinant of the coefficient matrix is zero, 
the system has either no solution or infinitely many 
solutions. 


(—6, 4) 63.0—1.0, —3) 


Minimum at (0, 0): 0 
Maximum at (6, 4): 52 


Review Exercises (page 581) 
3 -10 15 
BY Sel Se lex 1 Ap 4 =| 
actin <a 
4x + 2y = 10 
Ox+4y+2z= 3 
i 2003 
hae ee 
Gi Oba) 3 
x+2y+3z=9 13, |x — oy + 4z— 1 
y—2¢=2 y+ 2z=3 
z=0 z=4 
(5, My 0) (—40, =e) 4) 
(10,42 enna. 29 4) Oi 1914(572,— 6) 
(-2a + 3,2a+1,a) 23. (1,0,4,3) 
3s) 27/223 = 1926 —10).—3) 


2S. 


Answers to Odd-Numbered Exercises and Tests 


-1 8 ay) 
ey | 15 i o) 9 al 
Seg -7 28 
(©) Ee fi (d) | 30 e 
So any 5 | 
37. (a) |=2) 14/940) | —11 =10 
Swed == 38 
20 16 5eiii3 
(c) (Pao Re 23681) od), a501 3s 
44. 8 qt 22 
5A A 
39. Ki = Ata 25004 
aS ) 
—\400 4 
AS TiSi_—3 
43. 45. Tae 
ie ee ee DE ies 
a 2 
3 ate 100 220 
ao \ aaa 49. | 2 “al 51.| 12 -4 
10 9 SA 
3 
eee ao) 
4 
63.114. 10) 40 55 ee | 
36 12) WAS 
0A 8 Mie 
Si Ee ils oa ke 4 
ive ph 9) 96 84 108 48 
61. 19) "41 sO 63.| 60 36 96 24 
42 -66 66 108 72 120 60 
65 and 67. AB = Jand BA = 1 
ee 13 6 -4 
69. E fe TAs as 
ae OS a 
pat ae 23 615 bP 5 
: : ve Se i 
ty pa) eee) 
eae ; Q ik 7 15 0 145. —-95 
0% 4. 3 at a 25) 2-58 oole5 
ot 2 2 
Zink 3 ise 2 
aes 10 6 
$12 (46, (1)' 983.61) | © 85..(27=1,—2) 
87. (6,1,-1) 89. (—3,1) 91. (1,1, -2) 
93. —-42 95. 550 
97. (a) My, = 4,My = 7,My, = —1,My = 2 
(Gn = 4 C= 1.6, = 1c 


A91 


A92 


99. 


Answers to Odd-Numbered Exercises and Tests 


(a)iMic= 30 MiP —12, i = 21 
M), = 20, My, = 19, My, = 22, My, = 5, 
My = —2, My, = 19 


(b) Cy, = 30, G5 = 12, C3 = =21, 
Coe 0a — 1D C= 
Cy = Gs = 26,4 = 19 
101. 130 103. 279 105. (4, 7) 107. (455) 
109. 16 106 Paw 0) 113. Collinear 
IWS, 22 = Dy ap A SG Whe Ze ce oy = 1h) =) 
119s Uncodeds[12V15 5) (i 0 15)5 (21, 20 0), 
(eno: 2 S23" <0] 
Encoded: —21 6 0 —68 8 45 102 —42 -—60 —53 
LOE 2A 99s 30) 69 
121. SEE YOU FRIDAY 
123. False. The matrix must be square. 
125. The matrix must be square and its determinant nonzero. 
127. No. The first two matrices describe a system of equations 
with one solution. The third matrix describes a system 
with infinitely many solutions. 
129. ) = +2/10 — 3 
Chapter Test (page 586) 
Pace ie, Pe ane 
: ; P : é 0 0 0 0 
0 0 0 0 
4 3 =D ee 4 
Salty tad 200 Fg.) 
3 i =a : 8 
1 5 
wolf] of 3 
of) of 3 
hee -2 4 3 
5. ; ; Goi Sine Amn 
2 4° =6 5 
7m 13-22) 8. — 196 9. 29 10. 43 
1iS3(=3,5) 125-2, 46) eh F 
14. Uncoded: [11 14 15], [3 11 0], [15 14 0], [23 15 15]; 
[4 0 0] 
Encoded: 115 —41 -—59 14 -3 -11 29 als) 
ml 4 5128) — 530-6094. 40) 
15. 75 liters of 60% solution 


25 liters of 20% solution 


Problem Solving (page 588) 


11. 


13. 


1S: 


17. 


19! 


» (a) Yes 


pole es | 
OAL = tnd Boek ig 
AAT ie = eT 
-1 -4 -2 
ji 
4 
AT 4) T 
A 
+++ +—+—_}_}-> x 
= Area et rl ph ey 
sal 
AAT 
tet 


A represents reflections in the origin and in the x-axis. 


(b) AAT is rotated clockwise 90° to obtain AT. AT is then 
rotated clockwise 90° to obtain T. 


(b) No (c) No’ (d) No ses 


1 ] 
. Answers will vary. For example: A = | | 


0 0 


. Answers will vary. 


a 0 Oma 
ill 3 One 
Q) =] 55 0 
0 WD =i 


Transformer: $10.00 
Foot of wire: $0.20 


Light: $1.00 


—] 2 
AL =| Oa ar= |? uae 
=) 1 
2D 5 
AB)? = TAT 
apy =|7 ~*] = ar 
0.0625 — 0.4375 0.625 
AN = || ORS 0.6875 = LDS 
S=(QuIDS =OLIDS OWS 
1 
Aa = —_ = 
At] = = [Al = 16 
1 
|A7! — ae 
|A| 


(a) Answers will vary. 


(b) Squaring the 2 x 2 matrix yields the zero matrix. Cubing 
the 3 x 3 matrix yields the zero matrix. 


(c) A‘ is the zero matrix. 


(d) A” is the zero matrix. 


Answers to Odd-Numbered Exercises and Tests A93 


Chapter 8 105. (a) A, = $5100.00, A, = $5202.00, A, = $5306.04, 

Section 8.1 (page 599) A, = $5412.16, As = $5520.40, A, = $5630.81, 
Aj = $5743.43, A, = $5858.30 

(b) Ayo = $11,040.20 


i 0 13,16 3.-2, 4, 8,.16):32 
Bue? A816, — 32, 7.93, 2,3, 3.4 


107. (a) b, = 50.0n + 168 
12 9 24 ht 
Se 11. 01,054,013. 5, 5, ae ’ 
es CET (b) c, = —1.36n? + 65.0n + 138 
Tet 9 area op arene agers Vo 
2212) GAR. 5302 DAS AD 
iY augers 1 REY GY INS) 
Delos 167 28 PAS re oy 


228 | 260 | 294 
23. 0, 0, 6, 24, 60 75 = Tf) 


27. 0.000282 29. 45 
31. 


218 | 268 


ayn. 202 | 263 


= eal 568 | 618 | 668 
Lc, | 479 526 W571 | OlSe| 052 


The quadratic model is a better fit. 
(d) The quadratic model; 807 
109. a) = 3183.1, a, = 3615.4, a, = 4006.5, 
a, = 4356.3, a, = 4665.0, a, = 4932.4, 
ea ee Sn ee dg = 5158.6, a, = 5343.5, a, = 5487.2, 
AH1y ee +1) nN sk 


= A ————— = 5589.7, = Sip l (0) 
‘ n+2 pe: 2n =A - #10 


ah} 


SiG 38. b 39. d 40. a 


45. a 


6000 


1 
WG rine late (— 1)"*4 = Sot, 


55. 28, 24, 20, 16, 12 57. 3,4, 6, 10,18 


0 1 


59. 6, 8, 10, 12, 14 (Sly SE 7, SE, Sh 0 
243 111. True by the Properties of Sums 
ad, = 2n+4 Ot ae 
3 113. 1, 1,2, 3, 5, 8, 13, 21, 34, 55, 89, 144 
1 1 Be Su Biel P21 S455 89 
632 — 65. 90 6727 1 69° = 25 > 3> 52 8» 139 21? 347 55 
30 2n(2n + 1) 
3 115. $500.95 117. Answers will vary. 
3D 73. 40 1B BY OH fer 79. 88 cin, anes 
47 Fr laren ee 3 
81. 30 83. 81 85. 6 » % 56> 9A’ 120 
914 8 i S sete DD of 6 8 10 
87. = 89. 12() 32 3| 1S et) 3: Ls ee x x x 
» 3i 4 8 » ee 2’ 24’ 720’ 40,320’ 3,628,800 
20 (—1)'*} 5 Ji — 1 15 ee REC 3 \ we 
3, bly inte 4P ate € Napa Rt 05) Gee 0 


101.4 103. 5 


A94 Answers to Odd-Numbered Exercises and Tests 
8 1 —26 1 
=5} | (b) 15 pi 


18 9 i 
© | 18 ‘| (d) i a 


Py ING, 
129. (a) a 4 (>) || Sl iil 3 
1 4 3 Sol wi “aa 
=v 7 Pie I Bik Al 
(c) 4 42 45 YO at Bil 
[R23 (248 3) 2B Ds 
131. 26 133. —194 


Section 8.2 (page 609) 


1. Arithmetic sequence, d = —2 
3. Not an arithmetic sequence 
5. Arithmetic sequence, d = — i 
7. Not an arithmetic sequence 
9. Not an arithmetic sequence 

11, 8.141 514720 

Arithmetic sequence, d = 3 
13. 7, 3, —1, —5, —9 

Arithmetic sequence, d = —4 
152 sole 

Not an arithmetic sequence 

17, -3,3, -1,3, -3 

Not an arithmetic sequence 
19) 19, 19723, 27,31;d = 4:4 =4n 211 
21. 200, 190, 180, 170, 160; d = —10; a, = 107 + 210 
23. 3.2.39 91d = —$a, = 
Pasty yy Alle) ps B18) 27. —2.6, —3.0, —3.4, —3.8, —4.2 
29, 2, 6, 10, 14, 18 Si 2,2, 6, 1014 
33. a, = 3n — 2 35. a, = —8n + 108 
37. a, = 2xn — x Shih CG ie re 
4l.a,=3n+2 43. a,=—3n+ 103 
45. b 46. d 47. c¢ 48. a 
49. 14 Sil 


1 3 
RM a a 


0 10 
0 

53. 620 55. 17:4 57. 265 59. 4000 

61. 1275 63. 30,030 65. 355 67. 160,000 

69. 520 (ANS PAS) 73. 10,120 75. 10,000 


77. (a) $40,000  (b) $217,500 

79. 2340 seats 81. 405 bricks 

85. (a) a, = 1048.8n + 19,188 
(b) y = 1089.5n + 18,397 


This model is quite close to the arithmetic sequence. 


83. 490 meters 


(Cc) 32,000 


0 10 
18,000 


(d) 2001: $30,725; 2003: $32,822 
(e) Answers will vary. 

87. True. Given a, and a, d = a, — a, and 
a, = a, + (n — 1)d. 


89. (a) 7% 


(b) > 


234567891011 


(c) The graph of y = 3x + 2 contains all points on the line. 
The graph of a, = 2 + 3n contains only points at the 
positive integers. 


(d) The slope of the line and the common difference of the 
arithmetic sequence are equal. 


91. 4 
93. Slope: ;. 


y-intercept: (0, —3) 
y 
A 


95. Slope: undefined; 


No y-intercept 


i 
[ 


2 4 618 10 12 14 


Answers to Odd-Numbered Exercises and Tests A95 


Section 8.3 (page 618) 97. (a) a, = 1142.90(1.01)" 
1. Geometric sequence, r = 3 (b) The population is growing at a rate of 1% per year. 
3. Not a geometric sequence (c) 1394.6 million 
5. Geometric sequence, r = —5 (d) 2003 
7. Geometric sequence, r = 2 99, (a) $11,652.39 (b) $12,002.55 
9. Not a geometric sequence (c) $12,188.60 (d) $12,317.01 
BimeeG 16540162. 913°. 15,459,596 (e) $12,380.41 
15. 5, —4, 5, so ats 17. 1. ¢, e2, 3, e 101. $7011.89 103. Answers will vary. 
ee ve xt 105. (a) $26,198.27 107. (a) $637,678.02 
Me 32128 (b) $26,263.88 (b) $645,861.43 
21. 64, 32, 16, 8, 4;r =4; a, = 128(4)" 109. Answers will vary. 111. 126 square inches 
Paeqe 428. 56,1129 2 a, = 30)" 113. $3,623,993.23 
Bo. G, —9; = = = r= 3. a, = —4(- 3\" 115. False. A sequence is geometric if the ratios of consecutive 
terms are the same. 
—. Se 8x 
27. 128 29. 310 31. 100¢ 33. 1082.372 117. The value of a real number between —1 and 1, raised to a 
Bene 37-2 39a 40) al ye 42d ee a ae 
2 2 
sae Age 119. ¢x% 2x 121.344 Great 
123. x(3x + 8)(3x — 8) 1253, B04 1)Qx — 5) 
+ 
0 10 : 2 7, ae 3) 129 
soe) 3 2) 
5x. 4 Ox 080 
~16 = ee 
. ie Ga 
47. ° 
Section 8.4 (page 630) 
1 5 (k + 1)?(k + 2)? 
TG Ais 2) j 4 


5-17. Answers will vary. 
19. 120 21, 91 23 oo 25. 70 27. —3402 


51.511. 53,171 55. 43 57. 32 


& ad a 1: 9)" 
59, 29,921.311 61. 592.647 — 63. 2092.596 29. S,=nQn—1) 31. S, = 10 10(;5) 
65. 3 67. 6.400 69. 3.750 26h Sy = Tera 35-47. Answers will vary. 
n 
T. T i 6 
ines SG 73. >, 21-4) 75.) Oy 49. 0,3, 6,9, 12, 15 
n=1 n=1 n=1 


First differences: 3, 3, 3, 3, 3 

Second differences: 0, 0, 0, 0 

87.32 89. Undefined 91.7 93.5 Lineat 

95. 20 51 3Alie 25-6, ail ly 

First differences: —2, —3, —4, —5, —6 


Second differences: —1, —1, —1, —1 


We 979.2 81. 2— 83.3 85. —30 


Quadratic 
-15 53. 2, 4, 16, 256, 65,536, 4,294,967,296 
First differences: 2, 12, 240, 65,280, 4,294,901,760 
Second differences: 10, 228, 65,040, 4,294,836,480 
Neither 


Horizontal asymptote: y = 12 


Corresponds to the sum of the series 


A96 


55s 
Shy, 


61. 
63. 


65. 
69. 
TB 


75. 


Answers to Odd-Numbered Exercises and Tests 


OE (i Mcnal Wa) 57. a, = 5n2+n-3 


(EQ) WO, to, 149), 112 

(b) A linear model can be used. 
Ob == NASI ae NG.) 

(c) $39.68 million 

True. P, may be false. 


True. If the second differences are all zero, then the first 
differences are all the same and the sequence is arithmetic. 


4x4 — 4x2 + J] 67. —64x° + 240x? — 300x + 125 
x + 2x — 8 71. 4x? — 9x +2 

(a) Intercept: (0, 0) 

(b) Vertical asymptote: x = —3 


Horizontal asymptote: y = 1 
(c) No symmetry 
(d) 


-+j----- = 


——1—+—+ 
-12-10-8 -6 -4, 


(a) t-intercept: (7, 0) 
(b) Vertical asymptote: t = 0 
Horizontal asymptote: y = 1 


(c) No symmetry 


(d) i 

Fl 

a+ 

+ ie t 

oe r6 42) 02 6/8 
(7, 0) 

=r 

-6+- 

wl 


Section 8.5 (page 637) 


1. 
11. 
17. 
19. 
21. 
23. 


25. 


10 3h, I Salo 504 th QU 9. 4950 
56 1}, BS 15. x4 4+ 4x3 + 6x2 + 4x 4+ 1 
a* + 24a3 + 216a? + 864a + 1296 


y> — 12y? + 48y — 64 

x + 5x4y + 10x32 + 10x2y? + 5xy4 + ys 

r® + 1875s + 135r4s2 + 5407353 + 12157254 + 
1458rs° + 72956 

243a° — 405a+b + 270a3b? — 90a2b3 + 15ab4 — b> 


27. 
29. 


Al 


3B), 
ARE 
Sie 
39. 
45. 
49. 
SS: 
57. 
59. 


61. 


67. 
Th 


75. 
TEA: 


81. 


83. 


1 = 6x $1277 — Bx? 
x® +)20x® + 150x* 450007 + 625 

2 3 4 
aS gat ee 
2x4 — 24x3 + 113x? — 246x + 207 
32t° — 80r4s + 8013s? — 40r2s3 + 10ts4 — 55 
x + 10x4y + 40x3y? + 80x2y3 + 80xy4 + 32y5 
120x7y3_ 41. 360x3y2—43.:1,259,712.x2y? 
32,476,950,000x*+y® 47. 1,732,104 


180 ST = 3520592 332,210 


x? + 12x3/2 + 54x + 108x!/2 + 81 
x? — 3x4/3y V3 4 3x2/3y2/3 — y 
3x2 + 3xh + h?2,h #0 
l 

ea 63. —4 65. 2035 + 828i 
Jxtht+ Sx : 
1 69. 1.172 71. 510,568.785 

4 

g f 

8 4 

=4 


g is shifted four units to the left of f, 

g(x) = x9 + 12x? + 44x + 48 

0.273 The OTA 

(a) f(t) = 0.007143 — 0.2091? + 2.55¢ — 4.1 
(b) 24 


(d) 


(e) 34.9 gallons; Yes 


(f) The per capita consumption of bottled water is 
increasing. Answers will vary. 


True. The coefficients from the Binomial Theorem can be 
used to find the numbers in Pascal’s Triangle. 


False. The coefficient of the x!9-term is 1,732,104 and the 
coefficient of the x!4-term is 192,456. 


85. 


1 8 2SetO OMe SOt 428 8 1 
1 9 36 «684. s«126s« «126 84 386 “) 1 
1 10) 45991205 240" 252.5 210" 120" *45) 910 1 


87. The signs of the terms in the expansion of (x — y)” 


alternate between positive and negative. 


89. Answers will vary. 91. Answers will vary. 
93. 93: 
a 
=> + she 


g(x) = (x — 3)? ga We 21 
4 -5 

97. Bat 4 

Section 8.6 (page 647) 

pee ss. «5.5. aie MONSON I TI 1S 
13.64 15.4 17. 175,760,000 

19. (a) 900 (b) 648 = (c) 180 — (d) «600 21. 64,000 
23. (a) 40,320 (b) 384 25. 24 271336 

29.120 31.n=Sorn=6 33. 1,860,480 

35. 970,200 37. 15,504 39.420 41. 2520 

43. ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, BACD, 


45. 


47. 
5. 
61. 
67. 


69. 


71. 
a3: 
Dilte 
79. 


BADC, CABD, CADB, DABC, DACB, BCAD, BDAC, 
CBAD, CDAB, DBAC, DCAB, BCDA, BDCA, CBDA, 
CDBA, DBCA, DCBA 


AB, AC, AD, AE, AF, BC, BD, BE, BF, CD, CE, CF, DE, 
DE, EF 

120 49. 11,880 51. 15,504 53. 324,632 
3,921,225 Sie 2h 59. (a) 70 (b) 30 

(a) 70 (b) 54 (c) 16 63. 5 65. 20 

(a)- 120, 526, 770 


(b) If the jackpot is won, there is only one winning number. 


(c) There are 22,957,480 possible winning numbers in the 
state lottery, which is considerably less than the possible 
number of winning Powerball numbers. 

True by the definition of the Fundamental Counting 

Principle. 

They are equal. 

Answers will vary. 75. Answers will vary. 

No. For some calculators the number is too great. 


(a) 35. (6) 8 ©) 83 


Answers to Odd-Numbered Exercises and Tests 


81. 
87. 
89. 


A97 


@ = GO @Te 83. 8.30 
x + 5x4 100° + 10x? + 5x + 1 
x!0 + 10x8y + 40x5y? + 80x4y? + 80x2y4 + 32y° 


85. 35.00 


Section 8.7 (page 658) 


1. 


{(H, 1), (H, 2), (, 3), (H, 4), (H, 5), (A, 6), 
(1,1) 2), 3), (4), (55) 


3. {ABC, ACB, BAC, BCA, CAB, CBA} 
5. {AB, AC, AD, AE, BC, BD, BE, CD, CE, DE} 


72 39,8 Ales) 13. So 
(7 19.5 2h 023. ee 
27, = eon 0:85. Sl, 
33. (a) 58% 35. (a) 38,570,000 37. (a) 295 
(b) 95.6% (b) 23% (b) 35 
(c) 0.4% (c) 58% Oe 
39. P({Taylor wins}) = 5 
P({Moore wins}) = P({Jenkins wins}) = 
41.(a) 2b 43. (a) 345. (@) 
(b) Se (b) § (b) 34 
Ons 
47. (a) 75 4 @H 51 @% 
() on (b) 33 (b) 3 
(c) % Ovrr 
(d) 35 
53. (a) 0.9702 55. (a) ag —S«57- 0.4746 59. i 
(b) 0.9998 (b) th 
(c) 0.0002 Ose 
61. True. Two events are independent if the occurrence of one 


63. 


has no effect on the occurrence of the other. 


(a) As you consider successive people with distinct birth- 
days, the probabilities must decrease to take into 
account the birth dates already used. Because the birth 
dates of people are independent events, multiply the 
respective probabilities of distinct birthdays. 


30) me Otig 363 362 
365° 365— 365 365 


(c) Answers will vary. 


(b) 


(d) Q,, is the probability that the birthdays are not distinct, 
which is equivalent to at least two people having the 
same birthday. 


A98 Answers to Odd-Numbered Exercises and Tests 
65. No real solution 67. ee 69. —4 
71. 73. -10 75, In27 ~ 3.296 

77. Inl =0,In3 ~ 1.099 79, In§ ~ 0.981 

81. e® ~ 2980.958 83. ‘ = 9.100 

85. A 


S970 15 91. 165 
Review Exercises (page 664) 
Uso et oe 9 9072436,12, 4,210) 5, a = 2(— 1 
7. a, = 9, 120 eI 13. 30 15. ae 
20 4 : . 
17. 6050 19, » AL 21. 5 23. 35 
25. (a) $43,000  (b) $192,500 
27. Arithmetic sequence, d = —2 
29. Arithmetic sequence, d = ; 
31. 4,7, 10, 13, 16 33. 25, 28, 31, 34, 37 
35. a, = 12n — 5 37. a, = 3ny — 2y 
39. a, = —7In + 107 41. 80 43. 88 45. 25,250 
47. 43 minutes 49. Geometric sequence, r = 2 
51. Geometric sequence, r = —2 Beh ah Sil i —i, mr 
55. 9,6, 4,5, 9 or 9, —6, 4, —§ 18 
SJeae=16(—2) 1067 
59. a, = 100(1.05)"~!, 3306.60 61. 127 63. i2 
65. 31 67. 24.85 69. 5486.45 718 73. ay 
75. 12 77. (a) a, = 120,000(0.7)' —(b) $20,168.40 
79. Answers will vary. 81. Answers will vary. 83. 465 


85. 
Vile 


o3; 


aD: 
103. 


105. 
107. 
113; 
119. 


125. 


127. 
129. 
131. 


133. 


135. 
139, 


Chapter Test 


- 50, 61, 72; 140 

- 5, 10, 20, 40, 80 

- Answers will vary. 
» X4 + By + 24x2y2 4 32xy? + 16y4 
5 (©) 7 
13. 


4648 87. S, =n(2n+7) 89. S, = {1 — (3)"] 
5, 10515,.20: 25 

First differences: 5, 5, 5, 5 

Second differences: 0, 0, 0 

Linear 

Oy LS eA ale 

First differences: —1, —1, —1, —1 

Second differences: 0, 0, 0 

Linear 

15 97. 56 
Signa de Mer & 
16 2 

a — 15a4b + 90a*b? — 270a2b3 + 405ab4 — 24355 
41 + 840; 109. 3 111. 10,000 

3,628,800 115.56 117.3 
(a) 43% (b) 82% «= 121. 


(n+ 2)! (n + 2)(n + 1)n! 
ey a n! 


9935 101. 28 


+ 2xy3 + y4 


123. 3 


True. = (n + 2)(n + 1) 


True by Properties of Sums 
The set of natural numbers 


(a) Each term is obtained by adding the same constant 
(common difference) to the preceding term. 


(b) Each term is obtained by multiplying the same 
constant (common ratio) by the preceding term. 


Each term of the sequence is defined in terms of preceding 
terms. 


d 136. a TS7b 
240, 440, 810, 1490, 2740 


(page 668) 
Rlopest 


— ee sete a= 


ii 17 - &= n! 


138. c 


il 
5’ 8’ 
4. a, = 0.8n + 1.4 
6. 86,100 7. 4 


10. 180 
(b) 720,720 
16. 25% 


(b) 328,440 
720 «144 


12. (a) 330 
15. 3.908 x 10-10 


Cumulative Test for Chapters 6-8 
(page 669) 


Ae 


(1,.2))(=5. 7) eon) 


B24, 23) 


an i224) 


16 y 
12 
10 
(0, 5) 
(0, 0) 7 3 8 10 12 : 
Maximum at (4, 4): z = 20 
8. $0.75 mixture: 120 pounds; 
$1.25 mixture: 80 pounds 
9. y=4x2-2x+4 
1 21 : 9 
‘(8 ie | 2 re) 115-23, -8) 
3 3 -4 : 7 
Fo 3 2-6 6 or 
ol elas a oe eee ee 


15. 


18. 


19. 


22. 


24. 


bs ma 163646 32: |" 95 {20 sedad 


Gym shoes: $1936 million 
Jogging shoes: $1502 million 
Walking shoes: $3099 million 


574) 202(—3)4,2) 21.9 
ety Beleht _(v+ 2)! 
maeaeo 4h" 13 eB 
920 25. (a) 65.4 (b) a, = 3.2n+ 14 


26. 3,6, 12,24,48 27. "5° 28. Answers will vary. 
29, 24 — 1223 + 54z2 — 1082 + 81 30.210 31. 600 
Bye10) 33.120, 34.720, 35.4 


Answers to Odd-Numbered Exercises and Tests 


Problem Solving (page 674) 


1. 1, 1.5, 1.416, 1.414215686, 
1.414213562, 1.414213562,... 
X, approaches 2. 

3. (a) 


(b) If n is odd, a, = 2, and if n is even, a, = 


(c) 


| 1| 10) 101 | 1000 | 10,001 
BRI 


A99 


(d) It is not possible to find the value of a, as n approaches 


infinity. 
BGs Snore Os Wil onto ln 
=2n+ 1 
(b 


wm 


To obtain the arithmetic sequence, find the differences 


of consecutive terms of the sequence of perfect cubes. 
Then find the differences of consecutive terms of this 


sequence. 

(c) 12, 18, 24, 30, 36, 42, 48 
a, = 6n + 6 

(d 


wa 


To obtain the arithmetic sequence, find the third 


sequence obtained by taking differences of consecutive 


terms in consecutive sequences. 


(e) 60, 84, 108, 132, 156, 180 


a, = 24n + 36 
7. Sn = oe 
Ree V3 02 
n 4 n 


9. Answers will vary. 


11. (a) Answers will vary. 


(b) 17,710 13. 
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Index of Applications 


eens ee ee eT eee eee eee 


Biology and Life Sciences 
Anthropology, 95 
Antler spread, 443 
Bacteria count, 233, 451 
Bacteria decay, 451 
Bacteria growth, 437, 445, 448 
CFCs emitted, 165 
Cholesterol, 519 
Defoliation, 399 
Diet of an adult moose, 519 
Ecology, 316 
Ectothermic organisms, 121 
Erosion, 23 
Flood control, 96 
Food consumption, of a moth, 339 
Forest yield, 425 
Heartbeats, 74 
Height of a population, 150 
Human memory model, 339, 407, 410, 
416, 444 
Learning curve, 426, 437 
Minimum and maximum weights for a 
healthy person, 519 
Ocean temperature, 317 
Oxygen consumption of a beetle, 121 
Photosynthesis, 381 
Pollution, 339 
Population growth 
of a bacterium, 399 
of deer, 339 
of an endangered species, 438 
of fruit flies, 430 
Population of ladybugs, 165 
Recycling, 339 
Tree growth, 282 
Trees per acre, 425 
Wildlife, population, 200 
Wildlife management, 488 


Business 

Advertising 

cost, 305 

during the Super Bowl, 65 
Airline passengers, 139 
Assembly line production, 648 
Automobile dealer, 107 
Average cost, 199, 380 
Break-even analysis, 459, 462, 512 
Budget variance, 10 
Business costs, 185 
Business venture, 163 
Cash flow per share for Timberland Co., 

184 


Company costs, 107 
Company profits, 75 
Copying costs, 148 
Cost, 104, 121, 174, 246, 252, 306 
Cost, revenue, and profit, 30, 72 148, 
156, 157, 159, 165, 184, 199 
Cost-benefit, 335 
Defective units, 648, 657, 660 
Demand, 121, 139, 164, 399, 425, 444 
Depreciation, 74, 86, 184, 186, 437, 442, 
620, 665 
Describing profits, 228 
Discount, 105, 163 
Earnings per share for Auto Zone, Inc., 
182 
Finance, 50, 104, 105, 163, 228, 427, 
486, 535 
Increasing profit for a product, 156 
Inflation, 249, 399 
Inventory, 101, 107, 498, 514, 549 
Labor/wage requirements, 550 
List price, 104 
Manufacturing, 516, 549, 583 
Markup, 108 
Maximum profit, 198, 268, 322, 448, 
505, 508, 509, 515, 516 
Maximum revenue, 268, 321, 376, 509, 515 
Minimum cost, 268, 322, 348, 349, 506, 
509, 515 
Net profit 
Outback Steakhouse, 182 
Walgreen, 601 
Number of stores 
Circuit City, 601 
Home Depot, 162 
J.C. Penney, 184 
Wal-Mart, 64 
Operating cost, 96 
Production, 498 
Profit, 163, 270, 306, 437 
Rental demand, 185 
Revenue, 104, 182, 218, 282, 549 
The Cheesecake Factory, 71 
Polo Ralph Lauren Corp., 67 
United Parcel Service, 62 
Zale Corp., 67 
Revenue per share for eBay Inc., 178 
Sale price, 104 
Sales, 104, 181, 184, 234, 248, 437 
Barnes & Noble, 318 
Gateway, Inc., 166 
Kmart, 66 


A101 


Index of Applications 


Merck & Co., 621 
Target, 66 
Tommy Hilfiger Corp., 69 
Shipping, 499 
Straight-line depreciation, 180 
Supply and demand, 463, 472, 474, 495, 
498, 512, 514 
Total cost, 249 
Total sales, 608 
Years of service for employees, 655 


Chemistry and Physics 
Acid mixture, 104, 474, 487 
Atmospheric pressure, 400 
Atomic mass, 518, 589 
Automobile braking system, 488 
Automobiles, crumple zones, 426 
Balance of a beam, 108 
Beam load, 317 
Boyle’s Law, 316 
Capacitance in series circuits, 108 
Carbon dating, 431 
Charge of an electron, 22 
Chemistry, 40 
Circuit analysis, 559 
Concentration of a mixture, 348 
Diesel mechanics, 246 
Distance between sun and Jupiter, 69 
Eccentricity of orbit, 383 
Effectiveness of a vaccine, 658 
Electrical network, 487, 535 
Electronics, 87, 209 
Energy, 324 
Engineering, 31, 70 
Equilibrium point, 472 
Falling object, 610 
Fluid flow, 218, 317 
Force, 317 
Force required to stretch a spring, 162 
Force of water, 199 
Forensics, 439 
Free fall, 108, 316 
Frictional force, 324 
Fuel mixture, 474 
Funnel of water, 23 
Gas law, 311 
Gasoline and oil mixture, 107 
Geology, magnitude of earthquakes, 434, 

438, 445 
Heating and plumbing, 383 
Hooke’s Law, 315 
Illumination, 317 
Impedance, 129 


A102 Index of Applications 
Inductance, 140 
Intensity of light, 317 
Interior temperature of the sun, 22 
Kepler’s relationship, 75 
Kinetic energy, 164 
Land area of Earth, 21 
Light year, 21 
Mean distance and period of planets, 414 
Medicine 
concentration of chemical in the 
bloodstream, 349 
concentration of medication in the 
bloodstream, 381 
number of AIDS cases reported, 601 
Meteorology 
apparent temperatures, 71 
chance of rain, 668 
lowest temperature in Duluth, 
Minnesota, 64 
relative humidity, 150 
temperature in Bismarck, North 
Dakota, 10 
temperature in Chicago, Illinois, 10 
weather balloon, 139 
Mixture problem, 107, 129, 163, 249, 586 
Network analysis, 536 
Newton’s Law of Cooling, 316 
Newton’s Law of Universal Gravitation, 
129 
Optics, 369 
Orbit of the moon, 384 
Orbits of comets, 375 
Oscillation of a mass, 338 
Path of a baseball, 192, 200 
PH levels, 438 
Physics, 106, 108, 162, 164 
Projectile motion, 377 
Pulley system, 487 
Radio waves, 106 
Radioactive decay, 397, 399, 436, 437, 
443, 445, 446, 451 
Rate of change of autocatalytic reaction, 40 
Refrigeration, 50 
Relative density of hydrogen, 21 
Resistance, 316 
Resistors, 160 
Ripples in a pond, 236 
Safe load, 159 
Satellite orbit, 376 
Saturated steam, 139 
Simply supported beam, 164 
Sound intensity, 409, 416, 438, 445 
Speed attainment, 439 
Speed of light, 23, 106 
Spring compressed length, 317 
Stopping distance, 32, 234 


Temperature, 163 

conversion, 242 

in a house, 235 

of an object, 427 
Thermodynamics, 357 
Toricelli’s Law, 168 
Ultraviolet radiation, 336 
Velocity of a ball, 249 
Ventilation, 451 
Vertical motion, 483, 486, 514 
Weights of molecules, 518 
Wind drag, 269 


Construction 

Architecture 

archway, 382, 383 

church window, 383 

fireplace arch, 369 

road tunnel, 369 
Beam deflection, 368 
Brick pattern, 610 
Building code, 168 
Building stairs, 103 
Constructing a window, 75 
Log volume, 463 
Physical fitness facility, 499 
Road grade, 182 
Suspension bridge, 368, 381 
Vietnam Memorial, 518 
Wading pool, 382 
Wheelchair ramp, 174 


Consumer 

Accuracy of a measurement, 146, 149 
Annual activity fee, 666 
Annual income, 104, 184, 236 
Buying an automobile, 233 
Buying a jet ski, 86 
Car rental, 148 
Chartering a bus, 138 
Choice of two jobs, 463, 512 
Communications, 217 
Comparative shopping, 146 
Consumer awareness, 460, 475, 661 
Consumerism, 86 
Cost 

of cable television, 105 

of diesel fuel, 105 

of gold, 105 

of ground beef, 246 

of minibus, 254 

of new one-family home, 105 

of ordering and transportation, 306 
Delivery charges, 217 
Flexible work hours, 661 
Gross pay, 97 
Home mortgage, 439 


Hourly wage, 184, 246 
Income tax, 309 

Job offer, 610, 664 
Labor force, 65 

Light trucks sold, 96 
Monthly expenses, 99 
Monthly payment, 409 
Monthly salary, 185 
Monthly wages and sales, 256 
Percent of a raise, 98 
Reduced rates, 135 
Renting an apartment, 136 
Retail price, 242 

Salary, 621 

Spending, 316 

Tax credits, 95 

Taxes, 315 

Total compensation, 665 
Transportation rates, 254 
Wages, 217 

Weekly paycheck, 105 


Geometry 

Area of a circle, 198 

Area of a circular base, 236 

Area of a corral, 268 

Area of an ellipse, 166, 168 

Area of a figure, 48, 210 

Area of a floor plan, 31, 70 

Area of a pasture, 329 

Area of a rectangle, 86, 198, 249 

Area of a region, 31, 32, 40, 72, 104, 
160, 253, 577, 578 

Area of a shaded region, 621 

Area of a square, 149, 165, 198 

Area of a triangle, 104, 108, 198, 316 

Diagonals in a polygon, 649 

Dimensions of a candle mold, 302 

Dimensions of a container, 192 

Dimensions of a corral, 119 

Dimensions of an isosceles right 
triangle, 464 

Dimensions of a mold, 328 

Dimensions of a physical fitness room, 268 

Dimensions of a picture frame, 105 

Dimensions of a rectangle, 348, 464, 512 

Dimensions of a room, 99, 105, 114 

Dimensions of a tract of land, 464 

Dimensions of a triangular sign, 246 

Estimating 7, 661 

Flagpole height, 107 

Floor space, 119 

Geometric modeling, 39, 40 

Geometric probability, 49 

Geometry, 31, 32, 40, 48, 70, 86, 120, 
139, 149, 159, 163, 164, 165, 
185, 198, 210, 236, 249, 268, 
321, 348, 369, 464, 512 


Height of the Aon Center Building, 100 

Height of the Chrysler Building, 106 

Height of a tree, 106 

Latus rectum, 369 

Length of a rectangle, 159 

Length of the sides of a triangle, 120 

Length of a tank, 108 

Maximum area of a rectangle, 321 

Maximum volume, 198, 282 

Maximum volume of a box, 282, 305 

Maximum volume of a package, 305 

Measurement, 315, 324 

Meeting a friend, 661 

Meters in a foot, 69 

Micron, 21 

Minimum area, 345, 348, 380, 384 

Packaging, 119 

Perimeter of a rectangle, 104 

Perimeter of a walkway, 185 

Points not on a line, 648 

Postal regulations, 199 

Shadow length, 107, 163 

Sierpinski Triangle, 675 

Surface area of a box, 75 

Surface area of a cone, 139 

Surface area of a cylinder, 163 

Surface area of a pyramid, 94 

Surface area of a rectangular solid, 95 

Surface area of a right circular cylinder, 70 

Volume of a billiard ball, 108 

Volume of a box, 28, 30 

Volume of a circular cylinder, 164 

Volume of concrete, 40 

Volume of a cone, 164 

Volume of a cylinder, 103 

Volume of a right circular cylinder, 108, 
316 

Volume of a sphere, 316 

Volume of an oblate spheroid, 108, 129 

Volume of a spherical segment, 108 

Water depth, 107 

Width of a human hair, 22 


Interest Rate 
Annuities, 620 
Compound interest, 30, 136, 396, 398, 
409, 425, 435, 436, 442, 444, 
445, 500, 600, 601, 620 
Continuous compounding, 395 
Doubling an investment, 422 
Effective yield, 422 
Finance, 427, 486, 535 
Increasing annuity, 617 
Interest rate for a loan, 50 
Investment, 107, 148, 159, 163, 165 
Investment analysis, 484, 498, 513 


Investment options, 450 

Investment portfclio, 462, 463, 474, 475, 
487, 509, 516, 556, 558 

Mutual funds, 138 

Simple interest, 101, 312, 315 

Trust fund, 399, 442, 448 


Miscellaneous 
Achilles and Zeno, 674 
Agriculture, 487, 513, 549 
Aircraft boarding, 647 
Alumni association, 659 
Amount of water, 104 
Apparel, 666, 668 
Astronomy, 75 
Athlete’s weight and bench-press weight, 
149 
Athletics, 57, 74, 306 
Australian football, 377 
Babylonian tables of value, 328 
Backup system, 660 
Backup vehicle, 661 
Baling hay, 664 
Baseball, 139 
Bike race, 666 
Bird seed mixture, 669 
Birthday problem, 657 
Boat ride, 668 
Boating, 120, 121 
Bookshelf order, 666 
Boy or girl, 661 
Braking system, 488 
Choosing officers, 648 
Circulation of newspapers, 195 
Coin toss, 638, 650, 651 
College basketball attendance, 306 
College admissions, 149 
College enrollment, 184 
Combination lock, 647 
Computer graphics, 63 
Computer systems, 647 
Concert seats, 648 
Counting card hands, 646 
Counting horse race finishes, 643 
Course grade, 105, 106 
Course schedule, 647 
Decoding a message, 576, 578, 579, 585, 
589 
Designing billboards, 103 
Dice, 666 
Drawing a card, 651, 654, 658, 660, 667 
Drawing marbles, 658 
Education, 659 
Encoding a message, 575, 578, 585, 586 
Entertainment systems, 647 
Epcot Center, 74 


Index of Applications A103 
Flashlight, 367 

Forming a committee, 649 

Forming an experimental group, 648 
Fruit distribution, 514 

Gallons of water on Earth, 14 

Game show, 660, 670 

Heads or tails, 658 

Height of a child, 446 

Horse race, 643 

Interpersonal relationships, 649 

IQ scores and grade-point averages, 149 
Job applicants, 547, 548, 647, 648, 670 
Karaoke, 668 

Labor, 140 

Lensmaker’s equation, 108 

Letter mix-up, 660 

License plate numbers, 647 
Lightbulb, 387 

Lottery, 649, 653 

Lottery choices, 648 

Making a sale, 661 

Maximum fuel economy, 270 
Military, 119, 340 

Mowing the lawn, 119 

Music, 67, 150 

Navigation, 370 

Number of lawyers, 116 

Numbers in a hat, 666 

Nut mixture, 107 

Nutrition, 496, 499 

Odds, 675 

Overhead garage door, 315 

Pairs of letters, 641 

Payroll mix-up, 660 

Percent of calories from fat, 103 
Period of a pendulum, 23 

Pieces of mail handled, 193 

Poker hand, 646, 648, 660 

Political party affiliation, 659 
Population, 409 

Population growth, 316, 399 

Posing for a photograph, 648 

Power line, 140 

Preparing for a test, 660 

Presidential election, 518 
Probability, 49, 638, 651, 652, 661, 675 
Quiz and exam scores, 186 

Quonset huts, 328 

Random number generator, 656, 660 
Random selection, 640, 647 

Rate of a photocopier, 50 

Ratio of day to year, 69 

Riding in a car, 648 

Running, 664, 665 

Satellite antenna, 368, 381 

Seating, 119 


A104 Index of Applications 
Seating capacity, 607, 610 
Seizure of illegal drugs, 380 
Sidewalk, 117 
Single file, 648 
Snow removal, 443 
Softball team expenses, 546 
Sports, 486 
average annual salaries of major 
league baseball players, 285 
length of a pass, 61, 66 
miniature golf, 256 
prize money awarded at the 
Indianapolis 500, 313 
prize money awarded at rodeos, 631 
record times for running one mile, 386 
winning discus throws, 318 
winning times in 400-meter freestyle, 
314 
Spread of a virus, 433 
Students by class, 666 
Survey, 666 
Tangential speed, 140 
Telephone keypad, 256 
Telephone numbers, 641, 666 
Test questions, 648, 675 
Test scores, 65, 186, 445 
Ticket sales, 475, 498 
Time for a funnel to empty, 23 
Time study, 150 
Titanic, 256 
Toboggan ride, 647 
Tossing a coin, 667 
Tossing a die, 652, 658, 666, 667 
Transportation, 199 
Truck scheduling, 487 
True-false exam, 647 
Typing speed, 445 
VCR cables, 518 
Veterans, 10 
Voting preferences, 549, 550 
Waiting times, 442 
Walkway lighting, 589 
Wheat yield, 476 
Whispering Gallery, 387 
Winning an election, 659, 660 
Winning a prize, 668 
World consumption of Coca-Cola, 21 


Time and Distance 
Airplane speed, 471, 474 
Airport shuttle, 518 
Airspeed, 136 
Average speed, 106, 138, 163, 166, 349 
Boat trip, 387 
Climb rate, 444 
CN Tower, 120 


Distance, 100, 101, 621 

a ball rolls down an inclined plane, 310 

a ball travels, 621 

from the sun, 377 

to a tree, 168 

traveled, 104 
Eiffel Tower, 120 
Falling time, 115 
Flying distance, 66, 122 
Flying speed, 120 
Height, 150 

of a ball, 164 

of a balloon, 199 

of a baseball, 306 

of an object, 483 

of a projectile, 159 
Length of football pass, 61 
Maximum height 

of a ball, 269 

of a baseball, 265 
Miles traveled, 245 
Path of a ball, 200, 325 
Path of a baseball, 192, 535 
Path of a diver, 269 
Path of a projectile, 377 
Speed of light, 23 
Sports, height of a baseball, 120 
Travel time, 100, 106, 164 
Traveling in Pennsylvania, 10 
Trip time, 257 
Wind speed, 106 


U.S. Demographics 
Amount spent 
on footwear, 670 
on skiing equipment, 59 
Average heights of males and females, 426 
Average hotel room rates, 475 
Average monthly cellular phone bills, 185 
Average price of a new mobile home, 198 
Average salary for secondary teachers, 423 
Basic cable rates, 292 
Boating, amount spent on pleasure boats, 
122 
Bottled water consumption, 245 
Business partnerships, 340 
Cable television, 159 
Census population of the U.S., 74 
Cigarette consumption, 269 
Colleges and universities, 653 
Colonial population, 451 
Daily newspapers in circulation, 319 
DVD players sold, 513 
Education, 160 
Egg production, 149 
Electric-powered vehicles, 499 


Employees in nonfarm establishments, 659 
Employment, 314 
Federal debt, 87, 601 
Federal deficit, 10 
Fuel use, 227 
Government income and expenses, 105 
Hairdressers and cosmetologists, 269 
Health care costs, 235 
Hourly earnings of production workers, 
464 
Households with cable, 319 
Insured commercial banks, 308 
Labor statistics, 96 
Life expectancy at birth, 87 
Life insurance, per household, 639 
Merchandise trade balance, 209 
Military personnel, 291, 340 
Minimum wage rates, 324 
Mortgage debt, 228 
Motor vehicle registrations, 559 
Movie theaters, receipts, 318 
New car dealerships, 448 
Participation in athletic programs, 92 
Per capita consumption of bottled water, 
638 
Per capita personal income, 611 
Personal expenditures for medicare, 500 
Population 
of Charlotte, North Carolina, 436 
of China, 619 
of countries, 436 
of Florida, 448 
of Lincoln, Nebraska, 436 
of Phoenix, Arizona, 445 
Statistics, 87, 121 
of Tennessee and Missouri, 460 
of Texas, 436 
of the United States, 121, 434, 588, 
598, 656 
Population increase, of the world, 429 
Precious metals, costs of, 50 
Recommended weight, 84 
Recording media, 324 
Retail price, of butter, 65 
Retail sales for drugstores, 535 
SAT scores, 432 
Sociology, 322 
Teachers’ salaries, 149 
U.S. households, 245 
U.S. imports, 251 
U.S. Postal Service rates, 423 
U.S. Supreme court cases waiting to be 
tried, 579 
Visits to hospital emergency depart- 
ments, 463 
Voting-age population, 659 
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A 


Absolute value 
inequality, solution of, 145 
properties of, 5 
of a real number, 5 
Add 
with like denominators, 8 
with unlike denominators, 8 
Addition, of a complex number, 124 
Additive identity 
for a complex number, 124 
for a matrix, 541 
for a real number, 7 
Additive inverse, 6 
for a complex number, 124 
for a real number, 7 
Adjoining matrices, 553 
Algebraic expression, 6 
domain of, 41 
equivalent, 41 
evaluate, 6 
term of, 6 
Algebraic function, 390 
Algebraic tests for symmetry, 82 
Area 
common formulas for, 102 
of a triangle, 571 
Arithmetic combination, 229 
Arithmetic sequence, 603 
common difference of, 603 
nth term of, 604 
sum of a finite, 606, 672 
Associative Property of Addition 
for complex numbers, 125 
for matrices, 540 
for real numbers, 7 
Associative Property of Multiplication 
for complex numbers, 125 
for matrices, 540 
for real numbers, 7 
Asymptote(s) 
horizontal, 333 
of a hyperbola, 365 
oblique, 344 
of a rational function, 334 
slant, 344 
vertical, 333 
Augmented matrix, 523 
Axis 
of a parabola, 261 
of symmetry, 261 


Back-substitution, 455 
Base, 12 
natural, 394 
Basic conics, 358 
Basic equation, 351 
guidelines for solving, 355 
Basic Rules of Algebra, 6, 7 
Bell-shaped curve, 432 
Biconditional statement, 167 
Binomial, 24, 632 
coefficient, 632 
cube of, 26 
expanding, 635 
square of, 26 
Binomial Theorem, 632, 673 
Book value, 180 
Bounded, 141 
Bounded intervals, 3 
Branches of a hyperbola, 363 
Break-even point, 459 


C 


Cartesian plane, 58 
origin, 58 
Center 
of an ellipse, 361 
of a hyperbola, 363 
Change-of-base formula, 411 
Characteristics of a function from set A 


to set B, 187 
Circless3 
standard form of the equation of, 83, 
371 
Circumference, common formulas for, 
102 


Coded row matrices, 574 
Coefficient(s), 6 

binomial, 632 

correlation, 313 

equating, 353 

leading, 24 

of a polynomial, 24 

of a variable term, 6 
Coefficient matrix, 523 
Cofactor(s) 

expanding by, 563 

of a matrix, 562 
Collinear points, test for, 572 
Column matrix, 522 
Combination of n elements taken r at a 

time, 645 


Common difference, 603 
Common formulas, 102 
area, 102 
circumference, 102 
perimeter, 102 
volume, 102 
Common logarithmic function, 402 
Common ratio, 612 
Commutative Property of Addition 
for complex numbers, 125 
for matrices, 540 
for real numbers, 7 
Commutative Property of Multiplication 
for complex numbers, 125 
for real numbers, 7 
Complement 
of an event, 657 
probability of, 657 
Completely factored, 33 
Completing the square, 109, 111 
Complex conjugates, 126 
Complex fraction, 45 
Complex number(s), 123 
addition of, 124 
additive identity, 124 
additive inverse, 124 
Associative Property of Addition, 125 
Associative Property of 
Multiplication, 125 
Commutative Property of Addition, 125 
Commutative Property of 
Multiplication, 125 
conjugate, 126 
Distributive Property, 125 
equality of, 123 
imaginary part of, 123 
real part of, 123 
standard form of, 123 
subtraction of, 124 
Complex zeros occur in conjugate pairs, 
Doi, 
Composite number, 8 
Composition, 231 
of two functions, 231 
Compound interest, 102 
continuous compounding, 395 
formulas for, 396 
Conclusion, 167 
Conditional equation, 88 
Conditional statement, 167 
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Conic or conic section, 358 
basic, 358 
degenerate, 358 


standard forms of equations of, 371 


Conjugate, 18, 297 
axis, 364 
of a complex number, 126 


Consistent system of linear equations, 


468 

Constant, 6 
Constant function, 204, 212 
Constant of proportionality, 309 
Constant term, 6, 24 
Constant of variation, 309 
Constraints, 501 
Consumer surplus, 495 
Continuous compounding, 395 
Continuous function, 271 
Contrapositive, 167 
Converse, 167 
Coordinate, 58 
Coordinate axes, reflection in, 221 
Correlation coefficient, 313 
Correspondence, one-to-one, 2 
Cost 

depreciated, 180 

fixed, 174 

marginal, 174 
Counterexample, 167 
Cramer’s Rule, 568, 570 
Critical numbers, 151, 155 
Cross multiplying, 91 
Cryptogram, 574 
Cube of a binomial, 26 
Cube root, 15 
Cubic function, 213 


D 


Decomposition of N(x)/D(x) into 
partial fractions, 350 

Decreasing function, 204 
Degenerate conic, 358 
Degree, of a polynomial, 24 
Denominator, 6 

rationalizing, 18 
Dependent variable, 189, 194 
Depreciated costs, 180 
Descartes’s Rule of Signs, 300 
Determinant 

of a matrix, 555, 560, 563 

of a2 x 2 matrix, 560 
Difference 

of functions, 229 

of two squares, 34 


Difference quotient, 193 
Differences 

first, 629 

second, 629 
Direct variation, 309 

as nth power, 310 
Directly proportional, 309 

to the nth power, 310 
Directrix of a parabola, 359 
Discrete mathematics, 188 
Discriminant, 113 
Distance, 102 
Distance between two points 

in the plane, 60 

on the real number line, 5 
Distance Formula, 60 
Distinguishable permutations, 644 
Distributive Property 

for complex numbers, 125 

for matrices, 540 

for real numbers, 7 
Divide fractions, 8 
Division, 98 

long, 284 

synthetic, 287 
Division Algorithm, 285 
Divisors, 8 
Domain, 187, 194 

of an algebraic expression, 41 

defined, 194 

implied, 191, 194 

of a rational function, 332 

undefined, 194 
Double inequality, 144 
Doyle Log Rule, 463 


E 


Effective yield, 422 
Elementary row operations, 524 
Elimination 
Gaussian, 478 
with back-substitution, 528 
Gauss-Jordan, 529 
method of, 465, 467 
Ellipse, 361 
center of, 361 
foci of, 361 
focus of, 361 
latus rectum of, 369 
major axis of, 361 
minor axis of, 361 


standard form of the equation of, 361, 


371 
vertex of, 361 


Endpoints of an interval, 3 
Entry of a matrix, 522 
Equality, 98 

of complex numbers, 123 

hidden, 97 

properties of, 7 


Equating the coefficients, 353 
Equation(s), 78, 88 


basic, 351 
conditional, 88 
exponential, 417 
generating equivalent, 89 
graph of, 78 
identity, 88 
of a line, 172 
general form, 178 
intercept form, 183 
point-slope form, 177 
slope-intercept form, 172 
two-point form, 177, 573 
linear, 79 
in one variable, 88 
in two variables, 172 
logarithmic, 417 
polynomial, 130 
position, 115, 483 
quadratic, 79 
second-degree polynomial, 109 
solution of, 78, 88 
solution point, 78 
system of, 454 
in two variables, 78 


Equivalent 


equations, 89 
generating, 89 
expressions, 41 
fractions, 8 
generate, 8 
inequalities, 142 
systems, 466 
operations that produce, 478 
in row-echelon form, 477 
Errors involving 
dividing out, 52 
exponents, 52 
fractions, 51 
parentheses, 51 
radicals, 52 
Evaluate, an algebraic expression, 6 
Even function, 206 
Event(s), 650 
complement of, 657 
probability of, 657 
independent, 656 
probability of, 656 


mutually exclusive, 654 
probability of, 651 
the union of two, 654 

Existence theorems, 293 
Expanding 

a binomial, 635 

by cofactors, 563 
Experiment, 650 

outcome of, 650 

sample space of, 650 
Exponent(s), 12 

properties of, 12 

rational, 19 
Exponential decay model, 428 
Exponential equation, 417 

solving, 417 
Exponential form, 12 
Exponential function, 390 

f with base a, 390 

natural, 394 
Exponential growth model, 428 
Expression 

fractional, 41 

rational, 41 
Extracting square roots, 109, 110 
Extraneous solution, 91, 132 


F 


Factor Theorem, 288, 326 
Factorial, 594 
Factoring, 33, 109 
completely, 33 
by grouping, 37 
polynomials, guidelines for, 37 
special polynomial forms, 34 
unusual, 53 
Factors 
of an integer, 8 
of a polynomial, 297, 327 
Family of functions, 220 
Feasible solutions, 501 
Finding a formula for the nth term of a 
sequence, 627 
Finding intercepts algebraically, 92 
Finding an inverse function, 241 
Finding an inverse matrix, 553 
Finding test intervals for a polynomial, 
151 
Finite sequence, 592 
Finite series, 597 
First differences, 629 
Fixed cost, 174 
Foci 
of an ellipse, 361 
of a hyperbola, 363 


Focus 
of an ellipse, 361 
of a hyperbola, 363 
of a parabola, 359 
FOIL Method, 25 
Formula(s) 
change-of-base, 411 
common, 102 
for compound interest, 396 
for the nth term of a sequence, 627 
Quadratic, 109, 112 
Four ways to represent a function, 188 
Fractal, 169, 675 
Fraction(s) 
add with like denominators, 8 
add with unlike denominators, 8 
complex, 45 
divide, 8 
equivalent, 8 
generate equivalent, 8 
multiply, 8 
numerator, 6 
operations of, 8 
partial, 350 
decomposition, 350 
properties of, 8 
Fractional expression, 41 
Function(s), 187, 194 
algebraic, 390 
arithmetic combination of, 229 
characteristics of, 187 
common logarithmic, 402 
composition, 231 
constant, 204, 212 
continuous, 271 
cubic, 213 
decreasing, 204 
difference of, 229 
domain of, 187, 194 
even, 206 
exponential, 390 
family of, 220 
four ways to represent, 188 
graph of, 201 
greatest integer, 214 
identity, 212 
implied domain of, 191, 194 
increasing, 204 
inverse, 237, 238 
linear, 211 
logarithmic, 401 
name of, 189 
natural exponential, 394 
natural logarithmic, 405 
notation, 189 
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objective, 501 
odd, 206 
one-to-one, 240 
piecewise-defined, 190 
polynomial, 260 
power, 272 
product of, 229 
quadratic, 260 
quotient of, 229 
range of, 187 
rational, 332 
reciprocal, 213 
square root, 213 
squaring, 212 
step, 214 
sum of, 229 
summary of terminology, 194 
transcendental, 390 
value of a, 189 
Vertical Line Test, 202 
zero of, 203 
Fundamental Counting Principle, 641 
Fundamental Theorem 
of Algebra, 293 
of Arithmetic, 8 


G 


Gaussian elimination, 478 

with back-substitution, 528 
Gaussian model, 428 
Gauss-Jordan elimination, 529 
General form, of the equation of a line, 

178 

Generate equivalent fractions, 8 
Generating equivalent equations, 89 
Geometric sequence, 612 

common ratio of, 612 

nth term of, 613 

sum of a finite, 615, 672 
Geometric series, 616 

sum of an infinite, 616 
Graph, 78 

of an equation, 78 

of a function, 201 

of an inequality, 141 

in two variables, 490 

intercepts of, 80 

of an inverse function, 239 

of a line, 172 

point-plotting method, 78 

of a rational function, guidelines for 

analyzing, 341 

symmetry, 80 

Graphical interpretations of solutions, 468 
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Graphical method, 458 
Graphical tests for symmetry, 81 
Greatest integer function, 214 
Guidelines 

for analyzing graphs of rational 

functions, 341 
for factoring polynomials, 37 
for solving the basic equation, 355 


H 


Hidden equality, 97 
Horizontal asymptote, 333 
Horizontal Line Test, 240 
Horizontal shift, 219 
Horizontal shrink, 223 
Horizontal stretch, 223 
Human memory model, 407 
Hyperbola, 333, 363 

asymptotes of, 365 

branches of, 363 

center of, 363 

foci of, 363 

focus of, 363 

standard form of the equation of, 363, 

371 

transverse axis of, 363 

vertex of, 363 
Hypothesis, 167 


I 


Idempotent square matrix, 588 
Identity, 88 
Identity function, 212 
Identity matrix of order n, 544 
If-then form, 167 
Imaginary number, 123 
pure, 123 
Imaginary part of a complex number, 
123 
Imaginary unit i, 123 
Implied domain, 191, 194 
Improper rational expression, 285 
Inclusive or, 8 
Inconsistent system of linear equations 
468 
Increasing annuity, 617 
Increasing function, 204 
Independent events, 656 
probability of, 656 
Independent variable, 189, 194 
Index 
of a radical, 15 
of summation, 596 
Indirect proof, 517 


") 


Inductive, 563 
Inequality (inequalities), 3 
absolute value, solution of, 145 
double, 144 
equivalent, 142 
graph of, 141, 490 
linear, 143, 491 
properties of, 142 
satisfy, 141 
solution of, 141, 490 
symbol, 3 
Infinite geometric series, 616 
sum of, 616 
Infinite sequence, 592 
Infinite series, 597 
Infinity 
negative, 4 
positive, 4 
Inserting factors and terms, 54 
Integer(s) 
divisors of, 8 
factors of, 8 
irreducible over, 33 


Intercept form of the equation of a line, 


183 

Intercepts, 80 

finding algebraically, 92 
Intermediate Value Theorem, 278 
Interval on the real number line, 3 
Intervals 

bounded, 3 

unbounded, 4 
Inverse, 167 

additive, 6 

multiplicative, 6 
Inverse function, 237 

definition of, 238 

finding, 241 

graph of, 239 

Horizontal Line Test, 240 
Inverse of a matrix, 551 

finding an, 553 
Inverse variation, 311 
Inversely proportional, 311 
Invertible matrix, 552 
Irrational number, 2 
Irreducible 

over the integers, 33 

over the rationals, 298 

over the reals, 298 


J 


Joint variation, 312 
Jointly proportional, 312 


L 


Latus rectum of an ellipse, 369 
Law of Trichotomy, 4 
Leading coefficient of a polynomial, 24 
Leading Coefficient Test, 273 
Least squares regression line, 313 
Like radicals, 18 
Like terms of a polynomial, 25 
Line, 
least squares regression, 313 
real number, 2 
Line(s) in the plane, 172 
graph of, 172 
parallel, 179 
perpendicular, 179 
slope of, 172, 175 
Linear depreciation, 180 
Linear equation, 79 
general form, 178 
intercept form, 183 
in one variable, 88 
point-slope form, 177 
slope-intercept form, 172 
two-point form, 177, 573 
in two variables, 172 
Linear extrapolation, 178 
Linear Factorization Theorem, 293, 327 
Linear function, 211 
Linear inequality, 143, 491 
Linear interpolation, 178 
Linear programming, 501 
solving, 502 
Local maximum, 205 
Local minimum, 205 
Logarithm(s) 
change-of-base formula, 411 
natural, properties of, 405, 412, 449 
properties of, 402, 412, 449 
Logarithmic equation, solving, 417 
Logarithmic function, 401 
with base a, 401 
common, 402 
natural, 405 
Logarithmic model, 428 
Logistic 
curve, 433 
growth model, 428 
Long division, 284 
Lower bound, 301 
Lower limit of summation, 596 


M 


Main diagonal of a square matrix, 522 
Major axis of an ellipse, 361 


Mandelbrot Set, 169 
Marginal cost, 174 
Mathematical induction, 622 
extended principle of, 624 
Principle of, 623 
Mathematical modeling, 97 
Matrix (matrices), 522 
addition, 538 
properties of, 540 
additive identity, 541 
adjoining, 553 
augmented, 523 
coded row, 574 
coefficient, 523 
cofactor of, 562 
column, 522 
determinant of, 555, 560, 563 
elementary row operations on a, 524 
entry of a, 522 
idempotent, 588 
identity, 544 
inverse of, 551 
invertible, 552 
main diagonal, 522 
minor of, 562 
multiplication, 542 
properties of, 544 
multiplicative inverse, 551 
nonsingular, 552 
order of a, 522 
properties of matrix addition and 
scalar multiplication, 540 
in reduced row-echelon form, 526 
row, 522 
in row-echelon form, 526 
row-equivalent, 524 
scalar multiple, 538 
scalar multiplication, 538 
singular, 552 
square, 522 
transpose of, 589 
uncoded row, 574 
zero, 541 
Maximum 
local, 205 
relative, 205 
Method 
of elimination, 465, 467 
of substitution, 454 
Midpoint Formula, 62, 73 
Midpoint of a line segment, 62 
Minimum 
local, 205 
relative, 205 
Minor axis of an ellipse, 361 


Minor of a matrix, 562 
Minors and cofactors of a square matrix, 
562 
Miscellaneous common formulas, 102 
Monomial, 24 
Multiplication, 98 
of a constant, 142 
Multiplicative Identity Property, 7 
Multiplicative Inverse Property, 7 
Multiplicative identity 
of a real number, 7 
Multiplicative inverse, 6 
for a matrix, 551 
of a real number, 7 
Multiplicity, 275 
Multiply fractions, 8 
Mutually exclusive events, 654 


N 


n factorial, 594 
Name of a function, 189 
Natural base e, 394 
Natural exponential function, 394 
Natural logarithm, properties of, 405, 
412, 449 
Natural logarithmic function, 405 
Negation, 167 
properties of, 7 
Negative infinity, 4 
Nonnegative number, 2 
Nonrigid transformation, 223 
Nonsingular matrix, 552 
Nonsquare system of linear equations, 
482 
Normally distributed, 432 
nth partial sum, 597 
nth root 
Ohaus 
of a number, 15 
principal, 15 
nth term of a sequence 
arithmetic, 604 
finding a formula for, 627 
geometric, 613 
Number 
complex, 123 
composite, 8 
critical, 151, 155 
irrational, 2 
nonnegative, 2 
prime, 8 
pure imaginary, 123 
rational, 2 
real, 2 
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Number of permutations of n elements, 
642 

Number of solutions of a linear system, 
480 

Numerator, 6 


0 


Objective function, 501 
Oblique asymptote, 344 
Odd function, 206 
One-to-one correspondence, 2 
One-to-one function, 240 
Operations of fractions, 8 
Operations that produce equivalent 
systems, 478 
Optimal solution of a linear 
programming problem, 501 
Optimization, 501 
Order of a matrix, 522 
Order on the real number line, 3 
Order of subtraction, 175 
Ordered pair, 58 
Ordered triple, 477 
Origin 
in Cartesian plane, 58 
on real number line, 2 
symmetry, 81 
Outcome, 650 


Parabola, 260, 359 

axis of, 261 

directrix of, 359 

focus of, 359 

standard form of the equation of, 359, 

SNe, Kes 

vertex of, 261, 265, 359 
Parallel lines, 179 
Partial fraction, 350 

decomposition, 350 
Pascal’s Triangle, 634 
Perfect 

cube, 16 

square, 16 

square trinomial, 34 
Perimeter, common formulas for, 102 
Permutation, 642 

distinguishable, 644 

of n elements, 642 

taken r at a time, 643 

Perpendicular lines, 179 
Piecewise-defined function, 190 
Point of diminishing returns, 282 


A110 Index 
Point-plotting method, 78 
Point-slope form, 177 
Points of intersection, 458 
Polynomial(s), 24 
coefficient of, 24 
completely factored, 33 
constant term, 24 
degree of, 24 
equation, 130 
second-degree, 109 
factors of, 297, 327 
finding test intervals for, 151 
guidelines for factoring, 37 
irreducible, 33 
leading coefficient of, 24 
like terms, 25 
long division of, 284 
prime, 33 
prime factor, 298 
standard form of, 24 
synthetic division, 287 
Polynomial function, 260 
real zeros of, 275 
standard form, 276 
of x with degree n, 260 
Polynomial inequality, test intervals, 151 
Position equation, 115, 483 
Positive infinity, 4 
Power, 12 
Power function, 272 
Prime 
factor of a polynomial, 298 
factorization, 8 
number, 8 
polynomial, 33 
Principal nth root 
of a, 15 
of a number, 15 
Principal square root of a negative 
number, 127 
Principle of Mathematical Induction, 623 
Probability 
of a complement, 657 
of an event, 651 
of independent events, 656 
of the union of two events, 654 
Producer surplus, 495 
Product, of functions, 229 
Proof, 73 
by contradiction, 517 
indirect, 517 
without words, 587 
Proper rational expression, 285 
Properties 
of absolute value, 5 


of equality, 7 
of exponents, 12 
of fractions, 8 
of inequalities, 142 
of logarithms, 402, 412, 449 
of matrix addition and scalar multipli- 
cation, 540 
of matrix multiplication, 544 
of natural logarithms, 405, 412, 449 
of negation, 7 
of radicals, 16 
of sums, 597, 671 
of zero, 8 
Proportional 
inversely, 311 
joint, 312 
Pure imaginary number, 123 
Pythagorean Theorem, 117 


Q 


Quadrant, 58 
Quadratic equation, 79, 109 
discriminant, 113 
solutions of, 113 
solving 
by completing the square, 109, 111 
by extracting square roots, 109, 110 
using Quadratic Formula, 109, 112 
Quadratic Formula, 109, 112 
Quadratic function, 260 
standard form, 263 
Quotient 
difference, 193 
of functions, 229 


R 


Radical(s) 
index of, 15 
like, 18 
properties of, 16 
simplest form, 17 
symbol, 15 
Radicand, 15 
Random selection 
with replacement, 640 
without replacement, 640 
Range of a function, 187 
Rate, 174 
Rate of change, 174 
Ratio, 174 
Rational exponent, 19 
Rational expression(s), 41 
improper, 285 
irreducible over, 298 


proper, 285 
Rational function, 332 
asymptotes of, 334 
domain of, 332 
graph of, guidelines for analyzing, 
341 
Rational inequality, test intervals, 155 
Rational number, 2 
Rational Zero Test, 294 
Rationalizing a denominator, 18 
Real number(s), 2 
absolute value of, 5 
Real number line, 2 
bounded intervals on, 3 
distance between two points, 5 
interval on, 3 
order on, 3 
origin, 2 
unbounded intervals on, 4 
Real part of a complex number, 123 
Real zeros of polynomial functions, 275 
Reciprocal function, 213 
Rectangular coordinate system, 58 
Recursion formula, 605 
Recursive sequence, 594 
Reduced row-echelon form, 526 
Reducible over the reals, 298 
Reflection, 221 
in the coordinate axis, 221 
Relation, 187 
Relative maximum, 205 
Relative minimum, 205 
Remainder Theorem, 288, 326 
Repeated zero, 275 
of multiplicity k, 275 
Rigid transformation, 223 
Root 
cube, 15 
principal nth, 15 
square, 15 
Row matrix, 522 
Row operations, 478 
Row-echelon form, 477, 526 
reduced, 526 
Row-equivalent, 524 
Rules of signs, 8 


S 


Sample space, 650 
Satisfy the inequality, 141 
Scalar, 538 

identity, 540 

multiple, 538 

multiplication, 538 


properties of, 540 
Scatter plot, 59 
Scientific notation, 14 
Scribner Log Rule, 463 
Second differences, 629 
Second-degree polynomial equation, 109 
Sequence, 592 
arithmetic, 603 
finite, 592 
first differences of, 629 
geometric, 612 
infinite, 592 
recursive, 594 
second differences of, 629 
terms, 592 
Series, 597 
finite, 597 
geometric, 616 
infinite, 597 
geometric, 616 
Sierpinski Triangle, 675 
Sigma notation, 596 
Sigmoidal curve, 433 
Simple interest, 102 
Simplest form, 17 
Singular matrix, 552 
Sketching the graph of an inequality in 
two variables, 490 
Slant asymptote, 344 
Slope of a line, 172, 175 
Slope-intercept form, 172 
Solution(s) 
of an absolute value inequality, 145 
of an equation, 78, 88 
extraneous, 91, 132 
of an inequality, 141, 490 
of a quadratic equation, 113 
of a system of equations, 454 
graphical interpretations, 468 
of a system of inequalities, 492 
Solution point, 78 
Solution set, 141 
Solving 
an absolute value inequality, 145 
an equation, 88 
exponential and logarithmic 
equations, 417 
an inequality, 141 
a linear programming problem, 502 
a system of equations, 454 
Gaussian elimination, 478 
Gaussian elimination with back- 
substitution, 528 
Gauss-Jordan elimination, 529 


graphical method, 458 
method of elimination, 465, 467 
method of substitution, 454 
Special products, 26 
Square of a binomial, 26 
Square matrix, 522 
determinant of, 563 
idempotent, 588 
main diagonal of, 522 
minors and cofactors of, 562 
Square root, 15 
extracting, 110 
function, 213 
of a negative number, 127 
Square system of linear equations, 482 
Squaring function, 212 
Standard form(s) 
of a complex number, 123 
of the equation of a circle, 83, 371 
of the equation of an ellipse, 361, 371 
of the equation of a hyperbola, 363, 
Sil 
of the equation of a parabola, 359, 
SINR 385 
of the equations of conics, 371 
of a polynomial, 24 
of a polynomial function, 276 
of a quadratic function, 263 
Step function, 214 
Straight-line depreciation, 180 
Strategies for solving exponential and 
logarithmic equations, 417 
Substitution, method of, 454 
Substitution Principle, 6 
Subtract 
with like denominators, 8 
with unlike denominators, 8 
Subtraction, 98 
of a complex number, 124 
order of, 175 
Sum 
of a finite arithmetic sequence, 606, 
672 
of a finite geometric sequence, 615, 
672 
of functions, 229 
of an infinite geometric series, 616 
nth partial, 597 
of powers of integers, 626 
properties of, 597, 671 
of square differences, 313 
Sum and difference of same terms, 26 
Sum or difference of two cubes, 34 
Summary of function terminology, 194 
Summation 


Index A111 
index of, 596 
lower limit of, 596 
notation, 596 
upper limit of, 596 
Surplus 
consumer, 495 
producer, 495 
Symmetry, 80 
algebraic tests for, 82 
graphical tests for, 81 
with respect to the origin, 81 
with respect to the x-axis, 81 
with respect to the y-axis, 81 
Synthetic division, 287 
uses of the remainder, 289 
System of equations, 454 
~ equivalent, 466 
solution of, 454 
with a unique solution, 556 
System of inequalities, solution of, 492 
System of linear equations 
consistent, 468 
inconsistent, 468 
nonsquare, 482 
number of solutions, 480 
row-echelon form, 477 
row operations, 478 
square, 482 
in three variables, 477 


T 


Temperature, 102 
Term 
of an algebraic expression, 6 
constant, 6, 24 
of a sequence, 592 
variable, 6 
Test for collinear points, 572 
Test intervals, 151, 155 
Tests for even and odd functions, 206 
Transcendental function, 390 
Transformation 
nonrigid, 223 
rigid, 223 
Transitive Property, 142 
Translating algebraic formulas, 103 
Translating key words and phrases, 98 
Transpose of a matrix, 589 
Transverse axis of a hyperbola, 363 
Triangle, area of, 571 
Trinomial, 24 
perfect square, 34 
Two-point form of the equation of a line, 
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U 


Unbounded, 141 
intervals, 4 

Uncoded row matrices, 574 

Unit analysis, 99 

Unusual factoring, 53 

Upper bound, 301 

Upper limit of summation, 596 

Upper and Lower Bound Rules, 301 

Uses of the remainder in synthetic 
division, 289 


V 


Value of a function, 189 
Variable, 6 
dependent, 189, 194 
independent, 189, 194 
term, 6 
Variation 
constant of, 309 
direct, 309 
as nth power, 310 
inverse, 311 
joint, 312 


Variation in sign, 300 
Vary directly, 309 

as nth power, 310 
Vary inversely, 311 
Vary jointly, 312 
Vertex 

of an ellipse, 361 

of a hyperbola, 363 

of a parabola, 261, 265, 359 
Vertical asymptote, 333 
Vertical Line Test, 202 
Vertical shift, 219 

downward, 219 

upward, 219 
Vertical shrink, 223 
Vertical stretch, 223 
Vertices 

ellipse, 361 

hyperbola, 363 
Volume 

common formulas for, 102 

cylinder, 103 


W 


With replacement, 640 
Without replacement, 640 


Writing a fraction as a sum, 53 
Writing with negative exponents, 53 


X 


x-axis, 58 
symmetry, 81 
x-coordinate, 58 


y-axis, 58 
symmetry, 81 
y-coordinate, 58 


Zero 
of a function, 203 
matrix, 541 
of a polynomial function, 275 
bounds for, 301 
real, 275 
properties of, 8 
repeated, 275 
Zero-Factor Property, 8 
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